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PREFACE 


Our Mission 


The goal of College Algebra and Trigonometry: Building Concepts and Connections is to 
teach students to more clearly see how mathematical concepts connect and relate. We 
set out to accomplish this goal in two fundamental ways. 


Functions as a Unifying Theme 


First, we considered the order in which functions should be presented relative to their 
corresponding equations. Accordingly, rather than present a comprehensive review of 
equations and equation solving in Chapter 1, we introduce functions in Chapter 1. We 
then present related equations and techniques for solving those equations in the con- 
text of their associated functions. When equations are presented in conjunction with 
their “functional” counterparts in this way, students come away with a more coherent 
picture of the mathematics. 


Pedagogical Reinforcement 


We also created a pedagogy that “recalls” previous topics and skills by way of linked 
examples and Just in Time exercises and references. Through these devices, students 
receive consistent prompts that enable them to better remember and apply what they 
have learned. 


Ultimately, our hope is that through College Algebra and Trigonometry: Building Concepts 
and Connections, students will develop a better conceptual understanding of the sub- 
ject and achieve greater preparedness for future math courses. 


Which Textbook is Right for You? 


We recognize that instructors’ needs in this course area are diverse. By offering varia- 
tion in the coverage of trigonometry—in particular, variation in the right triangle ap- 
proach relative to the unit circle approach—this series strives to meet everyone’s needs. 


College Algebra and Trigonometry: Building Concepts and Connections 


Do you put as much emphasis on the right triangle ap- 
proach as you do the unit circle approach to find the 
values of trigonometric functions of non-acute angles? 


If so, we recommend College Algebra and Trigonometry. 


Precalculus: Building Concepts and Connections 


Do you emphasize use of the unit circle to find the val- 
ues of trigonometric functions of non-acute angles, 
more so than the right triangle approach? 


If so, we recommend Precalculus. 
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Right Triangle Approach versus Unit Circle Approach: A Closer Look 

In Chapter 6 of College Algebra and Trigonometry the author includes two sections on 
right triangle trigonometry (Sections 6.2 and 6.3), that covers all angles, as well as a 
section on the unit circle (Section 6.4), that also covers all angles. 

In Precalculus, the author includes one section on right triangle trigonometry (Sec- 
tion 5.2), focusing on acute angles, and one on the unit circle approach, (Section 5.3), 
that covers all angles. 

Whichever title you choose, you and your students will benefit from clear, com- 
prehensive instruction and innovative pedagogy that are synonymous with the series. 


Instruction and Pedagogy 


The instruction and pedagogy have been designed to help students make greater sense 
of the mathematics and to condition good study habits. We endeavor to keep students 
engaged, to help them make stronger connections between concepts, and to encour- 
age exploration and review on a regular basis. 


Engage 

Contemporary and Classical Applications Applications are derived from a wide variety 
of topics in business, economics, and the social and natural sciences. While modern 
data is well represented, classical applications are also infused in various exercise sets 
and examples. Integrating applications throughout the text improves the accessibility of 
the writing by providing a firm context. It also helps students to develop a stronger 
sense of how mathematics is used to analyze problems in a variety of disciplines, to draw 
comparisons between discrete sets of data, and to make more informed decisions. 


Writing Style We make every effort to write in an “open” and friendly manner to re- 
duce the intimidation sometimes experienced by students when reading a mathemat- 
ics textbook. We provide patient explanations while maintaining the mathematical 
rigor expected at this level. We also reference previously-introduced topics when ap- 
propriate, to help students draw stronger links between concepts. In this way, we hope 
to keep students more engaged and promote their success when working outside the 
classroom. 


Connect 


Just in Time References ‘These references are found in the margins throughout the 
textbook, where appropriate. They point to specific pages within the textbook where 
the referenced topics were first introduced and thus enable students to quickly turn 
back to the original discussions of the cited topics. 


Just in Time Exercises ‘These exercises are included as the first set of exercises at the 
end of many sections. These exercises correlate to the Just in Time references that ap- 
pear within the section. They are provided to help students recall what they have pre- 
viously learned for direct application to new concepts presented in the current section. 


Repeated Themes We frequently revisit examples and exercises to illustrate how 
ideas may be advanced and extended. In particular, certain examples, called Linked 
Examples, have been labeled with --% icons so that instructors and students can con- 
nect them with other examples in the book. Through these devices, students can syn- 
thesize various concepts and skills associated with a specific example or exercise topic. 
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Explore 


Keystroke Appendix A Keystroke Appendix for the TI-83/84 family of calculators is in- 
cluded at the end of the book for quick reference. The appendix contents parallel the 
order of topics covered in the textbook and offer detailed instruction on keystrokes, 
commands, and menus. 


Technology Notes ‘Technology Notes appear in the margins to support the optional 
use of graphing calculator technology and reference the Keystroke Appendix when ap- 
propriate. The screen shots and instructions found within the Technology Notes have 
been carefully prepared to illustrate and support some of the more subtle details of 
graphing calculator use that can often be overlooked. 


Discover and Learn ‘These instructor-guided exercises appear within the discussions of 
selected topics. They are designed as short, in-class activities and are meant to en- 
courage further exploration of the topic at hand. 


Review and Reinforce 


Chapter P Chapter P has been developed for students or instructors who want to re- 
view prerequisite skills for the course. Topics include the real number system; expo- 
nents and scientific notation; roots, radicals, and rational exponents; polynomials; 
factoring; rational expressions; geometry; and rudimentary equation-solving. 


Check It Out A Check It Out exercise follows every example. These exercises provide 
students with an opportunity to try a problem similar to that given in the example. The 
answers to each Check It Out are provided in an appendix at the back of the textbook 
so that students can immediately check their work and self-assess. 


Observations Observations appear as short, bulleted lists that directly follow the 
graphs of functions. Typically, the Observations highlight key features of the graphs of 
functions, but they may also illustrate patterns that can help students organize their 
thinking. Since Observations are repeated throughout the textbook, students will get 
into the habit of analyzing key features of functions. In this way, the Observations will 
condition students to better interpret and analyze what they see. 


Notes to the Student Placed within the exposition where appropriate, the Notes pro- 
vide tips on avoiding common errors or offer further information on the topic under 
discussion. 


Key Points At the end of every section, the Key Points summarize major themes from 
the section. They are presented in bullet form for ease of use. 


Three-Column Chapter Summary A detailed Summary appears at the end of every chap- 
ter. It is organized by section and illustrates the main concepts presented in each sec- 
tion. Examples are provided to accompany the concepts, along with references to 
examples or exercises within the chapter. This format helps students quickly identify 
key problems to practice and review, ultimately leading to more efficient study sessions. 
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Additional Resources 


INSTRUCTOR RESOURCES STUDENT RESOURCES 


Student Solutions Manual—a manual containing 
complete solutions to all odd-numbered exercises and 
all of the solutions to the Chapter Tests. 


Instructor’s Annotated Edition (IAE)—a replica of 
the student textbook with answers to all exercises 
either embedded within the text pages or given in 

the Instructor Answer Appendix at the back of the 
textbook. 


HM Testing (Powered by Diploma™)—a 
computerized test bank that offers a wide array of 
algorithms. Instructors can create, author/edit 
algorithmic questions, customize, and deliver multiple 
types of tests. 


, Instructional DVDs—Hosted by Dana Mosley, these DVDs cover all sections of the text and provide 

' explanations of key concepts in a lecture-based format. DVDs are closed-captioned for the hearing-impaired. 
™ [math] SPACE HM MathSPACE® encompasses the interactive online products and services integrated with 
Houghton Mifflin textbook programs. HM MathSPACE is available through text-specific student and instructor 
websites and via Houghton Mifflin’s online course management system. HM MathSPACE includes homework 
powered by WebAssign®; a Multimedia eBook; self-assessment and remediation tools; videos, tutorials, and 
SMARTHINKING®. 


» WebAssign®—Developed by teachers, for teachers, WebAssign allows instructors to create assignments from 
an abundant ready-to-use database of algorithmic questions, or write and customize their own exercises. With 
WebAssign, instructors can create, post, and review assignments 24 hours a day, 7 days a week; deliver, collect, 
grade, and record assignments instantly; offer more practice exercises, quizzes, and homework; assess student per- 
formance to keep abreast of individual progress; and capture the attention of online or distance learning students. 


» Online Multimedia eBook— Integrates numerous assets such as video explanations and tutorials to expand 
upon and reinforce concepts as they appear in the text. 

» SMARTHINKING® Live, Online Tutoring—Provides an easy-to-use and effective online, text-specific tutoring 
service. A dynamic Whiteboard and a Graphing Calculator function enable students and e-structors to collaborate 
easily. 

» Student Website—Students can continue their learning here with a multimedia eBook, glossary flash cards, and 
more. 


» Instructor Website—Instructors can download solutions to textbook exercises via the Online Instructor’s Solu- 
tions Manual, digital art and figures, and more. 


Online Course Management Content for Blackboard®, WebCT®, and eCollege®—Deliver program- or text- 
specific Houghton Mifflin content online using your institution’s local course management system. Houghton 
Mifflin offers homework, tutorials, videos, and other resources formatted for Blackboard, WebCT, eCollege, and 
other course management systems. Add to an existing online course or create a new one by selecting from a wide 
range of powerful learning and instructional materials. 


For more information, visit college.hmco.com/pic/narasimhanCAT1e or contact 
your local Houghton Mifflin sales representative. 
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“TEXTBOOK FEATURES 


Chapter 
Opener p> 


Each Chapter Opener 
includes an applied ex- 
ample of content that 
will be introduced in 
the chapter. An 


_ Graphs of Quadratic 


outline of the section Functions 214 
provides a clear picture | Quadratic Equations 
a me tone being Complex Numbers 

presented ke \d Quadratic Eauationsn 


Quadratic 
Inequalities 256 


Equations That Are 
Reducible to Quadratic 
Form; Rational and 
Radical Equations 266 


he percentage of tufted puffin eggs that hatch during a breeding season de- 
pends very much on the sea surface temperature of the surrounding area. A 
slight increase or decrease from the optimal temperature results in a decrease 
in the number of eggs hatched. This phenomenon can be modeled by a quad- 
ratic function. See Exercises 77 and 78 in Section 3.1. This chapter explores how 


quadratic functions and equations arise, how to solve them, and how they are used in 
various applications. 


v Section Objectives 


Each section begins with a list of bulleted objectives 
offering an at-a-glance overview of what will be covered. 


5.1 Inverse Functions 


Objectives : 
‘ ; Inverse Functions 
Define the inverse of a 


‘unction Section 2.2 treated the composition of functions, which entails using the output of 
one function as the input for another. Using this idea, we can sometimes find a function 
that will undo the action of another function—a function that will use the output of 
the original function as input, and will in turn output the number that was input to the 
original function. A function that undoes the action of a function fis called the inverse 
of f. 

As a concrete example of undoing the action of a function, Example 1 presents a 
function that converts a quantity of fuel in gallons to an equivalent quantity of that 
same fuel in liters. 


Verify that two functions are 
inverses of each other 


Define a one-to-one 
unction 


Define the conditions for 
the existence of an inverse 
unction 


Find the inverse of a 
unction 


Solve the inequality —x? + 5x — 4 < 0 algebraically. 


> Solution 


STEPS EXAMPLE 


1. The inequality should be written so that one side 
consists only of zero. 


2. Factor the expression on the nonzero side of the in- 
equality; this will transform it into a product of two 
linear factors. 


3. Find the zeros of the expression on the nonzero side 
of the inequality—that is, the zeros of (—x + 4)(x — 1). 
These are the only values of x at which the expression 
on the nonzero side can change sign. To find the 
zeros, set each of the factors found in the previous 
step equal to zero, and solve for x. 


4. If the zeros found in the previous step are distinct, 
use them to break up the number line into three 


Example | 2 Algebraic Solution of a Quadratic Inequality 


—x? + 5x-4=0 


(Car Nee 1h) es 0) 


-x+4=0=>5 *=4 
lek —— axa 


disjoint intervals. Otherwise, break it up into just 
two disjoint intervals. Indicate these intervals on 


\ \ 
a @ i B@ a 4 
the number line. 


< Examples 


Well-marked and with descriptive 
titles, the text Examples further 
illustrate the subject matter being 
discussed. In cases where the 
solution to an example may involve 
multiple steps, the steps are 


Ewe 1 Modeling Bacterial Growth 


Example 1 in Section 5.3 builds upon this example. + 
Suppose a bacterium splits into two bacteria every hour. 


(a) Fill in Table 5.2.1, which shows the number of bacteria present, P(2), after t hours. 


Table 5.2.1 


(b) Find an expression for P(z). 
> Solution 


(a) Since we start with one bacterium and each bacterium splits into two bacteria 
every hour, the population is doubled every hour. This gives us Table 5.2.2. 


Table 5.2.2 


(b) To find an expression for P(t), note that the number of bacteria present after ¢ 
hours will be double the number of bacteria present an hour earlier. This gives 


PQ) = 201) = 2); P(2) = 2(P()) = 2(2) = 4 = 2% 


presented in tabular format for 
better organization. 


< Linked Examples 


Where appropriate, some examples are linked 
throughout a section or chapter to promote 
in-depth understanding and to build stronger 
connections between concepts. While each 
example can be taught on its own, it’s suggested 
that the student review examples from previous 
sections when they have a bearing on the 
problem under discussion. 


Linked Examples are clearly marked with 
an icon. soot 


PB) = 2(P(2)) = 2(2?) = 275 P(4) = 2(P3)) = 202?) = 2. 


Following this pattern, we find that P(r) = 2". Here, the 1 Bacterial Growth 


variable, t, is in the exponent. This is quite different from the { 
examined in the previous chapters, where the independent variable wi 


fixed power. The function P(2) is an example of an exponential functio) A bacterium splits into two bacteria every hour. How many hours will it take for the 
bacterial population to reach 128? 


[A Check It Out 1: In Example 1, evaluate P(9) and interpret your result. 


details.) 


Table 5.3.1 


¢-- This example builds on Example 1 of Section 5.2. 


Solution Note that in this example, we are given the ending population and must 
figure out how long it takes to reach that population. Table 5.3.1 gives the population 
for various values of the time z, in hours. (See Example 1 from Section 5.2 for 


eS 
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From the table, we see that the bacterial population reaches 128 after 7 hours. 
Put another way, we are asked to find the exponent t such that 2' = 128. The answer is 
t=7. 


[W Check It Out 1: Use the table in Example 1 to determine when the bacterial popu- 
lation will reach 64. 8 


“T struggle every semester: Do I spend a week doing the re- 


WHAT REVIEWERS view chapter? With the Just in Time feature I don’t have 
SAY ABOUT 


to; it gives me more time to teach!” 


Dean Barchers, Red Rocks Community College 


vw Check It Out 


Following every example, these exercises provide the student with an 
opportunity to try a problem similar to that presented in the example. 


The answers to each Check It Out are provided in an appendix at the 
back of the book so that students will receive immediate feedback. 


[AW Check It Out 3; Use the model in Example 3 to project the national debt in the year 
2012. © 


v Just in Time 


Just in Time references, found in the margin of the text, are helpful in 
that they reduce the amount of time needed to review prerequisite skills. 
They refer to content previously introduced for “on-the-spot” review. 


Some of the constants that appear in the definition of a polynomial function have spe- 


Just In Time cific names associated with them: 
Review polynomials in » The nonnegative integer n is called the degree of the polynomial. Polynomials are 
Section P.4. of usually written in descending order, with the exponents decreasing from left to 
right. 
» The constants dp, a,,..., a, are called coefficients. 


» The term a,x” is called the leading term, and the coefficient a,, is called the lead- 
ing coefficient. 

» A function of the form f(x) = a is called a constant polynomial or a constant 
function. 


vw Observations 


Observations are integrated throughout various 


sections. They often follow graphs 


and analyze important features of the graphs shown. 


Presented as bulleted lists, they help students focus on 
what is most important when they look at similar graphs. 
By studying Observations, students can learn to better in- 


terpret and analyze what they see. 
Observations: 


» The y-intercept is (0, —1). 
» The domain of / is the set of all real 


> As x > +, h(x) > -©, 


» From the sketch of the graph, we see that the range of h is the set of 4 
numbers, or (—®, 0) in interval notation. 


>» As x > —&, h(x) — 0. Thus, the horizontal asymptote is the line y = 


“«.. [What Observations] helps us help students do is to 
analyze what’s happening in a particular problem...it helps 
you pick it apart in a way that can be challenging some- 
times...to pick out and observe some of those details and 
some of those characteristics that you want to come out...it 
helps you enter into that conversation with the students. 
“The Discover and Learn...some of those kinds of prob- 


lems push you to go beyond a service understanding of what it 


is you’re talking about.” 


Stephanie Sibley, Roxbury Community College 


and help to highlight 


Figure 5.2.6 


numbers. 


Discover and Learn 


In Example 3b, verify that the order 
of the vertical and horizontal trans- 
lations does not matter by first 
shifting the graph of f(x) = |x| 
down by 2 units and then shifting 
the resulting graph horizontally to 
the left by 3 units. 


<« Discover and Learn 


These instructor-guided exercises are placed closest to the 
discussion of the topic to which they apply and encourage 
further exploration of the concepts at hand. 


They facilitate student interaction and participation and can 
be used by the instructor for in-class discussions or group 
exercises. 


“T like the fact that it says what you can do with the technology as 
WHAT REVIEWERS opposed to try to tell you the step-by-step process of how to do it.” 


SAY ABOUT 


echnology Note 


Use a table of values to find 
a suitable window to graph 
Y,(x) = 10000(0.92)*. 

One possible window 

size is [0, 30](5) by 

[0, 11000](1000). See 
Figure 4.2.9. 


Keystroke Appendix: 
Sections 6 and 7 


Figure 4.2.9 


Aaron Levin, Holyoke Community College 


“T like the way it refers you to the keystrokes.” 


Brian Hons, San Antonio College-San Antonio 


< Technology Notes 


Technology Notes appear in the margins 
to support the optional use of graphing 
calculator technology. Look for the 


graphing calculator icon 


Sometimes the Notes acknowledge the 
limitations of graphing calculator technol- 
ogy, and they often provide tips on ways to 
work through those limitations. 


v Keystroke Appendix 


A Keystroke Guide at the end of the book orients 
students to specific keystrokes for the TI-83/84 
series of calculators. 


[pees] 3 Graphing a System of Ineq ualities 


Graph the following system of inequalities. 


y=xX 
V= Tx 


Solution To satisfy this system of inequalities, we must shade the area above y = x 
and below y = —x. 
1.In the Y= Editor, enter in Y1 and then use the (<) key to move to the 
leftmost end of the screen. Press to activate the “shade above” com- 
mand. See Figure A.8.7. 
2. In the Y= Editor, enter in Y2 and then use the (<) key to move to the 
leftmost end of the screen. Press to activate the “shade below” 


command. See Figure A.8.7. 


“This [technology] appendix will help the TAs learn how to 


use the calculator (since they are good book learners), then 


they can help their students...So this helps immensely from 


the faculty coordinator’s point of view.” 


David Gross, University of Connecticut 


wv Notes to the Student 


Placed within the exposition where appropriate, these Notes 
speak to the reader in a conversational, one-on-one tone. 
Notes may be cautionary or informative, providing tips on 
avoiding common errors or further information on the topic 
at hand. 


Note You cannot verify an identity by substituting just a few numbers and 


noting that the equation holds for those numbers. The identity must be verified 
for all values of x in the domain of definition, and this has to be done 


algebraically. 


Ee Note The symbol for infinity, ©, is not a number. Therefore, it cannot be 


followed by the bracket symbol in interval notation. Any interval extending 


infinitely is denoted by the infinity symbol followed by a parenthesis. Similarly, 


he —© symbol is pr renthesis. 


Key Points > 6.2 Key Points 


Key Points are presented » Definitions of trigonometric functions for right triangles 
'y 
in bulleted format at the Sine: sin 0 = we Coseiintidee ba UP: 
4 ‘yp opp 
end of each section. pes adj ip 
JPOrenuse: Opposi Cosine: cos 6 = —— Secant: sec 9 = —— 
These easy-to-read ae hyp adj 
summaries review the a Tangent: tan 9 = 2PE Cotangent: cot @ = ae, 
2 . Adjacent adj opp 
topics that have just been » The following cofunction identities hold for all acute angles 0. 
covered. sin(90° — 6) = cos 0 cos(90° — 6) = sin 0 


tan(90° — 6) = cot 0 cot(90° — 6) = tan @ 
sec(90° — 6) = csc 0 csc(90° — 6) = sec 0 
» Sine and cosine of 30°, 45°, 60°: 
V3 


sine 45 cos 45 2 3 sin 30' cos 60 2 3 608 30° = sin 60° = 


Section-Ending Exercises 


The section-ending exercises are organized as follows: Just In Time Exercises 
(where appropriate), Skills, Applications, and Concepts. Exercises that encourage 
use of a graphing calculator are denoted with an icon. 


6.7 Exercises < Just in Time 
—____——— SsSCSCSCsCsCsSCSCSC SC CE Xercises 
Just in Time Exercises These exercises correspond to the These exercises correspond 
Just in Time references in this section. Complete them to to the Just in Time 
review topics relevant to the remaining exercises. references that appear in 
For Exercises 1-4, use the definition of f(x) as given by the following the section. By completing 
table. these exercises, students 
x f(x) review topics relevant to 
2 5 the Skills, Applications, 
aN 3 and Concepts exercises 
el ees that follow. 
4 = 
1. Find f~!(—2). 2. Find f-1(—1). 
3. Find (fe f~)(4). 4. Find (f~! ¢ f)(4). 
Ski ES be Skills This set of exercises will reinforce the skills illus- 


These exercises reinforce trated in this section. 


the skills illustrated in the 
section. 


In Exercises 5—34, solve the exponential equation. Round to three 
decimal places, when needed. 


5.5% = 125 6.77% = 49 

7. 10* = 1000 8.10* = 0.0001 
1 1 

9. 4* = — 10. 6* = —— 
16 216 

11. 4e* = 36 12. 5e* = 60 


13,.2°:> 14, 3* = 


v Applications 


A wide range of Applications are provided, 
emphasizing how the math is applied in the 
real world. 


“The quality of exercises is outstanding. I found myself 
applauding the author for her varied applications problems— 
they are excellent and representative of the subject matter.” 


“The one feature that I most appreciate is the ‘Concepts’ 
problems incorporated in the homework problems of most sections. 
I feel that these problems provide a great opportunity to encourage 
students to think and to challenge their understanding.” 


Bethany Seto, Horry-Georgetown Technical College 


Environment Sulfur dioxide (SO,) is emitted by 
power-generating plants and is one of the primary 
sources of acid rain. The following table gives the total 
annual SO, emissions from the 263 highest-emitting 
sources for selected years. (Source: Environmental Pro- 
tection Agency) 


1980 9.4 
1985 9.3 
1990 8.7 
1994 7.4 
1996 4.8 
1998 4.7 
2000 4 


a) Let t denote the number of years since 1980. Make 
a scatter plot of sulfur dioxide emissions versus t. 

b) Find an expression for the cubic curve of best fit for 
this data. 

c) Plot the cubic model for the years 1980-2005. 
Remember that for the years 2001-2005, the curve 
gives only a projection. 

d) Forecast the amount of SO, emissions for the year 
2005 using the cubic function from part (b). 

e) Do you think the projection found in part (d) is 
attainable? Why or why not? 

f) The Clean Air Act was passed in 1990, in part to 
implement measures to reduce the amount of sulfur 
dioxide emissions. According to the model presented 
here, have these measures been successful? Explain. 


Kevin Fox, Shasta College 


v Concepts 


These exercises appear toward the end of the 
section-ending exercise sets. They are designed 
to help students think critically about the 
content in the existing section. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


90. Do the equations In x* = 1 and 2 In x = 1 have the same 
solutions? Explain. 


91. Explain why the equation 2e* = —1 has no solution. 


92. What is wrong with the following step? 
logx + log(x + 1) =O Sx + 1) =0 


93. What is wrong with the following step? 
a** = 3% > x +5 = 4x 


In Exercises 94-97, solve using any method, and eliminate extra- 
neous solutions. 


94. In(log x) = 1 95, 8" =e 


96. log; |x — 2| = 2 97. In |2x — 3} = 1 


WHAT REVIEWERS 
_SAYA 


ganize what they’re looking at.” 


echt 


“T like the tabular, column forms. It helps the students or- 


Wayne Lee, St. Philips College 


“T like how they give examples referring back. If you 


struggle a little bit with ‘this,’ look at ‘these’ particular prob- 


lems. You don’t have to go through and try to pick something 


out. It tells you right there what to go back and look at.” 
Don Williamson Jr., Chadron State College 


v Chapter Summary 


This unique, three-column format, broken down 
by section, provides the ultimate study guide. 


Chapter 5 Summary 


Section 5.1 Inverse Functions 


Concept 


Study and Review 


Definition of an inverse function 
Let fbe a function. A function g is said to 
be the inverse function of / if the domain 
of g is equal to the range of f and, for every 
x in the domain of f and every y in the 
domain of g, 

ay) =x ifandonlyif f(x) =». 
The notation for the inverse function of fis 


ff. 


Composition of a function and its inverse 

If fis a function with an inverse function 

f-}, then 

* for every x in the domain of f, f-'( f(x)) is 
defined and f~'( f(x)) = x. 

+ for every x in the domain of f~', f(f~(x)) 
is defined and f( f~*(x)) = x. 


One-to-one function 

A function fis one-to-one if f(a) = f(b) 
implies a = 6. For a function to have an 
inverse, it must be one-to-one. 


Graph of a function and its inverse 

The graphs of a function / and its inverse 
function f~' are symmetric with respect to 
the line y = x. 


Illustration 
The inverse of f(x) = 4x + 1 is 
= -1 
f=. 
Let f(x) = 4x + 1 and f-'(x) = *—+, Note 


4 


that f~"(f(x)) = 


Ged = — x, Similarly, 


~e— 1 


fF) = (7 


)+1—x, 


The function f(x) = x’ is one-to-one, 
whereas the function g(x) = x? is not. 


The graphs of f(x) = 4x + 1 and 
oc 


= 1 
Pasay 
symmetry about the line y = x. 


are pictured. Note the 


Examples 1, 2 


Chapter 5 Review, 
Exercises 1-12 


Examples 2, 3 


Chapter 5 Review, 
Exercises 1-4 


Example 4 


Chapter 5 Review, 
Exercises 5-12 


Examples 5, 6 


Chapter 5 Review, 
Exercises 13-16 


Continued 


The first column, 
“Concept,” describes 
the mathematical 
topic in words. 


The second column, 
“Illustration,” shows 
this concept being 
performed 
mathematically. 


The third column, 
“Study and Review,” 
provides suggested 
examples and 
chapter review 
exercises that should 
be completed to re- 
view each concept. 


vw Chapter Review Exercises 


Each chapter concludes with an extensive exercise set, 
broken down by section, so that students can easily identify 
which sections of the chapter they have mastered and which 
sections might require more attention. 


Chapter 5 


Section 5.1 


In Exercises 1—4, verify that the functions are inverses of each other. 


7 


1. f(x) = 2x + 75 g(x) = 


2. f(x) = —x + 33 g(x) = -x +3 


=i ae 
3. f(x) = 8x°S g(x) 2 


4. f(x) = -x? + 1,x 20; g(x) = V1 -x 
In Exercises 5—12, find the inverse of each one-to-one function. 
4 


2 
= 6. g(x) => 
5* a(x) 3% 


5.f@) = 


7.f(0) = —3x + 6 

8. f(x) = —2x - 2 
9.f@) = +8 

10. f(x) = —2x7 +4 
ll.g(x) = —x? + 8,x=0 


12. g(x) = 3x? —5,x 20 


In Exercises 13-16, find the inverse of each one-to-one function. 
Graph the function and its inverse on the same set of axes, making 
sure the scales on both axes are the same. 


13. f(x) = —x - 7 14. f(x) = 2x +1 


15.f(x) =—-x +1 16. f(x) =x? — 3,x=0 


Review Exercises 


Section 5.3 


25. Complete the table by filling in the exponential statements 
that are equivalent to the given logarithmic statements. 


log;9 = 2 
log 0.1 = -1 
al 
logs == = -2 
085 35 


26. Complete the table by filling in the logarithmic statements 
that are equivalent to the given exponential statements. 


3° = 243 
4s = V4 
1 
gis 
8 


In Exercises 27-36, evaluate each expression without using a 
calculator. 


Chapter Test > 


Each chapter ends with a test that 
includes questions based on each 


section of the chapter. 


27. logs 625 
; Chapter 5 Test 
1. Verify that the functions f(x) = 3x — land g(x) = In Exercises 17-22, solve. 
29. logy 81 are inverses of each other. 17.62 = 3637) 18.4.=7.1 
31.log V10 2. Find the inverse of the one-to-one function 19. 4e*? -6 = 10 20. 20062" = 800 
f(x) = 4x7 - 1. 
33.In We 21.In(4x + 1) =0 
3. Find f~1(x) given f(x) = x* — 2, x = 0. Graph f and f~! 
on the same set of axes. 22. log x + log(x + 3) =1 


behavior as x > £2. 


4. f(x) = -3* +1 

5. f(x) = 2° =3 

6.f@) =e 

7. Write in exponential form: log, x =-3. 

8. Write in logarithmic form: 2° = 32. 
calculator. 


1 
9. logs — 10. In e*? 


64 
places. 


totes and intercepts. 


possible. 


13. log Vx2y# 14. In(e?x*y) 


In Exercises 4—6, sketch a graph of the function and describe its 


In Exercises 9 and 10, evaluate the expression without using a 


11. Use a calculator to evaluate log; 4.91 to four decimal 


12. Sketch the graph of f(x) = In(x + 2). Find all asymp- 


In Exercises 13 and 14, write the expression as a sum or difference 
of logarithmic expressions. Eliminate exponents and radicals when 


23. 


24. 


25. 


For an initial deposit of $3000, find the total amount in a 
bank account after 6 years if the interest rate is 5%, com- 
pounded quarterly. 


Find the value in 3 years of an initial investment of $4000 
at an interest rate of 7%, compounded continuously. 


The depreciation rate of a laptop computer is about 40% 
per year. If a new laptop computer was purchased for 
$900, find a function that gives its value ¢ years after pur- 
chase. 


26.The magnitude of an earthquake is measured on the 


27. 


Richter scale using the formula R(J) = log(2), where I 
a 


represents the actual intensity of the earthquake and J) is 
a baseline intensity used for comparison. If an earth- 
quake registers 6.2 on the Richter scale, express its in- 
tensity in terms of J). 


The number of college students infected with a cold 
virus in a dormitory can be modeled by the logistic 


function N(d) = — where ¢ is the number of days 


+3) 

after the breakout of the infection. 

(a) How many students were initially infected? 

(b) Approximately how many students will be infected 
after 10 days? 
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achts that sail in the America’s Cup competition must meet strict design rules. 

One of these rules involves finding square and cube roots to determine the 

appropriate dimensions of the yacht. See Exercise 71 in Section P.3. This chapter 

will review algebra and geometry topics that are prerequisite to the material in 
the main text, including how to find square and cube roots. 
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P.1 The Real Number System 


Objectives 


> Understand basic properties 
of real numbers 


>» Understand interval notation 


> Represent an interval of real 
numbers on the number line 


> Find the absolute value of a 
real number 

> Simplify expressions using 
order of operations 


The number system that you are familiar with is formally called the real number 
system. The real numbers evolved over time as the need arose to numerically repre- 
sent various types of values. When people first started using numbers, they counted 
using the numbers 1, 2, 3, and so on. It is customary to enclose a list of numbers in 
braces and to formally call the list a set of numbers. The counting numbers are called 
the set of natural numbers: 


{1, 2, 3, 4, 5, 6,...}. 
Soon a number was needed to represent nothing, and so zero was added to the set 
of natural numbers to form the set of whole numbers: 
{0, 1, 2, 3, 4, 5,...}. 


As commerce intensified, the concept of debt led to the introduction of negative 
numbers. The set consisting of the natural numbers, their negatives, and zero is called 
the set of integers: 


{.555 65 —3, —4, —3, —2,.—1, 0, 1; 25 35-45 55 O5.2.4: 
The next step in the evolution of numbers was the introduction of rational num- 


bers. Using rational numbers made it easier to describe things, such as a loaf of bread 
cut into two or more pieces or subdivisions of time and money. Rational numbers are 


represented by the division of two integers - with s ~ 0. They can be described by 


either terminating decimals or nonterminating, repeating decimals. The following are 
examples of rational numbers. 


1 2 22 
; 42= 
4 5 5 


1 
3 = 0.3333 60.5 0.25 = 


When the ancient Greeks used triangles and circles in designing buildings, they 
discovered that some measurements could not be represented by rational numbers. 
This led to the introduction of a new set of numbers called the irrational numbers. 
The irrational numbers can be expressed as nonterminating, nonrepeating decimals. 
New symbols were introduced to represent the exact values of these numbers. Exam- 
ples of irrational numbers include 

V5 


w/o > Ts and 3° 


Note A calculator display of 3.141592654 is just an approximation of 7. 
Calculators and computers can only approximate irrational numbers because 


they can store only a finite number of digits. 


Properties of Real Numbers 


The associative property of real numbers states that numbers can be grouped in any 
order when adding or multiplying, and the result will be the same. 


Associative Properties 
Associative property of addition @ ar (@ ar @) = (@ ae |) ar @ 


Associative property of multiplication a(bc) = (ab)c 


Discover and Learn 


Give an example to show that 
subtraction is not commutative. 
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The commutative property states that numbers can be added or multiplied in 
any order, and the result will be the same. 


The distributive property of multiplication over addition changes sums to prod- 
ucts or products to sums. 


We also have the following definitions for additive and multiplicative identities. 


Finally, we have the following definitions for additive and multiplicative inverses. 


[ana | 1 Properties of Real Numbers 


What property does each of the following equations illustrate? 


(a4+6=6+4 (b) 3(5 — 8) = 3(5) — 3(8) 
(c)2-(3°5)=(2:3)°5 (d)4-1=4 
> Solution 


(a) The equation 4 + 6 = 6 + 4 illustrates the commutative property of addition. 
(b) The equation 3(5 — 8) = 3(5) — 3(8) illustrates the distributive property. 


(c) The equation 2 - (3 - 5) = (2: 3) - 5 illustrates the associative property of 
multiplication. 


(d) The equation 4 - 1 = 4 illustrates the multiplicative identity. 


[A Check It Out 1: What property does the equation 7(8 + 5) = 7-8 + 7-5 illustrate? 
Oo 
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Figure P.1.2 
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Ordering of Real Numbers 


The real numbers can be represented on a number line. Each real number corre- 
sponds to exactly one point on the number line. The number 0 corresponds to the ori- 
gin of the number line. The positive numbers are to the right of the origin and the 
negative numbers are to the left of the origin. Figure P.1.1 shows a number line. 


Figure P.1.1 
-3 V2 4 
~+ 8+ + +e-t 


If we consider any two real numbers a and b, we can put them in a relative order. 
For example, a < b is read as “a is less than 0.” It can also be read as “b is greater than 
a,” or b > a. Both expressions mean that a is to the left of b on the number line. 

The statement a = b is read as “a is less than or equal to b.” It means that ezther 
a< bora =b. Only one of these conditions needs to be satisfied for the entire state- 
ment to be true. 

To express the set of real numbers that lie between two real numbers a and b, 
including a and b, we write an inequality of the form a = x = b. This inequality can 
also be expressed in interval notation as [a, b]. The interval [a, 5] is called a closed 
interval. If the endpoints of the interval, a and b, are not included in the set, we write 
the inequality as an open interval (a, >). The symbol ©, or positive infinity, is used 
to show that an interval extends forever in the positive direction. The symbol —%, or 
negative infinity, is used to show that an interval extends forever in the negative 
direction. 

On a number line, when an endpoint of an interval is included, it is indicated by a 
filled-in, or closed, circle. If an endpoint is not included, it is indicated by an open circle. 


Note The symbol for infinity, ©, is not a number. Therefore, it cannot be 
followed by the bracket symbol in interval notation. Any interval extending 


infinitely is denoted by the infinity symbol followed by a parenthesis. Similarly, 
the —%© symbol is preceded by a parenthesis. 


lara 2 Graphing an Interval 


Graph each of the following intervals on the number line, and give a verbal descrip- 
tion of each. 

(a) (-2, 3] 

(b) (—99, 4] 


> Solution 


(a) The interval (—2, 3] is graphed in Figure P.1.2. Because —2 is not included in the 
set, it is represented by an open circle. Because 3 is included, it is represented by a 
closed circle. The interval (—2, 3] consists of all real numbers greater than —2 and 
less than or equal to 3. 


Figure P.1.3 


-5-4-3-2-1 


0 


1 


2° 3. 45)* 
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(b) The interval (—®, 4] is graphed in Figure P.1.3. Because 4 is included in the set, 
it is represented by a closed circle. The interval (—%, 4] consists of all real num- 
bers less than or equal to 4. 


[A Check It Out 2: Graph the interval [3, 5] on the number line, and give a verbal 
description of the interval. | 


Table P.1.1 lists different types of inequalities, their corresponding interval nota- 
tions, and their graphs on the number line. 


Table P.1.1 Interval Notation and Graphs 


az=x<=b [a, b] e ° 
a bp 
a<x<b (a, b) ne 
a Dp 
a<x<b [a, b) ee 
a b 2 
Xia) (a, b] Se UEEEEEEIIEEcnEEEEEEEEEEEEEEEEEEEEEEEEEEl 
a b a 
2 = @ [a, ©) i 
a x 
> @ (a, ©) ——————— 
a x 
PS a (-%, a] ——— 
a x 
aS (—®, a) oe 


All real numbers (—®, ©) 
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Figure P.1.4 
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Figure P.1.5 


ttt tO 
-5-4-3-2-1 0123 45% 


[=a 3 Writing a Set in Interval Notation 


Write the interval graphed in Figure P.1.4 in interval notation. 


Solution The interval consists of all numbers greater than or equal to —3 and less 
than 2. The number 2 is not included, since it is represented by an open circle. Thus, 
in interval notation, the set of points is written as [ —3, 2). 


[AW Check It Out 3; Write the interval graphed in Figure P.1.5 in interval notation. © 


Absolute Value 


The distance from the origin to a real number c is defined as the absolute value of c, 
denoted by |c|. The absolute value of a number is also known as its magnitude. The 
algebraic definition of absolute value is given next. 


Bante 4 Evaluating Absolute Value Expressions 


Evaluate the following. 
(a) |-3| (b) —4 — |4.5| (c) |-4+ 9| +3 


>Solution 
(a) Because —3 < 0, |—3| = —(—3) = 3. 
(b) Because 4.5 > 0, |4.5| = 4.5. Thus 
—4 — |4.5| = -4- 4.5 = -8.5. 
(c) Perform the addition first and then evaluate the absolute value. 
|-4+ 9|+ 3 =|5|+ 3 Evaluate —4 + 9 = 5 first 
=5+3=8 Because 5 > O, |5| = 5 


[W Check It Out 4; Evaluate |4 — 6| — 3. 


Next we list some basic properties of absolute value that can be derived from the 
definition of absolute value. 
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Using absolute value, we can determine the distance between two points on the 
number line. For instance, the distance between 7 and 12 is 5. We can write this using 
absolute value notation as follows: 


112-—7)=5 or |7-12|=5. 


The distance is the same regardless of the order of subtraction. 


Example 5 Distance on the Real Number Line 
Find the distance between —6 and 4 on the real number line. 


Solution Letting a = —6 and b = 4, we have 


la — b| = |-6 — 4| = |-10| = 10. 
Figure P.1.6 
kK 10 >| 
=<—t + + +t +t + +t + + + +—> 
-6-5-4-3-2-1 0123 4*%* 


Thus the distance between —6 and 4 is 10 as shown in Figure P.1.6. We will obtain the 
same result if we compute |b — a| instead: 


|e — al = |4 — (—6)| = |10| = 10. 


[A Check It Out 5: Find the distance between —4 and 5 on the real number line. M 


Order of Operations 


When evaluating an arithmetic expression, the result must be the same regardless of 
who performs the operations. To ensure that this is the case, certain conventions for 
combining numbers must be followed. These conventions are outlined next. 
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Technology Note. 


3°+2(-3+7) 
ili7, 
(3241)/(4-7) 
FSesoSsessss 
Ans>Frac 
-10/3 


[ema 6 Simplifying Using Order of Operations 


Simplify each expression. 

(a) 3? + 2(-3 + 7) 
aed 

) 7-7 

(a+ 36 =(—2? +2)) 

>Solution 


(a) Follow the order of operations. 


3 o(—3 + 7) = 3? + 24) 


Evaluate within parentheses 


=9 + 2(4) Simplify number with exponent: 3° = 9 
=9+8 Multiply 2(4) 
= 17 Add 
2 
A Ll. 7 ‘ 
(b) Because the expression 77 38 a quotient of two other expressions, evaluate the 
numerator and denominator separately, and then divide. 
37+1=10 Evaluate numerator 
4-—7=-3 Evaluate denominator 
37 +1 10 ei 
a IVI 
| 3 ° 


Evaluate within innermost 
parentheses. Note that 
3742 94+2 7. 


Evaluate within parentheses; 
then multiply 


= 42 Add 


(c) 6 + 3(5 — (-3? + 2)) = 6 + 3(5 — (-7)) 


= 6 + 3(12) =6 + 36 


[AW Check It Out 6: Simplify the expression 5? — 3(15 — 12) + 4+ 2.8 


Understanding order of operations is extremely important when entering and evalu- 
ating expressions using a calculator. 


[zeal 7 Calculator Use and Order of Operations 


Evaluate the following expressions on your calculator. Check the calculator output 
against a hand calculation. 


(a)4+10+54+2 
4+ 10 

b 

O42 


> Solution 
(a) Enter 4 + 10 + 5 + 2 in the calculator as 
4 Gl 10 BS Hi 2. 
The result is 8. This result checks with a hand calculation of 


44+10754+2=44+2+2=8. 
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4+ 10 = ‘ oe % 
(b) To calculate Sa? we need to proceed with caution. The additions in the numer- 


ator and denominator must be performed first, before the division. Enter the 
expression into the calculator as 

@€4610 Dy EB @5 Hi2 Bb. 
The result is 2, which can be checked quickly by hand. The parentheses are a must 
in entering this expression. Omitting them will result in a wrong answer, because 
the calculator will perform the operations in a different order. 


[W Check It Out 7; Evaluate the expression 4 zs - — 5 using a calculator. Check your 
result by hand. & 


Pl Key Points 


» The real number system consists of the rational numbers and the irrational 
numbers. 


» The associative property states that numbers can be grouped in any order when 
adding or multiplying, and the result will be the same. 


» The commutative property states that numbers can be added or multiplied in 
any order, and the result will be the same. 


» The distributive property of multiplication states that 
ab + ac=a(b +c), where a, b, and c are any real numbers. 


» The additive identity and multiplicative identity for a real number a are 0 
and 1, respectively. 


» The additive inverse of a real number a is —a. 
és ‘ . ae 

» The multiplicative inverse of a real number a, a ¥ 0, is = 

» An inequality of the form a <= x <b can be expressed in interval notation as 
[a, 6]. This interval is called a closed interval. 

» If the endpoints of the interval, a and 0, are not included, we write the inequality 
as the open interval (a, 0). 

» The absolute value of a number a is denoted by | a|, and represents the distance 
of a from the origin. 


» The distance between two points a and 0 on the real number line is given by 
|b-—al or la— dl. 

» When evaluating a numerical expression, we use the convention called order 
of operations. When following order of operations, we (1) remove parentheses; 
(2) simplify numbers with exponents; (3) perform multiplications and divisions 
from left to right; and (4) perform additions and subtractions from left to right. 


P.1 Exercises 


»® Skills This set of exercises will reinforce the skills illus- 3. Which are rational numbers? 


trated in this section. 
4. Which are irrational numbers? 


In Exercises 1—8, consider the following numbers. 
5. Which are whole numbers? 


4 
V2, a 5 a ae 6. Which are rational numbers that are not integers? 
1. Which are integers? 7. Which are integers that are not positive? 


2. Which are natural numbers? 8. Which are real numbers? 
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In Exercises 9—14, name the property illustrated by each equality. In Exercises 39-54, evaluate each expression without using a 
9.3(8 - 9) = (3: 8)9 calculator. 
39. |—3.2| 40. |—45.5| 
10.6+x)+2=5+ (+42) 
41, |253| 42. |-37| 
11. -4(x« — 2) 4x + 8 
b) 1 
43. |— 44, |—-— 
12.3x + y=yt 3x 4 2 
13.9a = a9 4 7 
45.|-= 46. |= 
3 2 
14. b(x + 2) = bx + 26 
47,|—2| + 4 48. —|5| 
In Exercises 15—24, graph each interval on the real number line. 
15.[—2, 4] 16.[-3, -1] 49, —|—4.5| 50. —|3.2| 
17.[—5, 0) 18. (—2, 4) 51.|5 —-2|+4 52.4+|6—7| 
19. (—®, 3) 20.[2, ©) 53.5 —|12-4| 54.—3 — |6 — 10 
1 3 In Exercises 55—66, find the distance between the numbers on the 
21.) >, 4 22.) — 5 2 real number line. 
55.—2, 4 56.—5, 7 
23. (—2.5, 3) 24.[3.5, ©) 
57.0, 9 58. —12, 0 
In Exercises 25-32, describe the graph using interval notation. 
ae Ot 59. —-12, —7.5 60. —5.5, 6 
25. -4-3-2-101234* 26. -4-3-2-101234* 
ee eo tt ttt 61. —4.3, 7.9 62.6.7, 13.4 
27. -4-3-2-101234*%* 28. -4-3-2-10123 4% 
-4-3-2-1 01234 -4-3-2-1 0123 4 63. 64 
2° 2 ee 
31. fy 35 x 32.%753-101234°* 
4-3-2-1 0123 4 ge ct I 56,21 
In Exercises 33-38, fill in the table. “ 53 374 


ee ae ee os — eae alii oe oer sii a : 
calculator. 


33, 4=x=10 67.9 — 3(2) — 8 68.6 + 4(3) — 14 
By (—®, 6) 69. (3 — 5)? 70.8 —- (7 - 9)? 
35. —3=x<0 71.3? + 3(5) — 10 72.10+2?+4 
36. (55110) 73.(-3)° + 3 74, —6(1 + 27) 
<> Oe 1 > 
21 2024 6 8 101214* 10-4 4(2) — 6° 
75. 5 76.— 
2+3 2-1 
38. 


————— so - 
2222 e2 Sm 
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In Exercises 77—84, evaluate each expression using a calcula- 88. Distance On the Garden State Parkway in New Jersey, 
tor. Check your solution by hand. the distance between Exit A and Exit B, in miles, is given 
77. —32 78, (—3) by |A—B|. How many miles are traveled between 

. . Exit 88 and Exit 127 on the Garden State Parkway? 

Dag ( 2) (2) : : 8 : 
79.1+—-4 80: (== | = 89. Elevation The highest point in the United States is 
3 5 6 Mount McKinley, Alaska, with an elevation of 20,320 
feet. The lowest point in the U.S. is Death Valley, Cali- 
2 27 fornia, with an elevation of —282 feet (282 feet below sea 
on 345 me 3 level). Find the absolute value of the difference in eleva- 
tion between the lowest and highest points in the U.S. 

+3 =67 + 3(7) (Source: U.S. Geological Survey) 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 


» Applications In this set of exercises, you will use real 
ground. 


numbers and interval notation to study real-world 
problems. 90. Find two numbers a and 6b such that |a + b| # |a| + |d). 


. F : A : 
85. Shoe Sizes The available shoe sizes at a store are whole USWeEs May VARY 


numbers from 5 to 9, inclusive. List all the possible shoe 


dives tin thie Store. 91. If a number is nonnegative, must it be positive? Explain. 


92. Find two points on the number line that are a distance of 


86. Salary The annual starting salary for an administrative . 
5 units from 1. 


assistant at a university can range from $30,000 to 


$40,000, inclusive. Write the salary range in interval : ; : : 
notation. 93. Find two points on the number line that are a distance of 


4 units from —3. 
87. Temperature On a particular winter day in Chicago, the ; ; 
temperature ranged from a low of 25°F to a high of 36°F. 94. Find a rational number less than 7. (Answers may vary.) 
Write this range of temperatures in interval notation. 


P2 Integer Exponents and Scientific Notation 


Objectives In this section, we will discuss integers as exponents and the general rules for evaluat- 
> Evaluate algebraic ing and simplifying expressions containing exponents. We will also discuss scientific 
expressions notation, a method used for writing very large and very small numbers. 


> Define positive and negative 
exponents Algebraic Expressions 
> Simplify expressions 


; ; In algebra, letters such as x and y are known as variables. You can use a variable to 
involving exponents 


represent an unknown quantity. For example, if you earn x dollars per hour and your 


> Write numbers using friend earns $2 more than you per hour, then x + 2 represents the amount in dollars 
scientific notation per hour earned by your friend. When you combine variables and numbers using mul- 

> Determine significant fig- tiplication, division, addition, and subtraction, as well as powers and roots, you get an 
ures for a given number algebraic expression. 


We are often interested in finding the value of an algebraic expression for a given 
value of a variable. This is known as evaluating an algebraic expression and is illustrated 
in the next example. 
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Technology Note 


[ema 1 Evaluating an Expression 


The number of students at an elementary school is given by 300 + 20x, where x is the 
number of years since 2003. Evaluate this expression for x = 4, and describe what the 
result means. 


Solution We substitute x = 4 in the algebraic expression to obtain 


300 + 20x = 300 + 20(4) 
= 300 + 80 Multiply first—recall order of operations 
= 380. 


The answer tells us that there will be 380 students in the elementary school in 2007, 
which is 4 years after 2003. 


LW Check It Out 1; Evaluate the expression in Example 1 for x = 8, and describe what 
the result means. lf 


Integer Exponents 


If we want to multiply the same number by itself many times, writing out the multi- 
plication becomes tedious, and so a new notation is needed. For example, 6 : 6 - 6 can 
be written compactly as 6%. The number 3 is called the exponent and the number 6 
is called the base. The exponent tells you how many 6’s are multiplied together. In 
general, we have the following definition. 


Negative integer exponents are defined in terms of positive integer exponents as 
follows. 


[ema 2 Writing an Expression with Positive Exponents 


Write each expression using positive exponents. 
(a) 4? 
(b) 1.45°? 


x4 
= «%»yA0 
y 


Discover and Learn 


Verify that 42 - 4° = 4° by ex- 
panding the left-hand side and 
multiplying. 
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>Solution 


1 
(a)47 = - using the rule for negative exponents. 


1 
1.45? = —~ 
(6) 1.45? 
-4 
x 1 
(c) ==x + oh 
y y 
af Jt. 
xt ye xy 


[A Check It Out 2; Write x~?y? using positive exponents. 


The following properties of exponents are used to simplify expressions containing 
exponents. 


PROPERTY ILLUSTRATION 


Example 3 shows how the properties of exponents can be combined to simplify 
expressions. 


pressions Containing Exponents 


Simplify each expression and write it using positive exponents. Assume that variables 
represent nonzero real numbers. 
( ) 16x) °y4 
ale 
4 x lOy8 


14 Chapter P = Algebra and Geometry Review 


Technology Note > | 


> Solution 
(a) 16x) 4 = 16 lO 104-8 = Axy4 = 4 
4x 1048 4 


The property x° = 1 was used in the final step. It is usually a good idea to wait until 
the last step to write the expression using only positive exponents. 


(b) Gre _ ax Pe 2 =27¢ 9 68 = 3741 = ae 
S [> Me y _ ()" Simplify within parentheses 
62t = 
Q527-4 -2 
- ( : 
gee 
ar ae Use Property (4) 
ag 


1 
= Note that 9-2 = — 
8154 one a1 


—3)4 
[A Check It Out 3: Simplify the expression Su 2 and write it using positive exponents. 
(xy, = 


Scientific Notation 


There may be times when you wish to write a nonzero number in a way that enables 
you to easily get a rough idea of how large or how small the number is, or to make a 
rough comparison of two or more numbers. The system called scientific notation is 
ideal for both of these purposes. 


If x = a X 10°, then the number 6 indicates the number of places the decimal point 
in a has to be shifted in order to “get back” to x. 


» If b > 0, the decimal point has to be shifted b places to the right. 
» If b = 0, the decimal point is not shifted at all. 
» If b < 0, the decimal point has to be shifted 0 places to the left. 


eaeal 4 Expressing a Number in Scientific Notation 


Express each of the following numbers in scientific notation. 
(a) 328.5 

(b) 4.69 

(c) 0.00712 
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> Solution 


(a) Because 328.5 is greater than zero, 1 = a < 10. In this case, a = 3.285. In going 
from 328.5 to 3.285, we shifted the decimal point two places to the left. In order 
to start from 3.285 and “get back” to 328.5, we have to shift the decimal point two 
places to the right. Thus 6 = 2. In scientific notation, we have 


328.5 = 3.285 X 107. 


(b) Since 1 = 4.69 < 10, there is no need to shift the decimal point, and so a = 4.69 
and b = 0. In scientific notation, 4.69 is written as 4.69 X 10°. 


(c) The first nonzero digit of 0.00712 is the 7. In scientific notation, the 7 will be the 
digit to the left of the decimal point. Thus a= 7.12. To go from 0.00712 
to 7.12, we had to shift the decimal point three places to the right. To get back to 
0.00712 from 7.12, we have to shift the decimal point three places to the left. Thus 
b = —3.In scientific notation, 


0.00712 = 7.12 x 1073. 


LW Check It Out 4: Express 0.0315 in scientific notation. © 
Sometimes we may need to convert a number in scientific notation to decimal form. 


Converting from Scientific Notation to Decimal Form 

To convert a number in the form a X 10° into decimal form, proceed as follows. 
» If b > 0, the decimal point is shifted b places to the right. 
» If b = 0, the decimal point is not shifted at all. 
» If b < 0, the decimal point is shifted |6| places to the left. 


earl 5 Converting from Scientific Notation to Decimal Form 


Write the following numbers in decimal form. 
(a) 2.1 X 10° 

(b) 3.47 x 10°? 

>Solution 


(a) To express 2.1 X 10° in decimal form, move the decimal point in 2.1 five places to 
the right. You will need to append four zeros. 


2.1 X 10° = 210,000 


(b) To express 3.47 X 10-7 in decimal form, move the decimal point in 3.47 three 
places to the left. You will need to attach two zeros to the right of the decimal point 
in the final answer. 


3.47 X 10°? = 0.00347 


[A Check It Out 5: Write 7.05 X 10~4 in decimal form. & 


To multiply and divide numbers using scientific notation, we apply the rules of 
exponents, as illustrated in Example 6. 
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Algebra and Geometry Review 


[emma 6 Determining Population 


In 2005, Japan had a land area of 3.75 X 10° square kilometers and a population of 
1.27 X 108. What is the population density of Japan? Here, population density is 
defined as the number of people per square kilometer of land. Express your answer in 
scientific notation. (Source: CIA World Factbook) 


Solution To compute the number of people per square kilometer of land, divide the 
total population by the total land area. 


Total population 1.27 Xx 10° 
Total land area 3.75 X 10° 


- AT 108 

~ 3.75 10° 

= 0.339 x 10? Use properties of exponents 
= 3.39 X 10? Write in scientific notation 


Thus the population density is approximately 339 people per square kilometer. 


LW Check It Out 6: Find the population density of Italy, with a population of 5.81 < 107 
and a land area of 2.94 x 10° square kilometers (2005 estimates). 


Significant Figures 


When you carry out a numerical computation, you may be unsure about how to 
express the result: whether to round off the answer, how many digits to write down, 
and so on. Before demonstrating how we make such decisions, we need the following 
definition. 


Properties of Significant Figures 


A digit of a nonzero number x is a significant figure if it satisfies one of the 
following conditions. 


» The digit is the first nonzero digit of x, going from left to right. 
» The digit lies to the right of the first nonzero digit of x. 


The significant figures in a number range from the most significant figure (at 
the far left) to the least significant figure (at the far right). 


It is important to distinguish between a significant figure and a decimal place. 
A digit to the right of the decimal point is not necessarily a significant figure, whereas 
any digit to the right of the decimal point occupies a decimal place. 


eer 7 Determining Significant Figures 


For each of the following numbers, list all of its significant figures in decreasing order 
of significance. Also give the number of decimal places in each number. 


(a) 52.074 
(b) 0.018 
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>Solution 


(a) The leftmost digit of 52.074 is 5, which is nonzero. Thus 5 is the most significant 
figure. There are five significant figures—5, 2, 0, 7, 4. 
There are five digits in 52.074, all of which are significant figures, but there are 
only three decimal places, occupied by 0, 7, and 4. 


(b) The number 0.018 has no nonzero digit to the left of the decimal point, so its most 
significant figure lies to the right of the decimal point. The digit in the first decimal 
place is zero, which is not significant. So the 1 is the most significant figure, 
followed by the 8. Thus 0.018 has two significant figures, 1 and 8, but three deci- 
mal places, occupied by 0, 1, and 8. 


LW Check It Out 7; Determine the number of significant figures in 1.012. © 


To determine the appropriate number of significant figures in the answer when we 
carry out a numerical computation, we note the number of significant figures in each 
of the quantities that enter into the computation, and then take the minimum. Quan- 
tities that are known exactly do not have any “uncertainty” and are not included in 
reckoning the number of significant figures. 


eae 8 Using Significant Figures in Computations 


Compute the following. Express your answers using the appropriate number of signif- 
icant figures. 


(a) The distance traversed by someone who rides a bike for a total of 1.26 hours at a 
speed of 8.95 miles per hour 


(b) The cost of 15 oranges at $0.39 per orange 
>Solution 


(a) Since the bicyclist is traveling at a constant speed, the distance traversed is the 
product of the speed and the time. When we multiply 8.95 by 1.26, we get 11.2770. 
Because the values of speed and time can be measured with limited precision, each 
of these two quantities has some uncertainty. 

The speed and the time have three significant figures each. The minimum of 3 
and 3 is 3, so we round off the answer to three significant figures to obtain 11.3 
miles as the distance traversed. 


(b) The cost of 15 oranges is the product of the price per orange, $0.39, and the num- 
ber of oranges purchased, 15. 
When we perform the multiplication, we get $5.85. Since the price per orange 
and the number of oranges are known exactly, neither of these quantities is uncer- 
tain, so we keep all three significant figures. 


[A Check It Out 8: Compute the distance traveled by a car driven at 43.5 miles per 
hour for 2.5 hours. Use the proper number of significant figures in your answer. Ml 


Note /n many applications using real-world data, computational results are 


rounded to the number of significant digits in the problem, and not necessarily 
the number of decimal places. 
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P2 Key Points 


P2 Exercises 


» Positive integer exponents 
For any positive integer 7, 
a’ =a:a:a:::a. 
n factors 
The number a is the base and the number 7 is the exponent. 
» Negative integer exponents 


Let a be any nonzero real number and let m be a positive integer. Then 


» Zero as an exponent 
If a 0, then a® = 1. 


» A nonzero number x is written in scientific notation as 
a * 10° 


where 1 Sa < 10ifx >0and -—10 <a ~—1 if x < 0, and b is an integer. 


» Significant figures are used in computations to determine how many digits 
should be retained in the final answer. 


Skills This set of exercises will reinforce the skills illus- In Exercises 17-38, simplify each expression and write it using 
positive exponents. Assume that all variables represent nonzero 


trated in this section. 


In Exercises 1—8, evaluate each expression for the given value of 


numbers. 


—Ay2ay\2 — Ayay3)2 
the variable. 17. —(4x*y") 18. (—4xy°) 
1. 4x + 5,x =2 2.3% = Ls x=3 19. (2x?) ~? 20. (4y*)? 
3,-2x + 4,x=-3 4,-x+5,x=0 21. (—3a*b?)? 22. (—4ab*)? 
5.3(a+ 4) -2,a=5 6.2(a-—2)+7, a=1 23. —2(a2b*)? 24. —3(a*b?)? 
vee — (2x + 1), x=2 8. ( 3X4 4), x 4 25. (—4xy?)~? 26. (—3x?y?)3 
3x \? 28 2y? a 
In Exercises 9-16, simplify each expression without using a "\ xy “\ 5yx? 
calculator. 
9, —32 10. (—3)2 a 7x°y* 46 6x°y* 
21x? "24x? 
11.4° 12.6°* 
) —3)2 4x7} 2 
; ; 31.4 y 95 
13..-2 14. (—3) y x 


“(y 


5\- 2x27 
16. (2) 33.( * 
2 xy 


Axiy2e3 \7 
35,(— = 
16x “yz 


oa —455¢-2\ 7 28 278 25t-?\ ° 
“\ 12532 , 32°t 


In Exercises 39-50, write each number in scientific notation. 


39. 0.0051 40. 23.37 


41.5600 42.497 


43. 0.0000567 44. 0.0000032 


45. 1,760,000 46. 5,341,200 


47. 31.605 48. 457.31 


49. 280,000,000 50. 62,000,000,000 


In Exercises 51-62, write each number in decimal form. 


51.3.71 X 10? 52.4.26 xX 10? 


53.2.8 x 10°? 54.6.25 x 1073 


55.5.96 X 10° 56.2.5 X 10? 


57.4.367 X 107 58.3.105 xX 107? 


59. 8.673 X 10? 60. 7.105 X 104 


61.4.65 x 10° 62.1.37 xX 10° 


In Exercises 63-70, simplify and write the answer in scientific 
notation. 


63. (2 X 10°7)(3 x 104) 64. (5 X 104)(6 x 107°) 


65. (2.1 X 10%)(4.3 x 104 66. (3.7 X 1071)(5.1 X 10) 


ey 8 x 104 és 9x 107? 
“4X 10? "3 x 1073 
ai 9.4 x 10? 46 1.3 x 1074 

“4.7 X 103 "3.9 x 10? 


In Exercises 71—76, find the number of significant figures for each 
number. 


71.1.42 72. 0.0134 
73.3.901 74. 4.00 
75. 3.005 76.2.0 
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In Exercises 77—82, calculate and round your answer to the 
correct number of significant figures. 


77.2.31 + 5.2 
78. 4.06 + 3.0 
79.12.5 + 0.5 
80. 30.2 + 0.01 


81. 14.3 + (2.4 + 1.2) 


82. (3.001 - 4.00) + 0.500 


» Applications In this set of exercises, you will use expo- 
nents and scientific notation to study real-world problems. 


In Exercises 83—86, express each number using scientific notation. 


83. Astronomy The moon orbits the earth at 36,800 kilome- 
ters per hour. 


84. Astronomy The diameter of Saturn is 74,978 miles. 
85. Biology The length of a large amoeba is 0.005 millimeter. 


86. Land Area The total land area of the United States is 
approximately 3,540,000 square miles. 


87. Population The United States population estimate for 
2004 is 2.93 X 10° people. If the total land area of the 
United States is approximately 3,540,000 square miles, 
how many people are there per square mile of land in the 
U.S.? Express your answer in decimal form. 


88. National Debt The national debt of the United States as of 
January 2006 was 8.16 x 10!” dollars. In January 2006, 
one dollar was worth 0.828 euros. Express the U.S. na- 
tional debt in euros, using scientific notation. 


89. Economics The gross domestic product (GDP) is the total 
annual value of goods and services produced by a country. 
In 2004, Canada had a GDP of $1.02 < 10!” (in U.S. dol- 
lars) and a population of 32.8 million. Find the per capita 
GDP (that is, the GDP per person) of Canada in 2004. 


90. Carpentry A small piece of wood measures 6.5 inches. If 
there are 2.54 centimeters in an inch, how long is the 
piece of wood in centimeters? Round your answer to the 
correct number of significant figures. 


91.Area A rectangular room is 12.5 feet wide and 10.3 feet 
long. If the area of the room is the product of its length and 
width, find the area of the room in square feet. Round your 
answer to the correct number of significant figures. 
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=2 
Concepts This set of exercises will draw on the ideas pre- 94. For what value(s) of x is the expression + defined? 
sented in this section and your general math background. 5 


3x7y 


95. For what values of x and y is the expression 


92.Does simplifying the expressions 10 — (4+ 3) and defined? 
10 — 4 + 3 produce the same result? Explain. ' 


93.Does simplifying the expressions 2-5 +10:-2 and 
2-5 + (10: 2) produce the same result? Explain. 


P.3 Roots, Radicals, and Rational Exponents 


expressions. 


>» Understand and use rules 
for rational exponents 

> Simplify expressions 
containing rational 
exponents 


Discover and Learn 


Give an example to show that 


Vx ty FAVE + Vy. 


Roots and Radicals 


The square root of 25 is defined to be the positive number 5, since 5” = 25. The 
square root of 25 is indicated by /25.The fourth root of 25 is denoted by W 25. Note 
that in the real number system, we can take even roots of only nonnegative numbers. 

Similarly, the cube root of —8 is indicated by 7-8 = —2, since (—2)? = —8. We 
can take odd roots of all real numbers, negative and nonnegative. This leads us to the 
following definition. 


Example 1 Evaluating the nth Root of a Number 


Determine V/64, W/16, and V/—32. 


PSolution First, V/64 = 4, since 42 = 64. Next, 16 = 2, since 24 = 16. Finally, 
\/—32 = —2, since (—2)? = —32. 


[A Check It Out 1: Determine /81. w 


We now introduce the following rules for radicals. 
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It is conventional to leave radicals only in the numerator of a fraction. This is known 
as rationalizing the denominator, a technique that is illustrated in the following 
three examples. 


lamas 2 Rationalizing the Denominator 


Simplify and rationalize the denominator of each expression. 


/18 /10 
(a) 5 (b) a 


> Solution 
18 V18 V5_V90_ 3V10 
5 VW V5 5 5 
V10 W10 W9 


(a) V90 = V9-V10 = 3V'10 


(bias 5 eS Multiply numerator and denominator by V9 
V3 V3 V9 to obtain a perfect cube in the denominator 
_ V90 
ew 
/90 
= a7 =s 


Note that V/90 cannot be simplified further, since there are no perfect cubes that 
are factors of 90. 


[A Check It Out 2: Rationalize the denominator of al Oo 


The product and quotient rules for radicals can be used to simplify expressions 
involving radicals. It is conventional to write radical expressions such that, for the 
nth root, there are no powers under the radical greater than or equal to 7. We also make 
the following rule for finding the mth root of a”, a ¥ 0. 


Finding the nth root of a” 

If 1 is odd, then Va" = aa# 0. 

If n is even, then Va” = |a|, a # 0. 

For instance, WV (— 4)? = —4, whereas V(—4)? = |—4| = 4. 


Note Unless otherwise stated, variables are assumed to be positive to avoid 


the issue of taking absolute values. 


Eas! 3 Simplifying Radicals _ 


Simplify the following. 


(@) V5 (b) ea COVE, tas 
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> Solution 


(a) Because 75 = 25 - 3 and 25 is a perfect square, we can use the product rule for 
radicals to obtain 


V75 = V 25-3 = V25V3 = 5V3. 
(b) Apply the quotient rule for radicals. Because 125 = 5° and 108 = 27 - 4, we can 


write 
2 Wis 5 5 
108 W108 W27-4 W27W4 3W/4 
Next, we clear the radical V/4 in the denominator by multiplying the numerator 
and denominator by 2. 
ee ee ee 
3V4 3V4 V2 3V8 6 


2y2 


and y’ = y- y° = y(y*)”, we have 


Vx°97 = Vx)? 97)? = x?y?V xy. 


Because we were given that x, y > 0, the square root of the quantity under the 
radical is always defined. 


(c) Because x? = x - xt = x(x 


[A Check It Out 3: Simplify V/45 and W/x°y°. © 


If the denominator of an expression is of the form Va + Vb, we can eliminate the 
radicals by multiplying the numerator and denominator by Va — V/b, a, b > 0. Note 
that 


(Va + Vb)(Va — Vb) = (Va + Vb) a) — (Va + V8) (V8) 
=Va- Vat VbVa- VavVb - VbVb 
=Va-Va- VbVb=a- b. 
Therefore, the radicals in the denominator have been eliminated. If the denominator is 


of the form Va — V2, then multiply both numerator and denominator by Vat Vo. 
The same approach can be used for denominators of the form a + Vb and Va + b. 


learal 4 Rationalizing a Denominator Containing Two Terms 


Rationalize the denominator. 


5 
4-2 
Solution To remove the radical in the denominator, multiply the numerator and 
denominator by 4 + V2. 
5 5 4+V2 
4-V2 4-V2 44+V2 
_ 544+ V2) 5444+ V2) 
a — (V2) 14 


IW Check It Out 4: Rationalize the denominator of — Oo 
1+ V3 
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Adding and Subtracting Radical Expressions 


Two or more radicals of the form V can be combined provided they all have the same 
expression under the radical and they all have the same value of mv. For instance, 


3V2 — 2V2=V2 and Wx + 2Wx = 3Vx. 


[=a 5 Combining Radical Expressions 


Simplify the following radical expressions. Assume x = 0. 

(a) 48 44/07 = V2 hh) BH V5) = 2V5) 

> Solution 

(a) V48 + V27 —- V12=V16-3+V9-3-V4°-3 
= 4V3 + 3V3 — 2V3 =5V3 

(b) (3 + Vx)(4 — 2Vx) = 12 — 6Vx + 4Vx — 2VxVx 

12 — 2Vx — 2x 


I 


LW Check It Out 5: Simplify V16x — 9x + V’x3. Assume x > 0. 


Rational Exponents 


We have already discussed integer exponents in Section P.2. We can also define expo- 
nents that are rational. 


Definition of a’/” 
If a is a real number and 7 is a positive integer greater than 1, then 
n . 
qi? = W as where a = 0 when 77 is even. 


The quantity a'/” is called the mth root of a. 


ema 6 Expressions Involving nth Roots 


Evaluate the following. 
G27? bp =36"" 
>Solution 
(a) Applying the definition of a!/” with n = 3, 
273 = W27 = 3. 


(b) Applying the definition of a!/” with n = 2, —36'/? = —(V36) = —6. Note that 
only the number 36 is raised to the 1/2 power, and the result is multiplied by —1. 


[AW Check It Out 6: Evaluate (-8)'/?. & 


Next we give the definition of a”’”, where m/n is in lowest terms and n = 2. The 
definition is given in such a way that the laws of exponents from Section P.2 also hold 
for rational exponents. 
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For example, 642? = (W/64)? = 4? = 16 and 6427 = W/64? = W/4096 = 16. 
The rules for integer exponents given earlier also hold for rational exponents, with 
some restrictions. These rules are summarized below. 


lear 7 Expressions Containing Rational Exponents 


Evaluate the following expressions without using a calculator. 
(a) (4)°/ 

1 —2 
(b) (5) 
(c) (23.1)° 
>Solution 
(a) Using the rules for rational exponents, 

(4)3/2 = (472)3 = 23 = 8, 


(b) Using the rules for exponents, 


1 2 12 1 3? a 1 
oa =—=—==9, Recall that 3“ = = 
3 


(c) Note that (23.1)° = 1, since any nonzero number raised to the zero power is de- 
fined to be equal to 1. 


[A Check It Out 7; Evaluate the following expressions without using a calculator. 


(a) (8)? 


3 
(b) 4 


(c) (16)? 
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[=a 8 Simplifying Expressions Containing Rational Exponents 


Simplify and write with positive exponents. 
(a) (25)? 
(b) (1687777, 2 >0 
(x07 7/35/23 
(c) yee > x,y >O0 
>Solution 
(a) (25)*/? = (25/7)? = (25)? = 5° = 125 
(b) First use Property (3) from the Properties of Rational Exponents box on page 24 
to rewrite the power of a product. 
(1654/32-3)9/2 = 163/2(54/3)3/2(¢-3)3/2, Use Property (3) 
= 167/25(4/3)3/2),-3G/2) Use Property (2) 


4 3 3 9 
= 1677 2;-°? . 2 and (—3) = 
Oo 2 2 2 
64s” 
= apr 16°/? = (161)? = 64 
(c) Use Property (3) to simplify the numerator. This gives 
(x T/3y5/2)3— x¢(-7/3)3,,6/2)3 
-_ Use Property (3 
y W242 y 2x2 e perty (3) 
-7 , 15/2 
Got =F 5 15 
= -3=-Tand=-3= 
yx 3 2 Z 
= ba ala a =x *y> Use Property (6) 
8 
= a Use Property (4) to write with 


positive exponents 


[A Check It Out 8 Simplify the following. 
(a) (16)74 
(b) (89°/32-1/5)3 


B3 Key Points 


» Let 7 be an integer. The number Va is called the nth root of a. If n is even, then 
a = 0. If nis odd, then a can be any real number. 


» Rules for radicals: 
Product Rule: Wa: Wb = Vab 

is eat 

Vb b 

» Radicals usually are not left in the denominator when simplifying. Removing the 
radical from the denominator is called rationalizing the denominator. 


Quotient Rule: 


» If ais a real number and 7 is a positive integer greater than 1, then 


a/" = Wa, where a = 0 when nis even. 
» Let a be a positive real number and let m and n be integers. Then 


qnln a W/ = (Wa)” 


26 Chapter P = Algebra and Geometry Review 
P.3 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1—8, evaluate without using a calculator. 


38. 2\/200 — 72 
40. -V/125 + V20 — V50 


37.V98 + 332 


39.\V/216 — 4/24 + V3 


1.V49 2. 64 
1 9 

3. y/=— A. = ALS 
8 4 

5. (49) 6. (27)2/3 


i6 \"* 
ai 
625 


: _g\3 
“\ 125 


In Exercises 9—50, simplify the radical expression. Assume that all 
variables represent positive real numbers. 


41.(1 + V5). — V5) 
43.(-9V/3. + 10 + V2) 
45.(V6 + V3)(V5 — V2) 


OB VI 


42.33 — V2)3+ V2) 
44, (-V2 + 1)(2 — V3) 
46. (V7 — V3)(V6 — V5) 


3 
——— 
2+ V6 


2 
——— 
V5+V2 


4 


In Exercises 51-66, simplify and write with positive exponents. 
Assume that all variables represent positive real numbers. 


oO ae ia 


53.5 °1/2 . 51/2 


771/4 


aD. “7/2 


4-1/3 


DT: “Qe 


50, (x73) 1/2 
61,-—_-— 


eC le ae ia 


(x¢7/3,y3/2)2 


65. y 3x? 


52.212. 2-1/3 


54, 32/3 . 31/3 


51/2 
56. 5/3 
23/2 


58. a 


UN 


64. (27rs >) 


6 (x4/3,y1/4)3 
. xyl/? 


9. V32 10. V75 
11.250 12. V/80 
13.V32-V8 14.9727 -/12 
15.V30-V15 16. 40 - 20 

= | 32 
17, «7 18 18. 1) = 
125 125 
50 32 
19,.4)—— 20,4) —— 
147 125 
2 
vale < 29.4) — 
5 7 
q 
23.4) — 24, «42 
9 a 
—4 — 
25. ry eee 26. ae 
81 32 
27. V xy" 28. Vs°y? 
29. Wx8y4 30. Ws1%7 


31.V3x*y + V 15xy? 
33. V 1l2yz + V3y?2? 
35.V 6x? « Vv Ax?y 


32. V5yz? + V8y72" 
34. V6x°y" + V 3xy" 
36. V Oxy" - V 6x7" 


» Applications In this set of exercises, you will use radicals 
and rational exponents to study real-world problems. 


67. Geometry The length of a diagonal of a square with a side 
of length s is sV 2. Find the sum of the lengths of the two 
diagonals of a square whose side is 5 inches long. 


68. Physics If an object is dropped from a height of / meters, 
it will take \ _ seconds to hit the ground. How long will 


it take a ball dropped from a height of 30 meters to hit 
the ground? 


69. Ecology The number of tree species in a forested area of 
Malaysia is given approximately by the expression 
386a'/*, where a is the area of the forested region 
in square kilometers. Determine the number of tree 
species in an area of 20 square kilometers. (Source: 
Plotkin et al., Proceedings of the National Academy of 
Sciences) 


70. Learning Theory Researchers discovered that the time it 
took for a 13-year-old student to solve the equation 
7x + 1 = 29 depended on the number of days, d, that 
the student was exposed to the equation. They found that 
the time, in seconds, to solve the equation was given by 
0.63d °?8. Using a scientific calculator, determine how 
long it would take the student to solve the equation if she 
was exposed to it for 3 days. (Source: Qin et al., Proceed- 
ings of the National Academy of Sciences) 


71. Sailing Racing yachts must meet strict design require- 
ments to ensure some level of fairness in the race. In 
2006, the International America’s Cup Class (ACC) 
rules included the following requirement for the dimen- 
sions of a racing sailboat. 


L + 1.25VS — 9.8/D < 16.464 meters 


Section P.4 © Polynomials 27 
where L is the length of the yacht in meters, S is the area 
of the sail in square meters, and D is the amount of water 
displaced in cubic meters. If you design a yacht that is 
18 meters long, has 250 square meters of sail area, and 
displaces 20 cubic meters of water, will it meet the IACC 
requirements? (Source: America’s Cup Properties, Inc.) 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


72. 


13% 


74 


75. 


76. 


Le. 


Find numbers a and 6 such that V/ax? = 4x?. 


Find numbers a, b, and c such that Vax*y° = 6x*y?. 


.For what values of b is the expression V—b a real 


number? 


. . 3/7 > 
For what values of b is the expression \V/—6 a real 
number? 


Show with a numerical example that Vx” + y? #x + y. 
(Answers may vary.) 


Without using a calculator, explain why V10 must be 
greater than 3. 


P4 Polynomials 


Objectives 
> Define a polynomial 


> Write a polynomial in 


descending order 26 47, 


> Add and subtract 
polynomials 


> Multiply polynomials 


3 
3y? + By — =, 
wy. 4 2 


In this section, we discuss a specific type of algebraic expression known as a polyno- 
mial. Some examples of polynomials are 


10x7 +xV5, and 5. 


Polynomials consist of sums of individual expressions, where each expression is the 
product of a real number and a variable raised to a nonnegative power. 


A Polynomial Expression in One Variable 


A polynomial in one variable is an algebraic expression of the form 


Ap” + Aq — yx") + ay ox” 2 + +++ + ax t ay 


where 7 is a nonnegative integer, a, @,_15.-.)@ are real numbers, and a, # 0. 


All polynomials discussed in this section are in one variable only. They will form 
the basis for our work with quadratic and polynomial functions in Chapters 3 and 4. 
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[amma 1 Identifying Features of a Polynomial 


Write the following polynomial in descending order and find its degree, terms, coeffi- 
cients, and constant term. 


—4x? + 3x? — 2x — 7 


Solution Writing the polynomial in descending order, with the exponents decreasing 
from left to right, we have 


3x? — 4x? — 2x — 7. 


The degree of the polynomial is 5 because that is the highest power to which a vari- 
able is raised. The terms of the polynomial are 


3x°, —4x”, —2x, and —7. 
The coefficients of the polynomial are 
a= 3, a= —-4, ay =—-2, and a=-7 Note that a, = a, = O 
The constant term is a) = —7. 
LW Check It Out 1; Write the following polynomial in descending order and find its 
degree, terms, coefficients, and constant term. 


—3x7 +74 4x° 


Addition and Subtraction of Polynomials 


Terms of an expression that have the same variable raised to the same power are called 
like terms. To add or subtract polynomials, we combine or collect like terms by adding 
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their respective coefficients using the distributive property. This is illustrated in the 
following example. 


ral 2. Adding and Subtracting Polynomials 


Add or subtract each of the following. 
(a) (3x? + 2x? — 5x + 7) + (x? — x? + 5x — 2) 


(b) ( + 20) — (st — 37) 


>Solution 
(a) Rearranging terms so that the terms with the same power are grouped together gives 
(Bx? + 2x? — 5x + 7) + (x? — x2 + 5x — 2) 
= (3x? + x*) + (2x? — x?) + (—5x + 5x) + (7 — 2). 
Using the distributive property, we can write 
= (3+ 1)x? + (2 -— 1)x? + (-5 +5)x + 7-2 
= 4x? + x7 + 5, Simplify 


(b) We must distribute the minus sign throughout the second polynomial. 
3 3 
st 4+ —s?} — (54 — 5%) = st + —3? — st + 8? 
4 4 
4 4 3 2 2 . 
=(" = 5) + a +s Collect like terms 


3 
=(1—-1)s*+ ri + 1]}s? Use distributive property 


[W Check It Out 2; Add the following. 
(5x* — 3x? + x — 4) + (—4x* + x? + 6x? + 4x) 


Multiplication of Polynomials 


We will first explain the multiplication of monomials, since these are the simplest of 
the polynomials. To multiply two monomials, we multiply the coefficients of the mono- 
mials and then multiply the variable expressions. 


[eral 3 Multiplication of Monomials 


Multiply (—2x?)(4x"). 
> Solution 
(—2x7)(4x”) 


(—2)(4)(x?x7) Commutative and associative properties of multiplication 


= —8x° Multiply coefficients and add exponents of same base 


[W Check It Out 3; Multiply (4x*)(—3x°). 
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To multiply binomials, apply the distributive property twice and then apply the 
rules for multiplying monomials. 


Beant 4 Multiplying Binomials 


Multiply (3x + 2)(—2x — 3). 
> Solution 
(3x + 2)(—2x — 3) = 3x(—2x — 3) + 2(—2x — 3) Apply distributive property 


Note that the terms 3x and 2 are each multiplied by (—2x — 3). 


= —6x” — 9x — 4x — 6 Remove parentheses— 
apply distributive property 
= —6x” — 13x — 6 Combine like terms 


LW Check It Out 4; Multiply (x + 4)(2x — 3). & 


Examining our work, we can see that to multiply binomials, each term in the first 
polynomial is multiplied by each term in the second polynomial. To make sure you 
have multiplied all combinations of the terms, use the memory aid FOIL: multiply the 
First terms, then the Outer terms, then the Inner terms, and then the Last terms. 
Collect like terms and simplify if possible. 


lacie 5 Using FOIL to Multiply Binomials 


Multiply (—7x + 4)(5x — 1). 


Solution Since we are multiplying two binomials, we apply FOIL to get 


Outer Last 
(-7x + 4)(5x — 1) = (—7x)(5x) + (-7x)(-1) + (4) (5x) + (4(-1) 
First Inner 


—35x? + 7x + 20x — 4 
—35x? + 27x — 4. 


[W Check It Out 5: Use FOIL to multiply (2x — 5)(3x + 1). B 


To multiply general polynomials, use the distributive property repeatedly, as illus- 
trated in Example 6. 


l=aral 6 Multiplying General Polynomials 


Multiply (4y* — 3y + 1)(y — 2). 
Solution We have 


(4y? — 3y + 1)(y — 2) 
= (4y? — 3y + 1)(y) — (4y? — 3y + 1002). Use distributive property 
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Making sure to distribute the second negative sign throughout, we have 


= 4y* — 3y? + y — By? + Gy — 2 Use distributive property again 


= Ay* — By? — 3y? + Ty — 2. Combine like terms 


[W Check It Out 6: Multiply (3y? — 6y + 5)(y + 3). 


The products of binomials given in Table P.4.1 occur often enough that they are 
worth committing to memory. They will be used in the next section to help us factor 


polynomial expressions. 


Table P.4.1 Special Products of Binomials 


Square of a sum 


Square of a difference 
(A — B? = 47 - 2AB+ B’ 


Product of a sum and a difference 
(A+ BY(A-B)=A-B 


SPECIAL PRODUCT 


(4+ BY =A + 2AB+ B? 


ILLUSTRATION 


(3y + 4)? = (3y)? + 2(3y)(4) + 4? 
= Oy? + 24y + 16 

(4x? — 5)? = (4x?)? — 2(4x?)(5) + (5)? 
16x* — 40x? + 25 


Cy C= 3) (iy) 1): 
= 40,7 — 9 


P4 Key Points 


» A polynomial in one variable is an algebraic expression of the form 


n n—-1 n—-2 ees 
a,x" + A, 4X + Ay, 2X a + ax + apy 


where 7 is a nonnegative integer, d,,,@,_15..-s@) are real numbers, and a, # 0. 


» To add or subtract polynomials, combine or collect like terms by adding their 


respective coefficients. 


» To multiply polynomials, apply the distributive property and then apply the 
rules for multiplying monomials. 


» Special products of polynomials 
(A + BY =A? + 2AB+ B’ 


(A — BY = & — 2AB + B? 
(4+ B)(A-B)=4-B 


P4 Exercises 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1—10, collect like terms and arrange the polynomial 
in descending order. Give the degree of the polynomial. 


1.3y + 16 + 2y + 10 2.5273 — 62 + 2 


3,27 -2r+54+ 2 4.u+u0tv7-1 


10. 


39 + 45-24 5s? — 65 + 18 


.-v? — 3 - 3v? 


—2u + 3u? + 4w + 5w — wv? — 6u 
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In Exercises 11—78, perform the given operations. Express your 


answer as a single polynomial in descending order. 


1l.(¢ + 6) + Gz + 8) 


12. (2x — 3) — («+ 6) 


13. (59° + 6y) = (yy = 3) 


14. (—9x? 


32x + 14) + ( 


15. (—9x? + 6x? — 20x + 3) 


16. (5? + 16t — 12) — (277 


4t? + 1) + (-52? 


17. (3x* — x? + x4 — 4) + (@? + 7x? — 3x? + 5) 


18. (2? — 4¢4 + 7) — (—2? + 152? — 82) 

19. (x? — 3x4 + 7x) — (4x? — 3x? + 8x + 1) 

20. But — 6v + 5) + (25v? — 16v? + 3v’) 

21. (2¢* + 327 — 1) + (—92? + 427) + (42? — 727 — 3) 


22. (—2x? + 4x” — 2x) — (7x? 


23. (4u + 6) — (9v? — 13v) 


24. (— 16s? 


3s +5) + (9s? 


25.(—212? + 21¢ + 21) + (92? 


+ Ax? — 1) 


3s + 5) 


26. (x? + 3) — Gx? + x 


+ 2) 


27. s(2s + 1) 
29. 32(—62” — 5) 

31. —1(-727 + 34 + 9) 
33. 727(27 + Oz — 8) 
35.(y + 6)(y + 5) 
37.(—v — 12)(v — 3) 
39. (¢ + 8)(7t — 4) 
41.(5 + 4v)(—7u — 6) 


43. (u? — 9)(u + 3) 


10) + (2x? — 3x) 


28. —v(3v — 4) 

30. 5u(4u* — 10) 

32. —52(92” — 22 - 4) 
34. —6v*(5v* — 3u + 7) 
36. (x — 4)(x + 7) 

38. (x + 8)(x — 3) 

40. (2x + 5)(x + 3) 

42. (—12 + 62)(3z — 7) 


44, (s* + 5)(s — 1) 


3t + 7) 


45. (x + 4)? 

47. (s + 6)? 

49. (5t + 4)? 

51. (6v — 3)? 

53. (32 — 1)? 

55. (6 — 51)” 

57.(v + 9)(v — 9) 

59. (9s + 7)(7 — 9s) 
61. #3) = 3) 
63. (5y? — 4)(5y? + 4) 
65. (427 + 5)(42” — 5) 
67. (x + 22z)(x — 22) 
69. (—5s — 41)(4t — 5s) 


71.(-2? — 5¢+ 1) + 6) 


72. (v* + 3u — 7)(-v — 2) 


73. (42? + 3z + 5)(7Tz — 4) 


74. (7u? + 6u — 11)(—3u + 2) 


75. (x — 2)(x? + 3x — 7) 


76. (u + 3)(6u? — 4u + 5) 


46. (t — 5)? 

48. (—v + 3)” 

50. (7x + 1)? 

52. (4x + 5)? 

54. (2y + 1)? 

56.(—9 + 2u)? 

58. (z — 7)(z + 7) 

60. (—6 + 5t)(—5t — 6) 
62.(7 — 27)(7 + 2”) 
64. (2x + 3)(2x? — 3) 
66. (6 — 7u’)(6 + Tu”) 
68. (u — 3v)(u + 3v) 


70. (6y — 7z)(6y + 72) 


77. (5w — 6u? 


Tu + 9)(—4u 


+ 7) 


78. (—8v? + Tv? + 5v — 4)(3v 


» Applications In this set of exercises, you will use poly- 


9) 


nomials to study real-world problems. 


79. Home Improvement The amount of paint needed to cover 


the walls of a bedroom is 132x, where x is the thickness of 
the coat of paint. The amount of paint of the same thick- 
ness that is needed to cover the walls of the den is 108x. 
How much more paint is needed for the bedroom than for 
the den? Express your answer as a monomial in x. 


80. 


81. 


82. 


83. 


Objectives 
> Factor by grouping 
> Factor trinomials 


» Factor differences of 


> Factor sums and differences 


Geometry Two circles have a common center. Let r 
denote the radius of the smaller circle. What is the 
area of the region between the two circles if the area 
of the larger circle is 97r? and the area of the smaller 
circle is wr?? Express your answer as a monomial in r. 


Geometry The perimeter of a square is the sum of the 

lengths of all four sides. 

(a) If one side is of length s, find the perimeter of the 
square in terms of s. 

(b) If each side of the square in part (a) is doubled, find 
the perimeter of the new square. 


Shopping At the Jolly Ox, a gallon of milk sells for $3.30 
and apples go for $0.49 per pound. Suppose Tania bought 
x gallons of milk and y pounds of apples. 

(a) How much did she spend altogether (in dollars)? 
Express your answer as a binomial in x 
and y. 

(b) If Tania gave the cashier a $20 bill, how much would 
she receive in change? Express your answer in terms 
of x and y, and assume Tania’s purchases do not 
exceed $20. 


Investment Suppose an investment of $1000 is worth 

1000(1 + )? after 2 years, where r is the interest rate. 

Assume that no additional deposits or withdrawals are 

made. 

(a) Write 1000(1 + r)? as a polynomial in descending 
order. 

(b) If the interest rate is 5%, use a calculator to 
determine how much the $1000 investment is worth 
after 2 years. (In the formula 1000(1 + 1)’, ris 
assumed to be in decimal form.) 


84. 
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Investment Suppose an investment of $500 is worth 

500(1 + r)? after 3 years, where r is the interest rate. As- 

sume that no additional deposits or withdrawals are made. 

(a) Write 500(1 + r)? as a polynomial in descending 
order. 

(b) If the interest rate is 4%, use a calculator to 
determine how much the $500 investment is worth 
after 3 years. (In the formula 500(1 + 1)’, ris 
assumed to be in decimal form.) 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


Think of an integer x. Subtract 3 from it, and then square 
the result. Subtract 9 from that number, and then add six 
times your original integer to the result. Show alge- 
braically that your answer is x’. 


What is the coefficient of the y* term in the sum of the 
polynomials 6y* — 2y? + 4y? — 7 and 5y? — 4y? + 3? 


If two polynomials of degree 3 are added, is their sum 
necessarily a polynomial of degree 3? Explain. 


A student writes the following on an exam: (x + 2)? = 
x’ + 4, Explain the student’s error and give the correct 
answer for the simplification of (x + 2)?. 


What is the constant term in the product of 5x? — 3x + 2 
and 6x? — 9x? 


If a polynomial of degree 2 is multiplied by a polynomial 
of degree 3, what is the degree of their product? 


For what value(s) of a is —8x? + 5x? + ax a binomial? 


P5 Factoring 


The process of factoring a polynomial reverses the process of multiplication. That is, 
we find factors that can be multiplied together to produce the original polynomial 


expression. Factoring skills are of great importance in understanding the quadratic, 


squares and perfect square 
trinomials 


Common Factors 
of cubes 


polynomial, and rational functions discussed in Chapters 3 and 4. This section reviews 
important factoring strategies. 


When factoring, the first step is to look for the greatest common factor in all the 
terms of the polynomial and then factor it out using the distributive property. 
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The greatest common factor is a monomial whose constant part is an integer with 
the largest absolute value common to all terms. Its variable part is the variable with the 
largest exponent common to all terms. 


leanal 1 Factoring the Greatest Common Factor 


Factor the greatest common factor from each of the following. 
(a) 3x* + 9x? + 18x? 

(b) —8y? — 6y + 4 

>Solution 


(a) Because 3x? is common to all the terms, we can use the distributive property to 
write 


3x* + 9x? + 18x? = 3x?(x* + 3x + 6). 


Inside the parentheses, there are no further factors common to all the terms. There- 
fore, 3x? is the greatest common factor of all the terms in the polynomial. 

To check the factoring, multiply 3x7(x? + 3x + 6) to see that it gives the origi- 
nal polynomial expression. 


(b) Because 2 is common to all the terms, we have 
—8y* — 6y + 4 = 2(—4y* — 3y + 2) or —2(4y? + 3y — 2). 
There are no variable terms to factor out. You can check that the factoring is 


correct by multiplying. Also note there can be more than one way to factor. 


[W Check It Out 1: Factor the greatest common factor from 5y + 10y? — 25y?. 


Factoring by Grouping 


Suppose we have an expression of the form pA + gA, where p, g, and A can be any 
expression. Using the distributive property, we can write 


pA+qA=(p+qgA or Alp Q). 


This is the key to a technique called factoring by grouping. 


Example 2 Factoring 


Factor x? — x? + 2x — 2 by grouping. 
Solution Group the terms as follows. 
x? — x2 + 2x — 2 = (x? — x?) + (2x — 2) 


= x7(x — 1) + 2(x -— 1) Common factor in both 
groups is (x — 1) 


Using the distributive property to factor out the term (x — 1), we have 


= (x — 1)(x? + 2). 


[A Check It Out 2; Factor x? + 3x + 4x + 12 by grouping. 
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When using factoring by grouping, it is essential to group together terms with the 
same common factor. Not all polynomials can be factored by grouping. 


Note Factoring does not change an expression; it simply puts it in 


a different form. The factored form of a polynomial is quite useful when 


solving equations and when graphing quadratic and other polynomial 


functions. 


Factoring Trinomials of the Form ax’ + bx +c 


One of the most common factoring problems involves trinomials of the form 
ax? + bx + c. In such problems, we assume that a, b, and c have no common factors 
other than 1 or —1. If they do, simply factor out the greatest common factor first. We 
will consider two methods for factoring these types of trinomials; use whichever 
method you are comfortable with. 


Method 1: The FOIL Method ‘The first method simply reverses the FOIL method for 
multiplying polynomials. We try to find integers P, Q, R, and S such that 


Outer + Inner 
= 
(Px + O)(Rx + S) = PR x? + (PS + OR)x + OS = ax? + bx +c. 
First Last 
We see that PR = a, PS + QR = b, and QS = c. That is, we find factors of a and fac- 


tors of c and choose only those factor combinations for which the sum of the inner and 
outer terms adds to bx. This method is illustrated in Example 3. 


[onal 3 Factoring Trinomials 


Factor each of the following. 
(a) x? — 2x — 8 

(b) 8x? — 10x? — 12x 
>Solution 


(a) First, note that there is no common factor to factor out. The factors of 1 are +1. 
The factors of —8 are +1, +2, +4, +8. Since a = 1, we must have a factorization 
of the form 


x? — 2x - 8 =(x+ D(x + O) 


where the numbers in the boxes are yet to be determined. The factors of c = —8 
must be chosen so that the coefficient of x in the product is —2. Since 2 and —4 
satisfy this condition, we have 


x? — 2x — 8 = (x + 2)(x + (—4)) = (x + 2Y(x — ®. 


You can multiply the factors to check your answer. 
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(b) Factor out the greatest common factor 2x to get 
8x? — 10x? — 12x = 2x(4x” — 5x — 6). 


The expression in parentheses is a trinomial of the form ax* + bx + c. We wish to 
factor it as follows: 


4x? — 5x — 6 = (Cx + A)(Lix + A). 


The factors of a = 4 are placed in the boxes and the factors of c = —6 are placed 


in the triangles. 
22ay actors-e==lpiseo ae 
1 


Find a pair of factors each for a and c such that the middle term of the trinomial 
is —5x. Note also that the two factors of —6 must be opposite in sign. We try 
different possibilities until we get the correct result. 


(Qs ae Ce = 2) 


Geese WiGs = ©) ie =a = 
(4x — 3)(x + 2) 4x? 5x —6 
(hese Zio = 2) 4x? =x =6 


The last factorization is the correct one. Thus, 
8x? — 10x? — 12x = 2x(4x? — 5x — 6) = 2x(4x + 3)(x — 2). 


You should multiply out the factors to check your answer. 


[AW Check It Out 3: Factor: 2x2 + 8x — 10.8 


Discover and Lear Method 2: Factoring by Grouping Another method for factoring trinomials of the 
form ax? + bx + c uses the technique of grouping. This method is also known as the 
ac method. The idea is to rewrite the original expression in a form suitable for 
factoring by grouping, discussed in the earlier part of this section. The procedure is as 
follows. 


Can x* — 1 be factored as 
(x — 1)(x — 1)? Explain. 
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Example 4 illustrates this method. 


[Ene 4 Factoring Trinomials by Grouping 


Factor 6x? — 3x? — 45x. 
Solution First factor out the greatest common factor of 3x to get 
6x? — 3x? — 45x = 3x(2x? — x — 15). 


Now factor the expression 2x” — x — 15 with a = 2,b = —1, and c = —15.There are 
no common factors among a, b, and c other than +1. 


Step 1 The product ac is ac = (2)(—15) = —30. 


Step 2 Make a list of pairs of integers whose product is ac = —30, and find their sum. 
Then select the pair that adds to b = —1. 


1, -30 —29 
—1, 30 29 
15 -13 
ae iS 13 
3, -10 =F 
—3, 10 7 
5, —6 = 
5,6 i 


We see that p = 5 and g = — 6 satisfy pg = —30 andp+q=-—l. 


Step 3 Split the middle term, —x, into a sum of two like terms using p = 5 and 
q=—6. 


=x = 5x = 6x 
Step 4 Factor the resulting expression by grouping. 
2x? — x — 15 = 2x? + 5x — 6x — 15 
= x(2x + 5) — 3(2x + 5) 
= (2x + 5)(x — 3) 
Thus, the factorization of the original trinomial is 
6x? — 3x? — 45x = 3x(2x? — x — 15) = 3x(2x + 5)(x — 3). 


You should check the factorization by multiplying out the factors. 


[A Check It Out 4; Factor using the grouping method: 2x”? + x — 6. H 


Special Factorization Patterns 


One of the most efficient ways to factor is to remember the special factorization 
patterns that occur frequently. We have categorized them into two groups—quadratic 
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Just in Time 


Review special products in 


Section P4. 


iy, 


factoring patterns and cubic factoring patterns. The quadratic factoring patterns 
follow directly from the special products of binomials mentioned in Section P.4. 
Tables P.5.1 and P.5.2 list the quadratic and cubic factoring patterns, respectively. 


Table P.5.1 Quadratic Factoring Patterns 


ILLUSTRATION 


9x? — 5 = (3x)? — (V5)? 
= (3x + V5)(3x — V5) 
where A = 3x and B= V5. 


QUADRATIC FACTORING PATTERN 


Difference of squares 
A — B?=(A + B\(A - B) 


2527 + 30¢ + 9 = (52)? + 2(50(3) + 3? 
= (5t + 3)? 
where A = 5t and B= 3. 


Perfect square trinomial 
A + 2AB + B?=(A+ BY 


16s? — 8s + 1 = (4s)? — 2(4s)(1) + 1? 
(45s 
where A = 4s and B= 1. 


Perfect square trinomial 
A’ — 2AB + B? = (A — BY) 


Table P.5.2 Cubic Factoring Patterns 
ILLUSTRATION 
Bu = OF. = Bu = 33 

=—(= 2G ay 3) 


= () — 5)(y- 1 ay 429) 
where A = y and B = 3. 


CUBIC FACTORING PATTERN 


Difference of cubes 
A — BP = (A — B)(4&’ + AB + B’) 


8x? + 125 = (2x)? + 5° 


= (2x + 5)((2x)? — 2x(5) + 5”) 
= (2x + 5)(4x? — 10x + 25) 
where A = 2x and B= 5. 


lame 5 Special Factorization Patterns 


Factor using one of the special factorization patterns. 
(a) 27x? — 64 
(b) 8x? + 32x + 32 
> Solution 
(a) Because 27x? — 64 = (3x)? — 4°, we can use the formula for the difference of 
cubes. 
27x? — 64 = (3x)? — 4 Use A = 3x and B= 4 
= (3x — 4)((3x)? + (3x)(4) + 47) 
= (3x — 4)(9x? + 12x + 16) 
(b) 8x? + 32x + 32 = 8(x? + 4x + 4) Factor out & 


= 8(x + 2)? Perfect square trinomial with 
A=xandB=2 


Sum of cubes 
A? + B? = (A + B)(4 — AB + B’) 


LW Check It Out 5: Factor 4y* — 100 using a special factorization pattern. & 
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Note Not all polynomial expressions can be factored using the techniques 


covered in this section. A more detailed study of the factorization of polynomials 


is given in Chapter 4. 


P5 Key Points 


» A trinominal can be factored either by reversing the FOIL method of multiplica- 
tion or by the grouping method. If they are of a special form, polynomials also can 
be factored using quadratic and cubic factoring patterns. 


» Quadratic factoring patterns 
A — B’=(4 + B)(A- B) 
A + 2AB + B?=(A + BY 
A’ — 2AB + B’ = (A — BY’ 
» Cubic factoring patterns 
A’ — B’ = (A — B)(A4? + AB + B’) 
A + B= (4+ B)(4 — AB + B’) 


P.5 Exercises 


» Just in Time Exercises These exercises correspond to the In Exercises 15-20, factor each expression by grouping. 
Just in Time references in this section. Complete them to 


: : ee : 152.36 se) ce ese 1) 16. x(x — 2) + 4(x — 2) 
review topics relevant to the remaining exercises. 
In Exercises 1—6, simplify the expression. 17.8? — 5s? — 95 + 45 18. —27v’* — 36v? + 3u + 4 
1. (x + 6)? 2. (3x — 2)? 
( ) ( ) 19. 12u? + 4uv? — 3u- 1 20. 752? + 2527 — 121-4 
3. 2(6x + 7)? 4. (u + 7)(u — 7) 
5. (3y + 10)(3y — 10) 6. 3(6t + 5)(6t — 5) In Exercies 21—34, factor each trinomial. 
21.x% + 4x + 3 22. x? + 2x — 35 
Skills This set of exercises will reinforce the skills illus- é : 
trated in this section. 23.x" — 0x — 16 24. x° — 10x + 24 
In Exercises 7-14, factor the greatest common factor from each 55 32 4 155 12 26. 4y? — 20y + 24 
expression. 
7. 2x? + 6x? — 8x 8. 4x? — 8x? + 12 27. —6t? + 24t + 72 28. 9u? — 27u + 18 
9. —3y? + 6y — 9 10. y* + 2y? + 5y 29. —5z” — 20z + 60 30. 2x? — 4x + 6 
11. —22° — 42° + 10:2? 12. 12x° — 6x? — 18x? 31. 3x? — 5x — 12 32. 2x? — 7x + 6 


13. —5x?7 + 10x> — 15x? 14. —142° + 7z? + 28 33.427 — 23z — 6 34. 627 + 1lz — 10 
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In Exercises 35—60, factor each polynomial using one of the 
special factorization patterns. 


35. 


37. 
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x? — 16 


Ox? — 4 


39.y° — 3 


41. 


43. 


3x? — 12 


x7 + 6x +9 


45. y* — 14y + 49 


47. 


49, 


51. 


4x? + 4x +1 


9x? — 6x +1 


12x? + 12x + 3 


53.7 + 64 


55. 
57. 
59. 


In Exercises 61—114, factor each expression completely, using any 
of the methods from this section. 


61. 
63. 
65. 
67. 
69. 
71. 
vey 
12% 
77. 
19, 


81. 


w — 125 
2x? — 16 


8ye +1 


2” + 132+ 42 
ee 128 + 36 
-y? + 4y—4 

2? — 16z + 64 
—2y* + Ty — 3 
Oy? + 12y + 4 
92" — 6241 

4z? — 20z + 25 
627 — 3z — 18 
—152? — 702 + 25 


—10w — 45u — 20 


36. 


38. 


40. 


42. 


44. 


46. 


48. 


50. 


D2. 


54. 


56. 


58. 


60. 


62. 


64. 


66. 


68. 


70. 


72. 


74, 


76. 


78. 


80. 


82. 


f— 25 

Ay? — 25 

16x? — 7 

5x* — 5 

x? + 24x + 144 
yy? — 26y + 169 
9x? + 12x + 4 
4x? — 20x + 25 
50x” — 60x + 18 
rt+il 

8x? — 27 

241? + 3 


64x? — 8 


2 +2 — 30 
x? + 8x + 16 
-y? — 6y — 9 
2? — 82+ 16 
—3y* — 2y+ 8 
Ax? + 12x + 9 
—12x? + 5x + 2 
18y* + 43y — 5 
8v? + 20v — 12 
14y* — Ty — 21 


—6x? + 27x — 30 


83. 


85. 


87. 


89. 


91. 


93. 


95. 


97. 


99. 


101. 


103. 


105. 


107. 


109. 


111. 


113. 


—s* + 49 84. -—9 

ve — 4 86. —u? + 36 

—2507 + 4 88. —49v? + 16 

927-1 90. -16s? + 9 

2 — 162” 92. x? — 9x? 

12u? + 4u? — 40u 94, 6x? — 15x? + 9x 
—102? + 522 + 15¢ 96. —8y? — 44y? — 20y 
—152? — 527 + 20z 98. 6x? + 14x? — 12x 

2y? + 3y? — 8y-— 12 100. —182?+2727+322z—48 


4x* + 20x? + 24x? 102. —10s* — 25s? + 15s? 
3y* + 18y? + 24y? 104. 21u* — 28v? + 7v 
—xt + x3 + 6x? 106. 2y* + 4y? — 16y? 
7x? — 63x? 108. —6s? — 30s? 

5y? — 20y? 110. 15w? + 18? 

8x*> + 64 112. 27x? + 1 

—8y? +1 114. —642? + 27 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


115. 


116. 


117. 


118. 


119. 


120. 


Give an example of a monomial that can be factored 
into two polynomials, each of degree 2. Then factor the 
monomial accordingly. 


Is (x? — 4)(x + 5) completely factored? Explain. 


Give an example of a polynomial of degree 2 that can be 
expressed as the square of a binomial, and then express 
it as such. 


Can y? + a’ be factored as (y + a)?? Explain. 
Express 16x* — 81 as the product of three binomials. 


Find one value of a such that the expressions x* — a’ 
and (x — a)? are equal (for all real numbers x). 
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P.6 Rational Expressions 


Objectives 


> Simplify a rational expression 


> Multiply and divide rational 


expressions 


>» Add and subtract rational 


expressions 


> Simplify complex fractions 


Just In Time 


Review factoring in 
Section P.5. 


A 


A quotient of two polynomial expressions is called a rational expression. A rational 
expression is defined whenever the denominator is not equal to zero. 


lees 1 Values for Which a Rational Expression is Defined 


For what values of x is the following rational expression defined? 
xo 1 
(x — 3)(x — 5) 
Solution The rational expression is defined only when the denominator is not zero. 
This happens whenever 
x= 340 = *F3 of = 540 = x45. 
Thus, the rational expression is defined whenever x is not equal to 3 or 5. We can also 
say that 3 and 5 are excluded values of x. 


x 
x? -— 1 


[AW Check It Out 1; For what values of x is the rational expression defined? © 


Note Throughout this section, we will assume that any rational expression is 


meaningful only for values of the variables that are not excluded. Unless they are 
specifically stated in a given example or problem, we will not list excluded values. 


Simplifying Rational Expressions 
Recall that if you have a fraction such as =, you simplify it by first factoring the 
numerator and denominator and then dividing out the common factors: 
4 2.0 2 1 
2 2523 3 
When simplifying rational expressions containing variables, you factor polynomials in- 


stead of numbers. Familiarity with the many factoring techniques is the most 
important tool in manipulating rational expressions. 


[ana 2 Simplifying a Rational Expression 


x? — 2x +1 
= ae oe 


> Solution 
aoe tem DG 1) 
1— 4x + 3x? (1 —x)(1 - 3x) 


Factor completely 


_ @=D@= 1) ee 1 
—(x — D(1 — 3x) — 
eS 
= = =39 =e Divide out x — 1, a common factor 
x—-1 
ae al (1 — 3x) = 3x —-1 
x? — 4 


Check It Out 2: Simplify: =—————— - 
IW Chec ul Simplify aa ee 
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Next we discuss the arithmetic of rational expressions, which is very similar to the 
arithmetic of rational numbers. 


Multiplication and Division of Rational Expressions 


Multiplication of rational expressions is straightforward. You multiply the numerators, 
multiply the denominators, and then simplify your answer. 


Bente 3 Multiplication of Rational Expressions 


Multiply the following rational expressions and express your answers in lowest terms. 
For what values of the variable is the expression meaningful? 


3a 24 
oe Ga 
x+x—6 (x + 2)? 
(b) 2 . 2 
x 4 x +9 
> Solution 


3a 24 _ (3a)(24) 


3 6a (®)6a) 
3-a:6:°4 
= Ad ob ig Factor and divide out common factors 
2 
~ 2a 


The expression is meaningful for a # 0. 
x+x-6 (x+2)? (x? +x - 6)(x + 2) 
~—-4 «+9. (x — A(x? + 9) 

— @&+ 3) — 20a + 2)7 
(x + 2)(x — 2)(x? + 9) 
(x + 3)( + 2) 

> x2 +9 


(b) 


Factor 


Divide out common factors 


The expression is meaningful for x # 2, —2 because x” — 4 = 0 for x = 2, —2. 
Observe that x? + 9 cannot be factored further using real numbers, and is never 
equal to zero. 
x? +2x+1 x7 +4*4+4 

x7 -— 4 x+1 


LAW Check It Out 3: Multiply and simplify: 


When dividing two rational expressions, the expression following the division sym- 
bol is called the divisor. To divide rational expressions, multiply the first expression 
by the reciprocal of the divisor. 


ema 4 Dividing Rational Expressions 


ae = 58S 2 Ue = 1 
ivide and simplify: “>| a x+5 
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Solution Taking the reciprocal of the divisor and multiplying, we have 
ae = 562. Oe a1 Be = Se 2 “ee 5 
xw—4x+4 9 x45 x?—4Ax+4 9x?-1° 


Factor, divide out common factors, and multiply to get 


_ Bx + 1)\@ — 2) x+5 
(x— 2 (3x + 1)x — 1) 
7 x+5 
i= Ge= 1) 


7x + 14 1k 
2 “73 -a 
x — 4 x x = 6 


LW Check It Out 4; Divide and simplify: 


Addition and Subtraction of Rational Expressions 


To add and subtract rational expressions, follow the same procedure used for adding and 
subtracting rational numbers. Before we can add rational expressions, we must write 
them in terms of the same denominator, known as the least common denominator. 


‘ 1 1 . . 
For instance, to compute A + 6: we find the least common multiple of 4 and 6, which 


is 12. The number 12 = 2: 2 - 3 is the smallest number whose factors include the fac- 
tors of 4, which are 2 and 2, and the factors of 6, which are 2 and 3. 


Definition of the Least Common Denominator 


The least common denominator (LCD) of a set of rational expressions is the 
simplest expression that includes all the factors of each of the denominators. 


lara 5 Adding and Subtracting Rational Expressions 


Add or subtract the following expressions. Express your answers in lowest terms. 


x+4 2x +1 3x x+5 
(a) 2 (b) 2 

3x +6 x + 7x+ 10 4—2x x-4 
> Solution 


(a) Factor the denominators and find the least common denominator. 


x+A4 2: 1 x+A4 2x: Il 


+ 
3x +6 x*+ 7% +10 3(x +2) (x + 5)(x4 2) 


The LCD is 3(x + 2)(x + 5). Write both expressions as equivalent rational ex- 
pressions using the LCD. 
_ «xt+4 ee x 2x + 1 2 
3(e+2) x+5 (+5)@%+2) 3 


Simplify the numerators and add the two fractions. 


_ x? + 9x + 20 4 6x + 3 _ Se 23 
3(x + 2)e%4+ 5) 3x t+ 2)(x4+ 5) 3(x + 2)(x + 5) 


The expression cannot be simplified further. 
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(b) Factor the denominators and find the least common denominator. 
3x xt 5 3x x+5 _ 3x ae) 
4—-2x «7-4 22-x) (e+2)(%-—2) -2(¢-—2) (wt 2)(x - 2) 


The LCD is —2(x — 2)(« + 2). Note that 2(2 — x) = —2(« — 2). Write both 
expressions as equivalent rational expressions using the LCD. 


_ 3x xt 2 x+5 ; = 
=2(% = 2) #82. -@P2)e=—2) =2 
3x" + 6x = 2x2 110 Simplify th 
= — = — impli e 
2(x — 2)(x« + 2) 2(x — 2)(« + 2) Lennie 
(3x? + 6x) — (—2x — 10) 3x? + 8x + 10 
= 26=-D64  ~86-He45 
(x dO ) (x dee ) taking care to 
distribute the 
minus sign 
The expression cannot be simplified further. 
: —2 3 
[W Check It Out 5: Subtract and express your answer in lowest terms: a Pad 
x x= 


Note When adding or subtracting rational expressions, you factor 
polynomials instead of numbers to find the least common denominator. 


Complex Fractions 


A complex fraction is one in which the numerator and/or denominator of the frac- 
tion contains a rational expression. Complex fractions are also commonly referred to 
as complex rational expressions. 


zara 6 Simplifying a Complex Fraction 


x? — 4 
2x +1 
ve +x—-6 


x=] 


Simplify: 


Solution Because we have a quotient of two rational expressions, we can write 


x7 -— 4 
2x + 1 x =4 9 x= 6 
xv+x—- 6 2xt1- x =f 
x=] 
et x= 1 
Qxn+1 2 +x—6 
(x + 2)(x — 2) <= 1 
= ‘ Factor 
2x +1 (x + 3)@ = 2) 
— (+ 2) — 1) 


; lK=2 
(ox + 1) + 3) Cancel (x ) term 
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E There are no more common factors, so the expression is simplified. 
Discover and Learn 


ilip.ame 


: 1 
Is it true that- + 5 =a xty 
a ~ 0? Explain. y 
LW Check It Out 6: Simplify: ———. @ 
x2 — 
x 


Another way to simplify a complex fraction is to multiply the numerator and 
denominator by the least common denominator of all the denominators. 


Eel 7 Simplifying a Complex Fraction 


1 1 
= + et 
i XY 
Simplify - 
yoy 


Solution First find the LCD of the four rational expressions. The denominators 
are 


Xs XVs a and y. 
Thus, the LCD is xy. We then can write 


i. it. 4. 4 
+ 2 
x xy xX XY xy 
3 1 3 1 xy? 
2 z+ i 
yy yp y 
oa 2 
Bid’ ud 
Fs: = LX 
yo yp? 
Hl 


a es ce Distribute xy” 
er ey) 
ye ) ye 


2 
+ 
=2 TF Simplify each term 
3x + xy 
+ 1 
= yy FD Factor to see if any common 
x(3 + y) 


factors can be removed 


There are no common factors, so the expression is simplified. 


Es 


[A Check It Out 7; Simplify, ———. 
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P6 Key Points 


» A quotient of two polynomial expressions is called a rational expression. A rational 
expression is defined whenever the denominator is not equal to zero. 


» To find the product of two rational expressions, multiply the numerators, 


multiply the denominators, and then simplify the answer. 


» To add and subtract rational expressions, first write them in terms of the same 
denominator, known as the least common denominator (LCD). 


» To simplify a complex fraction, multiply the numerator and denominator by the 


LCD of all the denominators in the expression. 


P6 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1—6, factor. 


1. 2x? — 14x 2.y7 +y-2 
3.x? - 81 4. 4y? — 400 
5. —x? + 6x — 9 6. v? — 27 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-16, simplify each rational expression and indicate 
the values of the variable for which the expression is defined. 


57 

ae gee 
24 49 
x7 — 4 3(x — 3) 

9, ——_— 10.—>~—— 
6(x + 2) x? — 9 
x—x—-6 2-1 

11.—,——_ 12. =———_ 

x“ —9 eo ao 22 Fl 
C re) i 

13,2 ia = 
x+1 yl 
x- 1 348 

15.55 16.25 
poe | yo -4 


In Exercises 17-32, multiply or divide. Express your answer in 
lowest terms. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


x+2 oS. 


2-9 2+ 4xn+4 


x= 3 x—- 1 
x7 -2x +1 22x- 6 


3x + 9 2x — 4 
r+x-6 xt 6 


x= 3 3x +12 
4x +16 x?-—5x+6 


6x — 12 x? — 4x + 4 
3x? — 12x x? + 3x —- 10 


4x? — 36x? x? — 2x +1 
8x — 8 x? + 2x — 15 


+1 2x?-x-1 
x7 - 1 x+2 


a-1 (a — 1)? 
@-2a+1 a@t+atl 


Se 20» = Be + 16 
x? — 4x —5 | x= 5 


3x—-6 3x? -— 5x — 2 
2x+2 x*-5x+6 


6x? — 24x 2x + 4x 
3x? -3 © x*- 2x41 


5x*— 45x* -3x* + Ox 
7x—-14 ~ x*+3x—- 10 
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3 2 
—8 —4 —1 2 3 
31. — 54. + 5 
2x° —3x-2 2x+1 Got eel «need 
5427 a? + ba+9 a 1 4 
a. oe 55. _ 
aa a+2at+1 Ze SD ok = 6 
; ; 3 2 2 
In Exercises 33—56, add or subtract. Express your answer in low- 56. +5 + 
est terms. y-4 y-syt4 l-y 
2. 3 —3 4 . sana . 
335 - a a 34.—, + a In Exercises 57—72, simplify each complex fraction. 
x y 
ae ae | 
3 4 =] J x a 
353. 36. oY Sears 58. 
x x x x toa ( ad 
x? a 
a9 1 4 38 5 6 
“x+1 x«-1 ‘4-3 x+2 eae tee le 
2 
x yy yx 
3 3 -1 3 a ae a Re 
39. = 40. = neem! uae oan 
x+4 2x-1 x+t1l 2x-1 yx x y 
1 2 
4x ax" c) ‘ 61. 62. 
41.5 a ~ 1... A. = 1 1 1 1 
Koa OY BN ED 2y+t4 yr -4 ee Se 
r Ss t a ra? 
43 22 ; zgt+1 AA x 2 3x 44 tg pel 
"52-10 22-4244 "3x +9 x?-x-12 a 64,2 —? — 
xo Tl a+b 
x x— 4 x+1 6 
45. a 46. a 1 1 2 1 
ecb I ges x= 3:.. KP a 
X= xX—3 R= 2 em 
65. ———_____—_ 66. ———_____ 
47 —3x 3x? 2 +4 3 3 dt 
‘= 16 tee 1 x= 1 x+!1 Mar S.A 2 
48 5x 3x? Niet ae! 
“x? 16 2x-8 Pe 68.—~ . 
h “=a 
49 z Bl 
“32-15 22-1024 25 + J oie 
x?7-4 x-2 x7-9 x+3 
69, ———____ 70. 
3x + 1 oe | 4 2 
50. 7 _ 
2x+4 x -x-6 x+2 x— 3 
3 4 aes b 
51. + = 
te ae ee 742 BP at+b 
1 
6 4 a= 
52. 
2x—-—1 1-2x 
1, 3b 
4 2 1 a+b a+2ab+ BP 
53, — 72, $$ 
2 HHS 2 n= 4 a 


at+b 
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» Applications In this set of exercises, you will use rational 
expressions to study real-world problems. 


13, 


74 


75. 


76. 


P.7 Geometr 


Average Cost The average cost per book for printing x 


... 300" + 0:5x . * 
booklets is —————. Evaluate this expression for 


x 
x = 100, and interpret the result. 


. Driving Speed If it takes ¢ hours to drive a distance of 400 


miles, then the average driving speed is given by _ 


Evaluate this expression for t = 8, and interpret the 
result. 


Work Rate One pump can fill a pool in 4 hours, and an- 
other can fill it in 3 hours. Working together, it takes the 


1 
pumps t = Ta hours to fill the pool. Find z. 


4 3 
Physics In an electrical circuit, if three resistors are con- 
nected in parallel, then their total resistance is given by 


1 
R= 
le. to 
Ri RR; 


Simplify the expression for R. 


Review 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


77. 


78. 


79. 


80. 


i 1 1 2 
Find two numbers x and y such that -+-# ‘ 
x y Ey 
(Answers may vary.) 


x = 


The expression “ simplifies to x — 1. What value(s) 


x 
of x must be excluded when performing the simplifi- 


cation? 


2 
Does = = x for all values of x? Explain. 


2 


‘ x +4 
In an answer to an exam question, ree 


aa 8 simplified as 


x + 2. Is this correct? Explain. 


Objectives 
> Know and apply area and 


perimeter formulas Pythagorean Theorem. 


> Know and apply volume and 


> Know and apply the 


surface area formulas 


Pythagorean Theorem 
figures. 


Table P.7.1. Formulas for Two-Dimensional Figures 


Length: / Width: w 


Perimeter P = 2] + 2w 


Length: s Width: s Radius: r 


1 Ss 
Perimeter P = 4s 


Area A = lw Area A = 5” 


Circumference C = 27r 


Area A = mr? 


In this section, we will review formulas for the perimeter, area, and volume of com- 
mon figures that will be used throughout this textbook. We will also discuss the 


Formulas for Two-Dimensional Figures 


Table P.7.1 gives formulas for the perimeter and area of common two-dimensional 


Base: b Height: h Base: b Height: h Side: s 
a (Ge 
S 
b b 


Perimeter P = 2b + 2s 
Area A = bh 


Perimeter P=a+b+t+c 
Area A = 5oh 


Figure P.7.1 
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Note Area is always represented in square units, such as square inches (in*) 


or square meters (m?). 


Example 1 gives an application of these formulas. 


ene! 1 Using Area Formulas 


Find the area of the figure shown in Figure P.7.1, which consists of a semicircle 
mounted on top of a square. 


Solution The figure consists of two shapes, a semicircle and a square. The diameter 
of the semicircle is 4 inches, and its radius is 2 inches. Thus we have 


Area = area of square + area of semicircle 


2 


= s+ aur Area of semicircle is half area of circle 


1 
= (4)? + m2)” Substitute s = 4andr=2 


= 16 + 27 ~ 22.283 square inches. 


The area of the figure is about 22.283 square inches. 


[A Check It Out 1; Rework Example 1 if the side of the square is 6 inches. 


Formulas for Three-Dimensional Figures 


Table P.7.2 gives formulas for the surface area and volume of common three- 
dimensional figures. 


Table P.7.2. Formulas for Three-Dimensional Figures 


Length:/ Width: w Height: h 


Radius: r Height: h Radius: r Radius: r Height: h 


Surface Area S = 2(wh + lw + Ih) Surface Area S = 2mrh + 2ar? Surface Area S = 4zrr? Surface Area S = ar(r? + h?)1/? + arr? 


Volume V = lwh 


Volume V = mr7h Volume V = Sar’ Volume V = smh 


| Note The volume of a solid is always represented in cubic units, such as cubic 


inches (in®) or cubic meters (m°). 
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[ema 2 Finding the Volume of a Cone 


Find the volume of an ice cream cone in the shape of a right circular cone with a 
radius of 1 inch and a height of 4 inches. 


Solution Using the formula for the volume of a right circular cone gives 


V= gah Volume formula 
1 2 

V= 3 7) 4 Substitute r=1andh=4 
7 

V= 3 YA Simplify 


4 
V= = = 4.189 cubic inches. 


The volume of the ice cream cone is about 4.189 cubic inches. 


[A Check It Out 2; Rework Example 2 if the radius of the cone is 1.5 inches and the 
height is 5 inches. 


The Pythagorean Theorem 


When two sides of a triangle intersect at a right angle, the triangle is called a right 
triangle. For right triangles, there exists a relationship among the lengths of the three 
sides known as the Pythagorean Theorem. 


Examples 3 and 4 illustrate the use of the Pythagorean Theorem. 


learn 3 Finding the Hypotenuse of a Right Triangle 


If a right triangle has legs of lengths 5 and 12, what is the length of the hypotenuse? 


Solution Because this is a right triangle, we can apply the Pythagorean Theorem with 
= 5 and b = 12 to find the length c of the hypotenuse. We have 


g+P=¢ The Pythagorean Theorem 
Cao + ie Use a = 5andb=12 
c= 25 + 144 Simplify 


c= 169 —> ¢ = V 169 = 13. Solve for c 
The hypotenuse has length 13. 
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[A Check It Out 3: If a right triangle has legs of lengths 1 and 1, what is the length of 
the hypotenuse? 


een 4 Application of the Pythagorean Theorem 


Figure P.7.3 A ladder leans against a wall as shown in Figure P.7.3. The top of the ladder is 6 feet 
above the ground and the bottom of the ladder is 3 feet away from the wall. How long 
is the ladder? 


Solution Because the wall and the floor make a right angle, we can apply the 
Pythagorean Theorem. Denote the length of the ladder by c. The lengths of the legs 
are 3 feet and 6 feet. 


=L— CH= +h The Pythagorean Theorem 
c? = 37 + 6? Use a = 3andb=6 
ce =9 + 36 Simplify 


2=45= >c=V45=3V5_ — Solve forc 
Thus the ladder is 3\/5 ~ 6.71 feet long. 


[A Check It Out 4; A small garden plot is in the shape of a right triangle. The lengths 
of the legs of this triangle are 4 feet and 6 feet. What is the length of the third side of 
the triangular plot? © 


P7 Key Points 


» Area and perimeter formulas for specific two-dimensional shapes are given in 
Table P.7.1. 


» Volume and surface area formulas for specific three-dimensional shapes are 
given in Table P.7.2. 


» Pythagorean Theorem: In a right triangle, if the legs have lengths a and b and 
the hypotenuse has length c, then 


CHa +b. 


P7 Exercises 


»® Skills This set of exercises will reinforce the skills illus- 3. Circumference of a circle with radius 6 inches 
trated in this section. 


In Exercises 1-22, compute the given quantity. Round your 4. Circumference of a circle with radius 4 centimeters 


answer to three decimal places. 
5. Perimeter of a parallelogram with side lengths of 8 cen- 


1. Perimeter of a rectangle with length 5 inches and width : : 
timeters and 3 centimeters 


7 inches 


2. Perimeter of a rectangle with length 14 centimeters and 6. Perimeter of a parallelogram with side lengths of 5 inches 
width 10 centimeters and 2 inches 
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7. Area of a parallelogram with base 3 centimeters and 
height 5 centimeters 


8. Area of a parallelogram with base 5 inches and height 
6 inches 


9. Area of a circle with radius 3 feet 
10. Area of a circle with radius 5 inches 


11. Volume of a right circular cylinder with radius 3 inches 
and height 7 inches 


12. Volume of a right circular cylinder with radius 6 centi- 
meters and height 7 centimeters 


13. Volume of a sphere with radius 4 inches 
14. Volume of a sphere with radius 6 inches 


15. Volume of a right circular cylinder with radius 3 centi- 
meters and height 8 centimeters 


16. Volume of a right circular cylinder with radius 5 inches 
and height 6 inches 


17. Surface area of a sphere with radius 3 inches 
18. Surface area of a sphere with radius 5 centimeters 


19. Surface area of a right circular cylinder with radius 2 
inches and height 3 inches 


20. Surface area of a right circular cylinder with radius 
3 centimeters and height 5 centimeters 


21.Surface area of a right circular cone with radius 
4 centimeters and height 6 centimeters 


22. Surface area of a right circular cone with radius 2 feet 
and height 5 feet 

In Exercises 23—26, find the area of the figure. 

23. 


24. x 12 in. >| 


—— 8 in. ——| 


25. 26. 


Ix 14 in. >| 


1 
| 
18 in. 
| 
| 
I 
| 
| 


3 in.+1 
+ 13 in. > 


In Exercises 27—34, find the hypotenuse of the right triangle, 
given the lengths of its legs. 


27.a=3,b=4 28.a=6,b=8 


29.a 


10, b = 24 30.a=8,b= 15 


3l.a = 20,6= 21 32.a=7,b = 24 


33.a=3,b=5 34.a=7,b6=3 
» Applications In this set of exercises, you will use area 
formulas, volume formulas, and the Pythagorean Theo- 
rem to study real-world problems. Round all answers to 
three decimal places, unless otherwise noted. 


35. Construction A rectangular fence has a length of 10 feet. 
Its width is half its length. Find the perimeter of the fence 
and the area of the rectangle it encloses. 


36. Geometry A square fence has a perimeter of 100 feet. 
Find the area enclosed by the fence. 


37. Manufacturing The height of a right cylindrical drum is 
equal to its radius. If the radius is 2 feet, find the volume 
of the drum. 


38. Manufacturing The diameter of a beach ball is 10 inches. 
Find the amount of material necessary to manufacture 
one beach ball. 


39. Design The cross-section of a paperweight is in the shape 
of a right triangle. The lengths of the legs of this triangle 
are 2 inches and 3 inches. What is the length of the third 
side of the triangular cross-section? 


40.Geometry The perimeter of an equilateral triangle is 
36 inches. Find the length of each side. An equilateral 
triangle is one in which all sides are equal. 


41. Landscaping The diameter of a sundial in a school’s court- 
yard is 6 feet. The garden club wants to put a thin border 
around the sundial. Find the circumference of the sundial. 


42. Commerce If an ice cream cone is in the shape of a right 
circular cone with a diameter of 12 centimeters and a 
height of 15 centimeters, find the volume of ice cream the 
cone will hold. Round to the nearest cubic centimeter. 


43. Carpentry A solid piece of wood is in the form of a right 
circular cylinder with a radius of 2 inches and a height of 
6 inches. If a hole of radius 1 inch is drilled through the 
center of the cylinder, find the volume of the resulting 
piece of wood. 


B8 Solving Basic Equations 


solve an equation. 


> Solve equations involving 
decimals 


> Solve equations for one 
variable in terms of another 
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44, Manufacturing A portable refrigerator in the shape of a 
rectangular solid is 2 feet long, 28 inches deep, and 2 feet 
high. What is the volume of the refrigerator, in cubic feet? 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


45. What values of r are meaningful in the formula for the 
circumference of a circle? 


46. Suppose there are two circles with radii r and R, where 
R>r. Find and factor the expression that gives the dif- 
ference in their areas. 


47. If the radius of a circle is doubled, by what factor does 
the circle’s area increase? 


48.If the length of each side of a cube is doubled, by what 
factor does the cube’s volume increase? 


In this section, we will review some basic equation-solving skills that you learned in 
your previous algebra courses. When you set two algebraic expressions equal to each 
other, you form an equation. If you can find a value of the variable that makes the 
equation true, you have solved the equation. The following strategies can help you 
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[eee 1 Solving an Equation 


Solve the following equation for x. 
3(x + 2) —-2 = 4x 


Solution Proceed as follows. 


3(x + 2) —-2=4x Given equation 
3x + 6-2 = 4x Remove parentheses 
3x + 6-2 —-— 4x = 4x — 4x Subtract 4x from both sides 
-x+4=0 Combine like terms 
—-x=—-4 Isolate term containing x 
x=4 Multiply both sides by —1 


Thus x = 4 is the solution to the given equation. Check the solution by substituting 
x = 4 in the original equation: 


3(4 + 2) -2=4(4) => 16 = 16. 


[AW Check It Out 1; Solve the equation 2(x + 4) = 3x + 2 for x. & 


When an equation involves fractions, it is easier to solve if the denominators are 
cleared first, as illustrated in the next example. 


lel 2 Solving an Equation Involving Fractions 


Solve the equation. 


x+5 2=-1 
+ = 
2 5 


5 


Solution Clear the denominators by multiplying both sides of the equation by the 
least common denominator, which is 10. 


x+t5  2x-1 
10 + =5-10 Multiply both sides by LCD 


2 5 
5(x + 5) + 2(2x — 1) = 50 Simplify each term 
5x +25 + 4x — 2 = 50 Remove parentheses 
9x + 23 = 50 Combine like terms 
9x = 27 Subtract 23 from both sides 
x=3 Divide both sides by 9 to solve for x 


You can check the answer in the original equation. 


LW Check It Out 2: Solve the equation. 


xt3  xt5 _ 
4 2 


78 


We can also clear decimals in an equation to make it easier to work with. This 
procedure is illustrated in Example 3. 
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[aa 3 Solving an Equation Involving Decimals 


Solve the equation. 


0.3(% + 2) — 0.02x = 0.5 


Solution There are two decimal coefficients, 0.3 and 0.02. Multiply both sides of the 
equation by the smallest power of 10 that will eliminate the decimals. In this case, mul- 


tiply both sides by 100. 


0.3(« + 2) — 0.02x = 0.5 
100(0.3(« + 2) — 0.02x) = 0.5(100) 

30(x + 2) — 2x = 50 

30x + 60 — 2x = 50 


Given equation 
Multiply both sides by 100 
100(0.3) = 30 and 100(0.02) = 2 


Remove parentheses 


28x + 60 = 50 Combine like terms 
28x = —10 Subtract 6O from both sides 
=> a == zs Divide each side by 28 and 
28 14 


reduce the fraction 


[AW Check It Out 3; Solve the equation 0.06(2x + 1) — 0.03(x — 1) = 0.15. & 


In Example 4, we solve for one variable in terms of another. In this case, the solution 
is not just a number. 


leer 4 Solving for One Variable in Terms of Another 


The perimeter of a rectangular fence is 15 feet. Write the width of the fence in terms 


of the length. 
Solution The perimeter formula for a rectangle is P = 27 + 2w. Thus we have 
21+ 2w = 15 P= 15 
2w = 15-2] Isolate w term 
1 
w= 3 ls = 2/): Divide by 2 to solve for w 


LW Check It Out 4; Rework Example 4 if the perimeter is 20 feet. Ml 


P8 Key Points 


» To solve an equation, simplify it using basic operations until you arrive at the form 
x = c for some number c. 

» If an equation contains fractions, multiply the equation by the LCD to clear the 
fractions. This makes the equation easier to work with. 

» If an equation contains decimals, multiply the equation by the smallest power of 
10 that will eliminate the decimals. This makes the equation easier to work with. 


» If an equation contains two variables, you can solve for one variable in terms of 
the other. 
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P8 Exercises 


® Skills This set of exercises will reinforce the skills illus- In Exercises 31-38, solve each equation for y in terms of x. 
trated in this section. lets a ee 
In Exercises 1-30, solve the equation. 
tones i Ags aA 33. —4x + 2y = 6 34. 6x + 3y = 12 
3 oe = 5 = Se 10 44x = 2= 2x +8 a ame ee aa 
5, Ae = 1) = 19 6. 5(e + 2) = 20 37.4x +y—-—5=0 38.—-5x +y+4=0 
<n +4) —=3=7 8.5(x —- 2) +4=19 = 
» Applications In this set of exercises, you will use basic 
9. —3(x — 4) (x +1) -6 equations to study real-world problems. 
39. Commerce The profit in dollars from selling x DVD play- 
10. 6(2x + 1) = 3(« — 3) + 7 ers is given by 40x — 200. Set up and solve an equation 
to find out how many DVD players must be sold to ob- 
11.-—26 + x) — (x — 2) = 10(« + 1) tain a profit of $800. 
12.3(4 + x) + 2(« + 2) = 2(2x — 1) 40.Commerce The profit in dollars from selling x plasma 
televisions is given by 200x — 500. Set up and solve an 
1 «x« 7 1 x 2 equation to determine how many plasma televisions must 
13. 2 + a 6 14. 3 + 53 be sold to obtain a profit of $3500. 
a ae Pe 41.Geometry The circumference of a circular hoop is 147 
15; +-—=6 16. +-—=4 inches. Find the radius of the hoop. 
4 3 5 2 
42.Geometry The perimeter of a right triangle is 12 inches. If 
17. 2x73 x 2 18. 3x41 2x _ 3 the hypotenuse is 5 inches long and one of the legs is 3 
3 2 3 2 3 2 inches long, find the length of the third side of the triangle. 
19 3x + 4 pes 20 7x — 1 er 43. Construction A contractor builds a square fence with 50 feet 
a” "3 of fencing material. Find the length of a side of the square. 
21.0.4(x — 1) + 1 = 0.5x 44. Construction A contractor is enclosing a rectangular court- 
yard with 100 feet of fence. If the width of the courtyard is 
22. —0.3(2x + 1) — 3 = 0.2x 10 feet, find the length of the courtyard. 
23.1.2(% + 5) = 3.1x 45. Art A rectangular frame for a painting has a perimeter of 


96 inches. If the length of the frame is 30 inches, find the 
Reg = 1) ass width of the frame. 

= GR _ 46. Art The surface area of a rectangular crate used to ship a 
Sa a a sculpture is 250 square inches. If the base of the crate is 
a square with sides of length 5 inches, find the height of 
the crate. 


26. —0.03(x + 4) + 0.05 = 0.03 


27.0.5(2% — 1) — 0.02x = 0.3 47. Manufacturing The volume of a small drum in the shape 


of a right circular cylinder is 107 cubic feet. The radius 
28.0.4(x — 2) — 0.05x = 0.7 of the drum is 2 feet. Find the height of the drum. 


29. mx + 3 = 4irx 48. Manufacturing The volume of a rectangular fish tank is 
720 cubic inches. The base of the fish tank has dimensions 
30. V2(x + 1) — 1 = 3V2 6 inches by 12 inches. Find the height of the tank. 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


49. Can the equation x + 2 = x be solved for x? Explain. 


50.In Example 4, the width of the fence is given by 
w= $15 — 21). Evaluate w when / = 2.5 feet. If you try to 


evaluate w for / = 10 feet, do you get a realistic value for zw? 
Explain. 
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51. Find the mistake in the following “solution” of the equation 
x1 


‘| +1=4., 
x+1 
+1=4 
4 
(xt+1)+1=4 Multiply by 4 
x=2 


52. For what values of a does the equation ax + x = 5 have 
a solution? 
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Section P.1 The Real Number System 
Concept 


Properties of real numbers 
Any real number is either a rational or an 
irrational number. All real numbers satisfy 
the following properties. 


¢ The associative properties of addition 
and multiplication: 


at+(6+c=(at+bt+ec 
and a(bc) = (ab)c 
¢ The commutative properties of 
addition and multiplication: 
a+b=6b+a and ab=ba 
¢ The distributive property of 
multiplication: 
ab+ac=a(b+c) 


where a, 6, and c are any real numbers. 


Ordering of real numbers 

¢ An inequality of the form a = x = bcan 
be expressed in interval notation as [a, b]. 
This interval is called a closed interval. 

¢ If the endpoints of an interval, a and b, 
are not included, we write the inequality 
as an open interval (a, b). 


Absolute value of a number 

x ifx=0 
Ix] =4 
x ifx<0 


The distance between two points a and 6 is 
given by |b — al or |a — dj. 


Illustration 


* Associative property: 
34+ (4+5)=6+4)+5 
and 3(4:5)=(@-4)5 


¢* Commutative property: 
5+8=8+5 and 5:-8=8:5 


¢ Distributive property: 
3(4+ 5) =3-44+3°-5 


The inequality 0 = x = 5 is written as [0, 5] 
in interval form. The inequality 0 < x < 5 is 
written as (0, 5) in interval form. 


Using the definition, |—3| = —(—3) = 3 and 
|7| = 7. The distance between —3 and 7 is 
|-3 — 7| = 10. 


Study and Review 


Example 1 


Chapter P Review, 
Exercises 1—6 


Examples 2, 3 


Chapter P Review, 
Exercises 7-10 


Examples 4, 5 


Chapter P Review, 
Exercises 11-13 


Continued 
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Section P.1 The Real Number System 


Concept 


Rules for order of operations 

When evaluating a numerical expression, the 
proper order of operations is to (1) remove 
parentheses, (2) simplify expressions 
containing exponents, (3) perform 
multiplications and divisions from left to 
right; and (4) perform additions and 
subtractions from left to right. 


Illustration 
ge dA 
4 9+3 
(8—6)3  (2)3 
_ 12 
6 
=2 


Section P.2 Integer Exponents and Scientific Notation 


Concept 


Illustration 


Study and Review 
Examples 6, 7 


Chapter P Review, 
Exercises 13-18 


Study and Review 


Algebraic expressions 

An algebraic expression is a combination 
of numbers and variables using mathematical 
operations. We can evaluate an expression 
containing a variable for a given value of the 
variable. 


Positive and negative integer exponents 
Positive integer exponents 
For any positive integer n, 

a=a-a-a---a. 

——— 
n factors 

The number a is the base and the number 1 
is the exponent. 


Negative integer exponents 


Let a be any nonzero real number and let m 
be a positive integer. Then 


Properties of integer exponents 


1. qQ” ‘ q” = qnt” 
2. (a’”)" = qm 
3. (ab) = gp” 
a\n q” 
4.{—] =—,b 40 
(<) pr’ 
a’ _ 
5. =a 5 a#0 
a 
6.a'=a 


a 
7.a=1,a#0 


Evaluating 3x + 5 for x = 2, we have 
3(2) +5 = 11. 


We can write 
4:-4-4=4 


because 4 is a factor three times. 


Using the definition of negative exponents, 


4-3 = i = as 
B64 
1, 37 « 34 = 3° 
2. (37)4 = 38 
3. (3x)? = 33x? 


5.35 = 3! 
6.31 =3 
7.4 =1 


Example 1 


Chapter P Review, 
Exercises 19, 20 


Examples 2, 3 


Chapter P Review, 
Exercises 21—26 


Examples 2, 3 


Chapter P Review, 
Exercises 21—26 


Continued 


Section P.2 Integer Exponents and Scientific Notation 


Concept 


Scientific notation 
A nonzero number x is written in scientific 
notation as 

a xX 10° 


where 1 =a < 10 ifx > 0 and 
—-10<asx—1 ifx < 0, and bis an integer. 


Significant figures 

A digit of a nonzero number x is a 

significant figure if it satisfies one of the 

following conditions. 

¢ The digit is the first nonzero digit of x, 
going from left to right. 

¢ The digit lies to the right of the first 
nonzero digit of x. 


Illustration 


In scientific notation, 
0.00245 = 2.45 x 10°? 


The number 12.341 has five significant 
figures, whereas 0.341 has only three 
significant figures. 


Section P.3 Roots, Radicals, and Rational Exponents 


Concept 


The nth root of a number 

For 7 an integer, Va is called the nth root 
of a. It denotes the number whose mth 
power is a. If 7 is even, then a = 0. If 7 is 
odd, then a can be any real number. 


Rules for radicals 
Suppose a and 0 are real numbers such that 
their nth roots are defined. 


Product Rule: Va: Wb = Vab 


y nf a 
—bA0 


a 
uotient Rule: == = 
2 Wb b 


Rational exponents 
¢ If ais a real number and 7 is a positive 


integer greater than 1, then 


1/n 


n . 
an Va, where a = 0 when 7 is even. 


¢ Let a be a positive real number and let m 
and 7 be integers. Then 


ql” = ENG A q” = (Wa)” 


Illustration 


The square root of 64 is V 64 = 8 because 
8? = 64. Likewise, V/8 = 2 because 2? = 8. 


Product rule: W/2 - W/4 = W/8 = 2 


Quotient rule: 
3 
V 81 81 
= yf) = V27 = 3 
V3 3 


V5 = 512 


and 8/3 = w/8 


WS = (52)1/3 = 52/3 
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Study and Review 
Examples 4—6 


Chapter P Review, 
Exercises 27-32 


Examples 7, 8 


Chapter P Review, 
Exercises 33, 34 


Study and Review 
Example 1 


Chapter P Review, 
Exercises 35, 36 


Examples 2—5 


Chapter P Review, 
Exercises 37-44 


Examples 6-8 


Chapter P Review, 
Exercises 45—52 


59 
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Section P.4 Polynomials 
Concept 


Definition of polynomial 
A polynomial in one variable is an 
algebraic expression of the form 


Ay” + Ay Xx") + Ay gx" 2 + + ax + ag 
where 7 is a nonnegative integer and a,, 
A, —15 «++» A) are real numbers, a, # 0. The 
degree of the polynomial is 1, the highest 
power to which a variable is raised. 


Addition of polynomials 

To add or subtract polynomials, combine or 
collect like terms by adding their respective 
coefficients. 


Products of polynomials 

To multiply polynomials, apply the 
distributive property and then apply the 
rules for multiplying monomials. Special 
products of polynomials are listed below. 
(4 + B)? = A’ + 2AB + B’ 

(A — B)? = A’ — 2AB + B’ 

(A + B)\(A —- B) = 4 - B’ 


Section P5 Factorin g 


Concept 


Adding 3x? + 6x? 
gives 2x? + 6x” + 3x + 2. 


Illustration 


The expression 3x* + 5x7 + lisa 
polynomial of degree 4. 


2 and —x? + 3x 


Using FOIL, 


(x + 4)(x — 3) = x? — 3x + 4x 


=x? +x- 12. 


An example of a special product is 


2)(x + 2) = x? — 4, 


Illustration 


Study and Review 
Example 1 


Chapter P Review, 
Exercises 53-56 


Example 2 


Chapter P Review, 
Exercises 53-56 


Examples 3-6 


Chapter P Review, 
Exercises 57—66 


Study and Review 


General factoring techniques 

A trinomial can be factored either by 
reversing the FOIL method of 
multiplication or by the grouping method. 


Quadratic factoring patterns 

A’ — B’ = (4 + B)(A - B) 
A’ + 2AB + B* = (A+ BY 
A’? — 2AB + B* = (A — By? 


Cubic factoring patterns 
A’ — BP = (A — B)(4? + AB + B’) 


A + B? = (A + B)(A4 — AB + B?) 


By working backward and trying various 
factors, we obtain 


x? — 2x - 8 = (x 


4) (x 


x-1=(*+1D(«-1) 
x? + 2x+1=(x+ 1)? 
x? —2x+1=(*—- 1)? 


e-1l=(«-1lQ@?+x4 
et1l=(x+ 1(Qx’?- x4 


+ 2). 


+ 1) 
+ 1) 


Examples 1—4 


Chapter P Review, 
Exercises 67—74 


Table P.5.1 


Chapter P Review, 
Exercises 75-80 


Table P.5.2 


Chapter P Review, 
Exercises 81, 82 


Section P.6 Rational Expressions 


Concept 


Illustration 
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Study and Review 


Definition of a rational expression 

A quotient of two polynomial expressions is 
called a rational expression. A rational 
expression is defined whenever the 
denominator is not equal to zero. 


Multiplication and division of rational 
expressions 

To find the product of two rational 
expressions, multiply the numerators, 
multiply the denominators, and then 
simplify the answer. 


Addition and subtraction of rational 
expressions 

To add and subtract rational expressions, 
first write them in terms of the same 
denominator, known as the least common 
denominator. 


Complex fractions 

A complex fraction is one in which the 
numerator and/or denominator of the 
fraction contains a rational expression. 

To simplify a complex fraction, multiply the 
numerator and denominator by the LCD of 
all the denominators. 


3x 
x +1 


is defined for 


The rational expression 
allx # —1. 


Find the product as follows. 
x xt1l_ x& +1) 
ee x (x — 1)x 
xt+1 


x—-1 


1 1 
xe Pol 


xt+1 
(x - 1) + 1) 
x- 1 
"@-D@+tD 
ee eee) 
(x - 1)@+4+ 1) 
_ 2x 
(x + 1)@- 1) 


1 2 1 2 
x oy _ x oy 


Example 1 


Chapter P Review, 
Exercises 83, 84 


Examples 2-4 


Chapter P Review, 
Exercises 85-88 


Example 5 


Chapter P Review, 
Exercises 89-92 


Example 6, 7 


Chapter P Review, 
Exercises 93, 94 
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Section P.7 Geometry Review 
Concept 


Perimeter and area formulas for two- 
dimensional figures 
Rectangle with length / and width w: 


Perimeter P= 2] + 2w 
Area A= lw 
Square with side of length s: 
Perimeter P= 4s 
Area A=3* 
Circle with radius r: 
Circumference C= 2a7r 


Area A= 7r’ 


Triangle with base 8, sides a, b, c, and height h: 


Perimeter P=at+b+t+c 


1 
Area A=—bh 
2 


Parallelogram with base b, sides b and s, and 
height h: 


Perimeter P= 2) + 2s 
Area A= bh 


Surface area and volume formulas for three- 
dimensional figures 

Rectangular solid with length /, width w, and 
height h: 


Surface area S = 2(wh + lw + th) 


Volume V = lwh 


Right circular cylinder with radius r and 
height h: 

Surface area S = 2mrh + 2n7r 
Volume V=ar’h 
Sphere with radius r: 


Surface area S = 4771? 


4 
Volume V=-—=ar 
Right circular cone with radius r and height h: 


Surface area S = ar(r? +h)? + ar 


1 
Volume V= Bah 


Algebra and Geometry Review 


Illustration 


A circle with a radius of 6 inches has an area 
of A = (6)? = 367 square inches. Its 
circumference is 27r = 27(6) = 127 inches. 


A triangle with a base of 2 feet and a height 


of 4 feet has an area of A = 5 (2) (4)=4 
square feet. 


The volume of a right circular cylinder with 
radius 3 inches and height 4 inches is 


V = ar’h = 1(3)7(4) = 367 cubic inches. 


The surface area of a sphere with radius 
5 inches is 


S = Arr? = 47(5)* = 1007 square inches. 


Study and Review 


Example 1 


Chapter P Review, 
Exercises 95, 96 


Example 2 


Chapter P Review, 
Exercises 97 —100 


Continued 


Section P.7 Geometry Review 


Concept 


To find c for a right triangle with legs a = 3 


Pythagorean Theorem 
For a right triangle with legs a and b and 
hypotenuse c, 


7+P=c, 
Hypotenuse 
c b 
Leg 
90° 
a 
Leg 


Section P.8 Solving Basic Equations 


Concept 


Solving equations 


To solve 2(x + 1) = 5, remove the 


¢ To solve an equation, simplify it using 
basic operations until you arrive at the 
form x = c for some number c. 

¢ If an equation contains fractions, multiply 
the equation by the LCD to clear the 
fractions. This makes the equation easier 
to work with. 

¢ If an equation contains decimals, multiply 
the equation by the smallest power of 10 
that will eliminate the decimals. This 
makes the equation easier to work with. 

¢ If an equation contains two variables, 
solve for one variable in terms of the 
other. 


Chapter P 


Section P.1 


In Exercises 1—4, consider the following numbers. 


3 
V3, 1.2, 3, —1.006, 78 


1. Which are integers? 
2. Which are irrational numbers? 


3. Which are integers that are not negative? 


Chapter P 


Illustration 


and 6 = 4, use the Pythagorean Theorem. 
CHP +P= 374+ 44=25 c=5 


Illustration 


parentheses and isolate the x term. 


2(x+1)=5 
2x+2=5 
2x = 3 

3 

ee 

2 


To solve ; + 3 = 5, multiply both sides of the 
equation by 4. 


x 
~43=5 
4 
4(=+3) = 46) 
4 
x +12 =20 
= 


Review Exercises 


4. Which are rational numbers that are not integers? 


In Exercises 5 and 6, name the property illustrated by each equality. 


Study and Review 
Examples 3, 4 


Chapter P Review, 
Exercises 101, 102 


Study and Review 
Examples 1-4 


Chapter P Review, 
Exercises 103-110 


5.44+(5+7)=(44+5)+7 


6.2(x + 5) = 2x + 10 


In Exercises 7—10, graph each interval on the real number line. 


7 =4..1) 


9. (-1, 7) 


o(33 


10.(—%, —3] 


| Review Exercises 
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In Exercises 11 and 12, find the distance between the numbers on 
the real number line. 
11. —6, 4 12. —3.5, 4.7 


In Exercises 13—16, evaluate the expression without using a 
calculator. 


13. —|-3.7| 14. 2?-5(4) +1 
6 + 3° ; 
in reer 16.-7+4+8 

—2? +] 


~=| In Exercises 17 and 18, evaluate the expression using a calcu- 
lator, and check your solution by hand. 


—5? + 6(4) 


17.12(4- 6) +14+7 18. 
( ) 2 + 3(4) 


Section P2 


In Exercises 19 and 20, evaluate the expression for the given value 
of the variable. 


19.—5(x + 2) — 3, x 3 


20.4a + 3(2a- 1),a=2 


In Exercises 21—26, simplify the expression and write it using posi- 
tive exponents. Assume that all variables represent nonzero numbers. 


21. 6x~*y4 22. —(7x3y*)? 
4 3,,—2 4 
ee 24. 
xy 30° xy 
16 4,,—2\9 5 = 2,9 Va4 
25. (2e5*) 26.( *2 
4x “y 15x°y 


In Exercises 27 and 28, express the number in scientific notation. 


27. 4,670,000 28. 0.000317 


In Exercises 29 and 30, express the number in decimal form. 


29.3.001 x 104 30.5.617 X 10°? 


In Exercises 31 and 32, simplify and write the answer in scientific 
notation. 


4.8 X 10-7 

16x 107 

In Exercises 33 and 34, perform the indicated calculation. Round 
your answer to the correct number of significant figures. 


4.125 
34, —— 
2.0 


31. (3.2 X 10°) X (2.0 X 1077) 32. 


33.4.01 0.50 


Section PB3 


In Exercises 35—42, simplify the expression. Assume that all vari- 
ables represent positive real numbers. 


35. W375 36. V/128 


37.V5x + V 10x? 38. V 3x7 > V15x 


50 3/ —96 
39. 36 40. [ps 


42.24 — W/81 + W—-64 


In Exercises 43 and 44, rationalize the denominator. 


41. V 25x — V36x + V16 


5 2 
43, —— = 44, —-——= 
3-V2 1+ V3 
In Exercises 45—48, evaluate the expression. 
45. —161/? 46. (—125)! 


47. 6479/2 48. (—27)? 


In Exercises 49—52, simplify and write your answer using positive 
exponents. 


49, 3x'/3 » 12x1/4 50. 5xl/2yl/2 . 4x7/3y 


12x2/3 16x!/3y1/2 


51.—_,; 2:.— sa 
Ayi/2 8x2/3 3/2 


Section P.4 


In Exercises 53-62, perform the indicated operations and write 
your answer as a polynomial in descending order. 


53. (13y? + 19y — 9) + (6y? + 5y — 3) 


54. (—1lz? — 4z - 8) 


(6z? + 25z + 10) 


55. (3t* — 8) — (—98° + 2) 


56. (17u> + 8u) + (—16u* — 21u + 6) 


57. (4u + 1)(—3u — 10) 58. (By + He =a) 


59. (8z — 9)(—3z + 8) 60. (—3y + 5)(9 +. y) 


61.(—32 + 5)(227-—2+8) 62.(4¢+ 1)(70? — 6t — 5) 
In Exercises 63—66, find the special product. 


63. (3x + 2)(3x — 2) 64. (2x + 5)? 


65. (5 — x)? 66. (x + V3)(« — V3) 


Section P.5 
In Exercises 67—82, factor each expression completely. 


67. 82? + 42? 68.125u? — 5u 


69.y? + lly + 28 70. —y? + 2y + 15 


71. 3x? — 7x — 20 72. 2x? + 3x — 9 
73.5x? — 8x — 4 74, —3x? — 10x + 8 
75.9u? — 49 76. 4y? — 25 

77.2) + 8z 78.42? — 16 

79.2x? + 4x + 2 80. 3x? — 18x? + 27x 
81. 4x? + 32 82.5y*> — 40 


Section P6 


In Exercises 83 and 84, simplify the rational expression and indicate 
the values of the variable for which the expression 1s defined. 
x? -— 9 


x= 3 


x7 + 2x - 15 


a x = 25 


84. 


In Exercises 85—88, multiply or divide. Express your answer in 
lowest terms. 


ye —y- 12 yt3 


85. . 86. 
x? — 1 x 1 vy -9 yy? — 4y 
3x + 6 3x 4x+12 x41 
87.3 7S a : 
x” — 4 x + 4x +4 x = 9 x+3 


In Exercises 89—92, add or subtract. Express your answer in lowest 
terms. 


89. + 90. 
xt1l x«-3 x-4 x?-—x-12 
2x 1 2 
91. 2x 9 
Kas wees 
2x+1 3x — 1 
92.5 a 
Ko 3x +2 26° ae 3X = 2 


In Exercises 93 and 94, simplify the complex fraction. 


a’ — B 3 1 
ab x-2 xt+1 
93. 94, ————_—_ 
a—b 2 3 
+ 
b x— 1 be a | 


Section P.7 


In Exercises 95—100, compute the given quantity. Round your 
answer to three decimal places. 


95. Area of a parallelogram with base 3 inches and height 
4 inches 


96. Circumference of a circle with radius 8 inches 
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97. Volume of a right circular cylinder with radius 7 centi- 
meters and height 4 centimeters 


98. Volume of a rectangular solid with length 5 centimeters, 
width 4 centimeters, and height 2 centimeters 


99. Surface area of a sphere with radius 3 inches 
100. Surface area of a right circular cone with radius 5 inches 
and height 3 inches 


In Exercises 101 and 102, find the hypotenuse of the right triangle, 
given the lengths of its legs. 


10l.a=4,b=6 102.a=5,b=8 


Section P.8 
In Exercises 103—108, solve the equation. 


103.3(x + 4) — 2(22x + 1) = 13 


104.—4(x + 2) +7=3x-1 


3a = 1 
105,— 


+1= 


107.0.02(x + 4) — 0.1(x — 2) = 0.2 


108.—0.4x + (xn + 3)=1 


In Exercises 109 and 110, solve the equation for y in terms of x. 


109.3x +y=5 110.2 —-1)=y-7 


Applications 


111.Chemistry If 1 liter of a chemical solution contains 
5 X 10°? gram of arsenic, how many grams of arsenic 
are in 3.2 liters of the same solution? 


112. Finance At the beginning of a stock trading day (day 1), 
the price of Yahoo! stock was $39.09 per share. The 
price climbed $1.30 at the end of that day and dropped 
$4.23 at the end of the following day (day 2). What 
was the share price of Yahoo! stock at the end of day 2? 
(Source: finance.yahoo.com) 


113. Physics If an object is dropped from a height of h feet, 


it will take \ |* seconds to hit the ground. How long will 


it take a ball dropped from a height of 50 feet to hit the 
ground? 
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114. Investment Suppose an investment of $2000 is worth 
2000(1 + r)? after 2 years, where r is the interest rate. As- 
sume that no additional deposits or withdrawals are made. 
(a) Write 2000(1 +1)? as a polynomial in descending 
order. 


= If the interest rate is 4%, use a calculator to 
determine how much the $2000 investment is 
worth after 2 years. (In the formula 2000(1 + 1)’, 
ris assumed to be in decimal form.) 


(b) 
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115.Geometry A small sphere of radius 2 inches is embed- 
ded inside a larger sphere of radius 5 inches. What is the 
difference in their volumes? 


116. Manufacturing A box 3 feet long, 5 feet wide, and 2 feet 
high is to be wrapped in special paper that costs $2 per 
square foot. Assuming no waste, how much will it cost 
to wrap the box? 


Test 


1. Which of the numbers in the set {V2, —1, 1.55, 7, 41} 
are rational? 


2. Name the property illustrated by the equality 
3(x + 4) = 3x + 12. 


3. Graph the interval [—4, 2) on the number line. 


4. Find the distance between —5.7 and 4.6 on the number 


line. 
2 =694=2 
5. Evaluate without using a calculator: . 
6. Evaluate the expression —3x? + 6x — 1 for x = —2. 


7. Express 8,903,000 in scientific notation. 


In Exercises 8-12, simplify the expression and write your answer 


using positive exponents. 
9 36x°y 1 \3 
: 9x7 4y3 


UD, oye GRY 


8. —(6x?y?)? 


10. V6xV/8x2, x = 0 


45x7/3y 1/2 


2 “5x15? $35 0 


In Exercises 13 and 14, simplify without using a calculator. 
13.W54 — W/16 14. (—125)2/3 

; : ; 7 
15. Rationalize the denominator: ———— 
1+V5 
In Exercises 16-21, factor each expression completely. 


16.25 — 49y? 17. 4x? + 20x + 25 


18. 6x? — 7x — 5 19. 4x? — 9x 


20. 3x7 + 8x — 35 21.2x? + 16 


In Exercises 22-26, perform the operation and simplify. 
ao A Qe = Be = 3 


22, . 
x? -—9 x? — 4 
5x+ 1 5x? — Ox — 2 
23.5 : 7 
x +4x+4 KE S22 
> 7 
24.5 a 
x — 4 xe 2 
3x = 1 1 
29.5 a 
2 = eM ce 2S 
5 3 
gg 8S A x 
> a 4 
x x= 2 


27. Calculate the area of a circle with a diameter of 10 inches. 


28. Calculate the volume of a right circular cylinder with a 
radius of 6 centimeters and a height of 10 centimeters. 


2x +1 Bx - 2 | 
2 5 


29. Solve for x: 2 


30. If 1 liter of a chemical solution contains 5 X 10° gram 
of sodium, how many grams of sodium are in 5.7 liters 
of the same solution? Express your answer in scientific 
notation. 


31. A Bundt pan is made by inserting a cylinder of radius 
1 inch and height 4 inches into a larger cylinder of 
radius 6 inches and height 4 inches. The centers of 
both cylinders coincide. What is the volume outside the 
smaller cylinder and inside the larger cylinder? 


Functions, Graphs, 
and Application 


STAD, 


he number of people attending movies in the United States has been rising 
steadily, according to the Motion Picture Association. Such a trend can be 
studied mathematically by using the language of functions. See Exercise 63 in 
Section 1.1 and Exercise 109 in Section 1.3. This chapter will define what func- 
tions are, show you how to work with them, and illustrate how they are used in various 


applications. 


Chapter 


67 


68 Chapter 1 © Functions, Graphs, and Applications 


1.1 Functions 


Objectives 
>» Define a function 


> Evaluate a function at a 
certain value 


> Interpret tabular and graphi- 
cal representations of a 
function 


> Define the domain and 
range of a function 


Table 1.1.1 
2) 50 
5) 100 
10 200 


Discover and Learn 


Give an expression for a function 
that takes an input value x and 
produces an output value that is 
2 greater than 3 times the input 
value. 


A function describes a relationship between two quantities of interest. Many applica- 
tions of mathematics involve finding a suitable function that can reasonably represent 
a set of data that has been gathered. Therefore, it is very important that you under- 
stand the notion of function and are able to work with the mathematical notation that 
is an integral part of the definition of a function. 


Describing Relationships Between Quantities 


To help understand an abstract idea, it is useful to first consider a concrete example 
and consider how you can think about it in mathematical terms. A car you just bought 
has a mileage rating of 20 miles per gallon. You would like to know how many miles 
you can travel given a certain amount of gasoline. Your first attempt to keep track of 
the mileage is to make a table. See Table 1.1.1. 

Note that the table does not state anything about how many miles you can drive if 
you use 4 gallons, 6 gallons, or 12.5 gallons. To get the most out of this information, 
it would be convenient to use a general formula to express the number of miles driven 
in terms of the number of gallons of gasoline used. Just how do we go about getting 
this formula? 

First, let’s use some variables to represent the items being dicussed. 


x is the amount of gasoline used (in gallons). 


d is the distance traveled (in miles). 


Now, the distance traveled depends on the amount of gasoline used. A mathemati- 
cal way of stating this relationship is to say that dis a function of x. We shall define 
precisely what a function is later in this section. 

Instead of saying “distance is a function of x,’ we can abbreviate even further 
by using the notation d(x). This notation can be read as “d evaluated at the point x” or 
“d of x” or “d at x.” The variable x is often called the input variable, and d(x) 
the output variable. The notion of function can be represented by a diagram, as 
shown in Figure 1.1.1. 

But what is d? For the example we are discussing, we can simply take the mileage 
rating, which is 20 miles per gallon, and multiply it by the number of gallons used, x, 
to get the total distance, d. That is, 


d(x) = 20x. Expression for distance, d, in terms of number of gallons used, x 


We have now derived a mathematical expression that describes how d is related 
to x. In words, the function d takes a value x and multiplies it by 20. The resulting 
output value, d(x), is given by 20x. See Figure 1.1.2. 


Figure 1.1.1 Figure 1.1.2 


Input x => 


Name of 
function 


| 
Hs) =20s 
| 


Input Expression 
value for function 
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laa 1 Working with Functions 


In the previous discussion, we found that the number of miles driven is a function of 
the number of gallons of gasoline used. This can be written as d(x) = 20x. Find how 
many miles can be driven using 


(a) 4 gallons of gasoline. 
(b) 13.5 gallons of gasoline. 
(c) k gallons of gasoline. 
Solution In the expression for d(x), which is d(x) = 20x, we simply substitute the 
number of gallons of gasoline used for x. We then have the following. 
(a) Miles driven: d(4) = 20(4) = 80 miles 
(b) Miles driven: d(13.5) = 20(13.5) = 270 miles 
(c) Miles driven: d(k) = 20(k) = 20k miles 
Note the convenience of the function notation. In part (a), 4 takes the place of x, 


so we write d(4). This means we want the function expression evaluated at 4. A simi- 
lar remark holds for parts (b) and (c). 


[W Check It Out 1: Consider the function in Example 1. 
Pp 
(a) How many miles can be driven if 8.25 gallons of gasoline are used? 


(b) Write your answer to part (a) using function notation. © 


Note The set of parentheses in, say, d(4) does not mean multiplication. It is 


simply a shorthand way of saying “the function d evaluated at 4.” Whether a set 


of parentheses means multiplication or whether it indicates function notation 
will usually be clear from the context. 


In many applications of mathematics, figuring out the exact relationship between 
two quantities may not be as obvious as in Example 1. This course is intended to train 
you to choose appropriate functions for particular situations. This skill will help pre- 
pare you to use mathematics in your course of study and at work. 

We now give the formal definition of a function. 


Definition of a Function 


Suppose you have a set of input values and a set of output values. 


Definition of a Relation 


A relation establishes a correspondence between a set of input values and a set 
of output values in such a way that for each input value, there is at /east one 
corresponding output value. 


In many situations, both practical and theoretical, it is preferable to have a 
relationship in which an allowable input value yields exactly one output value. Such 
a relationship is given by a function, defined as follows. 
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Definition of a Function 


A function establishes a correspondence between a set of input values and a set 
of output values in such a way that for each allowable input value, there is exactly 
one corresponding output value. See Figure 1.1.3. 


The input variable is called the independent variable and the output variable is 
called the dependent variable. 


Figure 1.1.3 Function correspondence 


Set of Set of 
Input Values Output Values 


We see that a function sets up a correspondence between the input variable and the 
output variable. This correspondence set up by the function must produce only one 
value for the output variable for each value of the input variable. Functions need not 
always be defined by formulas. A function can be given as a table, pictured as a graph, 
or simply described in words. As long as the definition of function is satisfied, it does 
not matter how the function itself is described. 


anal 2 Definition of a Function 


Which of the following correspondences satisfy the definition of a function? 


(a) The input value is a letter of the alphabet and the output value is the name 
of a month beginning with that letter. 


(b) The input value is the radius of a circle and the output value is the area of 
the circle. 


> Solution 


(a) If the letter J were input, the output could be January, June, or July. Thus, this cor- 
respondence is not a function. 


(b) The area A of a circle is related to its radius r by the formula A = ar’. For each 


value of r, only one value of A is output by the formula. Therefore, this correspon- 
dence is a function. 


[AW Check It Out 2; Which of the following are functions? 


(a) The input value is the number of days in a month and the output value is the name 
of the corresponding month(s). 


(b) The input value is the diameter of a circle and the output value is the circumfer- 
ence of the circle. © 


Ae 


Technology Note 


To evaluate a function at a 
particular numerical value, 
first store the value of x and 
then evaluate the function 
at that value. Figure 1.1.4 
shows how to evaluate 

se = | aix==2, 


Keystroke Appendix: 
Section 4 


Figure 1.1.4 


Soma 
X2-] 
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[anal 3 Tabular Representation of a Function 


Which of the following tables represents a function? Explain your answer. 


Table 1.1.2 Table 1.1.3 
Input Output _ “Input 
=A 0.50 =A 1 
23 0.50 = 2 
0 0.50 = =i 
2.5 0.50 2 0 
a 0.50 6 =2 


Solution Table 1.1.2 represents a function because each input value has only one 
corresponding output value. It does not matter that the output values are repeated. 

Table 1.1.3 does not represent a function because the input value of —3 has two dis- 
tinct output values, 2 and —1. 


LAW Check It Out 3: Explain why the following table represents a function. 


Table 1.1.4 
Input Output 
=6 1 
—4 4.3 
=o) = 
1 6 
6 =2 


In the process of working out Example 1, we introduced some function notation. 
The following examples will illustrate the usefulness of function notation. 


Ean | 4 Evaluating a Function 


Let f(x) = x? — 1. Evaluate the following. 
1 
(a) fC-2) (b) (3) (c) f(x + 1) (d) f(V5) (e) f(x’) 


> Solution 
(a) f(-2) = (-2)?-1=4-1=3 


1 1\2 1 3 
w(3) = (4) ee cee | 


(\fet+D)=@4+)D?-l=x?+2x+1-1=x%?4+ 2x 
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(d) f(VW5) = (V5)? -1=5-1=4 
S77 =@y =1]S=2=1 


[A Check It Out 4; Let f(@) = —0? + 2. Evaluate the following. 
(a) f(-1) 

(b) f(a + 1) 

(c) f(x’) 


Observations: 


» A function can be assigned any arbitrary name. Functions do not always have to be 
called f. 


» The variable x in f(x) is a placeholder. It can be replaced by any quantity, as long 
as the same replacement occurs throughout the expression for the function. 


Example 5 gives more examples of evaluating functions. 


lean 5 Evaluating Functions _ 


Werover and lean Evaluate g(—3) and g(a’) for the following functions. 


Let g(x) =x? — 1. Show that (a) g(x) = a 
g(x + 1) is not equal to g(x) + 1. 2 
x+4 
(b) g(x) = —_> 
x= 2 
>Solution 
V1 —(-3)_ V4 
= = = 1 
(a) g(—3) 5 5 
N / _ 2 
g(a’) = wt This expression cannot be simplified further. 
ee) ae 
OR a 5 
»n _ @)+4_. ; Sais 
g(a’) = (@)—2' This expression cannot be simplified further. 
a _ 


LW Check It Out 5: Let f(x) = ae Evaluate f(—3). 
x 


More Examples of Functions 


In Example 1, we examined a function that could be represented by an algebraic ex- 
pression involving a variable x. Functions also can be represented by tables, graphs, or 
just a verbal description. Regardless of the representation, the important feature of a 
function is the correspondence between input and output in such a way that for each 
valid input value, there is exactly one output value. 

In everyday life, information such as postal rates or income tax rates is often given 
in tables. The following example lists postal rates as a function of weight. 


Table 1.1.5 


O<we=l 
L<w=2 
2) << (a) = 3} 
3<ws4 
4<w=5 
JS) =O 
O<@ = 7/ 
T<@ SS 


0.37 
0.60 
0.83 
1.06 
129 
1.52 
TE 
1.98 
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[eal 6 Postal Rate Table 


Table 1.1.5 gives the rates for first-class U.S. mail in 2005 as a function of the weight 
of a single piece of mail. (Source: United States Postal Service) 


(a) Identify the input variable and the output variable. 

(b) Explain why this table represents a function. 

(c) What is the rate for a piece of first-class mail weighing 6.4 ounces? 
(d) What are the valid input values for this function? 


>Solution 


(a) Reading the problem again, the rate for first-class U.S. mail is a function of the 
weight of the piece of mail. Thus, the input variable is the weight of the piece of 
first-class mail. The output variable is the rate charged. 


(b) This table represents a function because for each input weight, only one rate will 
be output. 


(c) Since 6.4 is between 6 and 7, it will cost $1.75 to mail this piece. 


(d) The valid input values for this function are all values of the weight greater than 0 
and less than or equal to 8 ounces. The table does not give any information for 
weights beyond 8 ounces, and weights less than or equal to 0 do not make sense. 


LW Check It Out 6: Use the table in Example 6 to calculate the rate for a piece of first- 
class mail weighing 3.3 ounces. fl 


Functions can also be depicted graphically. In newspapers and magazines, you will 
see many graphical representations of relationships between quantities. The input vari- 
able is on the horizontal axis of the graph, and the output variable is on the vertical 
axis of the graph. Example 7 shows a graphical representation of a function. We will 
discuss graphs of functions in more detail in the next section. 


Eman 7 Graphical Depiction of a Function 


Figure 1.1.5 depicts the average high temperature, in degrees Fahrenheit (°F), in Fargo, 
North Dakota, as a function of the month of the year. (Source: weather.yahoo.com) 


(a) Let T(m) be the function represented by the graph, where T is the temperature and 
m is the month of the year. What is T(May)? 


(b) What are the valid input values for this function? 


Figure 1.1.5 Average high temperatures (°F) in Fargo, ND 
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>Solution 


(a) Estimating from the graph, T(May) ~ 70°F. Thus the average high temperature for 
May in Fargo is approximately 70°F. 


(b) The valid input values are the names of months of the year from January through 
December. Note that input values and output values do not necessarily have to be 
numbers. 


LW Check It Out 7: In Example 7, estimate 7(August). © 


Domain and Range of a Function 

It is important to know when a function is defined and when it is not. For example, 
: Ls ‘ . 

the function f(x) = ; 18 not defined for x = 0. The set of all input values for which a 


function is defined is called the domain. 


Similarly, we can consider the set of all output values of a function, called the 
range. 


le=anal 3 Finding the Domain of a Function 


Find the domain of each of the following functions. Write your answers using interval 
notation. 


@eQ=P+4 b/)=VE=x OMV=—T OKD=ZS 


>Solution 


(a) For the function g(t) = ¢? + 4, any value can be substituted for ¢ and a real num- 
ber will be output by the function. Thus, the domain for g is all real numbers, or 
(—©, ©) in interval notation. 


(b) For f(x) = V4 — x, recall that the square root of a number is a real number only 
when the number under the square root sign is greater than or equal to zero. There- 
fore, we have 


4—-x=0 Expression under square root sign must 
be greater than or equal to zero 
4=>x Solve for x 
x4, Rewrite inequality 


Thus, the domain is the set of all real numbers less than or equal to 4, or (—%, 4] 
in interval notation. 


Section 1.1 Functions 75 


(c) For h(s) = —, we see that this expression is defined only when the denominator 


is not equal to zero. In this case, we have s — 1 ¥ 0, which implies that s ~ 1. Thus, 
the domain consists of the set of all real numbers not equal to 1. In interval nota- 
tion, the domain is (—%, 1) U (1, %). 


(d) For h@®) = T= we see that this expression is not defined when the denomina- 


tor is equal to zero, or when t = 4. However, since the square root is not defined 
for negative numbers, we must have 


4—t>0 Expression under radical is greater 
than zero 
4>t Solve for t 
t<A4., Rewrite inequality 


So, the domain consists of the set of all real numbers less than 4, (—®, 4). 


LW Check It Qut 8: Find the domain of each of the following functions. Write your 
answers using interval notation. 


(a) H(t) = -? — 1 
(b) g(x) = Vx — 4 


(c) A(x) = 


20: 1 


2 
Af = vaca O 


Note Finding the range of a function algebraically involves techniques 
discussed in later chapters, However, the next section will show how you can 
determine the range graphically. 


1.1 Key Points 


» A function establishes a correspondence between a set of input values and a set of 
output values in such a way that for each input value, there is exactly one corre- 
sponding output value. 

» Functions can be represented by mathematical expressions, tables, graphs, and ver- 
bal expressions. 

» The domain of a function is the set of all allowable input values for which the 
function is defined. 

» The range of a function is the set of all output values that are possible for the given 
domain of the function. 


76 Chapter 1 Functions, Graphs, and Applications 


1.1 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time reference in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. True or False: V —4 = 2 


2. Vx is a real number when 
(a)x <0 (b)x =O (c)xS0 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 3—14, evaluate f(3), f(—1), and f(0). 
3. f(x) = 5x +3 4. f(x) = —4x - 1 


2 
6.f(x) =zx-1 


5. fle) = px +2 3 


7. f(x) =x? +2 8. f(x) = —x? — 4 
9. f(x) = —-2(x + 1)? - 4 


lL. f@=V3t+4 


10. f(x) = 3(x — 3)? +5 
12.f@ =V2t+5 


r?—1 a= 
t+3 , t—2 


13. f(2) = 


In Exercises 15-22, evaluate f(a), f(a + 1), and f(5). 


15.f(x%) = 4x + 3 16. f(x) = —2x — 1 
17. f(x) = -x? + 4 


19. f(x) = V3x -— 1 


18. f(x) = —2x7 + 1 


20.f(x) =Vx+t+1 


21. f(x) = 22. f(x) = 


x+1 2x +1 


In Exercises 23-32, evaluate g(—x), g(2x), and g(a + h). 


23. g(x) = V6 24. g(x) = V5 
25. g(x) = 2x — 3 26.g(8) =-Zxt1 
27. g(x) = 3x? 28. g(x) = —x? 
1 3 
29. g(x) = = 30. g(x) = —— 


31. g(x) = —x? — 3x45 32. e(x) =x? + 6x — 1 


33. Let g(Q) be defined by the following table. 
(a) Evaluate g(5). 
(b) Evaluate g(0). 
(c) Is g(3) defined? Explain. 


Pe 
=1 AD 
0 2 
2 =I 
5 al 


34. Let h(t) be defined by the following table. 
(a) Evaluate h(—2). 
(b) Evaluate h(4). 
(c) Is h(5) defined? Explain. 


=2 
il 
a, 4.5 
0 2 
4 
2 3 
4 =I 


In Exercises 35-42, determine whether a function is being 
described. 


35. The length of a side of a square is the input variable and 
the perimeter of the square is the output variable. 


36. A person’s height is the input variable and his/her weight 
is the output variable at a specific point in time. 


37. The price of a store product is the input and the name of 
the product is the output. 


38. The perimeter of a rectangle is the input and its length is 
output. 


39. The input variable is the denomination of a U.S. paper 
bill (1-dollar bill, 5-dollar bill, etc.) and the output vari- 
able is the length of the bill. 


40. The input variable is the bar code on a product at a store 
and the output variable is the name of the product. 
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41. The following input-output table: 58.Geometry The hypotenuse of a right triangle having sides 
of lengths 4 and x is given by 


Input Output” H(x) = VI6 +x. 


1 
-—2 = 
Z Find and interpret the quantity H(2). 
2 59. Sales A commissioned salesperson’s earnings can be de- 
=i termined by the function 
=I S(x) = 1000 + 20x 


where x is the number of items sold. Find and interpret 
42. The following input—output table: S(30). 


“Input — Output | 60. Engineering The distance between the 1 supports of a 


=9 5 horizontal beam 10 feet long is given by 
me 10 
: ( dn) == 
=I 2 n—1 
2 5 if bending is to be kept to a minimum. 
5 4 (a) Find d(2), d(3), and d(5). 


(b) What is the domain of this function? 


In Exercises 43—56, find the domain of each function. Write your 


answer in interval notation. 61. Motion and Distance A car travels 45 miles per hour. 


‘ ‘4 (a) Write the distance traveled by the car (in miles) as a 
43. f(x) =x" —4 44. g(x) = —x° — 2 function of the time (in hours). 


(b) How far does the car travel in 2 hours? Write this 


45. f(s) = 1 46. h(y) = information using function notation. 
s+] yt2 (c) Find the domain and range of this function. 
AT. f(w) = 5 48. H(t) = 3 62. Business The following graph gives the number of 
w—3 1-t DVD players sold, in millions of units, in the United 
States for various years. (Source: Consumer Electronics 
1 Association) 
49. h(x) = 50.f@®) ==3 
x 4 w= Number of DVD players sold in the U.S. 
51.g(x) =V2—-—x 52.F(w) =V-4-—w 257 
20 
: = 4.h(s) = ge 
53 F(x) 2 +] 5 (s) 3? +3 s 
= 15 
=| 
55.f() = 56. g(x) == 519 
f(x) = Ex) = g 
Vx + 7 2 V8—x re 
5 
» Applications In this set of exercises you will use func- ‘ 
tions to study real-world problems. 2000 2001 2002 2003 2004 2005 


Year 
57. Geometry The volume of a sphere is given by 


(a) If the number of players sold, S, is a function of the 


VY) = 2 ae year, estimate S(2004) and interpret it. 
3 (b) What is the domain of this function? 
where r is the radius. Find the volume when the radius is (c) What general trend do you notice in the sale of 


3 inches. DVD players? 
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63. 


64. 


65. 


66. 


67. 
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Film Industry The following graph gives the amount of 


money grossed (in millions of dollars) by certain hit 
movies. (Source: moves.yahoo.com) 


Cumulative gross movie sales 


600 - 
500 + 
400 F 


300 + 


Sales (in millions of dollars) 


(a) If the dollar amount grossed, D, is a function of the 
movie, estimate D(Finding Nemo) and interpret it. 


(b) What is the domain of this function? 


(c) Must the domain of a function always consist of 
numbers? Explain. 


Manufacturing For each watch manufactured, it costs a 
watchmaker $20 over and above the watchmaker’s fixed 
cost of $5000. 

(a) Write the total manufacturing cost (in dollars) as a 
function of the number of watches produced. 

(b) How much does it cost for 35 watches to be 
manufactured? Write this information in function 
notation. 

(c) Find the domain of this function that makes sense in 
the real world. 


Geometry If the length of a rectangle is three times its 
width, express the area of the rectangle as a function of 
its width. 


Geometry If the height of a triangle is twice the length of 
the base, find the area of the triangle in terms of the 
length of the base. 


Physics A ball is dropped from a height of 100 feet. The 
height of the ball z seconds after it is dropped is given by 
the function (2) = —1627 + 100. 

(a) Find A(0) and interpret it. 

(b) Find the height of the ball after 2 seconds. 


68. Marine Biology The amount of coral, in kilograms, har- 


vested in North American waters for selected years is 
shown on the following graph. (Source: United Nations, 
FAOSTAT data) 


Coral harvested in North American waters 


21,000 
19,000 
17,000 
15,000 
13,000 
11,000 

9000 

7000 


Coral (in kilograms) 


5000 R—-—_.—_.——1 
1998 1999 2000 2001 2002 2003 2004 


Year 


(a) From the graph, in what year(s) was the 
amount of coral harvested approximately 
12,000 kilograms? 

(b) From the data in the graph, in what year was the 
maximum amount of coral harvested? 


69.Consumer Behavior The following table lists the per 


capita consumption of high-fructose corn syrup, a sweet- 
ener found in many foods and beverages, for selected 
years between 1970 and 2002. (Source: Statistical Ab- 
stracts of the United States) 


1970 0.5 
1980 19.0 
1990 49.6 
2000 62.7 
2001 62.6 
2002 62.8 


(a) If the input value is the year and the output value is 
the per capita consumption of high-fructose corn 
syrup, explain why this table represents a function. 
Denote this function by S. 

(b) Find S(2001) and interpret it. 

(c) High-fructose corn syrup was developed in the early 
1970s and gained popularity as a cheaper alternative 
to sugar in processed foods. How is this reflected in 
the given table? 
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70. Population The following table shows the number of five- (b) Find 7(2.50) and interpret it. 
year-olds in the United States as of July 1 of the year (c) Find J(175) and interpret it. 
indicated. Data such as this is often used to determine (d) Can you find J(400) using this table? Why or why 
staffing and funding for schools. (Source: U.S. Census not? 
Bureau) 


73. Environmental Science Greenhouse gas emissions from 
motor vehicles, such as carbon dioxide and methane, 


contribute significantly to global warming. The Environ- 


1999 3996 mental Protection Agency (EPA) lists the number of tons 
2000 3051 of greenhouse gases emitted per year for various models 
of automobiles. For example, the sports utility vehicle 
2001 3933 (SUV) Land Rover Freelander (2005 model) emits 10 
2002 3837 tons of greenhouse gases per year. The greenhouse gas 
2003 3868 estimates presented here are full-fuel-cycle estimates; 
they include all steps in the use of a fuel, from produc- 
2004 3859 tion and refining to distribution and final use. (Source: 
2005 3014 www.fueleconomy.gov) 
2006 4048 (a) Write an expression for the total amount of 


greenhouse gases released by the Freelander as a 
function of time (in years). 


(Figures for 2004—2006 are projections.) 
(b) The SUV Mitsubishi Outlander (2005 model) 


(a) If the input is the year and the output is the number releases 8.2 tons of greenhouse gases per year. It 
of five-year-olds, explain why this table represents a has a smaller engine than the Freelander, which 
function. Denote this function by P. accounts for the decrease in emissions. Write an 
(b) Find P(2003) and interpret it. expression for the total amount of greenhouse gases 
released by the Outlander as a function of time 


(c) Find P(2006) and interpret it. 


(d) What trend do you observe in the number of five- 
year-olds over the period 1999-2006? 


(in years). 
(c) How many more tons of greenhouse gases does the 
Freelander release over an 8-year period than the 


: : : ee : Outlander? 
71. Automobile Mileage The 2005 Mitsubishi Eclipse has a 
combined city and highway mileage rating of 26 miles Concepts This set of exercises will draw on the ideas pre- 
per gallon. Write a formula for the distance an Eclipse sented in this section and your general math background. 


can travel (in miles) as a function of the amount of gaso- a . : _ 
line used (in gallons). (Source: www.fueleconomy.gov) 74. Let f(x) = ax" + 5. Find a if f(1) = 2. 
72. Online Shopping On the online auction site eBay, the 75. Let f(x) = —2x + ¢. Find ¢ iff) = 1. 
minimum amount that one may bid on an item is based Find the domain and range of each of the following functions. 
on the current bid, as shown in the table. (Source: 
www.ebay.com) 


76.f() =k, Rk is a fixed real number 


$1.00-$4.99 $0.25 78. A(x) = “ 
$5.00-$24.99 $0.50 
$25.00-$99.99 $1.00 
$100.00-$249.99 $2.50 


For example, if the current bid on an item is $7.50, then 

the next bid must be at least $0.50 higher. 

(a) Explain why the minimum bid increment, J, is a 
function of the current bid, 6. 
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1.2 Graphs of Functions 


Objectives 


> Draw graphs of functions 
defined by a single 
expression 


> Determine the domain and 
range of a function given its 
graph 

> Use the vertical line test to 
determine whether a given 
graph is the graph of a 
function 

> Determine x- and y- 
intercepts given the graph 
of a function 


Figure 1.2.1 Attendance at 
Yellowstone National Park 


3.07 


i —_ tN N 
i=) n oO n 
t T T T 


Attendance (in millions) 


S 
in 
T 


1960 1980 2000 2002 2004 
Year 


A graph is one of the most common ways to represent a function. Many newspaper ar- 
ticles and magazines summarize pertinent data in a graph. In this section, you will 
learn how to sketch the graphs of various functions that were discussed in Section 1.1. 
As you learn more about the various types of functions in later chapters, you will build 
on the ideas presented in this section. 

Our first example illustrates the use of graphical representation of data. 


leanne 1 Graphical Representation of Data 


The annual attendance at Yellowstone National Park for selected years between 1960 
and 2004 is given in Figure 1.2.1. (Source: National Park Service) 


(a) Assume that the input values are on the horizontal axis and the output values are 
on the vertical axis. Identify the input and output variables for the given data. 


(b) Explain why the correspondence between year and attendance shown in the graph 
represents a function. 


(c) What trend do you observe in the given data? 


>Solution 

(a) For the given set of data, the input variable is a particular year and the output vari- 
able is the number of people who visited Yellowstone National Park that year. 

(b) The correspondence between the input and output represents a function because, 
for any particular year, there is only one number for the attendance. 
In this example, the function is not described by an algebraic expression. It is sim- 
ply represented by a graph. 

(c) From the graph, we see that there was an increase in attendance at Yellowstone 
National Park from 1960 to 2002, and then a slight decrease from 2002 to 
2004. 


[AW Check It Out 1: From the graph, in what year(s) was the annual attendance 
approximately 2 million? & 


By examining graphs of data, we can easily observe trends in the behavior of the 
data. Analysis of graphs, therefore, plays an important role in using mathematics in a 
variety of settings. 


Graphs of Functions Defined by a Single Expression 


In order to visualize relationships between input and output variables, we first set up 
a reference system. On a plane, we draw horizontal and vertical lines, known as axes. 
The intersection of these lines is denoted by the origin, (0,0). The horizontal axis is 
called the x-axis and the vertical axis is called the y-axis, although other variable 
names can be used. 

The axes divide the plane into four regions called quadrants. The convention for 
labeling quadrants is to begin with Roman numeral I for the quadrant in the upper 
right, and continue numbering counterclockwise. See Figure 1.2.2. 

To locate a point in the plane, we use an ordered pair of numbers (x, y). The 
x value gives the horizontal location of the point and the y value gives the vertical 


Table 1.2.1 
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location. The first number x is called the x-coordinate, first coordinate, or 
abscissa. The second number y is called the y-coordinate, second coordinate, 
or ordinate. If an ordered pair is given by another pair of variables, such as (uw, v), it 
is assumed that the first coordinate represents the horizontal location and the second 
coordinate represents the vertical location. The xy-coordinate system is also called the 
Cartesian coordinate system or the rectangular coordinate system. 


Figure 1.2.2 
y 
Quadrant II 5 Quadrant I 
4 
a a) 
2 
oD | 
ay a oe ae t+ + 4+ 
5-4-3 -2 lL, 1, 2 3 4 5 
e = (4,-1) 
(3-2) 3 
-4 
Quadrant WI _5 Quadrant IV 


One of the main features of a function is its graph. Recall that if we are given a 
value for x, then f(x) is the value that is output by the function f. In the xy-plane, the 
input value, x, is the x-coordinate and the output value, f(x), is the y-coordinate. For 
all x in the domain of f, the set of points (x, f(x)) is called the graph of f. 

The following example shows the connection between a set of (x, y) values and the 
definition of a function. 


lexan 2 Satisfying the Function Definition 


Does the following set of points define a function? 
S= {(-1, —1), (0, 0), qd, 2)5 (2, 4)} 


Solution When a point is written in the form (x, y), x is the input variable, or the in- 
dependent variable; y is the output variable, or the dependent variable. Table 1.2.1 
shows the correspondence between the x and y values. 

The definition of a function states that for each value of x, there must be exactly one 
value of y. This definition is satisfied, and thus the set of points S defines a function. 


[AW Check It Out 2: Does the following set of points define a function? 
S= {(—3, 1), qd, 0), (ls 2)> 3; 4)} Oo 
To graph a function by hand, we first make a table of x and f(x) values, choosing 


various values for x. The set of coordinates given by (x, f(x)) is then plotted in the 
xy-plane. This process is illustrated in Example 3. 


Example 3 Graphing a Function _ 


Graph the function f(x) = x — 2. Use the graph to find the domain and range 
of f. 
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To graph f(x) = =x — 2, 
enter the expression for 
f(x) in the Y= editor. Use 
a table of values (see 
Figure 1.2.3) to choose 
an appropriate window. 
The graph is shown in 
Figure 1.2.4. 

Keystroke Appendix: 
Sections 6 and 7 


Figure 1.2.3 


TABLE SETUP 
TblStart=-5 
ATbl=1 


Indpnt: Ask 
Depend:§Mif@) Ask 


Solution We first make a table of values of x and f(x) (Table 1.2.2) and then plot the 
points on the xy-plane. We have chosen multiples of 3 for the x values to make 
the arithmetic easier. Recall that the y-coordinate corresponding to x is given by f(x). 
Since the points lie along a line, we draw the line passing through the points to get the 
graph shown in Figure 1.2.5. 


Table 1.2.2 Figure 1.2.5 


Note that f(x) = ; x — 2 is defined for all values of x. To see this from the graph, 
move your pencil to any point on the x-axis. Then move your pencil vertically from the 
x-coordinate of the point you picked to the corresponding y-coordinate. Since this works 
for any x-coordinate you choose, the domain is the set of all real numbers, (—®, ©). 

The y values are zero, positive numbers, and negative numbers. By examining the 
graph of f, we see that the range of fis the set of all real numbers, (—®, ©). 


LW Check It Out 3: Graph the function g(x) = —3x + 1 and use the graph to find the 
domain and range of g. © 


En 4 Finding Domain and Range from a Graph 


Graph the function g(t) = —2z*. Use the graph to find the domain and range of g. 


Solution We first make a table of values of t and g(2) (Table 1.2.3) and then plot the 
points on the ty-plane, as shown in Figure 1.2.6. Recall that the y-coordinate corre- 
sponding to ¢ is given by g(2). 


Table 1.2.3 Figure 1.2.6 
1 
2 -8 . 
543-2 — t 
Ses 5-4-3-2-1,/ 12.3 4 5 
0 0 @2)--@ 
-3 
1 —2 ay 
| =33 = 
-6 
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Figure 1.2.7 


23 4 5 


g()=-20 


Technology Note 


To manually generate a 
table of values, use the ASK 
option in the TABLE feature 
(Figure 1.2.8). The graph of 
Y, = V4 — x is shown in 
Figure 1.2.9. 


Keystroke Appendix: 
Section 6 


Figure 1.2.8 
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Figure 1.2.9 
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Examine the plotted dots in Figure 1.2.6, which represent certain (t, y) 
coordinates for the graph of g(t) = —2z7. This set of points seems to give a bowl- 
shaped picture. We will explore functions such as this in more detail later, but 
for now, if you draw a curve pointing downward, you will get the graph shown in 
Figure 1.2.7. 

To find the domain of this function, note that g(t) = —2z7 is defined for all values 
of t. Graphically, there is a y-coordinate on the curve corresponding to any t that you 
choose. Thus the domain is the set of all real numbers, (—™, ©). 

To determine the range of g, note that the curve lies only in the bottom half of the 
ty-plane and touches the t-axis at the origin. This means that the y-coordinates take on 
values that are Jess than or equal to zero. Hence the range is the set of all real numbers less 
than or equal to zero, (—©, OJ. 

By looking at the expression for g(t), g(t) = —217, we can come to the same con- 
clusion about the range: 2? will always be greater than or equal to zero, and when it is 
multiplied by —2, the end result will always be less than or equal to zero. 


LW Check It Out 4: Graph the function f(x) = x? — 2 and use the graph to find the 
domain and range of f. & 


aes! 5 Graphing More Functions 


Graph each of the following functions. Use the graph to find the domain and range 
of f. 

(a) f@) =V4—x 

(b) f(x) = bl 

>Solution 


(a) We first make a table of values of x and f(x) (Table 1.2.4) and then plot the points 
on the xy-plane. Connect the dots to get a smooth curve, as shown in Figure 1.2.10. 
From Figure 1.2.10, we see the x values for which the function is defined are 
x = 4. For these values of x, f(x) = V4 — x will be a real number. Thus the domain 
is (—0, 4]. 
To determine the range, we see that the y-coordinates of the points on the 
graph of f(x) = V4 — x take on all values greater than or equal to zero. Thus the 
range is [0, ©). 


Table 1.2.4 Figure 1.2.10 


—5 3 
V5 = 2.236 
2 
V2 = 1.414 
1 
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(b) The function f(x) = |x| is read as “absolute value of x.” It measures the distance of 
x from zero. Therefore, |x| is always zero or positive. Make a table of values of x and 
F(x) (see Table 1.2.5) and plot the points. The points form a “V” shape—the graph 
comes in sharply at the origin, as shown in Figure 1.2.11. This can be confirmed 
by choosing additional points near the origin. From the graph, we see that the do- 
main is the set of all real numbers, (—%, ©), and the range is the set of all real 
numbers greater than or equal to zero, [0, ©). 


Table 1.2.5 Figure 1.2.11 
fy = |x| 
—4 4 
— 2 
al 1 
0 0 
1 il 
@ 2 
4 4 


[A Check It Out 5: Graph the function g(x) = Vx — 4 and use the graph to find the 
domain and range of g. © 


When a function with some x values excluded is to be graphed, then the corre- 
sponding points are denoted by an open circle on the graph. For example, Fig- 
ure 1.2.12 shows the graph of f(x) = x? + 1,x > 0.To show that (0, 1) is not part of 
the graph, the point is indicated by an open circle. 


Figure 1.2.12 


f(x) =x? +1, 
x>0 


Open circle at (0, 1) 
el 
-5-4-3-2-1,| 123 45*%* 


The Vertical Line Test for Functions 


We can examine the graph of a set of ordered pairs to determine whether the graph 
describes a function. 

Recall that the definition of a function states that for each value in the domain of 
the correspondence, there can be only one value in the range. Graphically, this means 
that any vertical line can intersect the graph of a function at most once. 
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Figure 1.2.13 is the graph of a function because any vertical line crosses the graph 
in at most one point. Some sample vertical lines are drawn for reference. 

Figure 1.2.14 does not represent the graph of a function because a vertical line 
crosses the graph at more than one point. 


Figure 1.2.13 Figure 1.2.14 


ey 


Emel 6 Vertical Line Test 


Use the vertical line test to determine which of the graphs in Figure 1.2.15 are graphs 
of functions. 


Figure 1.2.15 
(b) Yt (c) yt 


(a) v4 


Solution Graphs (a) and (c) both represent functions because any vertical line inter- 
sects the graphs at most once. Graph (b) does not represent a function because a ver- 
tical line intersects the graph at more than one point. 


BY 


[AW Check It Out 6: Does the graph in Figure 1.2.16 represent a function? Explain. 


Figure 1.2.16 


vt 


BY 
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Figure 1.2.17 
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Intercepts and Zeros of Functions 


When graphing a function, it is important to know where the graph crosses the x- and 
y-axes. An x-intercept is a point at which the graph of a function crosses the x-axis. 
In terms of function terminology, the first coordinate of an x-intercept is a value of 
x such that f(x) = 0. Values of x satisfying f(x) = 0 are called zeros of the function f. 
The y-intercept is the point at which the graph of a function crosses the y-axis. 
Thus the first coordinate of the y-intercept is 0, and its second coordinate is simply 


f(0). 
Examining the graph of a function can help us to understand the various features 
of the function that may not be evident from its algebraic expression alone. 


Eeiral 7 Function Values and Intercepts from a Graph 


Consider the graph of the function f shown in Figure 1.2.17. 

(a) Find f(—1), f(0), and f(2). 

(b) Find the domain of f. 

(c) What are the x- and y-intercepts of the graph of f? 

>Solution 

(a) Since (- 1, >) lies on the graph of f, the y-coordinate ; corresponds to f(—1). Thus 
f(-) = Similarly, f(0) = ; and f(2) = 0. 


(b) From the graph, the domain of f seems to be all real numbers. Unless explicitly 
stated, graphs are assumed to extend beyond the actual region shown. 


(c) The graph of f intersects the x-axis at x = 2 and x = —2. Thus the x-intercepts 
are (—2, 0) and (2, 0). The graph of f intersects the y-axis at y = >, and so the 


: : 3 
y-intercept is (0, 5) ; 


[A Check It Out 7: In Example 7, estimate f(1) and f(—3). © 


1.2 Key Points 


» For all x in the domain of f the set of points (x, f(x)) is called the graph of f. 


» To sketch the graph of a function, make a table of values of x and f(x) and use it 
to plot points. Pay attention to the domain of the function. 


» Vertical line test: Any vertical line can intersect the graph of a function at most 
once. 


» An x-intercept is a point at which the graph of a function crosses the x-axis. The 
first coordinate of an x-intercept is a value of x such that f(x) = 0. 


» Values of x satisfying f(x) = 0 are called zeros of the function f. 


» The y-intercept is the point at which the graph of a function crosses the y-axis. 
The coordinates of the y-intercept are (0, f(0)). 


1.2 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1—6, evaluate. 


1. [2| 2. |-3| 
3. |(—4)(-1)| 4. |(—2)(5)| 
5.|-3| +1 6. |6| — 8 


Skills This set of exercises will reinforce the skills 
illustrated in this section. 


In Exercises 7-12, determine whether each set of points determines 
a function. 


7.S = {(—2, 1), (1, 5), C1; 2), (6, 1} 


8.S = {(-4, 


1), es 1), (2; 0), (3; =) } 


= {(-3 !), (0, 4), (1.4, —2), (0, 13) 


10.S= {(2 3), (6.7, 1.2), (3.1, 1.4), (4.2, 33) 


a 
io) 


11.S= {(—5, 2.3), (—4, 3.1), (3, 2.5), (—5; 1.3)} 


12. S= {(=3, =3); (—2, 2); (0, 0), qd, 1)} 


In Exercises 13-16, fill in the table with function values for the 
given function, and sketch its graph. 


re) 

| 
pS 

| 
i) 
S) 
i) 
iS 


= 


ron 
| 
res) 
ro) 
res) 
ron 


Ol 


S 
wo 
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(o'e) 


18 


16 8) 4 Ik | © 


oO 


Section 1.2 = Graphs of Functions 87 


In Exercises 17—46, graph the function without using a graphing 
utility, and determine the domain and range. Write your answer in 
interval notation. 


17. f(x) = 2x — 1 18. g(x) = -—3x + 4 


19. f(x) = 4x +5 20. g(x) = —5x — 2 


21.fe) = -5x-4 22.f 0) = Fx +3 


23. f(x) = —2x + 1.5 24. f(x) = 3x — 4.5 


25.f(x) = 4 26. H(x) =7 
27. G(x) = 4x? 28. h(x) = —x? + 1 


29. h(s) = —3s7 + 4 30. g(s) = 5s? — 2 


31. A(x) = Vx +4 32. e0) = Vi—3 
33. f(x) = V3x 34. f(x) = V4x 
35. f(x) = 2Vx 36. f(x) =Vxt1 
37. f(x) = 2|x| 38. f(x) = —3|x 
39. f(x) = —|x 40. f(x) = |x| + 4 
41. f(x) = |—2x| 42. f(x) = |—4x 
43. f(x) = V—2x 44. f(x) = V—3x 


45.H(s) = -9 +1 46. f(x) = x? — 3 


In Exercises 47-50, determine whether the graph depicts the 
graph of a function. Explain your answer. 


47. rn 48. 


Nw Be 
A 
+} -+—_+—++ 


SEEre 
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50. 


In Exercises 51-54, find the domain and range for each function 
whose graph ts given. Write your answer in interval notation. 


51. 52. yt 
At 
3+ 
Q+ 
1+ 
-S-ta sae 
—2+ 
—————— 
~44 
53. vy 54, 
4+ 


Pisdds 


Ese 


== In Exercises 55-60, use a graphing utility to graph each 
function. Be sure to adjust your window size to see a complete 
graph. 


55. f(x) = 2.5|x| + 10 


57. f(x) = 0.4V0.4x — 4.5 


56. f(x) = —|1.4 x| — 15.2 
58. f(x) = 1.6V 2.6 — 0.3x 


59. f(x) = —2.36x? — 9 60. f(x) = —2.4x? + 8.5 


In Exercises 61—68, for each function f given by the graph, find 
an approximate value of (a) f(—1), f(0), and f(2); (b) the do- 
main of f; and (c) the x- and y-intercepts of the graph of f. 


» Applications In this set of exercises you will use graphs to 
study real-world problems. 


69. NASA Budget The following graph gives the budget 
for the National Aeronautics and Space Administra- 
tion (NASA) for the years 2004-2008. The figures for 
2006-2008 are projections. (Source: NASA) 


Budget for NASA 


18.5 


18.0 


17.5 
17.0 
16.5 


Budget (in billions) 


16.0 


15.5 


15.0 T T T T T 1 
2003 2004 2005 2006 2007 2008 2009 
Year 


(a) For what year is the NASA budget 17 billion 
dollars? 


(b) By approximately how much did the budget increase 
from 2004 to 2005? 


70. Geometry The area of a circle of radius r is given by the 
function A(r) = wr’. Sketch a graph of the function A 
using values of r > 0. Why are negative values of r not 
used? 


71.Geometry The volume of a sphere of radius r is given by 
the function V(r) = Sar. Sketch a graph of the function 


V using values of r > 0. Why are negative values of r not 
used? 


72. Rate and Distance The time it takes for a person to row a 
boat 50 miles is given by T(s) = >*, where s is the speed 
at which the boat is rowed. For what values of s does this 
function make sense? Sketch a graph of the function T 


using these values of s. 


73. Rate and Distance A car travels 55 miles per hour. Find 
and graph the distance traveled by the car (in miles) as a 
function of the time (in hours). For what values of the 
input variable does your function make sense? 


74. Construction Costs It costs $85 per square foot of area to 
build a house. Find and graph the total cost of building a 
house as a function of the area (in square feet). 


75. Measuring Distance In the accompanying figure, a hot air 
balloon is at point C and an observer is at point A. The 
balloon is x feet directly above point B, and A is 10 feet 
to the right of point B. Find and graph the distance d(x) 
from A to C for x > 0. 
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= Ecology A coastal region with an area of 250 square 
miles in 2003 has been losing 2.5 square miles of land 
per year due to erosion. Thus, the area A of the region 
t years after 2003 is v(2) = 250 — 2.52. 

(a) Sketch a graph of v for 0 = t = 100. 

(b) What does the x-intercept represent in this problem? 
a 


Haze 


77. + Environmental Science The sports utility vehicle (SUV) 
Land Rover Freelander (2005 model) emits 10.1 tons of 
greenhouse gases per year, while the SUV Mitsubishi Out- 
lander (2005 model) releases 8.1 tons of greenhouse gases 
per year. (Source: www.fueleconomy.gov) 


(a) Express the amount of greenhouse gases released by 
the Freelander as a function of time, and graph the 
function. What are the units of the input and output 
variables? 


(b) On the same set of coordinate axes as in part (a), 
graph the amount of greenhouse gases released by 
the Outlander as a function of time. 


(c) Compare the two graphs. What do you observe? 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


In Exercises 78-81, graph the pair of functions on the same set of 
coordinate axes and explain the differences between the two graphs. 


78. f(x) = 2 and g(x) = 2x 

79. h(x) = —2x and g(x) = 2x 

80. f(x) = —3x? and g(x) = 3x? 

81. f(x) = 3x? and g(x) = 3x? + 1 

82. Explain why the graph of x = |-y| is not a function. 


83.Is the graph of f(x) = Vx + 4 the same as the graph of 
a(x) = Vx + 4? Explain by sketching their graphs. 


In Exercises 84—87, graph the pair of functions on the same set of 
coordinate axes and find the functions’ respective ranges. 


84. f(x) = |x|, g(x) = |x| — 3 
85. f(x) = x? + 4, g(x) = x? — 4 
86. f(x) = V2x, g(x) = Vx 


87. f(x) = 3x + 4, g(x~) = 3x + 7 


90 Chapter 1 © Functions, Graphs, and Applications 


1.3 Linear Functions 


Objectives In the previous sections, you learned some general information about a variety of 
functions. In this section and those that follow, you will study specific types of func- 
tions in greater detail. 
One of the most important functions in mathematical applications is a linear func- 

> Find the slope of a line tion. The following example shows how such a function arises in the calculation of a 
> Find the equation of a line person’s pay. 

in both slope-intercept and 

point-slope forms 


> Find equations of parallel eer 1 Modeling Weekly Pay 


and perpendicular lines 


> Define a linear function 


> Graph a linear function 


Eduardo is a part-time salesperson at Digitex Audio, a sound equipment store. Each 
week, he is paid a salary of $200 plus a commission of 10% of the amount of sales he 
generates that week (in dollars). 


(a) What are the input and output variables for this problem? 


(b) Express Eduardo’s pay for one week as a function of the sales he generates that 
week. 


(c) Make a table of function values for various amounts of sales generated, and use this 
table to graph the function. 

> Solution 

(a) Let the variables be defined as follows: 


Input variable: x (amount of sales generated in one week, in dollars) 
Output variable: P(x) (pay for that week, in dollars) 

(b) Eduardo’s pay for a given week consists of a fixed portion, $200, plus a commis- 
sion based on the amount of sales generated that week. Since he receives 10% of 
the sales generated, the commission portion of his pay is given by 0.10x. Hence his 
total pay for the week is given by 

Pay = fixed portion + commission portion 
P(x) = 200 + 0.10x. 
(c) Eduardo’s pay for a given week depends on the sales he generates. Typically, the 


total sales generated in one week will be in the hundreds of dollars or more. We 
make a table of values (Table 1.3.1) and plot the points (Figure 1.3.1). 


Table 1.3.1 Figure 1.3.1 


lee ea ‘1 
600 + 
P(x) = 200 +0.10x (4000, 600) 
0 200 eal 
1000 300 > (3000, 500) 
2000 400 is 400 4 (000, 400) 
3000 500 x gael 
4000 600 = (1000, 300) 
200 


(0, 200) 


ay 


0 t t + + 
0 1000 2000 3000 4000 
Sales 
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Note that $200 is his salary, which is the fixed portion of his pay. He receives 
this amount even when no audio equipment is sold, that is, when x = 0. The 10% 
commission is based on his sales—the more he sells, the more he earns. 


LA Check It Out 1: Repeat Example 1, but now assume that Eduardo’s weekly salary is 
increased to $500 and his commission is increased to 15% of total sales generated. 


Definition of a Linear Function 


In Example 1, we saw that a salary plus commission can be given by a function of the 
form P(x) = 200 + 0.10x. This is a specific case of a linear function, which we now 
define. 


Definition of a Linear Function 


A linear function f(x) is defined as f(x) = mx + b, where m and b are constants. 


Linear functions are found in many applications of mathematics. We will explore a 
number of such applications in the next section. The following examples will show you 
how to determine whether a function is linear. 


eeu 2 Determining a Linear Function 


Determine which of the following functions are linear. 
3 

(a) fO = ger (b) f(x) = 2x? (©) f@)=7 

>Solution 


3 ‘ . sen ae fee j i) 
(a) f() = 5t + 1. This function is linear because it is of the form mt + b, with m = 5 


and 6= 1. 
(b) f(x) = 2x”. This function is not linear because x is raised to the second power. 


(c) f(x) = 7. This function is linear because it is of the form mx + 6, with m = 0 and 
b = mw. Recall that 7 is just a real number (a constant). 


rd Check It Out 2: Which of the following are linear functions? For those functions 
that are linear, identify m and b. 


(a) g(x) = —2x + ; 


(b) f(x) = x? + 4 
(c) H(x) = 3x & 


Slope of a Line 


In the definition of a linear function, you might wonder what the significance of the 
constants m and b are. In Example 1, you saw that Eduardo’s pay, P, was given by 
P(x) = 200 + 0.10x. Here b equals 200, which represents the fixed portion of his pay. 
The quantity m is equal to 0.10, which represents the rate of his commission (the 
amount he receives per dollar of sales he generates in a week). Put another way, for every 
one dollar increase in sales, Eduardo’s pay increases by $0.10. 
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The graph of a linear function is always a straight line. The quantity m in the def- 
inition of a linear function f(x) = mx + 6 is called the slope of the line y = mx + b. 
The slope is the ratio of the change in the output variable to the corresponding change 
in the input variable. For a linear function, this ratio is constant. 

Let’s examine the table given in Example 1| and calculate this ratio. 


Table 1.3.2 


‘ Change 
Change in in output 
ee, Z 


+1000 C 0 200 Die 


1000 300 
3000 500 
4000 600 


From Table 1.3.2, we have the following: 


h i tput val +100 
change in output value _ = 0.10 


SIRs change in input value +1000 

We can extend this idea of slope to any nonvertical line. Figure 1.3.2 shows a line 
y = mx + band the coordinates of two points (x,, y,) and (x), y,) on the line. Here, v, 
and y, are the output values and x, and x, are the input values. The arrows indicate 
changes in x and y between the points (x,, y,) and (y, y,). We define the slope of a line 
to be the ratio of the change in y to the change in x. 


Figure 1.3.2 


change iIny:y.-y, 


(.¥) 


change in x: x) — x, 


Definition of Slope 


The slope of a line containing the points (x,, y,) and (x,, y,) is given by m = a 
2 il 


where x, # Xp. 


Note Remember the following when calculating the slope of a line: 
> It does not matter which point is called (x, y,) and which is called (xp, ye). 
» As long as two points lie on the same line, the slope will be the same regard- 


less of which two points are used. 


-==| Discover and Learn 


Graph the functions 
Fux) = O.tx, gle) = 34, and 


A(x) = 2x on the same set of axes. 


What do you notice about the 
graphs as m increases? 
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[oral 3 Finding the Slope of a Line 


Find the slope of the line passing through the points (—1,2) and (—3,4). Plot the 
points and indicate the slope on your plot. 


Solution The points and the line passing through them are shown in Figure 1.3.3. 


Figure 1.3.3 


Letting (x, ¥,) = (—1, 2) and (x); y.) = (—3, 4), we have 


32 7 M 


m= an Formula for slope 
4-2 ’ 
BaD Substitute values 
= Ee =-l. Simplify 
=2 


[A Check It Out 3; Find the slope of the line passing through the points (—5,3) and 
(9,4). Plot the points and indicate the slope on your plot. © 


Graphically, the sign of m shows you how the line slants: if m> 0, the line slopes 


upward as the value of x increases. If m<0, the line slopes downward as the value of 
x increases. This is illustrated in Figure 1.3.4. 


Figure 1.3.4 


yh 


f(x) = mx + b, 
m>0O 


\y 


BY 
ay 


f(x) =mx + b, 
m<0 
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Discover and Learn 


Graph the lines y,; = 2x, 

Vo = 2x + 3, and y3 = 2x — 3. 
Note that the value of m is the 
same for all three lines, but the 
value of 6 changes. What do you 
notice about the differences in 
the graphs? For each line, find the 
coordinates of the point where its 
graph crosses the y-axis. 
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Equation of a Line: Slope-Intercept Form 


You might think it would be sufficient to use just m to describe a line, but that is not 
enough information. 

If two lines have the same slope, then the slant of both lines is the same. However, 
they may cross the y-axis at different points. Thus, it is important to know the steep- 
ness of the line and the point where the line crosses the y-axis. For a line y = mx + b, 
the amount of steepness is given by m and the point where the line crosses the y-axis 
is determined by b; the coordinates of this point are (0, b). 


Definition of x- and y-intercepts 
» The point where the graph of the line y = mx + 6 crosses the y-axis, (0, 0), is 
called the y-intercept. Notice that the x-coordinate of the y-intercept is 0. 
» The point where the graph of a nonhorizontal line y = mx + b crosses the 
x-axis is called the x-intercept. Since the y-coordinate of the x-intercept is 0, 


the x-intercept is found by setting the expression mx + b equal to 0 and 
solving for x. 


Note Even when the variables have labels other than x or y, it is common to 


still refer to the points where the graph crosses the horizontal or vertical axis 


as x- or y-intercepts, respectively. 


Our discussion leads us to the following form of the equation of a line, which is 
known as the slope-intercept form. 


Slope-Intercept Form of the Equation of a Line 


The slope-intercept form of the equation of a line with slope m and y-intercept 
(0, b) is given by 


y=mx + b. 


where mand b can be any real numbers. Since y is often used to represent the 
output value, you will also see a line represented by the equation y = mx + Pb. 


Point on a Line 


A point (x, y,) is said to lie on the line y = mx + 6 ify, = mx, + b—that is, if 
(x1, 4) satisfies the equation y = mx + 6. 


eral 4 Equation of a Line in Slope-Intercept Form 


Write the equation of the line with a slope of —4 and a y-intercept of (0, 4/3) in slope- 
intercept form. Does (0, 1) lie on this line? Find the x-intercept of the graph of this 
line. 


Figure 1.3.5 


ye 


(x, y) 


change in x: x — x, 


RY 


I 
|change inyiy-y, m= 
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Solution Since the slope, m, is —4 and b is V2, the equation of the line in slope- 
intercept form is 


y=—4xn + V2. 


Substituting (x, v) = (0, 1), we see that 1 ~ —4(0) + V2. Thus, (0, 1) does not lie 
on the line y = —4x + V2. 

To find the x-intercept of this line, we set y = f(x) = —4x + V2=0. Solving for 
x, we have x = v2. Thus (2, 0) is the x-intercept. 


[A Check It Out 4; Write the equation of the line with a slope of 2 and a y-intercept of 


(0, -3) in slope-intercept form. Does (=, 0) lie on this line? & 


Equation of a Line: Point-Slope Form 


It is not necessary to know the y-intercept to write down the equation of a line. It is 
sufficient to know the slope and any point on the line to write down its equation. To 
see how we can do this, we first sketch the graph of a line containing a point 
(x15 ¥,). On this graph, we indicate (x, y) to be any other point on the line, as shown 
in Figure 1.3.5. 

We can derive the equation of the line in Figure 1.3.5 by following these steps: 


» Write down the formula for the slope of the line passing through the points (x, y) 
and (x,y). 


>» Multiply both sides by x — x. 


mx — x) =y— ny 


Since the slope m and a point on the line (x,, y,) are known, we see from the result 
above that an equation of the line can easily be found. 


The point-slope form of a line is very useful in many applications, since you may 
not always be provided the value of 6 with which to determine the y-intercept. The 
following examples show how to write the equation of a line in point-slope form. 
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[ema 5 Equation of a Line in Point-Slope Form 


Find the equation of the line passing through (2, 6) and (—1, —2) in point-slope form. 
Also, write the equation using function notation. 


Figure 1.3.6 Solution The points and the line passing through them are plotted in Figure 1.3.6. 
First, we must find the slope. Letting (x,, y,) = (—1, —2) and (x, y.) = (2, 6), we have 


ya 
Ty 7 
_ 327M 
oT (2, 6) m= eres Formula for slope 
4 6 — (-2 
al = en Substitute values 
=| 8 
1; => 3 


The point-slope formula gives 


Y= mx — x) 


8 & 
y-(-2)= 3 (f= (1) Substitute m = ce 1, y; 2 


i 8 
Just In Time yt2=5@4D. 
Review equation solving in 
Section P.8. vy You can solve for yy to get 


8 
y= 4% + 1)- 2. 
Note that we could have used the point (2, 6) instead of (—1, —2). The equation of 


the line would still be the same. 
Using function notation, we have 


fx) = tc +1)-2. 


[A Check It Out 5: Find the equation of the line passing through (-3. 1) and 
(3; 2) in point-slope form. 


A line given in point-slope form can be written in y = mx + b form (1.e., slope- 
intercept form) by just rearranging terms. 


leeaal 6 Rewriting an Equation in Slope-Intercept Form 


Write the equation of the line in Example 5 in slope-intercept form. 


Solution The equation of the line can be written in slope-intercept form as follows: 


8 
y= 3° +1) = 2 Equation in point-slope form 


= ss + i —2 Distribute . 
3 3 re 

= ey =F 2 Simplify: . 2 ae 
3 3 3 o oo § 


Figure 1.3.7 


eal a 
2 units 


Just In Time 


Review equation solving in 
Section P8. / 


J 
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8 2. ‘ ; ; 7 < 
Thus, y = 3% + 3 1S the desired equation of the line in slope-intercept form. 


[A Check It Out 6: Find the equation of the line passing through (- = 1) and (5> 2) in 
slope-intercept form. You can use the result of Check It Out 5. © 


The following example illustrates how to find an equation of a line given its graph. 


lexae| 7 Finding an Equation Given a Graph 


Find the equation of the line whose graph is given in Figure 1.3.7. 


Solution Examining the graph, we note that the coordinates of one point on the line 
and directions to another point on the line are given. The slope can be calculated from 
the information that gives the directions from one point to the other. We move 4 units 
to the right and then 2 units down. Therefore, 


changeiny —2 1 


Slope = m= : 
, changeinx +4 2 


Note that the change in y is negative, since we move down 2 units. We can now easily 
use the point-slope form for the equation of the line to get 


vy — Ny = M(x — x) Point-slope form of equation of a line 


1 1 
a at — (-2)) Substitute m 2° % au =5 
1 
y= ~ a & +2)4+3 Add 3 to both sides 


1 
y= “ae + 2. Simplify 


[A Check It Out 7; Find the equation of the line whose graph is given in Figure 1.3.8. 


Figure 1.3.8 


> 


t 
ws 
3 units 


eer 


4 units 


Horizontal and Vertical Lines 


Two special cases of equations of lines are worth noting: equations of horizontal lines 
and equations of vertical lines. In both cases, it is useful to see their respective graphs 
before proceeding to find their equations. 
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Figure 1.3.9 


yh 


SY 


Figure 1.3.10 


yA 
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Figure 1.3.12 
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RY 


Horizontal Line To find the equation of a horizontal line passing through a point 
(x;, ¥,)5 we can first sketch its graph, as shown in Figure 1.3.9. 
Since the line is horizontal, a second point on the line, (x2, y,), will have the same 
y-coordinate. This is illustrated in Figure 1.3.10. 
Therefore, the slope of this line will be 
27M MT MM 


m= = 0. 
X2 — x1 X2 — Xy 


Another way to see this is to note that since there is no movement in the y direc- 
tion as we go from the first point to the second, the change in y is 0. Substituting 0 for 
m in the point-slope formula, we get 


y— yy = O(x — x) Solve for y 
y= YM- 


Equation of a Horizontal Line 
The equation of the horizontal line passing through (x, y,) is 


Sh Bio 


lamina 8 Equation of a Horizontal Line 


Find the equation of the line passing through the points (1, 3) and (—2, 3). 


Solution Plotting the two points given and drawing the line that passes through them, 
we observe that the line is horizontal (Figure 1.3.11). We can come to the same con- 
clusion by noting that the y-coordinates of the two points are the same. 


Figure 1.3.11 
yh 
5+ 
2,3) “*T 0,3) 
a+ 
1+ 
oe 
-5-4-3-2-1,] 123 45% 
=g+ 
a3 
-4t 
—5+ 
Thus, the equation of the horizontal line is 
y = 3. 


lyf Check It Out 8: Find the equation of the line passing through the points (2, —1) and 
(—6, —1). 


Vertical Line To find the equation of a vertical line passing through a point (x,, y,), we 
can first sketch its graph, as shown in Figure 1.3.12. 


Figure 1.3.13 


y A 


(x1) 


(x1, 2) 


BY 
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Since the line is vertical, a second point on the line, (x,, y,), will have the same 
x-coordinate. This is illustrated in Figure 1.3.13. 
If we try to compute the slope of this line, we get 
VEN 


jij = 
X%2 — xX 


8 SE 8 VS SO 
Xx, — xy 0 


Undefined 


which is undefined, since there is a zero in the denominator. One way to see this is to 
note that there is no movement in the x direction as we go from the first point to the 
second. Thus, we cannot determine the ratio between the change in y and the change 
in x. 


Equation of a Vertical Line 
The equation of the vertical line passing through (x,, ,) is 


x =X). 


The correspondence between the x- and y-coordinates of the points on a vertical 
line is not a function because the equation of such a line is of the form x = x, (for some 
real number x,) and there are multiple outputs for an input value of x = x,. Strictly 
speaking, there is no function (linear or otherwise) that represents a vertical line. 
However, the equation of a vertical line comes up in various contexts, and so it is use- 
ful to know and understand it. 


Bente 9 Finding the Equation of a Vertical Line 


Find the equation of the line passing through the points (1, 1) and (1, 3). 


Solution Plotting the two points given and drawing the line that passes through 
them, we observe that the line is vertical (Figure 1.3.14). We can come to the same 
conclusion by noting that the x-coordinates of the two points are the same. 


Figure 1.3.14 
yt 
5+ 
4+ 
34 9. 3) 
2+ 
14 6d.) 
=-4-3-3-1,| [234 5° 
=I 
=54 
4+ 
—5+ 


Thus, the equation of the vertical line is 
x=1. 


Since the vertical line does not represent a function, we cannot write this equation using 
function notation. 


[A Check It Out 9: Find the equation of the line passing through the points (4, —1) 
and (4, 2). © 
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Technology Note | 


Parallel and Perpendicular Lines 


If two nonvertical lines are parallel, they have the same slope. Two vertical lines are 
always parallel. Also, if you know that two different lines have the same slope, then they 
are parallel. This leads to the following statement about parallel lines. 


If two lines are perpendicular, it can be shown that the following result holds. 


Thus, perpendicular lines have slopes that are negative reciprocals of each other. Ver- 
tical and horizontal lines are always perpendicular to each other. The following 
examples illustrate these properties. 


leanne 10 Finding the Equation of a Parallel Line 


Find an equation of the line parallel to 2x — y = 1 and passing through (2, —3). Write 
the equation in slope-intercept form. 


Solution First, find the slope of the original line by writing it in slope-intercept form. 
2x-y=1 
—y=1—- 2x Subtract 2x 
y=2x-—1 Multiply by —1 and rearrange terms 


Thus, the slope of the original line is 
m= 2. 
Since the new line is parallel to the given line, it has the same slope. Using the 
point-slope form for the equation of a line, 
Y— VW = mx — x) 
y= (3) =20 =) Use m = 2, (x, y)) = (2, —3) 
yrt3=2x-4 Remove parentheses 
y= 2x — 7. Subtract 3 from both sides 


Thus, the equation of the parallel line in slope-intercept form is y = 2x — 7. 


[AW Check It Out 10: Find an equation of the line parallel to —4x + y = 8 and passing 
through (—1, 2). Write the equation in slope-intercept form. © 


Technology Note 


Graph the lines 
Y; = 3X ap 3 and 


Yo= 3x — 7 using a 
SQUARE window to see 
that the lines are perpen- 
dicular (Figure 1.3.16). That 
is, the units on the x- and 
y-axes must be the same 
size. In a standard window, 
these lines will not appear 
to be perpendicular because 
the unit for y is smaller than 
the unit for x. 


Keystroke Appendix: 
Section 7 


Figure 1.3.16 


=i) 15.2 


1.3 Key Points 
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[aa 1 1 Finding the Equation of a Perpendicular Line 


Find an equation of the line perpendicular to 2x + 3y — 1 = 0 and passing through 
(4, —1). Write the equation in slope-intercept form. 


Solution First, find the slope of the original line by writing the equation in slope- 
intercept form. 


2x + 3y—-1=0 


3y = -2x+ 1 Isolate 3y term 
= + : Divide by 3 
=-rx +> ivide 
y 3 3 y 


The slope of the original line is -%. The line perpendicular to it has slope 


Negative reciprocal 


Using the point-slope form for the equation of a line, 
Y-— VW = mx — x) 


y= (D=5@-4) 


3 
Use m = = ¥) = 4 —1) 


3 
ytl= ae —6 Remove parentheses 


3 
y=Hzx— 7. 


= Subtract 1 from each side 


F : : ‘ F _ 3 
Thus, the equation of the perpendicular line in slope-intercept form is y = ax — 7. 


[A Check It Out 11: Find an equation of the line perpendicular to 4x + 2y -3 =0 
and passing through (2, —1). Write the equation in slope-intercept form. 


» A linear function f(x) is defined as f(x) = mx + b, where m and 5b are constants. 
» The slope of the line containing the points (x, y,) and (x2; yy) is given by 
= =e where x, # Xp. 

» The slope-intercept form of the equation of a line with slope m and y-intercept 
(0, 6) isy = mx + b. 

» The point-slope form of the equation of a line with slope m and passing through 
(X15) is. y — yy = mM — x). 

» The equation of a horizontal line though (x,, y,) is given by y = 9,. 

» The equation of a vertical line through (x,, y,) is given by x = x). 

» Nonvertical parallel lines have the same slope. All vertical lines are parallel to each 
other. 


» Perpendicular lines have slopes that are negative reciprocals of each other. Vertical 
and horizontal lines are always perpendicular to each other. 
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1.3 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1—6, solve for y. 


l.y—4=2(y+4 1) 2.9 + 6 = 3(y — 2) 


1 
4.—y-1=-2 


1 
ae eee 
2° 4 


3 3 
5.=(y — 5) =9 6.5(y + 4) = 12 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


7. Which of the following are linear functions? Explain your 
answers. 


(a) f@M =1+4+ 32 
(b) H(t) = - = 1 
(c) g(x) = —5x 
(d) his) =Vs+1 


8. Which of the following are linear functions? Explain your 
answers. 


(a) h(s) = > +1 


2 
(b) H(x) = m7 +1 


(c) a(x) =3 
(Af = -3Vt 


In Exercises 9—22, find the slope of the line passing through each 
pair of points (if the slope is defined). 


9. (1, —3) and (0, 4) 10. (1, 2) and (0, —2) 
11. (1, 3) and (2, 3) 12. (4, —1) and (4, 2) 
13. (0, 1) and (—2, 0) 14. (3, 0) and (0, —4) 


15.(—5, —2) and (—5, 1) 16. (4, 1) and (2, 4) 
17. (0, —2 d{0 Z 
- (0, —2) and | 0,5 


1 
18. (-4 3) and (—4, 3) 


In Exercises 23 and 24, use the graph of the line to find the slope 
of the line. 


23. 


25. Plot the points in Exercise 11, and indicate the direction 
of the changes in x and y on your plot. 


26. Plot the points given in Exercise 12, and indicate the 
direction of the changes in x and y on your plot. 


In Exercises 27-30, check whether each point les on the line 
having the equation y = —2x + 5. 


27. (2; 1) 28. (0, 3) 


29. (—1, 0) 30. (1, 3) 


In Exercises 31-42, write the equation of the line in the form 
y= mx + b. Then write the equation using function notation. 
Find the slope of the line and the x- and y-intercepts. 


31.6x —-y=1 32; =5x > y= =2 
33. —-10x + 5y = 3 34. 2x + 3y = —-6 


35.y — 4 = 3(x — 5) 36.y+3=-4(e-1) 


1 ) 
Sb TSS ea) ea ee 


39.y=5 +2 4+ 4) 


41.2x — 5y - 10 =0 


40.y= -6-(- 1) 


42. 4x + 3y+8=0 


In Exercises 43-50, write the equation of the line in the form 
y= mx + b. Then write the equation using function notation. 
Find the slope and the x- and y-intercepts. Graph the line. 


43.2x +y=6 
45.4x — 3y = —2 
47.y — 3 = —2(x — 6) 


49.—5x + 3yv-—-9=0 


44.-3x +y=4 
46.3x —-4y=1 
48.y+5=-l@+1) 


50.—-2x + 4y-—-8=0 


In Exercises 51—60, find the equation of the line, in point-slope 
form, passing through the pair of points. 


51. (2, —1) and (1, 4) 
53. (—1, —4) and (2, —3) 
55. (4, 5) and (7, 5) 


57. (1.5, 3.6) and (2.5, 4.5) 


1 1 
59. & -1) and (3, :) 


52.(—1, 3) and (0, 1) 
54. (—3, 2) and (5, 0) 
56. (10, 8) and (5, 8) 


58. (4.2, 1.2) and (6.2, 5.7) 


1 1 
60. & 2) and (+ i) 
3 4 


In Exercises 61—66, find the equation, in slope-intercept form or in 
the form x = c, for some real number c, of each line pictured. Then 
write the equation using function notation, if possible. 


6l. 


3 units 


63. rr 


5 units 


62. yh 


64. 


VA 


3 units 


4 units 


Fa 


RY 
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65. yh 66. yh 
5+ it 

4 +—+—_+—_ +++ +—+—_+—_+—_ + > 

3 —5-4-3-2-1;4 1234 5* 
2 -24 

1 SS 
t—+—+—+—++ + —47 
—5-4-3-2-1,, 1 23.45% al 
29k -64 
3+ _74 
4+ 84 
54 _94 


2 In Exercises 67—72, use a graphing utility to graph each line. 
Choose an appropriate window to display the graph clearly. 


67.y = 5.7x + 13.8 
68. y = —3.2x — 12.6 
69.3x —y=15 

70.0.1x + 0.2y = 2 

71.y — 0.5 = 2.8(x + 1.7) 


72.y + 0.9 = —1.4(« — 1.2) 


In Exercises 73-106, find an equation of the line, in slope- 
intercept form, having the given properties. 


73. Slope: —1; y-intercept: (0, 2) 
74. Slope: 3; y-intercept: (0, 5) 
75. x-intercept: (—3, 0); y-intercept: (0, 1) 
76. x-intercept: (1, 0); y-intercept: (0, 4) 
77. Slope: -35 passes through (1, 2) 
78. Slope: ss passes through (2, —3) 
79. Slope: —3; passes through (3, —1) 
80. Slope: —2; passes through (1, —1) 
3 F 3 

81. Slope: > J-intercept: (0, -3) 
82. Slope: -3 y-intercept: (0, 3) 

r 1 : 
83. x-intercept: (5. 0}; y-intercept: (0, 3) 

‘ F 3 
84. x-intercept: (—3, 0); y-intercept:(0, -?) 


85. Vertical line through (4, 6) 
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86. 
87. 
88. 
89. 
90. 
91. 


92. 


93. 


94, 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


Functions, Graphs, and Applications 
Horizontal line through (—1, —4) 

Horizontal line through (2, —1) 

Vertical line through (0, 3) 

Horizontal line through (4, 0.5) 

Vertical line through (—2, 0) 

Parallel to the line y = —3x and passing through (0, —1) 


Parallel to the line y= 2x +5 and passing through 
(0, 3) 


Parallel to the line y = — Sx + 2 and passing through 
(4, a 1) 

Parallel to the line y = —x — 1 and passing through 
(3; 2) 

Parallel to the line 2x + 3y = 6 and passing through 


(-3, 1) 


Parallel to the line —3x + 4y = 8 and passing through 
(8, —2) 


Perpendicular to the line y = oan and passing through 
(0, = 1) 
Perpendicular to the line y = — ix and passing through 
(0, —2) 
Perpendicular to the line y= 2x -— 1 and passing 


through (—2, 1) 


Perpendicular to the line y= —3x + 2 and passing 
through (1, 4) 


Perpendicular to the line x + 2y=1 and passing 
through (2, 1) 


Perpendicular to the line 2x —y=1 and passing 
through (—1, 0) 


Perpendicular to the line y = 4 and passing through 
(0, 2) 


Perpendicular to the line x = 3 and passing through 
(2; 1) 


Parallel to the line x = 1 and passing through (—2, —5) 


Parallel to the line y = 3 and passing through (1, —2) 


» Applications In this set of exercises you will use linear 
functions to study real-world problems. 


107. 


108. 


109. 


110. 


111. 


112. 


Salary A computer salesperson earns $650 per week 

plus $50 for each computer sold. 

(a) Express the salesperson’s earnings for one week as 
a linear function of the number of computers sold. 

(b) Find the values of m and b and interpret them. 


Salary An appliance salesperson earns $800 per week 

plus $75 for each appliance sold. 

(a) Express the salesperson’s earnings for one week as 
a linear function of the number of appliances sold. 


(b) Find the values of m and b and interpret them. 


Film Industry The total number of moviegoers, in mil- 
lions, in the United States has been rising according to 
the linear function 


m(t) = 1.6t + 167 


where ¢ is the number of years since 2003. (Source: 

Motion Picture Association) 

(a) According to this function, how many moviegoers 
will there be in the year 2007? 

(b) What does the y-intercept represent for this 
problem? 


Travel Amy is driving her car to a conference. The func- 
tion d(t) = 65¢ + 100 represents her total distance from 
home in miles, and ¢ is the number of hours since 
8:00 A.M. 
(a) How many miles from home will Amy be at 
12:00 P.M.? 
(b) What does the y-intercept represent in this 
problem? 


Sales The number of handbags sold per year since 2003 

by Tres Chic Boutique is given by the linear function 

h(t) = 1602 + 500. Here, zt is the number of years since 

2003. 

(a) How many handbags were sold in 2006? 

(b) What is the y-intercept of this function and what 
does it represent? 

(c) According to the function, in what year will 1200 
handbags be sold? 


Sales The number of computers sold per year since 

2001 by T-J.’s Computers is given by the linear function 

n(t) = 25t + 350. Here, t is the number of years since 

2001. 

(a) How many computers were sold in 2005? 

(b) What is the y-intercept of this function, and what 
does it represent? 

(c) According to the function, in what year will 600 
computers be sold? 


113. 


114. 


Lt. 


116. 


117. 


118. 


Leisure The admission price to Wonderland Amusment 
Park has been increasing by $1.50 each year. If the price 
of admission was $25.50 in 2004, find a linear function 
that gives the price of admission in terms of t, where t is 
the number of years since 2004. 


Leisure The admission price to Blue’s Water Park has 
been increasing by $1.75 each year. If the price of ad- 
mission in 2003 was $28, find a linear function that 
gives the price of admission in terms of t, where t is the 
number of years since 2003. 


Pricing The total cost of a car is the sum of the sales 
price of the car, a sales tax of 6% of the sales price, and 
$500 for title and tags. Express the total cost of the car 
as a linear function of the sales price of the car. 


Commerce The total cost of a washing machine is the 
sum of the selling price of the washing machine, a sales 
tax of 7.5% of the selling price, and $20 for item dis- 
posal. Express the total cost of the washing machine as 
a linear function of the selling price of the washing 
machine. 


Manufacturing It costs $5 per watch to manufacture 

watches, over and above the fixed cost of $5000. 

(a) Express the cost of manufacturing watches as a 
linear function of the number of watches made. 

(b) What are the domain and range of this function? 

Keep in mind that this function models a real- 
world problem. 

(c) Identify the slope and y-intercept of the graph of 
this linear function and interpret them. 

(d) Using the expression for the linear function you 
found in part (a), find the total cost of 
manufacturing 1250 watches. 

(e) Graph the function. 


Commerce It costs $7 per PDA to manufacture PDAs, 

over and above the fixed cost of $3500. 

(a) Express the cost of manufacturing PDAs as a linear 
function of the number of PDAs produced. 

(b) What are the domain and range of this function? 
Keep in mind that this function models a real- 
world problem. 

(c) Identify the slope and y-intercept of the graph of 
this linear function. Interpret their meanings in the 
context of the problem. 

(d) Using the expression for the linear function you 
found in part (a), find the total cost of 
manufacturing 2150 PDAs. 

(e) Graph the function. 
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Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


119.5 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


+ What happens when you graph y = x + 100 in the 
standard viewing window of your graphing utility? How 
can you change the window so that you can see a clearer 
graph? 

~=/What happens when you graph y = 100x in the 
standard viewing window of your graphing utility? How 
can you change the window so that you can see a clearer 
graph? 


Sketch by hand the graph of the line with slope = and 
y-intercept (0, —1). Find the equation of this line. 


Sketch by hand the graph of the line with slope S and 
y-intercept (0, —2). Find the equation of this line. 


Sketch by hand the graph of the line with slope : that 


passes through the point (—2, 6). Find the equation of 
this line. 


Sketch by hand the graph of the line with slope : that 


passes through the point (1, —3). Find the equation of 
this line. 


Explain why the following table of function values can- 
not be that of a linear function. 


2 -3 
-1 0-5 
0 -8 
1-15 


Let f(s) = ms + b. Find values of m and 6 such that 
f() = 2 and f(2) = —4. Write an expression for the lin- 
ear function f(s). (Hint: Start by using the given infor- 
mation to write down the coordinates of two points that 
satisfy f(s) = ms + b.) 


Let g@ = mt + b. Find m and 6 such that g(1) = 4 and 
g(3) = 4. Write an expression for g(t). (Hint: Start by 
using the given information to write down the coordi- 
nates of two points that satisfy g(t) = mt + 6b.) 
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1.4 Modeling with Linear Functions; Variation 


Objectives 


> Identify the input variable 
and the output variable for 
a given application 


> Extract suitable data from 
the statement of a word 
problem 


> Find a linear function that 
models a real-world 
application 


> Explain the significance of 
the slope and the x- and 
y-intercepts for an 
application 


> Examine situations involving 
direct and inverse variation 


Many problems that arise in business, marketing, and the social and physical sciences 
are modeled using linear functions. This means we assume that the quantities we are 
observing have a linear relationship. In this section, we explore means to analyze such 
problems. That is, you will learn to take the mathematical ideas in the previous section 
and apply them to a problem. In particular, you will learn to: 


> Identify input and output variables for a given situation 
» Find a function that describes the relationship between the input and output variables 
>» Use the function you found to further analyze the problem 


In addition to linear models, we will briefly examine models in which the input and 
output variables have a relationship that is not linear. 


Linear Models 


A linear model is an application whose mathematical analysis results in a linear func- 
tion. The following example illustrates how such a model may arise. 


earl 1 Modeling Yearly Bonus 


At the end of each year, Jocelyn’s employer gives her an annual bonus of $1000 plus 
$200 for each year she has been employed by the company. Answer the following 
questions. 


(a) Find a linear function that relates Jocelyn’s bonus to the number of years of her 
employment with the company. 


(b) Use the function you found in part (a) to calculate the annual bonus Jocelyn will 
receive after she has worked for the company for 8 years. 


(c) Use the function you found in part (a) to calculate how long Jocelyn would have 
to work at the company for her annual bonus to amount to $3200. 


(d) Interpret the slope and y-intercept for this problem, both verbally and graphically. 
>Solution 
(a) We first identify the variables for this problem. 
» tis the input, or independent, variable, denoting the number of years worked. 
» B is the output, or dependent, variable, denoting Jocelyn’s bonus. 
Next, we proceed to write the equation. 


Bonus = 1000 + 200 - number of years employed From problem statement 
B= 1000 + 2002 Substitute the variable 
letters 


Since B depends on t, we can express the bonus using function notation as follows. 
Bi) = 1000 + 2002 


Note that B(t) could also be written as B(t) = 2002 + 1000. These two forms are 
equivalent. 
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(b) Jocelyn’s bonus after 8 years of employment is given by B(8): 
B(8) = 1000 + 200(8) = 1000 + 1600 = 2600 


Thus, she will receive a bonus of $2600 after 8 years of employment. 
(c) To find out when Jocelyn’s bonus would amount to $3200, we have to find the 
value of ¢ such that B(t) = 3200. 
3200 = 1000 + 200t Substitute 3200 for the bonus 
2200 = 200t Isolate the t variable (subtract 1000 from both sides) 
l1l=t Solve for t (divide both sides by 200) 
We see that Jocelyn will need to work for the company for 11 years to receive a 
bonus of $3200. 


(d) Since the function describing Jocelyn’s bonus is B(t) = 1000 + 2002, the slope of 
the line B = 1000 + 200r is 200. Recall that slope is the ratio of the change in B 
to the change in t: 


Signs =o00= 200 _ Shane in bonus 
1 change in years employed 


The slope of 200 signifies that Jocelyn’s bonus will increase by $200 each year she 
works for the company. 

The y-intercept for this problem is (0, 1000). It means that Jocelyn will receive a 
bonus of $1000 at the start of her employment with the company, which corresponds 
tor=0. 

The graphical interpretations of the slope and y-intercept are indicated in Fig- 
ure 1.4.1. 


Figure 1.4.1 
Ba 
2200 + 
2000 + 
1800 + 
1600 + 
1400 + 
1200 + 
1000 
800 + 


change in B: 
-— +200 (dollars) 


change in f: 
+1 (year) 


[A Check It Out 1: Rework Example 1 for the case in which Jocelyn’s bonus is $1400 
plus $300 for every year she has been with the company. & 


In many models using linear functions, you will be given two data points and asked 
to find the equation of the line passing through them. We review the procedure in the 
following example. 
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Table 1.4.1 


13) A} 
270m ele) 


Table 1.4.2 


1 4.5 
25) | Tod 


Discover and Learn 


How would you check that the 
expression for the linear function 
in Example 2 is correct? 


[ema 2 Finding a Linear Function Given Two Points 


Find the linear function f whose input and output values are given in Table 1.4.1. 
Evaluate f(5). 


Solution From the information in the table, we see that the following two points 
must lie on a line: 


(x15 M1) = (1.3, 4.5) (X25 Yo) = (2.6, 1.9) 
Recall that a y-coordinate is the function value corresponding to a given 
x-coordinate. 
We next calculate the slope: 
yom 19-45 _ —2.6 
Xo =X; 2.6 — 1.3 1.3 


m= = =2 


Using the point-slope form for a linear function with m=-—2 and 
(Xp) = (1.3, 4.5), 
f(x) = mx — x1) + y, = —2(¢ — 1.3) + 4.5 = -2x + 2.64 4.5 = —2x + 7.1. 
Evaluating f(5), we have 
f6) = —2(5) + 7.1 = -10 + 7.1 = —2.9, 


[AW Check It Out 2; Find the linear function jf whose input and output values are given 
in Table 1.4.2. Evaluate f(—1). © 


Our next example approaches a real-world application in a completely different 
manner. It is important to keep in mind that these types of problems never present 
themselves in uniform fashion in the real world. One of the challenges of solving them 
is to take the various facts that are given and put them into the context of the mathe- 
matics that you have learned. 


earl 3 Depreciation Model 


Example 4 in Section 1.4 builds upon this example. + 


Table 1.4.3 gives the value of a 2002 Honda Civic Sedan at two different times after 
its purchase. (Source: Kelley Blue Book) 


Table 1.4.3 
2 10,000 
9000 


(a) Identify the input and output variables. 


(b) Express the value of the Civic as a linear function of the number of years after its 
purchase. 


(c) Using the function found in part (c), find the original purchase price. 


(d) Assuming that the value of the car is a linear function of the number of years after 
its purchase, when will the car’s value reach $0? 


Table 1.4.4 


0 
2) 
4 
6 
8 


10 
12 


12,000 
10,000 
8000 
6000 
4000 
2000 

0 
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> Solution 


(a) The input variable, t, is the number of years after purchase of the car. The output 
variable, v, is the value of the car after t years. 


(b) We first compute the slope using the two data points (2, 10,000) and (3, 9000). 


9000 — 10,000 _ —1000 _ 
32 1 


Slope = m = 1000 


Then, using the point-slope form for a linear function with (2, 10,000) as the given 
point, we have 


v(t) = —1000C¢ — 2) + 10,000 Substitute into point-slope form of 
equation in function form 
= —1000r + 2000 + 10,000 Remove parentheses 
—10002 + 12,000. Simplify 


I 


(c) The original purchase price would correspond to the value of the car 0 years after 
purchase. Substituting t = 0 into the equation above, we get 


v(0) = —1000(0) + 12,000 = 12,000. 
Thus, the car originally cost $12,000. Note that this is also the y-intercept of the 
linear function v(z) = —10002¢ + 12,000. 


(d) To find out when the car’s value will reach $0, we must set v(t) equal to zero and 
solve for t. 


0 = —10002 + 12,000 Set v(t) equal to zero 
—12,000 = —1000r Isolate the t term 
t= 12 Solve for t 
Thus, it will take 12 years for the Honda Civic to reach a value of $0. To illustrate 
the decrease in value, we can make a table of values for t and v(t) (Table 1.4.4). 


Note that for each 2-year increase in its age, the value of the car goes down by the same 
amount, $2000. 


LW Check It Out 3: Rework Example 3 for the case in which the value of the car after 
5 years is $4000. Keep its value after 2 years the same as before. 


The next example graphically explores the car depreciation problem discussed above. 


Ear 4 Graph of a Depreciation Model 


gone This example builds on Example 3 in Section 1.4. 
From Example 3, a 2002 Honda Civic’s value over time is given by the linear function 
v(t) = —1000z2 + 12,000, where t denotes the number of years after purchase. 


(a) Graph the given function for values of ¢ from 0 through 12. Why must the values 
of t be greater than or equal to zero? 


(b) What is the y-intercept of the graph of this function? Explain its significance for 
this problem. 


(c) Where does the graph cross the t-axis? Find this value of t. 


(d) What is the value of the car that corresponds to the point at which the graph 
crosses the t-axis? 
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> Solution 


(a) The graph of the function is shown in Figure 1.4.2. The values of ¢ are greater than 
or equal to zero because the function represents the number of years since 2002. 


Figure 1.4.2 


v(t) =—1000¢ + 12,000 


Q “+—+_++—++—_+—++_+_+_ +++ "a 
0123456789 101112! 


(b) The y-intercept is (0, 12,000). It signifies the value of the car at time t = 0. In other 
words, it means that the original purchase price of the car is $12,000. 


(c) From Figure 1.4.2, the graph crosses the t-axis at t = 12. 


(d) At t = 12, the value of the car is $0. That is, the car will have no value 12 years 
after purchase. Another way of saying this is v(12) = 0. The point (12, 0) is the 
x-intercept of the graph. 


LA Check It Out 4: Repeat Example 4 using the data from Check It Out 3. © 


Linear Models Using Curve-Fitting 


Using mathematics to model real-world situations involves a variety of techniques. We 
have already used one such technique: taking a problem statement given in English 
and translating it into a mathematical expression. We used this approach in Example 1 
of Section 1.3. The linear function that arises from this problem statement is an exact 
representation of the problem at hand. However, many real-world problems can only 
be approximately represented by a linear function. 

In this section, we will learn how to analyze trends in a set of actual data, and we 
will gain some experience in generating a model that approximates a set of data. One 
common technique used in modeling a real-word situation entails finding a suitable 
mathematical function whose graph closely resembles the plot of a set of data points. 
This technique is known as fitting data points to a curve, or just curve-fitting. It 
is also referred to as regression. 


Guidelines for Curve-Fitting 
» Examine the given set of data and decide which variable would be most 
appropriate as the input variable and which as the output variable. 
» Set up a coordinate system and plot the given points, either by hand or by 
using a graphing utility. 
» Observe the trend in the data points—does it look like the graph of a function 
you are familiar with? 


Continued 
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exe 5 Modeling the Relation of Body Weight to Organ Weight 


Table 1.4.5 gives the body weights of laboratory rats and the weights of their hearts, 
in grams. All data points are given to five significant digits. (Source: NASA life 
sciences data archive) 


Technology Note 


Table 1.4.5 
281.58 1.0353 
285.03 1.0534 
290.03 1.0726 
295.16 1.1034 
300.63 1.1842 
313.46 1.2673 


(a) Let x denote the body weight. Make a scatter plot of the heart weight / versus x. 
(b) State, in words, any general observations you can make about the data. 
(c) Find an expression for the Jinear function that best fits the given data points. 


(d) Compare the actual heart weights for the given body weights with the heart weights 
predicted by your function. What do you observe? 


(e) If a rat weighs 308 grams, use your model to predict its heart weight. 
> Solution 
(a) The scatter plot is given in Figure 1.4.3. 


Figure 1.4.3 


J 325 


(b) From the scatter plot, it appears that the weight of the heart increases with the 
weight of the rat. 
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(c) Using the curve-fitting features of a graphing utility, we obtain the following equa- 
tion for the “best-fit” line through the data points: 
h(x) = 0.0075854x — 1.1131 

All numbers are rounded to five significant digits, since the original data values 

were given to five significant digits. See Figures 1.4.4 and 1.4.5. 

Figure 1.4.4 Figure 1.4.5 

1.30 
LinReg i 


y = ax+b 
a= .0075853596 


b = -1.113118448 


275 |. 


: J 325 
1.00 


(d) Table 1.4.6 gives the actual heart weights and the heart weights predicted by the 
model. We see that the values are close, though not exact. 


Table 1.4.6 
281.58 1.0353 1.0228 
285.03 1.0534 1.0490 
290.03 1.0726 1.0869 
295.116 1.1034 1.1258 
300.63 1.1842 OMS) 
313.46 1.2673 1.2646 


When generating a model from a set of data, you should always compare the given 
values to those predicted by the model to see if the model is valid. 


(e) Substituting the weight of 308 grams into h(x), we have 
h(308) = 0.0075854(308) — 1.1131 = 1.2232. 


Thus the rat’s predicted heart weight is 1.2232 grams, to five significant digits. 


[AW Check It Out 5; Use the model in Example 5 to predict the heart weight of a rat 
weighing 275 grams. 


Note Linear models should be used only as an approximation for predicting 


values close to those for which actual data is available. Generally, linear models 
will be less accurate as we move further away from the given data pointe. 


Direct Variation 


Linear models of the form f(x) = kx, k > 0, are often referred to as models involving 
direct variation. That is, the ratio of the output value to the input value is a positive 
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constant. Models of this type occur frequently in business and scientific applications. 
For example, if a car travels at a constant speed of 45 miles per hour, then the distance 
traveled in x hours is given by f(x) = 45x. This is a model involving direct variation. 


lane 6 Temperature-Volume Relation 


The volume of a fixed mass of gas is directly proportional to its temperature. If the vol- 
ume of a gas is 40 cc (cubic centimeters) at 25°C (degrees Celsius), find the following. 


(a) The variation constant k in the equation 
V=kT 
(b) The volume of the same gas at 50°C 
(c) The temperature of the same gas if the volume is 30 cc 
> Solution 
(a) To find k, substitute the values for volume and temperature to get 


40 = k(25) Use V = 40 and T = 25 


= i Divide by 25 
= ivide by 

8 

5 =k, Simplify 


8 , ‘ 
Thus k = a and the equation is 


8 

V= = — 

5 

(b) Substituting k = = = in the equation V = = T, 
V = —(50) = 80. 

= (50) 


Thus, at 50°C, the volume is 80 cc. 
(c) Substitute V = 30 into the equation V = 7 


8 
30 = . T= T= (30) = 18.75 
Thus, the volume is 30 cc at 18.75°C. 


LW Check It Out 6: Find the constant & in the equation V= kT if V= 35 cc and 
T= 45°C. 
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Inverse Variation 


Our focus so far in this section has been on linear models. Many situations, 
however, are not modeled by linear functions. These applications can be modeled 
by nonlinear models. We briefly discuss one such nonlinear model that occurs fre- 
quently in science and business. 

Suppose a bus travels a distance of 200 miles. The time 1 it takes for the bus to 
reach its destination depends on its speed, r, and the distance traveled. That is, the 


' : : : ; 2 
relationship between r and t is determined by the equation rt = 200, or t = a The 


greater the speed, the less time it will take to travel 200 miles. This is an example of 
inverse variation. 


A complete discussion of functions of the form f(x) =: will be presented in 


Section 4.6. We next examine a model involving inverse variation. 


eal 7 Price-Demand Relation 


Fi ie is ‘ ‘ ‘ k 
The price of a product is inversely proportional to its demand. That is, P = 7 where 


P is the price per unit and g is the number of products demanded. If 3000 units are 
demanded at $10 per unit, how many units will be demanded at $6 per unit? 


Solution Since k is a constant, we have 
k = Pq = (10)(3000) = 30,000. 
If P = 6, we have 


30,000 
6= oar ie Substitute P = 6, k= 30,000 
6q = 30,000 Multiply by q 
30,000 
- —— = 5000. — Solve for q 


Thus, 5000 units will be demanded at $6 per unit. 


[A Check It Out 7: If P= - where P is the price per unit and q is the number of prod- 
ucts demanded, find k if g = 2500 and P= 5. 
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1.4 Key Points 


» Begin by reading the problem a couple of times to get an idea of what is going on. 


» Identify the zmput and output variables. 


» Sometimes, you will be able to write down the linear function for a problem by just 
reading the problem and “translating” the words into mathematical symbols. This 
is how we obtained the function in Example 1. 


» At other times, you will have to look for two data points within the problem to find 
the slope of your line. Only after you perform this step can you find the linear func- 
tion. It is critical that you know which will be your input, or independent, variable 
and which will be your output, or dependent, variable. Then you can write down 
the data points and plot them. 


» Sketch a graph of the linear function that you found. Interpret the slope and 
y-intercept both verbally and graphically. 


» If a model involves direct variation, it is a special case of a linear model, with a pos- 
itive slope and a y-intercept of (0, 0). 


» A model involves inverse variation if it gives rise to a function of the form 


k 


fx = re k > 0. Thus it is not linear. 


1.4 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1 and 2, find the number of significant figures in each 
number. 


1. 250.03 
2. 100.810 


In Exercises 3—6, simplify and round your answer to the correct 
number of significant figures. 


3. 256.28 — 251.13 


4. 586.1 — 580.12 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7—12, for each table of values, find the linear function 
f having the given input and output values. 


Te fee) Be fe) 
les 2) eto 
a | 6 6-4| 7 


10. FES 
lee 


15 
5.6 Bo 33) JUG) 


12 TS 


30 600 60 1000 
50 900 80 1500 
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In Exercises 13—28, find the variation constant and the corre- 
sponding equation for each situation. 


13. 


14. 


15. 


16. 


ay es 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


20. 


2d: 


28. 


Let y vary directly as x, and y = 40 when x = 10. 
Let y vary directly as x, and y = 100 when x = 20. 
Let y vary inversely as x, and y = 5 when x = 2. 
Let y vary inversely as x, and y = 6 when x = 8. 
Let y vary directly as x, and y = 35 when x = 10. 
Let y vary directly as x, and y = 80 when x = 15. 
Let y vary inversely as x, and y = 2.5 when x = 6. 
Let y vary inversely as x, and y = 4.2 when x = 10. 
Let y vary directly as x, and y = : when x = 2. 
Let y vary directly as x, and y = : when x = 3. 
Let y vary inversely as x, and y = : when x = 8. 
Let y vary inversely as x, and y = : when x = 6. 


The variable y is directly proportional to x, and y = 35 
when x = 7. 


The variable y is directly proportional to x, and y = 48 
when x = 8. 


The variable y is inversely proportional to x, and y = 14 
when x = 7. 


The variable y is inversely proportional to x, and y = 4 
when x = 12. 


» Applications In this set of exercises you will use linear 
functions and variation to study real-world problems. 


29. 


30. 


Utility Bill A monthly long-distance bill is $4.50 plus 
$0.07 for each minute of telephone use. Express the 
amount of the long-distance bill as a linear function of 
the number of minutes of use. 


Printing The total cost of printing small booklets is $500 
(the fixed cost) plus $2 for each booklet printed. Express 
the total cost of producing booklets as a function of the 
number of booklets produced. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


Temperature Scales If 0° Celsius corresponds to 32° Fahr- 
enheit and 100° Celsius corresponds to 212° Fahrenheit, 
find a linear function that converts a Celsius temperature 
to a Fahrenheit temperature. 


Demand Function At $5 each, 300 hats will be sold. But at 
$3 each, 800 hats will be sold. Express the number of 
hats sold as a linear function of the price per hat. 


Physics The volume of a gas varies directly with the tem- 
perature. Find & if the volume is 50 cc at 40°C. What is 
the volume if the temperature is 60°C? 


Tax Rules According to Internal Revenue Service rules, 
the depreciation amount of an item is directly propor- 
tional to its purchase price. If the depreciation amount of 
a $2500 piece of equipment is $500, what is the depreci- 
ation amount of a piece of equipment purchased at 
$4000? (Source: Internal Revenue Service) 


Construction The rise of a roof (y) is directly propor- 
tional to its run (x). If the rise is 5 feet when the run is 8 
feet, find the rise when the run is 20 feet. 


Electronics Demand It is known that 10,000 units of a 
computer chip are demanded at $50 per chip. How many 
units are demanded at $60 per chip if price varies in- 
versely as the number of chips? 


Work and Rate The time required to do a job, t, varies in- 
versely as the number of people, p, who work on the job. 
Assume all people work on the job at the same rate. If it 
takes 10 people to paint the inside of an office building 
in 5 days, how long will it take 15 people to finish the 
same job? 


Travel The time t required to drive a fixed distance varies 
inversely as the speed of the car. If it takes 2 hours 
to drive from New York to Philadelphia at a speed of 
55 miles per hour, how long will it take to drive the same 
route at a speed of 50 miles per hour? 


Rental Cost A 10-foot U-Haul truck for in-town use 

rents for $19.95 per day plus $0.99 per mile. You are 

planning to rent the truck for just one day. (Source: 

www.uhaul.com) 

(a) Write the total cost of rental as a linear function of 
the number of miles driven. 

(b) Give the slope and y-intercept of the graph of this 
function and explain their significance. 

(c) How much will it cost to rent the truck if you drive 
a total of 56 miles? 


40. Depreciation The following table gives the value of a 


personal computer purchased in 2002 at two different 

times after its purchase. 

(a) Express the value of the computer as a linear 
function of the number of years after its purchase. 


(b) Using the function found in part (a), find the 
original purchase price. 

(c) Assuming that the value of the computer is a linear 
function of the number of years after its purchase, 
when will the computer’s value reach $0? 

(d) Sketch a graph of this function, indicating the x- and 
y-intercepts. 


41. Website Traffic The number of visitors to a popular 


website grew from 40 million in September 2003 to 

58 million in March 2004. 

(a) Let ¢ be the number of months since September 
2003. Plot the given data points with N, the 
number of visitors, on the vertical axis and t 
on the horizontal axis. You may find it easier to 
represent N in millions; that is, represent 40 million 
visitors as 40 and set the scale for the vertical axis 
accordingly. 

(b) From your plot, find the slope of the line between 
the two points you plotted. 

(c) What does the slope represent? 

(d) Find the expression that gives the number of visitors 
as a linear function of t. 


(e) How many visitors are expected in July 2004? 


42.Communications A certain piece of communications 


equipment cost $123 to manufacture in 2004. Since 

then, its manufacturing cost has been decreasing by 

$4.50 each year. 

(a) If the input variable, zt, is the number of years since 
2004, find a linear function that gives the manu- 
facturing cost as a function of t. 

(b) If the trend continues, what will be the cost of 
manufacturing the equipment in 2007? 

(c) When will the manufacturing cost of the equipment 
reach $78? 
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Beverage Sales The number of 192-ounce cases of the 
bottled water Aquafina sold in the United States has 
been increasing by 50 million cases each year. Suppose 
203 million cases of bottled water were sold in 2002. 
(Source: Beverage Marketing Association) 
(a) Find a linear function that describes the number 
(in millions) of 192-ounce cases of Aquafina sold 
as a function of ¢. Let z denote the number of years 
since 2002. 
(b) What is the slope of the corresponding line, and what 
does it signify? 
(c) What is the y-intercept of the corresponding line, 
and what does it signify? 


Automobile Costs A 2003 Subaru Outback wagon costs 
$23,500 and gets 22 miles per gallon. Assume that gaso- 
line costs $4 per gallon. 

(a) What is the cost of gasoline per mile for the Outback 
wagon? 

(b) Assume that the total cost of owning the car consists 
of the price of the car and the cost of gasoline. (In 
reality, the total cost is much more than this.) For 
the Subaru Outback, find a linear function 
describing the total cost, with the input variable 
being the number of miles driven. 

(c) What is the slope of the graph of the function in 
part (b), and what does it signify? 

(d) What is the y-intercept of the graph of the function 
in part (b), and what does it signify? 


Consumer Behavior Linear models can be used to predict 
buying habits of consumers. Suppose a survey found that 
in 2000, 20% of the surveyed group bought designer 
frames for their eyeglasses. In 2003, the percentage 
climbed to 29%. 


(a) Assuming that the percentage of people buying 
designer frames is a linear function of time, find an 
equation for the percentage of people buying 
designer frames. Let t correspond to the number of 
years since 2000. 


(b) Use your equation to predict the percentage of 
people buying designer frames in 2006. 


(c) Use your equation to predict when the percent- 
age of people who buy designer frames will 
reach 50%. 


(d) Do you think you can use this model to predict the 
percentage of people buying designer frames in the 
year 2030? Why or why not? 

(e) From your answer to the previous question, 
what do you think are some limitations of this 
model? 
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46. Economy In the year 2000, the average hourly earnings of 
production workers nationwide rose steadily from $13.50 
per hour in January to $14.03 per hour in December 
(Source: Bureau of Labor Statistics). 
(a) Create a linear model that expresses average hourly 
earnings as a function of time, t. How would you 
define 7? 
(b) Using your function, how much was the average 
production worker earning in March? in October? 
(c) How fast is the average hourly wage increasing per 
month? 


47. Traffic Flow In 2000, the average weekday volume of traf- 
fic on a particular stretch of the Princess Parkway was 
175,000 vehicles. By 2004, the volume had increased to 
200,000 vehicles per weekday. 

(a) By how much did the traffic increase per year? 
Mathematically, what does this quantity 
represent? 

(b) Create a linear model for the volume of traffic as a 
function of time, and use it to determine the average 
weekday traffic flow for 2006. 


48.Sports Revenue The revenues for the hockey teams 
Dallas Stars and New York Rangers for the years 2001 
and 2004 are given in the following table. (Source: Forbes 


magazine) 
2001 85 125} 
2004 103 118 


(a) Express the revenue, R, for the Stars as a linear 
function of time, zt. Let t correspond to the number 
of years since 2001. 

(b) Express the revenue, R, for the Rangers as a linear 
function of time, ¢. Let t correspond to the number 
of years since 2001. 

(c) Project the Stars’ revenue for the year 2006. 

(d) Project the Rangers’ revenue for the year 2006. 


Eee 


(e) == Plot the functions from parts (a) and (b) in the 
same window of your calculator. 


(f) == From your graph, when will both teams generate 
the same amount of revenue, assuming the same 
trend continues? 

49, Ga Population Mobility The following table lists histor- 
ical mobility rates (the percentage of people who had 


a change of residence) for selected years from 1960 
through 2000. (Source: U.S. Census Bureau) 


1960 20.6 
1970 IS} 7/ 
1980 18.6 
1990 16.3 
2000 16.1 


(a) What general trend do you notice in these figures? 
(b) Fit a linear function to this set of points, using 
the number of years since 1960 as the independent 
variable. 


A _| Aging The following table lists the population of U.S. 
residents who are 65 years of age or older, in millions. 
(Source: Statistical Abstract of the United States) 


1990 29.6 
1995 Sled 
2000 3276 
2003 34.2 


(a) What general trend do you notice in these figures? 
(b) Fit a linear function to this set of points, using the 
number of years since 1990 as the independent 

variable. 
(c) Use your function to predict the number of people 
over 65 in the year 2008. 


51. = Higher Education The following table lists data on the 
number of college students, both undergraduate and 
graduate, in the United States for selected years from 
1999 through 2005. (Source: U.S. Census Bureau) 


Population 
(in millions) 15.2 16.5 Os | W275) 


(a) What general trend do you notice in these figures? 

(b) Fit a linear function to this set of data, using the 
number of years since 1999 as the independent 
variable. 

(c) Use your function to predict the number of college 
students in the United States in the year 2009. 


Income The following table lists data on the median 
household income in the United States for selected years 
from 1989 through 2003. (Source: U.S. Census Bureau) 


1989 2000 2002 2003 


(a) What general trend do you notice? 

(b) Fit a linear function to this set of data, using the 
number of years since 1989 as the independent 
variable. 


43,349 44,368 


(c) Use your function to predict the year in which the 
median salary will be $46,000. 


53. —= Pricing Market research of college class ring sales at 
Salem University revealed the following sales figures for 
differently priced rings over the past year: 


300 ARS) | B50 | O75 | OW | O25) 


‘RingsSeid 1253 1OZON MOOSE ESSOM 4325) E265 


(a) What general trend do you notice in these figures? 


(b) Fit a linear function to this set of data, using the 
price as the independent variable. 


(c) Use your function to predict the number of $1000- 
rings that were sold over the past year. 


= 


54 Contest Billy Bob’s Hot Dog Emporium has a contest 
each year. Whoever eats the most hot dogs and buns in 
12 minutes is the winner. The following table shows the 
number of hot dogs eaten by the winner for each year 


since 2000. 


“Year 2000 2001 2002 2003 2004 2005 2006 


Ene 14 15 18 Wf 5) 22 23) | 23).55) 


(a) What general trend do you notice in these figures? 

(b) Fit a linear function to this set of data, using the 
number of years since 2000 as the independent 
variable. 

(c) Use your function to predict, to the nearest hot dog, 
the number of hot dogs the winner will consume in 
the year 2007. 
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Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


55.Can y=2x+5 represent an equation for direct 


variation? 


56. Does the following table of values represent a linear 
model? Explain. 


=A 4 
0 7 
I | kG 
2 | 3X0) 


57. Does the following table of values represent a situation 
involving direct variation? Explain. 


Eas 
0 


2 1 We 


58. Does the following table of values represent a situation 
involving inverse variation? Explain. 


1 6 
@) 
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1.5 Intersections of Lines and Linear Inequalities 


Objectives 


> Algebraically and graphi- 
cally find the point of 
intersection of two 
lines 

> Understand the advantages 
of the different approaches 
for finding points of inter- 
section 

> Algebraically and graphi- 
cally solve a linear inequality 

> Solve a compound 
inequality 

> Use intersection of lines and 


inequalities to model and 
solve real-world problems 


Just In Time 


Review graphs of lines in 
Sections 1.2 and 7.3. wy 


When you use mathematics in a real-world situation, you will often need to find the 
point where two lines intersect. We begin with one such application, which discusses a 
comparison between two types of telephone calling plans. 


earl 1 Comparing Rate Plans 


The Verizon phone company in New Jersey has two plans for local toll calls: 
» Plan A charges $4.00 per month plus 8 cents per minute for every local toll call. 


» Plan B charges a flat rate of $20 per month for local toll calls, regardless of the 
number of minutes of use. 


(a) Express the monthly cost for Plan A as a function of the number of minutes used. 

(b) Express the monthly cost for Plan B as a function of the number of minutes used. 

(c) How many minutes would you have to use per month for the costs of the two plans 
to be equal? 

> Solution 

(a) Let the cost function for Plan A be represented by A(a), where t is the number of 
minutes used. From the wording of the problem, we have 


A(t) = 4 + 0.082. Total monthly cost for Plan A 


(b) Let the cost function for Plan B be represented by B(t), where 1 is the number 
of minutes used. Since the monthly cost is the same regardless of the number of 
minutes, we have 


B(t) = 20. Total monthly cost for Plan B 
(c) To find out when the two plans would cost the same, we set A(t) equal to B(t) and 
solve for t. 
4+ 0.08 = 20 Set A(t) = B(t) 
0.08¢ = 16 Isolate t variable 
t = 200 Solve for t 


You would have to use 200 minutes’ worth of local toll calls per month for the costs 
of the two plans to be identical. 


[A Check It Out 1: In Example 1, suppose Plan B cost $25 per month and Plan A 
remained the same. How many minutes would you have to use per month for the costs 
of the two plans to be equal? Ml 


In this section, we will examine problems such as this using both graphical and 
algebraic approaches. 


Finding Points of Intersection 


In Example 1 we were asked to find the input value at which two linear functions have 
the same output value. Graphically, this is the point where the graphs of the two linear 
functions intersect. 


Technology Note 


You can use the INTERSECT 
feature of your graphing 
utility to find the point of 
intersection (Figure 1.5.1). 


Keystroke Appendix: 
Section 9 


Figure 1.5.1 


Figure 1.5.2 


Intersection at 
(2, 5) 


*y 
—= Discover and Learn 


Graphically find the input value at 
which the monthly costs for the 
two calling plans described in 
Example 1 are the same. 
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To find the point of intersection of two nonvertical lines algebraically, proceed as 
follows. 


» Solve for y in each equation. 
» Set the expressions for y equal to each other and solve the resulting equation for x. 


The following example shows how to determine the point of intersection of two 
lines both algebraically and graphically. 


lexate| 2 Finding a Point of Intersection 


Find the point of intersection of the lines given by the equations y = 2x + 1 and 
y= —-3x+ 11. 


>Solution 


Algebraic approach: The point of intersection lies on both lines. That is, the same x- and 
y-values must satisfy both equations y = 2x + 1 and y = —3x + 11. Since the y values 
must be same, we can equate the expressions for y in the two equations: 
2x + 1=—-3x+ 11 
5x 


x=2 Solve for x 


II 


10 Rearrange terms 


Now that we have found x = 2, we can substitute this value into either of the orig- 
inal equations to find the y value. We will substitute x = 2 into the first equation. 


y=2x+1=2(22)+1=5 


Thus, the point of intersection is (2, 5). Another way of saying this is that the point 
(2, 5) is a solution of the pair of equations y = 2x + 1 andy = —3x + 11. 


Graphical approach: —* Graph the two lines on the same grid, as shown in Figure 
1.5.2. From the figure, we see that the intersection occurs at (2, 5). The point (2, 5) 
lies on both of the lines y = 2x + 1 and y = —3x + 11. 


Check To check our solution, we substitute (2, 5) into the two equations and deter- 
mine if they are both satisfied. 

5 22(2)+1 Substitute x and y into the first equation 

5=5 The values check in the first equation 

5 2 =-3@2) +11 Substitute x and y into the second equation 


5=5 The values check in the second equation 


[A Check It Out 2: Find the point of intersection of the two lines given by the 
equations y = —2x + 1 and y = 4x — 5 both algebraically and graphically. © 


Note It is not necessarily the case that any given pair of lines will 


intersect at some point—or at only one point. For some illustrations, 


see the problems in the Concepts section of the exercises for this 


section. 
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Linear Inequalities 


In the preceding discussion, we examined methods of finding the points of intersec- 
tion of lines. It is also useful to determine values of x for which f(x) is greater than g(x) 
or values of x for which f(x) is less than g(x). 

Reconsider Example 1 about the comparison of two different phone rate plans. The 
functions for the monthly costs of each plan were determined in Example 1 to be as 
follows. 

Af) =4 + 0.082 Cost function for Plan A 


B(t) = 20 Cost function for Plan B 


The table of values for the costs of both plans, as well as the graphs of the two cost 
functions, are given in Table 1.5.1 and Figure 1.5.3, respectively. 


Table 1.5.1 Figure 1.5.3 
0 4 20 = 
24 
50 8 20 7 (200, 20) 

100 12 20 Bt) = 20 
150 16 20 16 
200 20 20 12 
250 24 20 8 


A(t) =4 + 0.08¢ 
300 28 20 4 : 


°> 50 100 150 200 250 300 7 


From the table and the graph, we see that Plan A is cheaper if the number of 
monthly minutes used, 2, is between 0 and 200. For t greater than 200 minutes, Plan 
B is cheaper. For t = 200, the two plans will cost the same. For each value of rt (other 
than 200) given in the table, the cost of the cheaper plan is shown in red. 

In this discussion, you were able to see that for some values of 1, the value of A() 
is less than the value of B(z). Mathematically, this is written as A(z) < B(t). This is an 
example of an inequality. When you find all the values of t at which this inequality is 
satisfied, you are said to have solved the inequality. 


Algebraic and Graphical Solutions of Inequalities 


In this section, we illustrate how to solve an inequality algebraically. Just as we did with 
the algebraic method for finding the intersection of lines, we will give a step-by-step 
procedure for solving inequalities that is guaranteed to work. But first, let’s review 
some properties of inequalities. 


Properties of Inequalities 

Let a, 6b, and c be any real numbers. 

Addition principle: If a < 6, thena+c<b+t+c. 

Multiplication principle for c > 0: If a < b, then ac < bc ifc > 0. 


Multiplication principle for c < 0: If a < b, then ac > bc if c < 0. Note that the 
direction of inequality is reversed when both sides are multiplied by a negative number. 


Similar statements hold true for a S$ b, a> 6, and a = b. 


Figure 1.5.4 


o(x) =—2x +2 
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Note The properties of inequalities are somewhat similar to the properties of 


equations. The main exception occurs when multiplying both sides of an inequality 


by a negative number: in this case, the direction of the inequality is reversed. 


Example 3 shows how to use the properties of inequalities to solve an inequality. 
The set of values satisfying an inequality is called a solution set. 


Eaal 3 Solving a Linear Inequality 


Let y,(x) = x — 4 and 4,(x) = —2x + 2. Find the values of x at which y,(x) > y,(x). 
Use both an algebraic and a graphical approach. 


>Solution 
Algebraic approach: 
x-4>-2x+2 Given statement 
—6 > —-3x Collect like terms 


1 1 1 
( x) 6) < ( x) 3x) Multiply by 3 switch direction of inequality 
2<% Solve for x 
2, Rewrite solution 


The set of values of x such that x > 2 is the solution set of the inequality. In interval 
notation, this set is written as (2, ©). 


Graphical approach: We want to solve the inequality y, (x) > 4,(x). Substituting the 
expressions for y,(x) and 4(x), we get 


x—-4> -2x 4+ 2. 


The graphs of y,(x) = x — 4 and 4,(x) = —2x + 2 are shown on the same set of axes 
in Figure 1.5.4. We see that y,(x) > 4(x) for x > 2. 


[A Check It Out 3: Let yy (x) = —x + 1 and y,(x) = —3x + 5. Find the values of x at 
which y, (x) > 42(x). Use both an algebraic and a graphical approach. 


Note Unlike solving an equation, solving an inequality gives an infinite number 


of solutions. You cannot really check your solution in the same way that you do 


for an equation, but you can get an idea of whether your solution is correct by 
substituting some values from your solution set into the inequality. 


You must be careful to choose suitable scales for the x- and y-axes when solving 
inequalities graphically. Example 3 did not involve any special scaling. However, this 
will not be the case for every problem that entails solving an inequality. Example 4 
illustrates this point. 


Ear 4 Solving Inequalities: Graphing Considerations 


Solve the inequality 40x =< 20x + 100. 
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> Solution 


Fi 1.5.5 
ee Algebraic approach: 


40x = 20x + 100 Given statement 


20x = 100 Collect like terms 
1 1 1 
— ]20x = | —]100 Multipl =— 
(3) Ox (3) @) ultiply by Pet 
x=5 Solve for x 


Thus, x = 5 is the solution of the inequality 40x = 20x + 100. In interval notation, 
Figure 1.5.6 the solution set is (—9%, 5]. 


300 Y 


Graphical approach: ==) Let y,(x) = 40x and y,(x) = 20x + 100. We wish to find the 
values of x for which y,(x) is less than or equal to (x). By making a table of x 
and y values first, we can get a better idea of how to scale the x- and y-axes. See 
Figure 1.5.5. 

The y values are much larger in magnitude than the corresponding x values, so the 

Intersection scale for the x values should be different from the scale for the y values. The window 
7 settings, then, must be modified accordingly. From the graph in Figure 1.5.6, the so- 
lution is (—%, 5]. 


[A Check It Out 4; Solve the inequality —30x < 40x + 140. © 


Compound Inequalities 


If two inequalities are joined by the word and, then the conditions for both inequali- 
ties must be satisfied. Such inequalities are called compound inequalities. For 
example, —2 =x + 4 and x + 4 < 9 is a compound inequality that can be abbrevi- 
atedas -2=x1+4<9. 

Example 5 illustrates additional techniques for solving inequalities, including com- 
pound inequalities. 


mal 5 Solving Additional Types of Inequalities 


Solve the following inequalities. 
5 
(a) 2x + 5 > 3x — 6 (b) -453x-2<7 


> Solution 


(a) Solving this inequality involves clearing the fraction. Otherwise, all steps are similar 
to those used in the previous examples. 


5 
Ox ny > 3x- 6 Original inequality 


5 
2( 2x + 3) > 2(3x — 6) Clear fraction: multiply each side by 2 


4x +5 > 6x — 12 Simplify each side 
—2x > —-17 Collect like terms 


x<— Divide by —2; reverse inequality 
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Thus, the solution set is the set of all real numbers that are less than 2. In inter- 
val notation, this is (—-, 2). 
(b) We solve a compound inequality by working with all parts at once. 
—-4=3x-2<7 


—25=3x=9 Add 2 to each part 


2 1 
= =xs3 Multiply each part by 3 


Thus, the solution set is [-2. 3]. 


[A Check It Out 5: Solve the inequality — Ex +4=3x+5.8 


To summarize, we see that by using the properties of inequalities, we can alge- 
braically solve any inequality in a manner similar to that used to solve an equation. 


Algebraic Approach Versus Graphical Approach: The Advantages 
and Disadvantages 


You should now be able to see some of the advantages and disadvantages of each 
approach used in solving inequalities, which we summarize here. 
The algebraic approach has the following advantages: 


» It provides a set of steps to solve any problem and so is guaranteed to work. 

» It gives an exact solution, unless a calculator is used in one or more of the steps. 
It also has the following disadvantages: 

» It provides no visual insight into the problem. 


» It requires you to perform the steps in a mechanical fashion, thereby obscuring an 
intuitive understanding of the solution. 


The graphical approach has the following advantages: 
» It allows you to see where the inequality is satisfied. 
» It gives an overall picture of the problem at hand. 
It also has the following disadvantages: 
» It does not yield a solution unless the viewing window is chosen properly. 


» It does not always provide an exact solution—a graphing utility usually gives only 
an approximate answer. 


Note that using both approaches simultaneously can give a better idea of the prob- 
lem at hand. This is particularly true in applications. 


Applications 


Example 6 illustrates how an inequality can be used in making budget decisions. 


l=—aal 6 Budgeting fora Computer 


Alicia has a total of $1000 to spend on a new computer system. If the sales tax is 8%, 
what is the retail price range of computers that she should consider? 
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The INTERSECT feature can 
be used to find the 
intersection of Y, = 1.08x 
and Y, = 1000. From the 
graph, you can read the 
solution to the inequality 

Y, = Y> as (0; 925.93]: See 
Figure 1.5.7. 

Keystroke Appendix: 
Section 9 


Figure 1.5.7 


1200 


Intersection 


0 |X = 925.92593_Y = 1000.4} ;299 


Solution Let p denote the price of the computer system. The sales tax is then 8% of 
p, or 0.08p. The problem can be written and solved as an inequality, as follows. 
Price + sales tax = 1000 
p+ 0.08p = 1000 
1.08p = 1000 
p = 925.93 


From problem statement 
Substitute for price and sales tax 
Collect like terms 


Solve for p 


Thus, Alicia can purchase any computer system that has a retail price of less than or 
equal to $925.93 without having the combination of price and sales tax exceed her 
budget of $1000. 


[A Check It Out 6; Rework Example 6 if Alicia has a total of $1200 to spend on a new 
computer system. fll 


Example 7 illustrates an application involving weather prediction. 


Bente ‘7 Dew Point and Relative Humidity 


The dew point is the temperature at which the air can no longer hold the moisture it 
contains, and so the moisture will condense. The higher the dew point, the more 
muggy it feels on a hot summer day. The relative humidity measures the moisture in 
the air at a certain dew point temperature. At a dew point of 70°F, the relative 
humidity, in percentage points, can be approximated by the linear function 


RH(x) = —2.58x + 280 


where x represents the actual temperature. We assume that x = 70, the dew point tem- 
perature. What is the range of temperatures for which the relative humidity is greater 
than or equal to 40%? (Source: National Weather Service) 


Solution We want to solve the inequality RH(x) = 40 = > —2.58x + 280 = 40. 
—2.58x + 280 = 40 


—2.58x = —240 
x = 93.0 


Subtract 280 from both sides 
Divide both sides by —2.58 


Since we assumed that x = 70, the solution is 
70 =x = 93.0. 


Table 1.5.2 gives the relative humidity for various values of the temperature above 70°F. 


Table 1.5.2 
12 94.2 
1 86.5 
78 78.8 
80 73.6 
85 60.7 


OS 34.9 


Figure 1.5.8 


yt 


Revenue 


Break-even point 


QyY 
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We see that the closer the actual temperature is to the dew point, the higher the 
relative humidity. 


LW Check It Out 7; Rework Example 7 assuming you are interested in the range of 
temperatures for which the relative humidity is less than 35%. 


An important application of intersection of lines occurs in business models, when 
dealing with the production or operating costs of a product and the revenue earned 
from selling the product. Typical linear cost and production functions are illustrated in 
Figure 1.5.8. We would like to determine the “break-even point”—that is, the point at 
which production cost equals revenue. Example 8 explores this topic. 


[eel 8 Cost and Revenue 


To operate a gourmet coffee booth in a shopping mall, it costs $500 (the fixed cost) 
plus $6 for each pound of coffee bought at wholesale price. The coffee is then sold to 
customers for $10 per pound. 


(a) Find a linear function for the operating cost of selling g pounds of coffee. 

(b) Interpret the y-intercept for the cost function. 

(c) Find a linear function for the revenue earned by selling g pounds of coffee. 

(d) Find the break-even point algebraically. 

(e) Graph the two functions on the same set of axes and find the break-even point 
graphically. 

(f) How many pounds of coffee must be sold for the revenue to be greater than the 
total cost? 

>Solution 


(a) Let C(q) represent the cost of selling g pounds of coffee. From the wording of the 
problem, we have 


C(q) = 500 + 64. 


(b) The y-intercept of the cost function is (0, 500). This is the amount it costs to 
operate the booth even if no coffee is bought or sold. This amount is frequently re- 
ferred to as the fixed cost. The variable cost is the cost that depends on the number 
of pounds of coffee purchased at the wholesale price. The variable cost is added to 
the fixed cost to get the total cost, C(q). 


(c) Since the coffee is sold for $10 per pound, the revenue function R(q) is 
R@ = 104. 


(d) To find the break-even point algebraically, we set the expressions for the cost and 
revenue functions equal to each other to get 


500 + 6q = 10q Set cost equal to revenue 
500 = 4q¢ Collect like terms 
125 = q. Solve for q 


Thus, the store owner must sell 125 pounds of coffee for the operating cost to 
equal the revenue. In this case, the production cost is $1250, and so is the revenue. 
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(e) The two functions are plotted in Figure 1.5.9. Note the scaling of the axes. 


Figure 1.5.9 


yh Rigy= 
q) = 10g 
1800 


1600 
1400 
1200 
1000 
800 
600 
400 
200 


Break-even point: 
(125, 1250) 


C(q) = 500 + 6q 


0 > 
0 20 40 60 80 100120140 1601804 


(f) We see from the graph that the revenue is greater than the total cost if more than 
125 pounds of coffee is sold. Algebraically, we solve the inequality R(g) > C(q). 


10q > 500 + 6g Substitute expressions for cost and revenue 
4q > 500 Collect like terms 


q> 125 Solve for q 


We obtain the same answer: more than 125 pounds of coffee must be sold for the 
revenue to be greater than the cost. 


ly Check It Out 8: Rework Example 8 for the case in which the coffee is sold for $12 
per pound. The cost function remains unchanged. Comment on the differences be- 
tween the new result and the result obtained in Example 8. 


1.5 Key Points 


» To find the point of intersection of two lines algebraically, equate the expressions 
for y in the two equations and solve for x. Then find the corresponding y-value. 


» To find the point of intersection of two lines graphically, graph both lines and 
determine where they intersect. 


» Use the properties of inequalities to solve inequalities algebraically. Remember to 
reverse the direction of the inequality when multiplying or dividing by a negative 
number. 

» Graphically, the solution set of the linear inequality f(x) > g(x) represents the set 
of all values of x for which the graph of f lies above the graph of g. Similar state- 
ments are true for f(x) = g(x), f(x) < g(x), and f(x) = g(x). 


1.5 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. In a function of the form f(x) = mx + b, m represents 
the ______ of the line and 6 represents the 


2. True or False: The slope of the line y = ax + 2 is 2. 


3. True or False: The y-intercept of the line y = —3x + 1 is 
(0, 1). 


4. True or False: The graph of the equation x = —2 is a 
horizontal line. 
In Exercises 5—12, sketch a graph of the line. 
5. f(x) =3 6. g(x) = —5 


7.f(%)=xt+3 8. g(x) = —2x —5 


3 1 
MI) = Bet 2 10.2) = 3% - 1 


ll.y = 0.25x + 10 12.y=0.2x — 1 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 13-18, find the point of intersection for each pair of 
lines both algebraically and graphically. 


13.¥ 2x+45y=x4+1 


l.y=x+2;y= —-3x+2 


15.¥y x+4;y=2x—-—5 


1 
18.y a + 55 x+2 


In Exercises 19-36, find the point of intersection for each pair of 
lines algebraically. 


19.yH=-x+2yHx+4 


20.y = 2x — 53y = 3x — 6 
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21.y 2x -ly=xt+2 


22.y=4x y= —-x + 10 


23.y = 2x + O5y x— 6 


24.y=5x+ loy=3x-1 


25 : 3 5 

; x 5 x 

- 3 * 3 

26 : t 1 : 2 
y x+15y x 

27 2 1 2 
j x ; x 
3 2 

28 + 33 + 4 
y er BEY x 4 


29.y = 0.25x + 63 y 0.3x — 4 


30.y = 1.2x — 3;3y =x — 2.4 


31.2% —~y=5;x+y= 16 


32.-—3x + y = —-4;2x-—y=1 


33 am 
2 


y=3xty 2 


35.x=—-ly=4 


36.x = 339 = -2 


In Exercises 37 and 38, use the graph to determine the values of 
x at which f(x) = g(x). 
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In Exercises 39-42, check whether the indicated value of the 
independent variable satisfies the given inequality. 


39. Value: x = 1; Inequality:x + 1 <2 
1 ; 
40. Value: x = > Inequality: 3x + 1 > —-1 


41. Value: s = 3.2; Inequality: 2s - 1 = 10 
42. Value: t = V2; Inequality: 5 > —t — 1 


In Exercises 43—48, solve the inequality algebraically and graph- 
ically. Express your answer in interval notation. 


43.-3x + 2=5x+ 10 


44,.2t+1>3t+4 


45.85 —92=2s+ 15 
46.-x+6=2x+9 
47.2x < 3x — 10 
48.x = 3x —- 6 


In Exercises 49—68, solve the inequality. Express your answer in 
interval notation. 


49.2x +320 50.x-4<0 
51.4% -—5 >3 52.3x +157 
53.2 —2x2x%-—1 54.x+4<x-1 
55.-4(x + 2) =x4+5 56,—30 = 3) < 7% Fi 

x 2x x 3x. 
57.-=s=—-1 58.—— >—_— +3 

3 3 2 2 

1 x+5 
| a 60.-2x-1= - 

1 3 2 
6l.=x+2=—x-1 62.-x +355 

3 2 ) 
63.-2=2x+153 64.-453x-252 
65.0<-x+5<4 66.-1< -2x+1<5 

x+3 2x — 1 

67.0 < - <3 68.1 3 =<=4 


» Applications In this set of exercises you will use the con- 
cepts of intersection of lines and linear inequalities to study 
real-world problems. 


Cost and Revenue In Exercises 69-72, for each set of cost and 
revenue functions, (a) find the break-even point and (b) calculate 
the values of q for which revenue exceeds cost. 


69. C(q) = 2g + 10; 70. C(q) = 3q + 20; 
R@) = 4q R(q) = 64 


71.C(@ = 10g + 200; 
R@ = 154 


72.C(q) = 8q¢ + 150; 
R@ = 104 


73. Meteorology At a dew point of 70°F, the relative humid- 
ity, in percentage points, can be approximated by the 
linear function 


RH(x) = —2.58x + 280 
where x represents the actual temperature. We assume 
that x = 70, the dew point temperature. What is the 
range of temperatures for which the relative humidity 
is greater than or equal to 50%? 


74. Manufacturing To manufacture boxes, it costs $750 (the 
fixed cost) plus $2 for each box produced. The boxes are 
then sold for $4 each. 

(a) Find a linear function for the production cost of q¢ 
boxes. 

(b) Interpret the y-intercept of the graph of the cost 
function. 

(c) Find a linear function for the revenue earned by 
selling g boxes. 

(d) Find the break-even point algebraically. 


(e) Graph the functions from parts (a) and (c) on 
the same set of axes and find the break-even point 
graphically. You will have to adjust the window size 
and scales appropriately. Compare your result with 
the result you obtained algebraically. 


75. Film Industry Films with plenty of special effects are very 
expensive to produce. For example, Terminator 3 cost 
$55 million to make, and another $30 million to market. 
Suppose an average movie ticket costs $8, and only half 
of this amount goes to the studio that made the film. 
How many tickets must be sold for the movie studio to 
break even for Terminator 3? (Source: Standford Graduate 
School of Business) 


76. Pricing Tickets Sherman is planning to bring in a jazz 
group of four musicians for a fund-raising concert at 
Grand State University. The jazz group charges $500 
for an appearance, and dinner will be provided to the 
musicians at a cost of $20 each. In addition, the musi- 
cians will be reimbursed for mileage at a rate of $0.30 per 


TT 


78. 


79. 


mile. The group will be traveling a total of 160 miles. 
A ticket for the concert will be priced at $8. How many 
people must attend the concert for the university to 
break even? 


Special Event Costs Natasha is the president of the stu- 
dent organization at Grand State University. She is plan- 
ning a public lecture on free speech by a noted speaker 
and expects an attendance of 150 people. The speaker 
charges an appearance fee of $450, and she will be reim- 
bursed for mileage at a rate of $0.30 per mile. She will 
be traveling a total of 120 miles. The speaker’s lunch 
and dinner will be provided by the organization at a total 
cost of $45. How much does Natasha need to charge per 
person for the lecture so that the student organization 
breaks even? 


Communications A telephone company offers two differ- 
ent long-distance calling plans. Plan A charges a fee of 
$4.95 per month plus $0.07 for each minute used. Plan 
B costs $0.10 per minute of use, but has no monthly fee. 


\t 


(a) Find the total monthly cost of using Plan A as a 
linear function of the number of minutes used. 


(b) Find the total monthly cost of using Plan B as a 
linear function of the number of minutes used. 
(c) Interpret the y-intercept of the graph of each cost 

function. 

(d) Calculate algebraically the number of minutes of 
long-distance calling for which the two plans will 
cost the same. What will be the monthly charge at 
that level of usage? 


Graph the functions from parts (a) and (b) on 
the same set of axes and find the number of minutes 
of long-distance calling for which the two plans will 
cost the same. You will have to adjust the window 
size and scales appropriately. What is the monthly 
cost at that level of usage? Compare your result with 
the result you found algebraically. 


Health and Fitness A jogger on a pre-set treadmill burns 
3.2 calories per minute. How long must she jog to burn 
at least 200 calories? 
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81. 
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83. 


84. 
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Compensation A salesperson earns $100 a week in salary 
plus 20% percent commission on total sales. How much 
must the salesperson generate in sales in one week to 
earn a total of at least $400 for the week? 


Exam Scores In a math class, a student has scores of 94, 
86, 84, and 97 on the first four exams. What must the 
student score on the fifth exam so that the average of 
the five tests is greater than or equal to 90? Assume 100 
is the maximum number of points on each test. 


Sales Tax The total cost of a certain type of laptop 
computer ranges from $1200 to $2000. The total cost 
includes a sales tax of 6%. Set up and solve an inequal- 
ity to find the range of prices for the laptop before 
tax. 


Cost Comparison Rental car company A charges a flat rate 

of $45 per day to rent a car, with unlimited mileage. 

Company B charges $25 per day plus $0.25 per mile. 

(a) Find an expression for the cost of a car rental for 
one day from Company A as a linear function of the 
number of miles driven. 

(b) Find an expression for the cost of a car rental for 
one day from Company B as a linear function of the 
number of miles driven. 

(c) Determine algebraically how many miles must be 
driven so that Company A charges the same amount 
as Company B. What is the daily charge at this 
number of miles? 


(d "= Confirm your algebraic result by checking it 
graphically. 


Car Ownership Costs In this problem, you will investigate 
whether it is cost effective to purchase a car that gets bet- 
ter gasoline mileage, even though its purchase price may 
be higher. A 2003 Subaru Outback wagon costs $23,500 
and gets 22 miles per gallon. A 2003 Volkswagen Passat 
wagon costs $24,110 and gets 25 miles per gallon. Assume 
that gasoline costs $4 per gallon. (Sources: Edmunds.com 
and U.S. Environmental Protection Agency) 

(a) What is the cost of gasoline per mile for the Outback 
wagon? the Passat wagon? 

(b) Assume that the total cost of owning a car consists 
of the price of the car and the cost of gasoline. For 
each car, find a linear function describing the total 
cost, with the input variable being the number of 
miles driven. 

(c) What is the slope of the graph of each function in 
part (b), and what do the slopes signify? 

(d) How many miles would you have to drive for the 
total cost of the Passat to be the same as that of the 
Outback? 
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Education The overall ratio of students to computers in 
Maryland public schools declined from 8 to 1 in 2000 to 
5 to 1 in 2004. (Source: Maryland State Department of 
Education) 
(a) Write a linear equation that gives the ratio of 
students to computers in terms of the number 
of years since 2000. Keep in mind that in your 
equation, the ratio must be expressed as a single 
variable and its value must be treated as a 
single number. 
(b) The state of Maryland would like to achieve a ratio 
of 3.5 students for every computer. When will the 
ratio be less than or equal to 3.5? 


(c) 3) 


Check your result graphically. 

Airplane Manufacturing The following table shows the 
market share (percentage of the total market) of airplanes 
with 100 seats or more for Manufacturer A and Manu- 
facturer B. 


Manufacturer A 2000 82 
2005 62 
Manufacturer B 2000 10 
2005 35) 


(a) Assuming that the market share can be modeled by 
a linear function, find Manufacturer A’s market 
share as a function of time. Let t denote the number 
of years since 2000. 


(b) Repeat part (a) for Manufacturer B. 

(c) ==! Plot the functions from parts (a) and (b) in the 
same window. What are the trends you observe for 
the two airline companies? 

(d) If these trends continue, when will the market share 
for Manufacturer B exceed that for Manufacturer A? 

(e) Set up and solve an inequality to determine when 
the market share for Manufacturer B will exceed 
that for Manufacturer A. 

(f) Can you think of events that might change the trend 
you are observing? Sketch a graph that would reflect 
a change in trend (this graph may not be linear). 
Remember that you cannot change the data that 
already exist for 2000 and 2005! 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


87. 


88. 


89. 


What happens when you try to find the intersection of 
y=x and y=x + 2 algebraically? Graph the two lines 
on the same set of axes. Do they appear to intersect? 
Why or why not? This is an example of how graphs 
can help you to see things that are not obvious from 
algebraic methods. Examples such as this will be dis- 
cussed in greater detail in a later chapter on systems of 
linear equations. 


Find the intersection of the lines x + y= 2 andx —y=1. 
You will have to first solve for y in both equations and 
then use the methods presented in this section. (This is an 
example of a system of linear equations, a topic that will be 
explored in greater detail in a later chapter.) 


What is the intersection of the lines x + y=2 and 
2x + 2y = 4? You will have to first solve for y in both 
equations. What do you observe when you try to solve the 
system algebraically? graphically? Examples such as this 
will be discussed in greater detail in a later chapter on 
systems of linear equations. 


Chapter 1 


Summary 133 


Chapter 1 Summary 


Section 1.1 Functions 
Concept 


Definition of a function 

A function establishes a correspondence 
between a set of input values and a set of 
output values in such a way that for each 
input value, there is exactly one 
corresponding output value. 


Domain and range of a function 

The domain of a function is the set of all 
allowable input values for which the function 
is defined. The range of a function is the set 
of all output values that are possible for the 
given domain of the function. 


Section 1.2 Graphs of Functions 
Concept 


Graph of a function 
For all x in the domain of f, the set of points 
(x, f(x)) is called the graph of f. 


The vertical line test for functions 
Any vertical line can intersect the graph of a 
function at most once. 


Illustration 


The circumference of a circle is given by 
2ar, where r is the radius of the circle. This 
situation describes a function, since there is 
only one output (circumference) for every 
input (radius). 


For f(x) = 3x’, the domain is the set of real 
numbers and the range is the set of all 
nonnegative real numbers. 


Illustration 


The following is a graph of V4 — x. The 
domain and range are indicated. 


dh 


» 
4 Range 
3 


S(x)=V4—x 


The following does not represent the graph 
of a function because the vertical line shown 
crosses the graph at more than one point. 


yA 4 


ey 
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Examples 1-7 


Chapter 1 Review, 
Exercises 1—6 


Example 8 


Chapter 1 Review, 
Exercises 7-14, 76 


Study and Review 


Examples 1-5 
Chapter 1 Review, 


Exercises 15-22, 27—30 


Example 6 


Chapter 1 Review, 
Exercises 23-25 
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Section 1.2 Graphs of Functions 
Concept 


Intercepts and zeros of functions 

An x-intercept is a point at which the 
graph of a function crosses the x-axis. The 
first coordinate of an x-intercept is a value 
of x such that f(x) = 0. Values of x satisfying 
f(x) = 0 are called zeros of the function f. 
The y-intercept is the point at which the 
graph of a function crosses the y-axis. The 
coordinates of the y-intercept are (0, f(0)). 


Section 1.3 Linear Functions 
Concept 


Definition of a linear function 
A linear function f(x) is defined as 
f(x) = mx + b, where m and 6 are constants. 


Definition of slope 
The slope of a line containing the points 
(X15 91) and (x2; y2) is given by 

— MM 


x2 — *%1 
where x, # X. 


Equations of lines 

The slope-intercept form of the equation 
of a line with slope m and y-intercept (0, b) 
is y= mx + b. 


The point-slope form of the equation of 
a line with slope m and passing through 


(X.Y) 18. y — yy = M(x — xX). 


The equation of a horizontal line through 
(x15 4) is given by y = y,. The equation of 
a vertical line through (x,, y,) is given 

by x = x). 


Parallel and perpendicular lines 
Nonvertical parallel lines have the same 
slope. All vertical lines are parallel to each 
other. 


Perpendicular lines have slopes that are 
negative reciprocals of each other. Vertical and 
horizontal lines are always perpendicular to 
each other. 
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Illustration 


Let f(x) = 3x — 2. The zero of fis obtained 
by solving 3x —-2=0>x= >. The 


x-intercept is (; 0). The y-intercept is 


32: 


(0, f(0)) = (0; —2). 


Illustration 


The functions f(x) = —2x + 5, g(x) = ; X, 


and h(x) = —4 are all examples of linear 
functions. 


The slope of the line passing through 
(—3, 2) and (4, 5) is 


—_ 2 -—M 


X2 — xX] 


52 3 
4= (3) 7 


In slope-intercept form, the equation of 
a line with slope —3 and y-intercept (0, 2) 
isy= —3x + 2. 


In point-slope form, the equation of the line 
with slope —3 and passing through (1, —2) 
is y — (—2) = —3(« — 1) or, equivalently, 
yt2=—-3( — 1). 


The horizontal line through (2, —1) has the 
equation y = —1, while the vertical line 
through (2, —1) has the equation x = 2. 


The lines y = —2x + 1 andy = —2x — 4 
are parallel to each other because both have 
a slope of —2. 


The lines y = —2x + 1 andy = ox + 5 are 
perpendicular to each other because —2 and 


1 : , 
3 are negative reciprocals of each other. 


Study and Review 
Example 7 


Chapter 1 Review, 
Exercise 26 


Study and Review 


Examples 1, 2 


Chapter 1 Review, 
Exercises 31-34 


Example 3 


Chapter 1 Review, 
Exercises 35—40 


Examples 4—9 


Chapter 1 Review, 
Exercises 41—50, 77, 78 


Examples 10, 11 


Chapter 1 Review, 
Exercises 47—50 


Section 1.4 Modeling with Linear Functions; Variation 


Concept 


Guidelines for finding a linear model 


¢ Begin by reading the problem a couple of 
times to get an idea of what is going on. 

¢ Identify the input and output variables. 

¢ Sometimes, you will be able to write down 
the linear function for the problem by just 
reading the problem and “translating” the 
words into mathematical symbols. 

¢ At other times, you will have to look for 
two data points within the problem to 
find the slope of your line. Only after you 
perform this step can you find the linear 
function. 

¢ Interpret the slope and y-intercept both 
verbally and graphically. 


Direct and inverse variation 

Direct variation: A model giving rise to 

a linear function of the form f(x) = kx or 

y=kx,k>0. 

Inverse variation: A model giving rise to 
k 

a function of the form f(x) = x or ky 

k>0. 


In both models, k > 0 is called a variation 
constant or constant of proportionality. 


Illustration 


A computer bought for $1500 in 2003 is 
worth $500 in 2005. Express the value of 
the computer as a linear function of the 
number of years after its purchase. 


The input variable, x, is the number of years 
after purchase, and the output variable, v, is 
the value of the computer. 


The data points for the problem are 
(0, 1500) and (2, 500). The slope is 
500 — 1500  —1000 


m ee: 5 500. 


Since the y-intercept is given, use the 
slope-intercept form of the equation to get 
v(x) = —500x + 1500. 


The slope of —500 states that the value of 
the computer decreases by $500 each year. 
The y-intercept is (0, 1500), and it gives 
the initial cost of the computer. 


The function f(x) = 5x, or y = 5x, is a 

direct variation model with constant k = 5. 
* 10 ‘ 

The function f(x) = 2 OF xy = 10, is an 

inverse variation model with k = 10. 
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Concept 


Algebraic method for finding the intersection 
of two lines 

To find the point of intersection of two lines 
algebraically, equate the expressions for y in 
the two equations and solve for x. Then find 
the corresponding y value. 


Illustration 


To find the point of intersection of the lines 
y = 2x and y = —x + 6 algebraically, equate 
the expressions for y to get 2x = —x + 6. 
Then solve to get x = 2. The corresponding 
y value is y = 2x = 2(2) = 4. The point of 
intersection is (2, 4). 
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Study and Review 


Examples 1-5 


Chapter 1 Review, 
Exercises 7, 51, 52, 79, 82, 85 


Examples 6, 7 


Chapter 1 Review, 
Exercises 53—56, 80, 81 


Study and Review 


Examples 1, 2 


Chapter 1 Review, 
Exercises 57—64, 83 
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Section 1.5 Intersections of Lines and Linear Inequalities 


Concept 


Finding points of intersection by graphing 

You need to find an input value such that 
two linear functions have the same output 
value. Graphically, this is the point at which 
the graphs of the two lines intersect. 


Properties of inequalities 
Let a, b, and c be any real numbers. 


Addition principle: If a < b, then 
at OD 


Multiplication principle for c > 0: If 
a < b, then ac < be ifc > 0. 


Multiplication principle for c < 0: If 

a <b, then ac > bc if c < 0. Note that the 
direction of the inequality is reversed when 
both sides are multiplied by a negative 
number. 


Similar statements hold true for a = b, 
a>b,anda=b. 


Chapter 1 


Section 1.1 


In Exercises 1—6, evaluate (a) f(4), (6) f(—2), (©) f(@, and 


(d) f(a + 1) for each function. 


Illustration 


To find the point of intersection of the lines 
given by the equations y = 2x and 

y = —x + 6, graph both lines on the same 
grid and locate the intersection point. From 
the graph, the point of intersection is (2, 4). 


Using the properties of inequalities, we can 
solve the inequality 2x = —x + 6. 

2x =-x+6 3x 2 6 x= 2 
The solution set is [2, ©). This can also 
be seen from the above graph. Note that the 
line y = 2x is above the line y = —x + 6 for 
values of x greater than 2. The lines intersect 
at x = 2. 


Review Exercises 


answer in interval notation. 


T.h(x) =x? +2 


1. f(x) = 3x — 1 2. f(x) = 2x7 -— 1 
a 
i) ans 
3. f(x) oe 4. f(x) = Vx? — 4 7 
IL) =aT5 
5. f(x) = |2x + 1| aS 
x—1 13.f(*%) = |x| +1 


Study and Review 


Example 2 


Chapter 1 Review, 
Exercises 57-60 


Examples 3—8 


Chapter 1 Review, 
Exercises 65—74, 84 


In Exercises 7—14, find the domain of the function. Write your 


8. H(x) = V6—-x 
1 
10. g(x) = wad 
1 
x 
14. g(x) 


(x + 2)(« — 3) 


Section 1.2 


In Exercises 15-22, graph the function and determine its domain 
and range. 


15. f(x) =3 16. h(x) = —2x + 3 
17. W(x) = 3x + 5 18.f(~%) =V5—-—x 


19. g(x) = —2x? + 3 20. G(x) = x? — 4 


21. f(x) = 22. f(x) = 


In Exercises 23 and 24, determine whether the set of points defines 
a function. 


23.S = {(; 1); (2; 3); 3 4); (6, 10)} 


—2|x| |x| — 2 


24.5 = {(-1, 1), (2, 3)5 (2, =5)5 (4, 12)} 


In Exercise 25, determine which of the following are graphs of 
functions. Explain your answer. 


2); (a) y yh 


y y \ 


In Exercise 26, evaluate f(—2) and f(1) and find the x- and 
y-intercepts for f given by the graph. 


ao 


ay 


26. (-3;4) yy 
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n Exercises 27-30, graph the pair of functions on the same 
set of coordinate axes, and explain the difference between the two 
graphs. 


27. f(x) = —3 and g(x) = — 


1 1 
28. g(t) = 5° and h(t) = a, 


29. h(w) = w? and f(w) = —w? 


30.f() = 227 and g(t) = 227 + 1 
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In Exercises 31—34, determine whether each function is a linear 
function. Explain your answers. 


31. f(») == 32. H(x) = 4x? + 2 


34. h(x) “= =e 
x 


In Exercises 35—40, for each pair of points, find the slope of the 
line passing through the points (if the slope is defined). 


35. (—2, 0), (0; 5) 36. (1, —6), (4, 5) 


Goh) 


39. (3, 1), G; 1) 


3 
33: g(t) =; 1 


38. (4.1, 5.5), (2.1, —3.5) 


40. (—2, 5), (—2, 7) 


In Exercises 41—50, find an equation of the line with the given 
properties and express the equation in slope-intercept form. Graph 
the line. 


41. Passing through the point (4, —1) and with slope —2 
42. Vertical line through the point (5, 0) 

43.x-intercept: (—2, 0); y-intercept: (0, 3) 

44, x-intercept: (1, 0); y-intercept: (0, —2) 

45. Passing through the points (—8, —3) and (12, —7) 
46. Passing through the points (—3, —5) and (0, 5) 


47. Perpendicular to the line x — y = 1 and passing through 
the point (—1, 2) 


48. Perpendicular to the line —3x + y = 4 and passing through 
the point (2, 0) 
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49.Parallel to the line x + y = 3 and passing through the 
point (3, —1) 


50. Parallel to the line —2x + y = —1 and passing through 
the point (0, 3) 
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In Exercises 51 and 52, for each table of values, find the linear 
function f having the given input and output values. 


°F 2 a 
0 4 =a 3 


In Exercises 53-56, find the variation constant and the corre- 
sponding equation. 


53. Let y vary directly as x, and vy = 25 when x = 10. 
54. Let y vary directly as x, and y = 40 when x = 8. 
55.Let y vary inversely as x, and y = 9 when x = 6. 
56. Let y vary inversely as x, and y = 12 when x = 8. 
Section 1.5 


In Exercises 57—60, find the point of intersection for each pair of 
lines both algebraically and graphically. 


4;y=-x+2 58. 23 3x 


_ 


57. = % 


59.y = 2x —- ljsy=—3x—-—1 60.2y-x=9;y = —-x 


In Exercises 61—64, find the point of intersection for each pair of 
lines algebraically. 


1 
6l.y = 6x — 45y = -x + 3 De ea age Se 
5 4 1 3 
63.4 = ly= 4 64. fs 
y=x y 2* y 5 rey 5* 


In Exercises 65—70, solve the inequality. Express your answer in 
interval notation. 


65.-—7x +3 >5x — 2 66.5% —2=3x+7 


1 2 
67.-x —-6=24x-1 68.x —-4=—x 
3 5 


= 7 70.-1 <*>" <4 


In Exercises 71 —74, use a graphing utility to solve the 
inequality. 


71. 3.1% — 0.5 = —2.2x 
72. —0.6x + 12 2 1.8x 
13¢-3 = lbs oS 4 
74.0 = -3.1x + 6.5 =3 


Applications 


75. Elections The following graph gives the percentage of the 
voting population who cast their ballots in the U.S. pres- 
idential election for the years 1980-2000. (Source: Statis- 
tical Abstract of the United States) 


Percent voting in U.S. presidential elections 


1980 1984 1988 1992 1996 2000 
Year 


56.0 - 
54.0 - 
52.0 - 
50.0 - 


Percentage 


48.0 + 
46.0 + 


(a) Estimate the percentage of the voting population 
who cast their ballots in the 2000 election. 


(b) In what year during this time period did the 
maximum percentage of the voting population cast 
their votes? 


76. Geometry If the surface area of a sphere is given by 
S(r) = 4r’, find and interpret S(3). What are the values 
of r for which this function makes sense, and why? 


77.Salary A commissioned salesperson’s earnings can be de- 
termined by the function 


S(x) = 800 + 0.1x 


where x is the total amount of sales generated by the 
salesperson per week. Find and interpret S(20,000). 


78. Rental Costs Charlie is renting a cargo van for the day. 
The van costs $70.00 per day plus $0.35 for each mile 
driven. 

(a) Write the total cost of the van rental as a linear 
function of the miles driven. 


(b) Find the values of the slope and y-intercept and 
interpret them. 

(c) Find the total cost of the van rental if Charlie drove 
300 miles in one day. 


79. Sales The number of gift-boxed pens sold per year since 
2003 by The Pen and Quill Shop is given by the linear 
function h(t) = 400 + 80t. Here, t is the number of years 
since 2003. 

(a) According to the function, how many gift-boxed 
pens will be sold in 2006? 

(b) What is the y-intercept of this function, and what 
does it represent? 

(c) In what year will 1120 gift-boxed pens be sold? 


80. Business The revenue of a wallet manufacturer varies di- 
rectly with the quantity of wallets sold. Find the revenue 
function if the revenue from selling 5000 wallets is 
$30,000. What would be the revenue if 800 wallets were 
sold? 


81.Economics The demand for a product is inversely pro- 
portional to its price. If 400 units are demanded at a 
price of $3 per unit, how many units are demanded at 
a price of $2 per unit? 


82. Depreciation The following table gives the value of a 
computer printer purchased in 2002 at two different 
times after its purchase. 


(a) Express the value of the printer as a linear function 
of the number of years after its purchase. 
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(b) Using the function found in part (a), find the 
original purchase price. 

(c) Assuming the value of the printer is a linear function 
of the number of years after its purchase, when will 
the printer’s value reach $0? 

(d) Sketch a graph of this function, indicating the x- and 
y-intercepts. 


83. Business If the production cost function for a product is 
C(q) = 6q + 240 and the revenue function is R(g) = 10g, 
find the break-even point. 


84. Business Refer to Exercise 83. How many products must 
be sold so that the revenue exceeds the cost? 


=) 


85." = Music The following table shows the number of music 
compact discs (CDs), in millions, sold in the United 
States for the years 2000 through 2004. (Source: Record- 
ing Industry Association of America) 


2000 942 
2001 881 
2002 803 
2003 745 
2004 766 


(a) What general trend do you notice in these figures? 
(b) Fit a linear function to this set of points, using the 
number of years since 2000 as the independent 

variable. 
(c) Use your function to predict the number of CDs 
that will be sold in the United States in 2007. 


Test 


1. Let f(x) = —x? + 2x and g(x) = Vx + 6. Evaluate each 
of the following. 
(a) f(—2) 
(b) f(a — 1) 
(c) g(3) 
(d) g(10) 


2. Find the domain in interval form of f(x) = —3x. 


3. Find the domain in interval form of f(x) = —. 


4. Sketch the graph of f(x) = —2x — 3 and find its domain. 


5. Sketch the graph of f(x) = Vx + 3 and find its domain. 


6. Sketch the graph of f(x) = —x? + 4 and find its domain 
and range. 
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7. 


10. 


11. 


12. 


13. 


14. 


15. 
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Determine whether the set of points S = {(1, —1), (0, 1), 
(1, 2), (2, 3)} defines a function. 


. Determine whether the following graph is the graph of 


a function. 


. Explain why f(x) = 4x7! + 2 is not a linear function. 


Find the slope of the line, if defined, passing through the 
pair of points. 

(a) (2, —5) and (4, 2) 

(b) (—2, 4) and (—2, 6) 


Find the slope-intercept form of the equation of the line 
passing through the point (—1, 3) and with slope —4. 


Find the slope-intercept form of the equation of the line 
passing through the points (5, —2) and (3, 0). 


Find the equation of the line perpendicular to the line 
2y — x = 3 and passing through (1, 4). Write the equa- 
tion in slope-intercept form. 


Find the equation of the line parallel to the line 
—4x — y= 6 and passing through (—3, 0). Write the 


equation in slope-intercept form. 


Find the equation of the horizontal line through (4, —5). 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


Find the equation of the vertical line through (7, —1). 


If y varies directly as x and y = 36 when x = 8, find the 
variation constant and the corresponding equation. 


If y varies inversely as x and y = 10 when x = 7, find the 
variation constant and the corresponding equation. 


Find the point of intersection of the pair of lines 2x + y =5 
and x — y = —2 algebraically and graphically. 


=26 3 
4 


Solve the inequality = 5. Express your answer in 


interval notation. 


Solve the inequality —2 = at < 4. Express your an- 


swer in interval notation. 


A house purchased for $300,000 in 2006 increases in 

value by $15,000 each year. 

(a) Express the value of the house as a linear function 
of t, the number of years after its purchase. 


(b) According to your function, when will the price of 
the house reach $420,000? 


Julia is comparing two rate plans for cell phones. Plan A 
charges $0.18 per minute with no monthly fee. Plan B 
charges $8 per month plus $0.10 per minute. What is the 
minimum number of minutes per month that Julia must 
use her cell phone for the cost of Plan B to be less than 
or equal to that of Plan A? 


The production cost for manufacturing g units of a prod- 
uct is C(q) = 3200 + 12g. The revenue function for sell- 
ing g units of the same product is R(q) = 20g. How 
many units of the product must be sold to break even? 


More About FUNCTIONS 


. oa 


ultinational corporations must work with a variety of units and currencies. 

For example, in order to state their annual profits in euros instead of dol- 

lars, they must work with two functions—one to determine the profit in 

dollars, and the other to convert dollars to euros. See Exercise 117 in Sec- 
tion 2.2. This chapter will present topics from coordinate geometry as well as additional 
properties of functions such as combinations of functions. We will study the graphs of 
functions in more detail and work with additional types of functions, such as absolute 
value and piecewise-defined functions. 
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2.1 Coordinate Geometry: Distance, Midpoints, and Circles 


Objectives 
> Use the distance formula 
> Use the midpoint formula 


> Write the standard form of 
the equation of a circle and 
sketch the circle 


> Find the center and radius 
of a circle from an equation 
in general form, and sketch 
the circle 


Just in Time 


Review the Pythagorean 
Theorem in Section P7. 


Figure 2.1.1 Right triangle on 
coordinate plane 


vs 


B 
(x2, V2) 
$3 
a Lbc 
(X,Y) (X, 1) 


Discover and Learn 


Find four different points that 
are a distance of 2 units from the 
point (0, 0). 


Distance Between Two Points 


In this section, you will learn how to find the distance between two points and use it 
to find the equation of a circle. The formula for the distance between two points is 
based on the Pythagorean Theorem from geometry: In a right triangle, the square of 
the length of the side opposite the right angle equals the sum of the squares of the 
lengths of the other two sides. 

We place the right triangle on an xy-coordinate system with the two perpendicular 
sides parallel to the x- and y-axes, and label the sides and vertices as shown in Fig- 
ure 2.1.1. We then use the Pythagorean Theorem to find s3, the length of the side op- 
posite the right angle, which is the distance between the points A and B. 


Length of side AC = s, = xy — x; 
Length of side BC = s, = y, — yy 
Length of side AB = s; = Vs? + 3 = V (x, = 1)" + (4, - yy)? 


Distance Formula 
The distance d between the points (x, y,) and (x), y) is given by 
d= V iz ae = y)?. 


Midpoint of a Line Segment 


The midpoint of a line segment is the point that is equidistant from the endpoints of 
the segment. 


Midpoint of a Line Segment 


The coordinates of the midpoint of the line segment joining the points (x, y,) 
and (x2, y2) are 


X, +X. MW + Mo 
a a a 


Notice that the x-coordinate of the midpoint is the average of the x-coordinates of the 
endpoints, and the y-coordinate of the midpoint is the average of the y-coordinates of 
the endpoints. 


een Calculating Distance and Midpoint 


(a) Find the distance between the points (3, —5) and (6, 1). 
(b) Find the midpoint of the line segment joining the points (3, —5) and (6, 1). 
> Solution 
(a) Using the distance formula with (x,, y,) = (3, —5) and (x2; y) = (6, 1), 
d= V (x2 ~ ie + (32 — yy) 
=VG= 9" 30 Cay 
= V3? + 6 = V9 + 36 = 3V5. 


Figure 2.1.2 


Figure 2.1.3 


Va 


(h, k) 


@ y) 


yy 
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(b) Using the midpoint formula with (x, y,) = (3, —5) and (x, y.) = (6, 1), the 
coordinates of the midpoint are 


xX) +x yw ty = ao = Ss Fl 
G0 2% 9 


[A Check It Out 1: 
(a) Find the distance between the points (1, 2) and (—4, 7). 
(b) Find the midpoint of the line segment joining the points (1, 2) and (—4, 7). © 


The distance formula is useful in describing the equations of some basic figures. 
Next we apply the distance formula to find the standard form of the equation of a 
circle. 


Equation of a Circle 


Recall from geometry that a circle is the set of all points in a plane whose distance to 
a fixed point is a constant. The fixed point is called the center of the circle, and the 
distance from the center to any point on the circle is called the radius of the circle. A 
diameter of a circle is a line segment through the center of the circle with endpoints 
on the circle. The length of the diameter is twice the length of the radius of the circle. 
See Figure 2.1.2. 

Next we find the equation of a circle with center at the origin. The distance from 
the center of a circle to any point (x, y) on the circle is the radius of the circle, r. This 
gives us the following. 


Distance from center to (x, y) = radius of circle 
V(x — 0% + (y-0) =r Apply distance formula 


x? + y?=7r? — Square both sides of 
equation 


Similarly, we can find the equation of a circle with center at the point (h, k) and 
radius r, as shown in Figure 2.1.3. To do this, we use the distance formula to represent 
rin terms of x, y, h, and k. 


Distance from center (h, k) to (x, vy) = radius of circle 


V(x —hyr+(y—-kYP=r Apply distance formula 


(x— hy? + (y-kP Hr’ Square both sides of 
equation 
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Figure 2.1.4 Circle with radius 5 


and center (3, —2) 


Figure 2.1.5 


+12345 678 


GB, -7) 


[anal 2 Finding the Standard Form of the Equation of a Circle 


Write the standard form of the equation of the circle with center at (3, —2) and radius 5. 
Sketch the circle. 


Solution The center (3, —2) corresponds to the point (h, k) in the equation of the 
circle. We have 
(x -h)?+(y-kP =r Equation of circle 
C=3 42 =F Useh = 3,k= —-2,r=5 
(x — 3)? + (y + 2)? = 25. Standard form of equation 


To sketch the circle, first plot the center (3, —2). Since the radius is 5, we can plot 
four points on the circle that are 5 units to the left, to the right, up, and down from 
the center. Using these points as a guide, we can sketch the circle, as shown in 
Figure 2.1.4. 


[AW Check It Out 2: Write the standard form of the equation of the circle with center at 
(4, —1) and radius 3. Sketch the circle. © 


aca 3 Finding the Equation of a Circle Given a Point on the Circle 


Write the standard form of the equation of the circle with center at (—1, 2) and con- 
taining the point (1, 5). Sketch the circle. 


Solution Since the radius is the distance from (—1, 2) to (1, 5), 


r=V(1 —- (-DY + 6 -— 2% = V44+9=V13. 


The equation is then 


(x -h)?+(y-kP =r Equation of circle 
(x — (-1))? + (vy - 2% =(V139?—_Useh = 1, k= 2 r= VIB 
(x + 1)? + (y — 2)? = 13 Standard form of equation 


The circle is sketched in Figure 2.1.5. 


[A Check It Out 2; Write the standard form of the equation of the circle with center at 
(3, —1) and containing the point (0, 2). © 


The General Form of the Equation of a Circle 
The equation of a circle can be written in another form, known as the general form of 
the equation of a circle. To do so, we start with the standard form of the equation and 
expand the terms. 
(x — hy? + (y-kVP Hr’ Equation of circle 
x? — 2hx + We +? —- 2ky+ RP =r’ Expand terms on left side 
x? + y? — 2hx — 2ky + We + kh? —-r? =0 Rearrange terms in decreasing 


powers of xand y 


Letting D = —2h, E = —2k, and F = h* + k? — r’, we get the general form of the 
equation of a circle. 


Just In Time 


Review trinomials that 
are perfect squares in 


Section P.5. SF, 
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General Form of the Equation of a Circle 


The general form of the equation of a circle with center (/, k) and radius r is 
given by 
yo Dn ey — 0 


where D = —2h, E = —2k, and F = hh? + k? — r’. 


If you are given the equation of a circle in general form, you can use the technique 
of completing the square to rewrite the equation in standard form. You can then 
quickly identify the center and radius of the circle. To complete the square on an 
expression of the form x” + bx, add an appropriate number c so that x* + bx + c is 
a perfect square trinomial. 

For example, to complete the square on x? + 8x, you add 16. This gives 
x? + 8x + 16 = (x + 4)’. In general, if the expression is of the form x? + bx, you add 


2 
c= (5) to make x? + bx +c a perfect square trinomial. Table 2.1.1 gives more 


examples. 


Table 2.1.1 


il 2 
x? + 10x (2) = SF = 25 x? + 10x + 25 = (x + 5)? 
=3 2 
yo — By (=) =(-47=16 y?— 8y+ 16=(y— 4)? 
ae, 38 9 new ~3\ 
ab, = = — xe Ge Xo 
wel 2) 4 4 2 
2 2 2 
x? + bx 2 x? + bx z =Ix4 b 
2} D D 


[ne |4 Completing the Square to Write the Equation of a Circle 


Write the equation x” + y* + 8x — 2y — 8 = 0 in standard form. Find the coordi- 
nates of the center of the circle and find its radius. Sketch the circle. 


Solution To put the equation in standard form, we complete the square on both x 
and y. 


Step 1 Group together the terms containing x and then the terms containing y. Move 
the constant to the right side of the equation. This gives 


x? + y? + 8x — 2y- 8 =0 
(x2 + 8x) + (y? — 2y) = 8. 


Original equation 
Group x, y terms 


2 
Step 2 Complete the square for each expression in parentheses by using (5) = lo and 


(3) = 1. Remember that any number added to the left side of the equation 


must also be added to the right side. 


(x? + 8x + 16) + (y? —- 2v+1)=84+ 1641 
(x? + 8x + 16) + (y? — 2y + 1) = 25 
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Figure 2.1.6 Circle with 


radius 5 and center (—4, 1) 


VA 


él 


4 
3+ 
a+ 
1 
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Step 3 Factoring to get x? + 8x + 16 = (x + 4)? and y? — 2y + 1=(y— 1)’, we 
have 
(x + 4)? + (y- 1)? = 25 =5?. 


The equation is now in standard form. The coordinates of the center are (—4, 1) and 
the radius is 5. Using the center and the radius, we can sketch the circle shown in Fig- 
ure 2.1.6. 


Figure 2.1.7 


(-4,-4) 


7.6 


IAW Check It Out 4: Write the equation x* + y” + 2x — 6y — 6 = 0 in standard form. 
Find the coordinates of the center of the circle and find its radius. Sketch the circle. © 


A circle is not a function because its graph does not pass the vertical line test. How- 


ever, the equation of a circle can be rewritten to represent two different functions by 


solving for y. The top half of the circle is given by y = Vr* — x”, and the bottom half 


is given by y = —Vr* — x’. Each equation now represents a function. This fact will be 
useful when using graphing calculators. 


[ama 5 Graphing a Circle with a Graphing Utility 


Use a graphing utility to graph the circle whose equation is given by 
x? + y? — 2y-8=0. 
Solution A graphing utility can graph only functions. Therefore, we must rewrite the 


equation of the circle so that y is given in terms of x. 


Step 1 Put the equation in standard form. Following the procedure used in Example 4, 

the standard form of the equation is 

x? + (y— 1)? =9. 

The center is at (0, 1) and the radius is 3. 

Step 2 Solve for y. 
x7 +(y-— 1) =9 
(y- 1? =9- x? Subtract x” from both sides 
y-1l= +V9 — x? Take square root of both sides 


y=tVO—x7?4+1 Solve for y 


This gives us two functions: 
¥i(x)) =V9—x?+1 and Y;(x)=-V9—-x?4+1 


Step 3 Enter the two functions into the graphing calculator. Use a suitable window 
size that will show the entire circle. Since the center is (0, 1) and the radius is 3, 
the leftmost and rightmost points of the circle will be (—3, 1) and (3, 1), 
respectively. The highest and lowest points on the circle will be (0, 4) and 
(0, —2), respectively. Thus, one possible window size containing these points 
is [—4, 4] < [-5, 5]. After entering the window size, make sure you use the 
option for a square screen, or your circle will appear oval. The square option 
will adjust the original horizontal size of the window. See Figure 2.1.7. 


Note that the circle does not close completely. This is because the calculator has 
only limited resolution. For this graph, there are no highlighted pixels corresponding 
to (3, 1) and (—3, 1). To see this, trace through the circle. You will notice that the x 
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values traced are never equal to x = 3 or x = —3.To get around this problem, you can 
use a decimal window. This option is discussed in the accompanying Technology Note. 


[A Check It Out 5: =) Use a graphing utility to graph the circle whose equation is 
given by x? + y? + 2x -8=0. & 


Technology Note | 


2.1 Key Points 


» The distance d between the points (x), y,) and (x), y,) is given by 
d= V (x2 ~ e + (32 — yn)’. 


» The coordinates of the midpoint of the line segment joining the points (x,, y,) and 
(X25 Y2) are 


xX, +X. WM + Ww 
a. se 


» The standard form of the equation of a circle with center at (4, k) and radius r 
is given by 
(x — h)? + (y — RY = 2". 
» The general form of the equation of a circle is given by 
x? + y*? + Dx + Ey + F=0. 


By completing the square, we can rewrite the general equation in standard form. 
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2.1 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1.In a right triangle, the side opposite the 90° angle is 
called the 


2. If a right triangle has legs of lengths 3 and 4, what is the 
length of the hypotenuse? 


3. If a right triangle has a leg of length 5 and a hypotenuse 
of length V34, what is the length of the remaining leg? 


4.A polynomial of the form a* + 2ab+ b* is called a 


5. Multiply: (2x — 5)? 


6. Factor: 1627 — 24¢ + 9 


® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-18, find the distance between each pair of points 
and the midpoint of the line segment joining them. 


7. (6, 4), (—8, 11) 

8. (—5, 8), (10, 14) 
9. (—4, 20), (—10, 14) 
10. (4, 3), (—5, 13) 

11. (1, -1), 6, 5) 

12. (—5, —2), (6, 10) 
13. (6, —3), (6, 11) 


14. (4, 7), (—10, 7) 


: 2° : 4? 
hd 4? 5 > ) 


17. (ay, az), (by, by) 


18. (ay, 0), (0, by) 


In Exercises 19-28, write the standard form of the equation of the 
circle with the given radius and center. Sketch the circle. 


19. r = 5; center: (0, 0) 20.r = 3; center: (0, 0) 


21.r = 3; center: (—1, 0) 22.r = 4; center: (0, —2) 


23.r = 5; center: (3, —1) 24.r = 3; center: (—2, 4) 


3 5 
2.r= > center: (1, 0) 26.7 = Fe center: (0, —2) 


27.r= V3; center: (1, 1) 28. r= V5; center: (—2, —1) 


In Exercises 29-36, write the standard form of the equation of the 
circle with the given center and containing the given point. 


29. Center: (0, 0); point: (1, 3) 
30. Center: (0, 0); point: (—2, 1) 
31. Center: (2, 0); point: (2, 5) 
32. Center: (0, 3); point: (—2, 3) 
33. Center: (1, —2); point: (5, 1) 


34. Center: (—3, 2); point: (3, —2) 
1 : 
35. Center: (3 0); point: (1, 3) 
1 : 
36. Center: (0 +) point: (4, 2) 


In Exercises 37-42, what number must be added to complete the 
square of each expression? 


37.x? + 12x 38.x* — 10x 
39. y? — 5y 40. + Ty 
Al. x? — 3x 42." + 5y 


In Exercises 43-56, find the center and radius of the circle having 
the given equation. 


43.x7 + y* = 36 44, x? + y? = 49 


45.(x — 1)? + (y + 2)? = 36 


46. (x + 3)? + (y — 5)? = 121 


1 
47.(@— 8 + =F 


! 
AB.a + (y= 12)°= 9 


49. x? + y? — 6x 


50. x? + y? + 8x 


51. x? + y* — 2x 


52.x7 + y* + 8x 


53.x7 + y* — 6x 


54.x? + y? + 4x 


55. x? +? —x=2 


56.x7 + y? + 3y = 


In Exercises 57—60, find the equation, in standard form, of each 


4y-—3=0 
2y—8=0 
24y—-7=0 
24y+8=0 
4y-—-5=0 
2y— 71=0 
4 
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circle. 
Dye VA 58. 
4+ 
34 
Center: (0, 0) 
(2, 0) 
43 ya 
—3+ 
44 
59. yh 60. yh 
Een 4+ 4+ 
enter: 
Sa cee 
(1s=1) a a4 Center: 
(3, -2) 
ae 1+ 
a fae “Se ee 
—2+ 
+ 34 / 
@1,-3)7 -44 =4+(15)=3) 


— =| In Exercises 61-64, find the center and raduus of the circle hav- 
ing the given equation. Use a graphing utility to graph the circle. 


61.x? + y* = 6.25 


62. x2 + y? = 12.25 


63. 


64. 
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(x — 3.5)? + 7 = 10 


(x + 4.2)? + (y — 2)? = 30 


» Applications In this set of exercises, you will use the dis- 
tance formula and the equation of a circle to study real- 
world problems. 


65. 


66. 


67. 


68. 


69. 


70. 


Gardening A gardener is planning a circular garden with 

an area of 1967 square feet. He wants to plant petunias 

at the boundary of the circular garden. 

(a) If the center of the garden is at (0, 0), find an 
equation for the circular boundary. 

(b) If each petunia plant covers 1 foot of the circular 


boundary, how many petunia plants are 
needed? 


Construction A circular walkway is to be built around 
a monument, with the monument as the center. The 
distance from the monument to any point on the inner 
boundary of the walkway is 30 feet. 


Concentric circles 


(a) What is the equation of the inner boundary of the 
walkway? Use a coordinate system with the 
monument at (0, 0). 

(b) If the walkway is 7 feet wide, what is the equation of 
the outer boundary of the walkway? 


Concert Seating A circular stage of diameter 50 feet is to 
be built for a concert-in-the-round. If the center of the 
stage is at (0, 0), find an equation for the edge of the stage. 


Concert Seating At the concert in Exercise 67, the first row 
of seats must be 10 feet from the edge of the stage. Find 
an equation for the first row of seats. 


Distance Measurement Two people are standing at the 
same road intersection. One walks directly east at 3 miles 
per hour. The other walks directly north at 4 miles 
per hour. How far apart will they be after half an hour? 


Distance Two cars begin at the same road intersection. 
One drives west at 30 miles per hour and the other drives 
north at 40 miles per hour. How far apart will they be 
after 1 hour and 30 minutes? 
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ble 


12; 


13; 


Treasure Hunt Mike’s fraternity holds a treasure hunt 
each year to raise money for a charity. Each participant is 
given a map with the center marked as (0, 0) and the lo- 
cation of each treasure marked with a dot. The map of 
this year’s treasures is given below. The scale of the graph 
is in miles. If Mike is at treasure A and decides to go to 
treasure B, how far will he have to travel, to the nearest 
tenth of a mile, if he takes the shortest route? 


VA 
F (-4, 3) sali 
° 37 4 (1,2) 
27 8 pj) 
Cc (-1, 0) 14 e 
+ + +—# +t t + +} 
-4-3-2-1,, 123 47% 
2+ e 
z 4. 86-2) 
BEA =3). 4 


Treasure Hunt In Exercise 71, another participant, Mary, 
travels from the starting point at the center to treasure A, 
then to treasure C, then to treasure E, and finally back to 
the starting point. Assuming she took the shortest path 
between each two points, determine the total distance 
Mary traveled on her treasure hunt. 


Engineering The Howe Truss was developed in about 
1840 by the Massachusetts bridge builder William 
Howe. It is illustrated below and constitutes a section of 
a bridge. The points labeled A, B, C, D, and E are equally 
spaced. The points F, G, and H are also equally spaced. 


ye4 G F 


. B c D | 
20' 
(a) Let the point labeled A be the origin for a 


coordinate system for this problem. What are the 
coordinates of points A through H? 


(b) Trusses such as the one illustrated here were used to 
build wooden bridges in the nineteenth century. Use 
the distance formula to find the total length of all 
the lumber required to build this truss. 


74. Engineering The following drawing illustrates a type of 
roof truss found in many homes. 


° 
7 
|+__—. 9’ ___+ 


| 18" ~| 


| 
Ss 


(a) Let the point labeled A be the origin for a 
coordinate system for this problem. What are the 
coordinates of points A through G? 

(b) Use the distance formula to find the total length of 
all the lumber required to build this truss. 


»Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


75. Write the equation of the circle whose diameter has end- 
points at (—3, 4) and (1, 2). Sketch the circle. 


76. Find the equation of the circle with center at the origin 
and a circumference of 77 units. 


77. Find the equation of the circle with center at (—5, —1) 
and an area of 647. 


78. Find the point(s) on the x-axis that is (are) a distance of 
7 units from the point (3, 4). 


79. Find the point(s) on the y-axis that is (are) a distance of 
8 units from the point (1, —2). 
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2.2 The Algebra of Functions 


Objectives 


> Find the sum or difference 
of two functions and the 
corresponding domain 


> Find the product or 
quotient of two functions 
and the corresponding 
domain 


> Find the composition of 
functions 


> Find the domain of a 
composite function 


> Write a function as the 
composition of two 
functions 


> Calculate the difference 
quotient 


Just in Time 


Review function notation in 


Section 7.7. 


,. 
a 


Multinational firms, such as the courier service DHL, must deal with conversions 
between different currencies and/or different systems of weights and measures. Com- 
putations involving these conversions use operations on functions—operations such as 
addition and composition. These topics will be studied in detail in this section. They 
have a wide variety of uses in both practical and theoretical situations. 


Arithmetic Operations on Functions 


We first examine a cost-revenue problem to see how an arithmetic operation involving 
functions arises. 


for I 1 Calculating Profit 


The GlobalEx Corporation has revenues modeled by the function R(t) = 40 + 21, 
where t is the number of years since 2003 and R(p) is in millions of dollars. Its operat- 
ing costs are modeled by the function C(t) = 35 + 1.62, where ris the number of years 
since 2003 and C(2) is in millions of dollars. Find the profit function P(2) for GlobalEx 
Corporation. 


Solution Since profit is equal to revenue minus cost, we can write 
PO = RO - CO. 
Substituting the expressions for R(2) and C(t) gives 
PQ) = (40 + 22) — (35 + 1.62) = 40 + 2 — 35 — 1.6¢=5 + 0.4t. 


Thus the profit function is P(t) = 5 + 0.41, where t is the number of years since 
2003. 


[A Check It Out 1: Find the profit function for GlobalEx Corporation in Example 1 if the 
revenue and cost functions are given by R(t) = 42 + 2.2tand C@ = 34 + 1.52.0 


Computing a profit function, as we did in Example 1, is an example of an arith- 
metic operation on functions. We can add, subtract, multiply, or divide two func- 
tions. These operations are defined as follows. 


Arithmetic Operations on Functions 


Given two functions f and g, for each x in the domain of both f and g, the sum, 
difference, product, and quotient of f and g are defined as follows. 


CF + g)@ =f) + 8@) 
(f— 8)@) =f) — 8@) 
(#8) (x) = f@) + 8@) 


(2) (x) = FC) where g(x) ~ 0 
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Note When combining two functions f and g using arithmetic operations, the 


Discover and Learn 
domain of the combined function consists of all real numbers that are common 


Show ihat ola = at) to the domains of both f and g. When forming the quotient ua the value of x at 
and (fg)(x) = (gf)lx). ax) 


which g(x) = O must be excluded from the domain of = 


[ema 2 Arithmetic Operations on Two Functions 


Let f and g be two functions defined as follows: 


f(x) = ae and g(x) = 3x —1 
x—4 


Find the following and determine the domain of each. 
(a) (f + g)@) 

(b) (f— g)@) 

(c) (fg) (x) 


(d) (2) (x) 


>Solution 


(a) From the definition of the sum of two functions, 


2 
(f+ 2) =f) + g@) = ca + 3x — 1. 
Just in Time We can simplify as follows. 
Review rational expressions 2 
in Section P6. iJ (f+ Q(x) = 4 + (3x — 1) 
nae 
2+ -)law-4 
oe ie LCDis x — 4 
x—4 
_ 2+ Gr = 13x + 4) 
x—A4 
3x? — 13x + 6 nut 
= Combine like terms 
x—4 


The domain of fis (—%, 4) U (4, ©), and the domain of g consists of all real num- 
bers. Thus the domain of f + g consists of (—%, 4) U (4, ©), since these values are 
in the domains of both f and g. 


2 
(b) CF — 8) = fG) — 8G) = 7 (3x — 1) 


4 
2° (3%-= | —4 
= Ck: Ye ) LCD is x — 4 
x—4 
25 (3x? — 13x + 4) 
x—4 
—3x? + 13x —-2 
= ri Collect like terms; be careful 
io 


with the negative sign 
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The domain of f — g consists of (—©, 4) U (4, ©), since these values are in the do- 
mains of both f and g. 


2 
(C) 9) @) = f@) + 8) = (- = 7): 1) 


_ 6x — 2 
x—4 


The domain of fg consists of (—%, 4) U (4, ©), since these values are in the do- 
mains of both f and g. 


2 
(4-2 - =a 


g gx) 3x—1 
_ 2 1 
x-4 3x-1 
= 2 
(x — 4)(3x — 1) 


The set of x values common to both functions is (—®, 4) U (4, ©). In addition, 
g(x) = 0 for x = > Thus the domain of : is the set of all real numbers such that 


1 . : 
xAAandxF _ In interval notation, we have 


(at\uGjuus, 


[A Check It Out 2: Let f and g be two functions defined as follows: 


f(x) = and g(x) =2x+1 


x+2 


Find (a) (f + g)(x) and (b) (2) (x). @ 


Once we find the arithmetic combination of two functions, we can evaluate the new 
function at any point in its domain, as illustrated in the following example. 


[anal 3 Evaluating a Sum, Product, and Quotient of Two Functions 


Let f and g be two functions defined as follows. 
f(x) = 2x? —x and g(x) =Vx+1 


Evaluate the following. 


(a) Ff + g)(-)) 


f 
(b) ( Ne 


(c) Gg) 3) 
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> Solution 


(a) Compute the sum of the two functions as follows. 


(f + gx) =f) + g@) 
= 2x? —x+Vx4t1 


Next, evaluate (f + g)(x) atx = —1: 
P+ o-)=2-1 - D+ Ve141 
=2-(-h+0=3 


(b) Compute the quotient of the two functions as follows. 


Next, evaluate (Z)@ at x = 3: 


(4) = 2(3)? — 3 
& V34+1 
_ 209) — 3 


(c) Compute the product of the two functions as follows. 


(fg) () = f(x) + g(x) 
= (2x? — x)(Vx + 1) 


Thus, (fg)(3) = (2(3)? — 3)(V3 + 1) = 30. 


[A Check It Out 3; Let f and g be two functions defined as follows. 
f(x) =3x—4 and g(x) =x? +x 


Evaluate the following. 


(a) fF + g)(2) 


f 
(b) ( Ney B 


Composition of Functions 


When converting between currencies or weights and measures, a function expressed 
in terms of a given unit must be restated in terms of a new unit. For example, if 
profit is given in terms of dollars, another function must convert the profit function 
to a different currency. Successive evaluation of this series of two functions is known 
as a composition of functions, and is of both practical and theoretical impor- 
tance. We first give a concrete example of such an operation and then give its formal 
definition. 
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[=anal 4 Evaluating Two Functions Successively Using Tables 


The cost incurred for fuel by GlobalEx Corporation in running a fleet of vehicles is 
given in Table 2.2.1 in terms of the number of gallons used. However, the European 
branch of GlobalEx Corporation records its fuel consumption in units of liters rather 
than gallons. For various quantities of fuel in liters, Table 2.2.2 lists the equivalent 
quantity of fuel in gallons. 


Table 2.2.1 Table 2.2.2 
30 45 WS} .5)55 30 
45 67.50 170.325 45 
55 82.50 208.175 55) 
70 105 264.95 70 


Answer the following questions. 
(a) Find the cost of 55 gallons of fuel. 
(b) Find the cost of 113.55 liters of fuel. 


>Solution 

(a) From Table 2.2.1, it is clear that 55 gallons of fuel costs $82.50. 

(b) For 113.55 liters of fuel, we must find the equivalent quantity of fuel in gallons 
before looking up the price. 


Quantity (liters) —> Quantity (gallons) —> Cost 


From Table 2.2.2, we see that 113.55 liters is equal to 30 gallons. We then refer to 
Table 2.2.1 to find that 30 gallons of fuel costs the company $45. 


To answer the second question, we had to use two different tables to look up the value 
of the cost function. In the previous chapter, we were able to look up function values 
by using only one table. The following discussion will elaborate on the process of using 
two tables. 


[A Check It Out 4: In Example 4, find the cost of 264.95 liters of fuel. © 


In Example 4, the cost is given in Table 2.2.1 as a function of the number of gal- 
lons. We will denote this function by C. The number of gallons can, in turn, be written 
as a function of the number of liters, as shown in Table 2.2.2. We will denote this func- 
tion by G. Thus, the cost of x liters of fuel can be written in function notation as 


C(G(x)). 
Using this notation, a schematic diagram for Example 4 can be written as follows: 


Quantity (in liters) —> Quantity (in gallons) —> Cost 
x —> G(x) => C(G()) 
The process of taking a function value, G(x), and using it as an input for another 


function, C(G(x)), is known as the composition of functions. Composition of func- 
tions comes up often enough to have its own notation, which we now present. 
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| More About Functions and Equations 


Composition of Functions 


The composition of functions / and g is a function that is denoted by f° g and 
defined as 


(f° g)() = f(g@)). 
The domain of f ° g is the set of all x in the domain of g such that g(x) is in the 
domain of f. 
The function f ° gis called a composite function. 


In Example 4, we considered the composition of functions that were given in the 
form of data tables. In the next example, we will compute the composition of functions 
that are given by algebraic expressions. While knowing how to algebraically manipu- 
late expressions to obtain a composite function is important, it is perhaps even more 
important to understand what a composite function actually represents. 


[smal 5 Finding and Evaluating Composite Functions 


Let f(s) = s* + 1 and g(s) = —2s. 

(a) Find an expression for (f ° g)(s) and give the domain of f ° g. 
(b) Find an expression for (g ° f)(s) and give the domain of g of. 
(c) Evaluate (f ° g)(—2). 

(d) Evaluate (g° f)(—2). 

>Solution 


(a) The composite function f° g is defined as (f° g)(s) = f(g(s)). Computing the 
quantity f(g(s)) is often the most confusing part. To make things easier, think of 
f(s) as f(G), where the box can contain anything. Then proceed as follows. 

f(Q) = ¢ y+ Definition of f 


fC es) |) =( gs) /)? +1 Place g(s) in the box 


=(|—2s|)? + 1 Substitute expression 
for g(s) 
= 4s? + 1 Simplify: (—2s)* = 4” 


Thus, (f° g)(s) = 4s" + 1. Since the domain of g is all real numbers and the 
domain of fis also all real numbers, the domain of f ° g is all real numbers. 


(b) The composite function g° fis defined as (g°f)(s) = g(f(s)). This time, we com- 
pute g(f(s)). Thinking of g(s) as g(L)), we have 


gE) = =2(8) Definition of g 
g(| f(s) |) = -—2C/fG) |) Place f(s) in the box 
= —2(|s? + 1]) Substitute expression 
for f(s) 
= —25’ — 2. Simplify 


Thus, (g°f)(s) = —2s? — 2. Note that (f° g)(s) is not equal to (g°f)(s). Since 
the domain of fis all real numbers and the domain of g is also all real numbers, the 
domain of g° fis all real numbers. 


Technology Note 


Plot! Plot2 Plot3 
XY; = 1/X 


\Ya = X42-1 
\Y3 BEY. (Ya2lX)) 
Whe = 
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(c) Since (f © g)(s) = 4s? + 1, the value of (f ° g)(—2) is 
(f° g)(-2) = 4(-2)? +1 =4(4 +1=16+1=17. 
Alternatively, using the expressions for the individual functions, 
(Fee 2) = fe 2)) 


=7@) g(—2) 2(-2) =4 
= 17. f(4) = 4% +1=16+1=17 


(d) Since (g ° f)(s) = —2s” — 2, the value of (g° f)(—2) is 
(ge f)(—2) = -2(-2)? - 2 = -2(4) -2=-8-2=~-10. 


Alternatively, using the expressions for the individual functions, 
(g°f)(-2) = s(f(-2)) 
= g(5) f(—2) = (—2)? +1=4+1=5 
= -10. g(5) = —2(5) = -10 


[A Check It Out 5: Let f(s) 


157 


s* — 2 and g(s) = 3s. Evaluate (f ° g)(—1) and (g° f)(—1). 
ol 


The domain of a composite function can differ from the domain of either or both 


of the two functions from which it is composed, as illustrated in Example 6. 


eral 6 Domains of Composite Functions 


Let f(x) = : and g(x) = x7 — 1. 
(a) Find f ° g and its domain. 
(b) Find ge f and its domain. 


Solution We first note that the domain of fis (-%, 0) U (0, ©) and the domain of g 


is all real numbers. 
(a) To find f ° g, proceed as follows. 


(f° g(x) = f(g) Definition of fog 
= f(x? — 1) Substitute expression 
for g(x) 
1 


=" a Use definition of f 
ae | 


The domain of f° g is the set of all x in the domain of g such that g(x) is in the 
domain of f. The domain of fis (—®, 0) U (0, ©). Therefore, every value output by 
g must be a number other than 0. Thus, we find the numbers for which x? — 1 = 0 


and then exclude them. By factoring, 
x-1l=(x+1D)e«- 1. 
Hence 
?-1=0>$%*4+1=0 or x-1=0=>$%x=-1 or x=1. 
The domain of f ° gis 
(-~, -1) U(-1,1)U (1, ©). 


158 Chapter 2 = More About Functions and Equations 


(b) To find go f, proceed as follows. 
(g°f)@) = s(f@) Definition of g ° f 


1 
= g 1) Substitute expression for f (x) 


1\2 1 
a 1=-+4- 1 Use definition of g 
x x 


The domain of g°/f is the set of all x in the domain of f such that f(x) is in the 
domain of g. Since the domain of g is all real numbers, any value output by / is 
acceptable. Thus, by definition, the domain of g° f is the set of all x in the domain 
of f, which is (—%, 0) U (0, ©). 


IW Check It Out 6: Let f(x) = Vx and g(x) = x + 1. Find f° g and its domain. Bl 


The next example illustrates how a given function can be written as a composition 
of two other functions. 


lear 7 Writing a Function as a Composition 


If h(x) = V3x? — 1, find two functions f and g such that h(x) = (f° g)(x) = f(g(x)). 


Solution The function h takes the square root of the quantity 3x? — 1. Since 3x? — 1 
must be calculated before its square root can be taken, let g(x) = 3x? — 1. Then let 
f@ = \/x. Thus, two functions that can be used for the composition are 


f(x) = Vx and g(x) = 3x? — 1. 
We check this by noting that 
h(x) = (f° )@) = f(e@)) 
= f(3x? — 1) = V3x7 — 1. 


[W Check It Out 7: \€ h(x) = (x? + 9)°, find two functions f and g such that 
h(x) = (f° g(x) =f(g()). O 


Note [In some instances, there can be more than one way to write a function 
as a composition of two functions. 


Difference Quotient 


Combining functions is a technique that is often used in calculus. For example, it is 
used in calculating the difference quotient of a function f, which is an expression of 


f(x + h) ~ f@) 
h 


the form > # 0. This is illustrated in the following example. 


R= 8 Computing a Difference Quotient 


Compute ES, h # 0, for f(x) = 2x? + 1. 
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Solution First, compute each component by step: 


fix +h) =2(x+h)? +1 


Next, 


= 2(x? + 2xnh +h?) +1 
= 2x? + 4xh + 2h? 4+ 1 


Expand (x + h)? 


f(x + h) — f(x) = 2x? + 4xh + 2h? + 1 — (2x7 + 1) 


Finally, 


fet h) — fe) — 4xh + 20? 


= Axh + 2h’. 


[A Check It Out 8: Compute 


= 4x + 2h. 
h h 7 


ee, h ¥ 0, for f(x) = —x? + 4. 


2.2 Key Points 


» Given two functions f and g, for each x in the domain of both f and g, the sum, dif- 
ference, product, and quotient of f and g are defined as follows. 
(f + g(x) =f) + g(x) 
(f — 2) =f) — g() 
(fg) («) = f(x) + g@) 


o- 


where g(x) ~ 0 


» The composite function f° g is a function defined as 


(f° 8)(@) = f(s). 


The domain of f° g is the set of all x in the domain of g such that g(x) is in the 


domain of f. 


» The difference quotient of a function fis defined as 


2.2 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. A quotient of two polynomial expressions is called a 
and is defined whenever the denominator is 
not equal to 


2. True or False: The variable x in f(x) is a placeholder and 
can be replaced by any quantity as long as the same 
replacement occurs in the expression for the function. 


fe+W=I0) 1 40, 


3. What is the domain of the function f(x) = x? — 3x? 
4. What is the domain of the function f(x) = Vx — 1? 
5. What is the domain of the function f(x) = Vx? — 9? 
6. What is the domain of the function 

x+2 
x. =I 


> 


f(x) = 
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® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-16, for the given functions f and g, find each com- 
posite function and identify its domain. 


(a) (f + g)(x) 
(b) (f — a)(%) 
(c) (fg) (x) 


(a) (2) (x) 
& 


7. f(x) = 3x — 53g) = -x +3 
8. f(x) = 2x + 13 g(x) = —5x —- 1 
9. f(x) =x — 33 e(x) =x? +1 


10. f(x) = x?; g(x) = 3x? + 4 


1 
11.f@) =338@) =z 


2 =a 
12.f@) = 3 8@) = 
13. f(x) = Vx3 g(x) = —x +1 


14. f(x) = 2x — 13 g(x) = Vx 


15.f@) = bh e@) = 


2 
16.f(@) = G3 e@) = ll 


In Exercises 17—40, let f(x) = —x? + x, g(x) = =, and 
h(x) = —2x + 1. Evaluate each of the following. 


17.(f + g)(1) 18. (f + g)(0) 
19.(g + h)(O) 20. (g + h)(1) 
21.(f + h)(—2) 22. (f + h)(O) 
23. (f — g8)(2) 24. (f — g)(—3) 
25. (g — h)(—2) 26. (g — h)(3) 
27. (h — f)(-1) 28. (h — f)(0) 


29. (fg)(3) 30. (f8)(— 3) 


31. (gh)(—3) 32. (gh) (0) 


33. (fh)(—2) 34. (fh)(1) 


acm Z. 

35. (‘) 2) 36. (Ajo 
g BV. 

37. (2)o 38. (£)« 2) 
f h 

39. (jo 40. (Ele 


In Exercises 41—48, use f and g given by the following tables of 
values. 


| 
Voy -2 3 4 2 


41. Evaluate f(—1). 42. Evaluate g(4). 


43. Evaluate (f° g)(—2). 44. Evaluate (f ° g)(A4). 
45. Evaluate (g°f)(—1). 46. Evaluate (g° f)(6). 
47. Is (g°f)(O) defined? Why or why not? 
48. Is (f° g)(2) defined? Why or why not? 


In Exercises 49-66, let f(x) = x” + x, g(x) = Vx, and h(x) = —3x. 
Evaluate each of the following. 


49. (f° h)(5) 50, (f° h)(1) 
51. (f° h)(—2) 52. (f° h)(-1) 
53. (he g)(4) 54. (he g)(0) 
55. (g° h)(—3) 56. (g° h)(-12) 
Shs FB) 58. (f° g)(9) 
59. (g° f)(2) oO) (297) 
Ol.( ees = 3) 62, (287 (3) 
63. (ho f)(2) 64. (ho f)(—3) 


65. (h (3) 66. (h (3) 


In Exercises 67—86, find expressions for (f ° g)(x) and (g° f)(x). 


Give the domains of f ° g and g°f. 
67. f(x) = —x? + Isg(x) =x +1 


68. f(x) = 2x + 53 g(x) = 3x? 


69. f(x) = 4x — 1; g(x) = a : 
eS 
70. f(x) = 2x + 33 g(x%) = — 


71. f(x) = 3x? + 4x; g(x) = x + 2 


72. f(x) = —2x + 1; g(x) = 2x? -— 5x 
73.f(x) = - g(x) = 2x +5 


3 
x 


74. f(x) = 3x + 13 g(x) = = 


3 
75. f(x) = pa a(x) = 2x? 


76. f(x) = 3x? + 1; g(x) = a 


77.f(~) = Vx +t 13g) = —3x —- 4 
78. f(x) = 5x + 13 g(%) = Vx - 3 


2% 
ee | 


79. f(x) = |x|; e@) = 


80. f(x) = [x 6) = 5 


81. f(x) = x? — 2x + Ip g(x) =x +1 


82. f(x) = x — 23 g(x) = 2x7 -—x +3 


2 


eae aa 
83. f(x) = 3 8) = bel 
x2 + 3 
84. f(x) = |x 8) = 3G 
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1 2x +1 
85. f(x 5 LAX. 
F(x) 2 38 3 1 
86. f(x 5 2x 
f 2 38 2 1 


In Exercises 87—96, find two functions f and g such that 
h(x) = (f° g)(*) = f(g()). Answers may vary. 

87. h(x) = x — 1)? 

88. h(x) = (—2x + 5)? 

89. h(x) = W4x? — 1 


90. h(x) = W/—x? + 8 


91.4@) => 


92. h(x) = 


xt) 
93. h(x) = Vx? +145 
94. h(x) = W5x + 7-2 


95. h(x) = 4(2x + 9)? — (2x + 998 


96. A(x) = (3x — 7)!° + 5x — 7) 


In Exercises 97-100, let f(t) = —t? and g(x) = x? — 1. 


97. Evaluate (f° f )(—1). 


2 
98. Evaluate (g° g) (2) 


99. Find an expression for (f° f)(t), and give the domain 


of fof. 


100. Find an expression for (g° g)(x), and give the domain 
of g°g. 


In Exercises 101-104, let f(t) = 3t + 1 and g(x) = x? + 4. 
101. Evaluate (f ° f)(2). 


1 
102. Evaluate (g° g) (;) 
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103. Find an expression for (f ° f)(2), and give the domain of 
rey 

104. Find an expression for (g° g)(x), and give the domain of 
&° 8. 


f@ + 2) — f&) 


In Exercises 105-110, find the difference quotient - 


h # O, for the given function f. 
105.f() = 3x-1 


106. f(x) = —2x + 3 
107. f(x) = —x? + x 


108. f(x) = 3x7 + 2x 


109. f(x) = 5x 3 


1 
x= 


110. f(x) = xF-1 


xt. 


» Applications In this set of exercises, you will use combi- 
nations of functions to study real-world problems. 


111. Sports The Washington Redskins’ revenue can be mod- 
eled by the function R(t) = 245 + 402, where t is the 
number of years since 2003 and R(2) is in millions of 
dollars. The team’s operating costs are modeled by the 
function C(2) = 170 + 602, where ¢t is the number of 
years since 2003 and C(Z) is in millions of dollars. Find 
the profit function P(t). (Source: Associated Press) 


112.Commerce The following two tables give revenues, in 
dollars, from two stores for various years. Compute the 
table for (f + g)(x) and explain what it represents. 


2002 200,000 
2003 210,000 
2004 195,000 
2005 230,000 
2002 300,000 
2003 320,000 
2004 295,000 
2005 330,000 


113. Business The following tables give the numbers of hours 
billed for various weeks by two lawyers who work at a 
prestigious law firm. Compute the table for (f — g)(x) 
and explain what it represents. 


1 70 
2 65 
3 W 
4 71 


1 69 
2 U2 
g 70 
4 68 


114.Commerce The number of copies of a popular mystery 
writer’s newest release sold at a local bookstore during 
each month after its release is given by n(x) = —5x + 100. 
The price of the book during each month after its re- 
lease is given by p(x) = —1.5x + 30. Find (mp)(3). In- 
terpret your results. 


115. Education Let 7(t) represent the number of students at- 
tending a review session each week, starting with the 
first week of school. Let p(t) represent the number of 
tutors scheduled to work during the review session each 


n(t) 


week. Interpret the amount —— 


p(t) 


116. Real Estate A salesperson generates $400,000 in sales for 
each new home that is sold in a housing development. 
Her commission is 6% of the total amount of dollar sales. 


(a) What is the total amount of sales, S(x), if x is the 
number of homes sold? 


(b) What is the commission, C(x), if x is the number of 
homes sold? 


(c) Interpret the amount S(x) — C(x). 


117. Currency Exchange The exchange rate from U.S. dollars 
to euros on a particular day is given by the function 
f(x) = 0.82x, where x is in U.S. dollars. If GlobalEx 
Corporation has revenue given by the function 
R(@® = 40 + 2t, where t is the number of years since 
2003 and R(2) is in millions of dollars, find (f ° R)(1) 
and explain what it represents. (Source: www.xe.com) 


118. Unit Conversion The conversion of temperature units 
from degrees Fahrenheit to degrees Celsius is given 
by the equation C(x) = (x — 32), where x is given in 
degrees Fahrenheit. Let T(x) = 70 + 4x denote the 
temperature, in degrees Fahrenheit, in Phoenix, Ari- 
zona, on a typical July day, where x is the number of 
hours after 6 A.M. Assume the temperature model holds 
until 4 P.M. of the same day. Find (C° T)(x) and ex- 
plain what it represents. 


119.Geometry The surface area of a sphere is given by 
A(r) = 4mr’, where r is in inches and A(r) is in square 
inches. The function C(x) = 6.4516x takes x square 
inches as input and outputs the equivalent result in 
square centimeters. Find (C ° A)(r) and explain what it 
represents. 
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120.Geometry The perimeter of a square is P(s) = 4s, 
where s is the length of a side in inches. The function 
C(x) = 2.54x takes x inches as input and outputs the 
equivalent result in centimeters. Find (C ° P)(s) and 
explain what it represents. 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


121.Is it true that (fg)(x) is the same as (f° g)(x) for any 
functions f and g? Explain. 


122. Give an example to show that (f° g)(x) ¥ (g°f)(x). 


123. Let f(x) = ax + b and g(x) = cx + d, where a, b, c, and 
d are constants. Show that (f + g)(x) and (f — g)(x) 
also represent linear functions. 


I(x + h) — f@&) 
h 
and b are constants. 


124. Find > ~ 0, for f(x) = ax + b, where a 


2.3 Transformations of the Graph of a Function 


Objectives 


> Graph vertical and 
horizontal shifts of the 
graph of a function 


> Graph a vertical 
compression or stretch of 
the graph of a function 


> Graph reflections across the 
X-axis of the graph of a 
function 


> Graph a horizontal 
compression or stretch of 
the graph of a function 


> Graph reflections across 
the y-axis of the graph of 
a function 


> Graph combinations of 
transformations of the 
graph of a function 


> Identify an appropriate 
transformation of the graph 
of a function from a given 
expression for the function 


In this section, you will see how to create graphs of new functions from the graph of 
an existing function by simple geometric transformations. The general properties 
of these transformations are very useful for sketching the graphs of various functions. 

Throughout this section, we will investigate transformations of the graphs of the 
functions |x|, x?, and Vx (see Figure 2.3.1) and state the general rules of transforma- 
tions. Since these rules apply to the graph of any function, they will be applied to 
transformations of the graphs of other functions in later chapters. 


Figure 2.3.1 Graphs of some basic functions 


Vertical and Horizontal Shifts of the Graph of a Function 


The simplest transformations we can consider are those where we take the graph of a 
function and simply shift it vertically or horizontally. Such shifts are also called 
translations. 
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Discover and Learn 


Table 2.3.1 gives values of 
f(x) = |x| for several values of x. 


Table 2.3.1 


(a) Extend the given table to include 
the values of g(x) = f(x) + 2. 

(b) Use the values in the table to plot 
the points (x, f(x)) and (x, g(x) 
on the same set of coordinate 
axes. What do you observe? 


Technology Note 


Example 1 Comparing f(x) = |x| and g(x) = |x| — 2 


Make a table of values for the functions f(x) = |x| and g(x) = |x| — 2, for x = —3, —2, 
—1, 0, 1, 2, 3. Use your table to sketch the graphs of the two functions. What are the 
domain and range of f and g? 


Solution We make a table of function values as shown in Table 2.3.2, and sketch the 
graphs as shown in Figure 2.3.2. 


Table 2.3.2 Figure 2.3.2 
Riker eae 
=3 3 1 
=2 2) 0 
= 1 = 
0 0 =o) 
1 1 =I 
2 2) 0 
3 3 1 


Observations: 
> Examining the table of function values, we see that the values of g(x) = |x| — 2 are 
2 units less than the corresponding values of f(x) = |x|. 
» Note that the graph of g(x) = |x| — 2 has the same shape as the graph of f(x) = |x|, 
but it is shifted down by 2 units. 


The domain of both f and g is the set of all real numbers. From the graph, we see 
that the range of fis [0, ©) and range of g is [—2, ©). 


LW Check It Qut 1: Make a table of values for the functions f(x) = |x| and 
g(x) = |x| + 3, for x = —3, —2, —1, 0, 1, 2, 3. Use your table to sketch the graphs of 
the two functions. What are the domain and range of fand g? & 


The results of Example 1 lead to a general statement about vertical shifts of the 
graph of a function. 


Tab 


a 


echnolo 


le 2.3.3 


gy Note 
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Example 2 Comparing f(x) = |x| and g(x) = |x — 2| 


Make a table of values for the functions f(x) = |x| and g(x) = |x — 2|, for x = —3, —2, 
—1, 0, 1, 2, 3. Use your table to sketch the graphs of the two functions. What are the 
domain and range of f and g? 


Solution We make a table of function values as shown in Table 2.3.3, and sketch the 
graphs as shown in Figure 2.3.5. 


Figure 2.3.5 


-g@)=|s-2) 


Observations: 

» Examining the table of function values, we see that the values of g(x) = |x — 2| are 
the values of f(x) = |x| shifted to the right by 2 units. This is illustrated by the num- 
bers in red in the rows labeled f(x) = |x| and g(x) = |x — 2|. 

» The graph of g(x) = |x — 2| is the same as the graph of f(x) = |x|, but it is shifted to 
the right by 2 units. 


The domain of both f and g is the set of all real numbers. From the graphs, we see 
that the range of both fand g is [0, ©). 


[AW Check It Out 2; Make a table of values for the functions f(x) = |x| and 
g(x) = |x — 1|, for x = —3, —2, —1, 0, 1, 2, 3. Use your table to sketch the graphs 
of the two functions. What are the domain and range of fand g? © 


The results of Example 2 lead to a general statement about horizontal shifts of 
the graph of a function. 
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Vertical and horizontal shifts can also be combined to create the graph of a new 
function. 


Benne 3 Combining Vertical and Horizontal Shifts of a Function 


Discover and Learn Use vertical and/or horizontal shifts, along with a table of values, to graph the follow- 
ing functions. 


In Example 3b, verify that the order 
of the vertical and horizontal trans- (a) g(x) = Vx + 2 (b) g(x) =|x + 3] - 2 


lations does not matter by first >Solution 
ae os gap i ie pu (a) The graph of g(x) = Vx + 2 is a horizontal shift of the graph of f(x) = Vx by 
ewiby cunts an eitencsneng 2 units to the left, since g(x) = Vx + 2 = f(x + 2) = f(x — (—2)). Make a table of 


the resulting graph horizontally to 


; function values as shown in Table 2.3.4, and use it to sketch the graphs of both 
the left by 3 units. 


functions as shown in Figure 2.3.8. 


Table 2.3.4 Figure 2.3.8 
MBS eSe2re>) 
=3 error error 
=) error 0 
= error Ht 
0 0 A/D 1 Al4 
1 1 V3 ~ 1.732 
2) W2=1414 2 
3) V4 = 1732 V5 = 2.236 


(b) The graph of the function g(x) = |x + 3| — 2 consists of both a horizontal shift 
of the graph of f(x) = |x| by 3 units to the left and a vertical shift by 2 units down. 
We make a table of function values as shown in Table 2.3.5. Examining the table 
of function values, we see that the values of y = |x + 3] are the values of f(x) = |x| 
shifted to the left by 3 units. 

To find the values of g(x) = |x + 3| — 2, we shift the values of y = |x + 3] down 
by 2 units. We can graph the function g(x) = |x + 3| — 2 in two stages—first the 
horizontal shift and then the vertical shift. See Figure 2.3.9. 

The order of the horizontal and vertical translations does not matter. You can 
verify this in the Discover and Learn on this page. 


Table 2.3.5 Figure 2.3.9 
3 1 0 1 2 
1 0 1 eo 
2 3 4 5 
=I =) =Il 0 1 2 3 


x) =|x+3)—2 
g(x) =|x + 3} is 


-4 
~5 


Combinations of horizontal 
and vertical shifts can be 
seen easily with a graphing 
calculator. Figure 2.3.12 
shows the graphs of 

Y, = |x|, and Y2 = |x + 3], 
and Y3 = |x + 3| — 2 on the 
same set of axes, using a 
decimal window. 


Keystroke Appendix: 
Section 7 


Figure 2.3.12 


Plot] Plot2 Plot3 
\Y, Babs(X) 

\Ya Babs(X+3) 
VY 
\Y 
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[A Check It Out 3: Graph the function f(x) = Vx — 2 + 1 using transformations. © 


Vertical Scalings and Reflections Across the Horizontal Axis 


In this subsection, we will examine what happens when an expression for a function is 
multiplied by a nonzero constant. First, we make a table of values for the functions 


f@= x7, g(x) = 2x, and h(x) = 5x for x = —3, —2, -—1,0,1, 2,3 (Table 2.3.6) 
and then we sketch their graphs (Figure 2.3.10). 


Table 2.3.6 Figure 2.3.10 
x | f(x~)=x* g(x) = 2x h(x) = 5x? 
=3) 9 18 45 
=) 4 8 2 
=I 1 2 0.5 
0) 0 0 0) 
1 1 2 ORS 
2 4 8 D 
3 9 18 45 


Observations: 
> The graph of g(x) = 2x? = 2f(x) has y-coordinates that are twice those of f(x) = x’, 
and so g(x) = f(x) for all x. The graph of g(x) is thus vertically stretched away from the 
x-axis. 
» The graph of h(x) = 5x = : f(x) has y-coordinates that are half those of f(x) = x’, 
and so h(x) = f(x) for all x. The graph of h(x) is thus vertically compressed toward 
the x-axis. 


We see that multiplying f(x) by a nonzero constant has the effect of scaling the 
function values. This results in a vertical stretch or compression of the graph of f(x). 

The above discussion leads to a general statement about vertical scalings of the 
graph of a function. 


Vertical Scalings of the Graph of f(x) 


Let f be a function and c be a positive constant. 

» Ifc> 1, the graph of g(x) = cf(x) 
is the graph of f(x) stretched 
vertically away from the x-axis, with 
the y-coordinates of g(x) multiplied 
by c. 

> If0 <c <1, the graph of g(x) = cf(x) 
is the graph of f(x) compressed 
vertically toward the x-axis, with i 
the y-coordinates of g(x) multiplied 
by c. 


See Figure 2.3.11. 


Figure 2.3.11 Vertical scalings 
et, 6 = 0 


F() 
Ch) cet 


ay 


cf (x), 0<e<1 
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Discover and Learn 
Graph the functions 
f(x) = |x| g(x) = 3|x|, and 
Ay = slat on the same set of 


coordinate axes. What do you 
observe? 


We can also consider the graph of g(x) = —/f(x). In this case, the y-coordinate of 
(x, g(x)) will be the negative of the corresponding y-coordinate of (x, f(x)). Graphi- 
cally, this results in a reflection of the graph of f(x) across the x-axis. 


Many graphing problems involve some combination of vertical and horizontal 
translations, as well as vertical scalings and reflections. These actions on the graph of 
a function are collectively known as transformations of the graph of the function, 
and are explored in the following examples. 


lBampiel Sketching Graphs Using Transformations 


Identify the basic function f(x) that is transformed to obtain g(x). Then use transfor- 
mations to sketch the graphs of both f(x) and g(x). 


(a) g(x) =3Vx — (b) g(x) = -2|x| (c) ey) = =2[e +41) +3 
> Solution 


(a) The graph of the function g(x) = 3x is a vertical stretch of the graph of f(x) = V%x5 
since the function values of f(x) are multiplied by a factor of 3. Both functions 
have domain (0, ©). A table of function values for the two functions is given in 
Table 2.3.7, and their corresponding graphs are shown in Figure 2.3.14. 


Table 2.3.7 Figure 2.3.14 
fie) = VE Be) = 3VE- yt 
ot 2(x) =3Vx 
0 0 0 gt 
1 1 3 77 
6 
2 1.414 4.243 ‘ 
4 2) 6 4 
3 
9 3 9 3 
14 
[gee err er ee 
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(b) The graph of the function g(x) = —2|x| consists of a vertical stretch and then a 
reflection across the x-axis of the graph of f(x) = |x|, since the values of f(x) 
are not only doubled but also negated. A table of function values for the two func- 
tions is given in Table 2.3.8, and their corresponding graphs are shown in Fig- 


ure 2.3.15. 
Table 2.3.8 Figure 2.3.15 
L(x) = |x| 
= 5) 3 =6 
=2) 2, —4 
= 1 =f ———— 
123 4% 
0) 0 0 
=-2 
1 1 = oe 
2 2 =4) 
3 iS) =6 


(c) We can view the graph of g(x) as resulting from transformations of the graph of 


f(x) = |x| in the following manner: 
Technology Note fo= |e) = w= ele) ae —2[e4 | S ge) ==2|ae1| +2 
¢ , Vertical scaling Horizontal shift Vertical shift 
by 2 and to the left by upward by 
reflection 1 unit 3 units 
across the 
x-axis 
The transformation from f(x) = |x| to y, = —2|x| was already discussed and 


graphed in part (b). We now take the graph of y, = —2|x| and shift it to the left by 
1 unit and then upward by 3 units, as shown in Figure 2.3.16. 


Figure 2.3.16 


F(x) = |x| 


g(x) =-2\x + 1] +3 


Plot! _Plot2 Plot3 


[AW Check It Out 4; Use transformations to sketch the graphs of the following 
functions. 

(a) g(x) = —3x? 

(b) h(x) = —|x - 1|+ 2 
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[ema 5 Using Transformations to Sketch a Graph 


Suppose the graph of a function g(x) is produced from the graph of f(x) = x” by ver- 
tically compressing the graph of f by a factor of o then shifting it to the left by 1 unit, 


and finally shifting it downward by 2 units. Give an expression for g(x), and sketch the 
graphs of both f and g. 


Solution The series of transformations can be summarized as follows. 


1 1 1 
fey =x > N= Be > Bae i =e ax) = B& + 1)? 2 
Original Vertical —— Shift left Shift down 
function —= by 3 — by 1 unit = by 2 units 


The function g is then given by 
1 2 
g(x) = 3% + 1)* = 2. 


The graphs of f and g are given in Figure 2.3.18. Figure 2.3.18 also shows the graph 
of y, = 5x, The horizontal and vertical shifts are indicated by arrows. 


Figure 2.3.18 


fe) =x? 


[A Check It Out 5: Let the graph of g(x) be produced from the graph of f(x) = Vx by 
vertically stretching the graph of fby a factor of 3, then shifting it to the left by 2 units, 
and finally shifting it upward by 1 unit. Give an expression for g(x), and sketch the 
graphs of both fand g. & 


Horizontal Scalings and Reflections Across the Vertical Axis 


The final set of transformations involves stretching and compressing the graph of a 
function along the horizontal axis. In function notation, we examine the relationship 
between the graph of f(x) and the graph of f(cx), c > 0. A good way to study these 
types of transformations is to first look at the graph of a function and its correspond- 
ing table of function values. 

Consider the following function, f(x), defined by the graph shown in Figure 2.3.19 
and the corresponding representative values given in Table 2.3.9. 


Table 2.3.10 


[es] » 


Figure 2.3.20 Graph of f(2x) 


2 4 2, 


Section 2.3 © Transformations of the Graph of a Function 171 


Table 2.3.9 


Ss) 
i) 
cs 
i) 
S) 


Figure 2.3.19 


We can make a table of values for f(2x) and f (5) and sketch their graphs. For f(2x), 


if x= 1, we evaluate f(2(1)) =/f(2) = 2. We obtained the value for f(2) from 
Table 2.3.9. The rest of the table for f(2x) is filled in similarly. See Table 2.3.10. 


For f(5x}; first let x = 4. Then evaluate F(5) = f(2) = 2 by using the values for 
f(x) given in Table 2.3.9. The rest of the table for f (5) is filled in similarly. See 


Table 2.3.11. 
The graph of f(2x) is a horizontal compression of the graph of f(x). See 
Figure 2.3.20. This is also evident from the table of input values for f(2x). The graph 


of f (5x) is a horizontal stretching of the graph of f(x). See Figure 2.3.21. This is also 


evident from the table of input values for f (5). 


Table 2.3.11 
=8 —4 0 4 8 


[Pel 
tls) 0 2, 4 2 0 


Figure 2.3.21 Graph of (5 x) 


1-9-8 7-6 -5-4-3-9-1 [ 133 45 6 7 8 9 10% 


-1 
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Note It is important to see that horizontal scalings work in an opposite 


manner to vertical scalings. For example, if x = 1, f(2x) = f(2). The value of f(2) 


is reached “earlier” (at x = 1) by the function f (2x) than by the function f(x). 


This accounts for the shrinking effect. 


The preceding discussion leads to a general statement about horizontal scalings 
of the graph of a function. 


Horizontal Scaling of the Graph of f(x) 


Let f be a function and c be a positive constant. Figure 2.3.22 Horizontal scalings 


» If c > 1, the graph of g(x) = f(cx) is the of f,c >0 


graph of f(x) compressed horizontally 
ys 


1 
toward the y-axis, scaled by a factor of a 


> If 0 <c <1, the graph of g(x) = f(cx) is 
the graph of f(x) stretched horizontally 
away from the y-axis, scaled by a factor 


1 
Oli 

Cc 
Ou 
See Figure 2.3.22. x 
HK@)), @= Il f(cx),0<c<1 


We can also consider the graph of g(x) = f(— x), which is a reflection of the graph 
of f(x) across the y-axis. 


Reflection of the Graph of f(x) Across the y-Axis 
Let fbe a function. Figure 2.3.23 Reflection of f across 
» The graph of f(x) = f(—x) is the graph of y-axis 

f(x) reflected across the y-axis. 


See lehpquies 2.3),223), 


Cx) f(x) 


sy 
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laa 6 Using Transformations to Sketch a Graph 


Figure 2.3.24 The graph of f(x) is shown in Figure 2.3.24. Use it to sketch the graphs of (a) f(3x) 
, and (b) f(—x) + 1. 
vy 
5 > Solution 
4 é ;: 
3 (a) The graph of f(3x) is a horizontal compression of the graph of f(x). The 
2 45 G,2) x-coordinates of f(x) are scaled by a factor of 5 Table 2.3.12 summarizes how each 
x 
(-3, 0) : of the key points on the graph of f(x) is transformed to the corresponding point 
5-4-3 1234 5% on the graph of f(3x). The points are then used to sketch the graph of f(3x). See 
is (0,-1) Figure 2.3.25. 
: Table 2.3.12 Figure 2.3.25 
—5 yh 
5 
4 
(—3, 0) > & 3,0) Gen) : 
1 
(0, =I) = (3 (0), 1) (0, 1) 
1 
(3; 2) > (3 (3), 2) (1, 2) 

(b) The graph of f(—x) + 1 is a reflection across the y-axis of the graph of f(x), 
followed by a vertical shift upward of 1 unit. To obtain the graph of f(—x), the 
x-coordinates of f(x) are negated. To obtain the vertical shift, 1 is then added to the 
y-coordinates. Table 2.3.13 summarizes how each of the key points on the graph of 
f(x) is transformed first to the corresponding point on the graph of f(—x), and then 
to the corresponding point on the graph of f(—x) + 1.The points are then used to 
sketch the graph of f(—x) + 1. See Figure 2.3.26. 

Table 2.3.13 Figure 2.3.26 
vy 
5 
(-3,3) *) fe) 
(—3, 0) > Cab =o ae Ov 1) = @ UW) : 3 | (3.3) 
CD > CO.) 0.1 Gy 1) 0,0) ose (3, 1) 
Gy2) a CHO) = F324 = (35 2 ar 1) = (3 3) 3.9) 
=§=4-7— 1234 5* 
Ly /@—) 
-3 
~4 
—5 


[A Check It Out 6: For f(x) given in Example 6, graph f (5x). | 
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2.3 Key Points 


» Vertical shifts: The graph of g(x) = f(x) + c,c > 0, is the graph of f(x) shifted 
c units upward; the graph of g(x) = f(x) — c,c > 0, is the graph of f(x) shifted 


2.3 Exercises 


c units downward. 


» Horizontal shifts: The graph of g(x) = f(x — c), c > 0, is the graph of f(x) shifted 
c units to the right; the graph of g(x) = f(x + c), c > 0, is the graph of f(x) shifted 


c units to the left. 


» Vertical stretching and compression: If c > 1, the graph of g(x) = cf(x) is the 
graph of f(x) stretched vertically away from the x-axis, with the y-coordinates of 
g(x) = cf(x) multiplied by c. If 0 <<c< 1, the graph of g(x) = cf(x) is the graph 
of f(x) compressed vertically toward the x-axis, with the y-coordinates of g(x) = cf(x) 


multiplied by c. 


» Reflections: The graph of g(x) = —f(x) 1s the graph of f(x) reflected across the 
x-axis. The graph of g(x) = f(—x) is the graph of f(x) reflected across the y-axis. 


» Horizontal stretching and compression: If c > 1, the graph of g(x) = f(cx) is 
the graph of f(x) compressed horizontally toward the y-axis; if 0 < c < 1, the graph 
of g(x) = f(cx) is the graph of f(x) stretched horizontally away from the y-axis. 


Skills This set of exercises will reinforce the skills illus- 


trated in this section. 


In Exercises 1—30, identify the underlying basic function, and 
use transformations of the basic function to sketch the graph of the 


given function. 
leg@=r’t+1 
3. f(x) = Vx -— 2 


5. h(x) = |x — 2| 

7. F(s) = (s + 5)? 

9. f(x) =Vx—4 
11.H(x%) = |x- 2| +1 
13. S(x) = (« + 3)? - 1 
15.H@ = 32? 

17. S(x) = —4|x| 


19. H(s) = —|s| -— 3 


2.20) => 3 

4. g(x) = Vx4+1 

6. h(x) = |x + 4| 
8.4) == 3) 

10. f(x) = Vx +3 

12. G(x) =Vx+1-2 
14. g(x) = (x — 2)? +5 
16. g(x) = 2Vx 

18. H(x) = —2x? 


20. F(x) = -Vx+4 


21. h(x) = = Sx +1)-3 
23. g(x) = —3(x + 2)? — 4 
25. f(x) = |2x| 


27. f(x) = (2x)? 


29. g(x) = V3x 


22. h(x) = —2|x — 4|+1 


24. h(x) AG ee ; 
26.70) = [8 
T 2 
28. f(x) = (3s) 
30. f(x) = V2x 


In Exercises 31—34, explain how each graph 1s a transformation 
of the graph of f(x) = |x|, and find a suitable expression for the 


function represented by the graph. 


34. 


me Nw BL 
pa ere 


In Exercises 35—38, explain how each graph 1s a transformation 
of the graph of f(x) = x’, and find a suitable expression for the 
function represented by the graph. 


35. 36. 


rissa? 


37. 


BEETS 


In Exercises 39—46, use the verbal description to find an algebraic 
expression for the function. 


39. The graph of the function g(2) is formed by translating 
the graph of f(t) = |z| 4 units to the left and 3 units down. 


40. The graph of the function /() is formed by translating the 
graph of h(t) = 2? 2 units to the right and 6 units upward. 


41. The graph of the function g(z) is formed by vertically 
scaling the graph of f(t) = 2* by a factor of —3 and 
moving it to the right by 1 unit. 


42. The graph of the function g(z) is formed by vertically 
scaling the graph of f(2) = |¢| by a factor of —2 and 
moving it to the left by 5 units. 


43. The graph of the function k(2) is formed by scaling the 
graph of f(@) = Vt horizontally by a factor of —1 and 
moving it up 3 units. 


44. The graph of the function h(x) is formed by scaling the 
graph of g(x) = x” horizontally by a factor of ; and mov- 
ing it down 4 units. 
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45.The graph of the function h(a) is formed by scaling 
the graph of f(2) = |¢| vertically by a factor of ; and shift- 
ing it up 4 units. 


46. The graph of the function g(x) is formed by scaling the 
graph of f(x) = Vx vertically by a factor of —1 and hor- 
izontally by a factor of —1. 


In Exercises 47—54, use the given function f to sketch a graph 
of the indicated transformation of f. First copy the graph of f onto 
a sheet of graph paper. 


47. 2f(x) 48. 5 #0) 

49. f(x) + 2 50. —f(x) — 3 
1 

51. f(2x) s2.4(3) 


53.f(«-1)+ 2 54.-f(x + 2)-1 

In Exercises 55—62, use the given function f to sketch a graph of 
the indicated transformation of f. First copy the graph of f onto a 
sheet of graph paper. 


55. f(x + 2) 56. f(x — 1) 

57. 2f(x) + 1 58. —f(x) — 1 
1 

59. f (2x) 60./( 5x) 

61.f(x+ 1) - 3 62. —2f(x + 3) 
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In Exercises 63 and 64, use the table giving values for f(x) and 
g(x) = f(x) + k to find the appropriate value of k. 


° 
-2 


-4 -6 
-1 -6 -8 
0 -9 -11 
~6 -8 

2  -4 ~6 


10 3) 4.5 
g 2 35) 
8 1 Do) 
U 2 355) 
6 3 4.5 


In Exercises 65 and 66, use the table giving values for f(x) and 
g(x) = f(x — k) to find the appropriate value of k. 


= = 0 1 2 
4 10 W 
4 8 10 
= = 1 
4 
5) 6 5 4 


In Exercises 67 and 68, fill in the missing values of the function 
f in the table. 


OTe F@) a) = fe) — 3 
=2 33 


= 22 
0 1) 
1 6 
2 1 


= 18.5 
0 16 
1 Wie2 
2) 13 


=e In Exercises 69-76, use a graphing utility to solve the 
problem. 


69. Graph f(x) = |x + 3.5] and g(x) = |x| + 3.5. Describe 
each graph in terms of transformations of the graph of 
h(x) = |x|. 


70. Graph f(x) = (x — 4.5)? and g(x) = x? + 4.5. Describe 
each graph in terms of transformations of the graph of 
h(x) = x?. 


71. If f(x) = Vx; graph f(x) and f(x — 4.5) in the same view- 
ing window. What is the relationship between the 
two graphs? 


72.1f f(x) = |x|, graph f(x) and f(0.3x) in the same view- 
ing window. What is the relationship between the two 
graphs? 


73. If f(x) = |x|, graph —2f(x) and f(—2x) in the same view- 
ing window. Are the graphs the same? Explain. 


74. If f(x) = Vx, graph 3f(x) and f(3x) in the same viewing 
window. Are the graphs the same? Explain. 


75. Graph f(x) = x? and g(x) = («x — 7)?. How can the graph 
of g be described in terms of the graph of f? 


76. Graph the functions f(x) = |x — 4| and g(x) = f(—x) = 
|(—x) — 4|. What relationship do you observe between 
the graphs of the two functions? Do the same with 
fa) = @=— 2) and g@) = f(—x) = (=x) — 2)°. What 
type of reflection of the graph of f(x) gives the graph 
of g(x) = f(—x)? 


» Applications In this set of exercises, you will use trans- 
formations to study real-world problems. 


77. 


78. 


79. 


80. 


81. 


82. 


Coffee Sales Let P(x) represent the price of x pounds of 
coffee. Assuming the entire amount of coffee is taxed at 
6%, find an expression, in terms of P(x), for just the sales 
tax on x pounds of coffee. 


Salary Let S(x) represent the weekly salary of a sales- 
person, where x is the weekly dollar amount of sales 
generated. If the salesperson pays 15% of her salary in 
federal taxes, express her after-tax salary in terms of S(x). 
Assume there are no other deductions to her salary. 


Printing The production cost, in dollars, for x color 
brochures is C(x) = 500 + 3x. The fixed cost is $500, 
since that is the amount of money needed to start pro- 
duction even if no brochures are printed. 
(a) If the fixed cost is decreased by $50, find the new 
cost function. 
(ee) 
(b) = Graph both cost functions and interpret the 
effect of the decreased fixed cost. 


Geometry The area of a square is given by A(s) = s’, 
where s is the length of a side in inches. Compute the 
expression for A(2s) and explain what it represents. 


Physics The height of a ball thrown upward with a initial 
velocity of 30 meters per second from an initial height of 
h meters is given by 


s(t) = —1627 + 30r +h 


where 1 is the time in seconds. 
(a) If h = 0, how high is the ball at time t = 1? 
(b) If h = 20, how high is the ball at time t = 1? 


(c) In terms of shifts, what is the effect of i on the 
function s(t)? 


Unit Conversion Let T(x) be the temperature, in degrees 
Celsius, of a point on a long rod located x centimeters 
from one end of the rod (where that end of the rod cor- 
responds to x = 0). Temperature can be measured in 
kelvin (the unit of temperature for the absolute tempera- 
ture scale) by adding 273 to the temperature in degrees 
Celsius. Let t(x) be the temperature function in kelvin, 
and write an expression for ¢(x) in terms of the function 
T(x). 
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Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


83. 


84. 


85. 


86. 


The point (2, 4) on the graph of f(x) = x? has been 
shifted horizontally to the point (—3, 4). Identify the shift 
and write a new function g(x) in terms of f(x). 


The point (—2, 2) on the graph of f(x) = |x| has been 
shifted horizontally and vertically to the point (3, 4). 
Identify the shifts and write a new function g(x) in terms 


of f(x). 


When using transformations with both vertical scaling 
and vertical shifts, the order in which you perform the 
transformations matters. Let f(x) = |x]. 
(a) Find the function g(x) whose graph is obtained 
by first vertically stretching f(x) by a factor of 
2 and then shifting the result upward by 3 units. 
A table of values and/or a sketch of the graph 
will be helpful. 
(b) Find the function g(x) whose graph is obtained 
by first shifting f(x) upward by 3 units and 
then multiplying the result by a factor of 2. 
A table of values and/or a sketch of the graph 
will be helpful. 
(c) Compare your answers to parts (a) and (b). Explain 
why they are different. 


Let f(x) = 2x + 5 and g(x) = f(x + 2) — 4. Graph both 
functions on the same set of coordinate axes. Describe 
the transformation from f(x) to g(x). What do you 
observe? 
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2.4 Symmetry and Other Properties of Functions 


Objectives 


> Determine if a function is 
even, odd, or neither 

> Given a graph, determine in- 
tervals on which a function 
is increasing, decreasing, or 
constant 


> Determine the average rate 
of change of a function over 
an interval 


Discover and Learn 
Verify that f(x) =x‘ + 2 


is an even function by checking 
the definition. 


In this section, we will study further properties of functions that will be useful in later 
chapters. These properties will provide additional tools for understanding functions 
and their graphs. 


Even and Odd Functions 


You may have observed that the graph of f(x) = x* is a mirror image of itself when 
reflected across the y-axis. This is referred to as symmetry with respect to the 
y-axis. How can this symmetry be described using function notation? Let’s take 
a closer look at the table of values (Table 2.4.1) and graph (Figure 2.4.1) for f(x) = x’. 


Table 2.4.1 Figure 2.4.1 
fea yt 
=) 9 
=1,5 D5) 
=1l 1 
0 0 
il 1 
1S 225) 
3 9 


From the figure and the table of selected function values, we see that 
» the points (x, f(x)) and (—x, f(—x)) are symmetric with respect to the y-axis. 
> f(x) =f(-*). 


In fact, these statements are true for every x in the domain of this function. We sum- 
marize our findings as follows. 


Definition of an Even Function 
A function is symmetric with respect to the y-axis if 
F(x) = f(—x) for each x in the domain of f. 


Functions having this property are called even functions. 


Another type of symmetry that occurs is defined as symmetry with respect to 
the origin. Once again, let’s see how this new type of symmetry can be described 


Section 2.4 = Symmetry and Other Properties of Functions 179 


using function notation. Let’s use as an example and examine its graph (Figure 
2.4.2) along with a selected set of function values (Table 2.4.2). 


Table 2.4.2 Figure 2.4.2 
=9: Hf 
ile) 5), 3)7(5) 
=I =I 
0 0 = 
x 
1 1 
se) 3.375 
3 » ze aa S(-x) = -f@) 
Discover and Learn 
Verify that f(s) = s? — sis an 
odd function by checking the Note that when a function is symmetric with respect to the origin, f(—x) = —f(x). For 
definition. example, for x = 1.5, this relationship is highlighted in color in Table 2.4.2. Our find- 


ings are summarized as follows. 


Observations: 


» A function cannot be both odd and even at the same time unless it is the function 
f(x) =0. 

» There are various other symmetries in addition to those we have discussed 
here. For example, a function can be symmetric with respect to a vertical line 
other than the y-axis, or symmetric with respect to a point other than the 
origin. However, these types of symmetries are beyond the scope of our current 
discussion. 


aan Determining Odd or Even Functions 


Using the definitions of odd and even functions, classify the following functions as 
odd, even, or neither. 


(a) f(x) = |x| + 2 
(b) g(x) = ( — 4)? 
(c) h(x) = x? + 3x 
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>Solution 


(a) First check to see if fis an even function. 
F(x) = |-x| + 2 = |-1 lx] + 2 = |x] + 2 =f) 


Since f(x) = f(—x), fis an even function. The graph of fis symmetric with respect 
to the y-axis, as shown in Figure 2.4.4. This graph verifies what we found by use of 
algebra alone. 


Figure 2.4.4 


F(x) = |x| +2 


(b) For g(x) = (x — 4)’, it helps to first expand the expression for the function, which 
gives 


g(x) = (x — 4? = x? — Bx + 16. 
We can then see that 
g(—x) = (—x)? — 8(—x) + 16 = x? + 8x + 16. 
Since g(x) ¥ g(—x), g is not even. Using the expression for g(—x) that we have 
already found, we can see that 
g(—x) =x? + 8x +16 and —g(x) = —(x? — 8x + 16) = —x? + 8x — 16. 


Since g(—x) ¥ —g(x), gis not odd. The fact that this function is neither even nor 
odd can also be seen from its graph. Figure 2.4.5 shows no symmetry, either with 
respect to the y-axis or with respect to the origin. 


Figure 2.4.5 


a(x) =@-4) 


Liasa45 6.7 32 


(c) Since h(x) has an odd-powered term, we will first check to see if it is an odd 
function. 


h(-x) = (—x)? + 3(—x) = -x? - 3x = (x? + 3x) = —h(x) 
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Since h(—x) = —h(x), / is an odd function. Thus it is symmetric with respect to 
the origin, as verified by the graph in Figure 2.4.6. 


Figure 2.4.6 


h(x) =—x3 + 3x 


[W Check It Out 1: Decide whether the following functions are even, odd, or neither. 
(a) h(x) = 2|x| 
(b) fi) =@+1)? H 


Increasing and Decreasing Functions 


An important idea in studying functions is figuring out how the function value, y, 
changes as x changes. You should already have some intuitive ideas about this quality 
of a function. The following definition about increasing and decreasing functions 
makes these ideas precise. 


Figure 2.4.7 Figure 2.4.8 Figure 2.4.9 
yt yh yh 
i 
I I ; C 
| I 1 ] I 1 
| | oe 
| | I I I | | | | 
root Io Ie idl I ad ; IY 
i | 1 | ra | L i | ~ L L Se 
| 4 bol x | oa b | x 1 a b x 
it I —+| [++ [—1 — i el 


f increasing on | f decreasing on | f constant on | 
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[ema 2 Increasing and Decreasing Functions 


For the function f given in Figure 2.4.10, find the interval(s) on which 
(a) fis increasing. 
(b) fis decreasing. 


(c) fis constant. 


Figure 2.4.10 


(,-3) (4,-3) 


>Solution 

(a) From the graph, the function is increasing on the intervals (—2, 0) and (4, 5). 

(b) From the graph, the function is decreasing on the intervals (—4, —2) and (0, 3). 
(c) From the graph, the function is constant on the interval (3, 4). 


LW Check It Out 2: For the function f given in Figure 2.4.11, find the interval(s) on 
which fis decreasing. 


Figure 2.4.11 


In Chapters 3, 4, and 5, we will discuss increasing and decreasing functions in 
more detail. In those chapters, we will also examine points at which the graph of a 
function “turns” from increasing to decreasing or vice versa. 


Average Rate of Change 


While determining whether a function is increasing or decreasing is of some value, 
it is of greater interest to figure out how quickly a function increases or decreases. 
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Put another way, we would like to figure out how fast a function changes. One quan- 
tity that tells us how quickly a function changes is called the average rate of change. 


Example 3 Determining Average Rate of Change 


Find the average rate of change of f(x) = 2x” + 1 on the following intervals. 
(a) [35 =2]| 


(b)[0, 2] 
>Solution 
(a) Using x, = —3 and x, = —2 in the definition of average rate of change, we have 
Average rate of change = F(x) ~ Fe) 
Xo ~~ xy 
_ f(=2) - fC3) 
ae, 
ey lea = 
1 
_ =10 
1 
= -—10. 


(b) Using x, = 0 and x, = 2 in the definition of average rate of change, we have 


f@2) — fn) 


Average rate of change = 


X2 a x) 
_ £2) - f@) 

2.:=20 
_9-1 
“2 


LW Check It Out 3: Find the average rate of change of f(x) = 2x” + 1 on the interval 
[3,4]. a 


We will further examine the idea of average rate of change in Example 4. 
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Ee 4 Rate of Change of a Linear Function 


Table 2.4.3 Table 2.4.3 gives the distance traveled (in miles) by a car as a function of the amount 
of gasoline used (in gallons). Assuming that the distance traveled is a linear function of 
eed the amount of gasoline used, how many extra miles are traveled for each extra gallon 
of gasoline used? 
B 40 
100 Solution We are asked a question about how an output changes as its corresponding 
input changes. This is exactly the information given by the slope. Because the distance 
10 200 


traveled is a linear function of the amount of gasoline used, we can use any two sets of 
values in the table and calculate the slope. We will use (2, 40) and (5, 100). 


Increase in amount of gasoline used is 5 — 2 = 3 gallons. 


Increase in distance traveled is 100 — 40 = 60 miles. 
Since there is an increase of 60 miles for 3 gallons, we have the ratio 


60 miles — 20 miles 


3 gallons gallon * 


We can summarize our findings by saying that “the distance driven increases by 
20 miles for each gallon of gasoline used.” 


[A Check It Out 4; Show that you reach the same conclusion in Example 4 if the 
points (5, 100) and (10, 200) are used instead to calculate the slope. ™ 


Note Example 4 may be familiar to you from Section 1.1. We are examining the 
same problem, but from a different perspective. 


We now show that the rate of change of a linear function, f(x) = mx + 6, is constant. 


x5) = fx 
Rate of change = Pea) ~ Fe) Definition of rate of change 
2 1 
__ MX_ + b — (mx, + 6) 
XQ ~ X1 


Substitute x, and x, into f(x) 


__ MX_ + b — mx, — b 


Remove parentheses 


Xo — xX, 
MX — MX, oo 
= Simplify 
XQ ~ xX] 
m(X2 — x) 
= Factor out m 
XQ ~~ Xy 
=m Cancel the term 


(x. — %), since x # x, 


From our discussion, you can see that for a linear function, the average rate of 
change is exactly the slope. Furthermore, the average rate of change of a linear function 
does not depend on the choices of x, and x. This is the same as saying that a linear func- 
tion has constant slope. 
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2.4 Key Points 


2.4 Exercises 


Skills This set of exercises will reinforce the skills illus- 5. 


trated in this section. 


In Exercises 1—6, classify each function given by tts graph as odd, 


even, or netther. 


1. 


vA 
4+ 
3 
| 
14 


» A function is symmetric with respect to the y-axis if 
f(x) = f(—x) for each x in the domain of f. 


Functions having this property are called even functions. 


» A function is symmetric with respect to the origin if 
t(—x) = —f(x) for each x in the domain of f. 


Functions having this property are called odd functions. 

» A function f is increasing on an open interval J if, for any a, b in the interval, 
f(@ <f®) fora< 6b. 

» A function f is decreasing on an open interval J if, for any a, b in the interval, 
f(@ > f() fora <b. 

» A function f is constant on an open interval J if, for any a, b in the interval, 
f(a = f(@). 


» The average rate of change of a function f on an interval [x,, x.] is given by 


Sf (x2) — FO) 


X2 ~ X1 


Average rate of change = 


In Exercises 7—10, decide tf each function is odd, even, or neither 
by using the appropriate definitions. 


| iw a ee ee 


=Jl 0 a 3) 
3 =, 4 10 
=2 2 4 
= 1 
eal 0 1 
7 10 a 5 
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Exercises 11-17 pertain to the function f given by the following 
graph. 


‘+ (0, 4) 
(-2, 3) 4 (2, 3) 
(1,3) 27 *G,3) 


1+ 


-4-3-2-1;] 123 4% 
ee 
a3 
= 


11. Find the domain of f. 

12. Find the range of f. 

13. Find the y-intercept. 

14. Find the interval(s) on which fis increasing. 
15. Find the interval(s) on which fis decreasing. 
16. Find the interval(s) on which fis constant. 
17. Is the function f even, odd, or neither? 


Exercises 18—25 pertain to the function f given by the following 
graph. 


(2,2). G;,2) 


“a (4,-3) 


18. Find the interval(s) on which / is increasing. 
19. Find the interval(s) on which fis decreasing. 
20. Find the interval(s) on which fis constant. 
21. Find the y-intercept. 


22. Find the average rate of change of f on the interval 
[-3, —2]. 


23. Find the average rate of change of f on the interval 
[—2, 2]. 


24. Find the average rate of change of f on the interval 
[2, 3]. 


25.Find the average rate of change of f on the interval 
[4, 5]. 


Exercises 26—31 pertain to the function f given by the following graph. 


26. Find the interval(s) on which / is increasing. 
27. Find the interval(s) on which fis decreasing. 


28. Find the average rate of change of f on the interval 
[-1, 0]. 


29.Find the average rate of change of f on the interval 
[0, 1]. 


30. Find the y-intercept. 


31.Is this function odd, even, or neither? 


In Exercises 32—43, decide tf each function 1s odd, even, or neither 
by using the definitions. 


32.f~) =x+3 33.f(x) = —2x 


34. f(x) = |3x| — 2 35. f(x) = (« + 1)? 
36. f(x) = —3x? +1 37. f(x) = —-x? +1 
38. f(x) = —|x| + 1 39. f(x) = 2x 
40. f(x) = |x — 1| 41. f(x) = x° — 2x 


42. f(x) = (2+ Dixe-1  — 43.f) = (x? — 3)? - 4) 


In Exercises 44—55, find the average rate of change of each func- 
tion on the given interval. 


44. f(x) = —2x* + 5; interval: [—2, -1] 


45. f(x) = 3x? — 15 interval: [2, 3] 


46. f(x) = x? + 15 interval: [0, 2] 
47. f(x) = —2x°; interval: [—2, 0] 


48. f(x) = 2x” + 3x — 1; interval: [—2, —1] 


49. f(x) = 3x? + x? + 4; interval: [—2, 0] 
50. f(x) = —x* + 6x? — 1; interval: [1, 2] 
51. f(x) = —4x? — 3x? — 15 interval: [0, 2] 
52. f(x) = 2|x| + 4; interval: [3, 5] 

53. f(x) = |x| — 5; interval: [—4, —2] 

54. f(x) = VV —x; interval: [—4, —3] 


55. f(x) = Vx + 3; interval: [2, 4] 
Ee 


In Exercises 56—61, use a graphing utility to decide if the 
function 1s odd, even, or neither. 


56. f(x) =x? -—4x 4+ 1 

57. f(x) = —2x? + 2x + 3 

58. f(x) = 2x? — x 

59. f(x) = (x + 1) — 2) + 3) 

60. f(x) = x* — 5x? +4 

61. f(x~) = —x* + 4x? 

» Applications In this set of exercises, you will use proper- 


ties of functions to study real-world problems. 


62. Demand Function The demand for a product, in thousands 
of units, is given by d(x) = = where x is the price of the 


product, (x > 0). Is this an increasing or a decreasing 
function? Explain. 


63. Revenue The revenue for a company is given by R(x) = 30x, 
where x is the number of units sold in thousands. Is this an 
increasing or a decreasing function? Explain. 


64. Depreciation The value of a computer t years after pur- 
chase is given by v(t) = 2000 — 3002, where v(2) is in 
dollars. Find the average rate of change of the value of 
the computer on the interval [0, 3], and interpret it. 


65. Stamp Collecting The value of a commemorative stamp t 
years after purchase appreciates according to the function 
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v(t) = 0.37 + 0.05t, where v(2) is in dollars. Find the 
average rate of change of the value of the stamp on the 
interval [0, 4], and interpret it. 


66. Commerce The following table lists the annual sales of 
CDs by a small music store for selected years. 


2002 10,000 
2005 30,000 
2006 33,000 


Find the average rate of change in sales from 2002 to 
2005. Also find the average rate of change in sales from 
2005 to 2006. Does the average rate of change stay the 
same for both intervals? Why would a linear function not 
be useful for modeling these sales figures? 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


67. Fill in the following table for f(x) = 3x? — 2. 


[1, 2] 
estat 
[1, 1.05] 
[1, 1.01] 
[1, 1.001] 


What do you notice about the average rate of change as 
the right endpoint of the interval gets closer to the left 
endpoint of the interval? 


68. Fill in the following table for f(x) = —x? + 1. 


[1, 2] 
[1.9, 2] 
[1.95, 2] 
[1.99, 2] 
[1.999, 2] 


What do you notice about the average rate of change as 
the left endpoint of the interval gets closer to the right 
endpoint of the interval? 
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69. Suppose fis constant on an interval [a, b]. Show that the 71. Let f be decreasing on an interval (a, 6). Show that the 
average rate of change of f on [a, | is zero. average rate of change of f on [c, d] is negative, where 
a<c<d<ob. 
70. If the average rate of change of a function on an interval 
is zero, does that mean the function is constant on that 
interval? 


2.5 Equations and Inequalities Involving Absolute Value 


Objectives The absolute value function can be defined as follows. 
> Express the absolute value e Hoe 
of a number in terms of dis- f(x) = |x| = . 
tance on the number line —x ifx<0 
> Solve equations involving Note that f(x) has two different expressions: x if x = 0 and —x if x < 0. You will use 
absolute value only one of the two expressions, depending on the value of x. To solve equations and 
> Solve inequalities involving inequalities involving absolute value, it is useful to think of the absolute value function 
absolute value in terms of distance on the number line. Figure 2.5.1 illustrates this concept. 
> Solve an applied problem 
involving absolute value Figure 2.5.1 
Distance from origin 
is \5| =5, since 5>0 
Just in Time 4 , — 
: ; =F 0 5 x 
Review absolute value in ia aeeaee ; 
6 istance from origin 1S 
SECT OD a lJ |-7|=—-(-7) =7, since -7 <0 


In this section, we will discuss general methods for finding solutions to equations and 
inequalities involving absolute value. 


Equations Involving Absolute Value 


From the definition of the absolute value function, we have the following statement. 


Absolute Value Equations 
Let a > 0. Then the expression 


|X| = ais equivalent to X=a or X=-—a. 


In the above statement, X can be any quantity, not just a single variable. The set of 
all numbers that satisfy the equation |X| =a is called its solution set. We can 
use this statement to solve equations involving absolute value, as shown in the next 
example. 


Technology Note | 


Intersection 
=a 
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[eae | 4 Equations Involving Absolute Value 


Solve the following equations. 
(a) |2x — 3| =7 

(b) |x| = —3 

(c) -|3x + 1|-3=-8 

> Solution 


(a) We have the following two equations that, taken together, correspond to the single 
equation |2x — 3| = 7: 


2x-3=7 or 2x-3=-7 


The word or means that a number x is a solution of the equation |2x — 3| = 7 if 
and only if x is a solution of at least one of the two equations 2x — 3 =7 or 
2x — 3 = —7. Each of these two equations must be solved separately. 


2x -3=7 or 2x — 3 = —7 Write down both equations 
2x = 10 2x = —4 Add 3 to both sides 
x=5 x = -—2 Divide by 2 


Thus, the solution set is {—2, 5}. 


(b) Since the absolute value of any number must be greater than or equal to zero, the 
equation |x| = —3 has no solution. 


(c) In order to solve the equation —|3x + 1] — 3 = —8, we must first isolate the ab- 
solute value term. 


—|3x+1| —3 = —8 Original equation 
—|3x+1| =-—5 Add 3 to both sides 


|3xn+1| =5 Isolate absolute value term 


We next apply the definition of absolute value to get the following two equations 
that, taken together, correspond to the single equation |3x + 1| = 5. 


3x +1=5 or 3x + 1=—5_ Write down both equations 
3x = 4 3x = —6 Subtract 1 from both sides 
4 
ar x= -2 Divide by3 


: . §4 
Thus, the solution set is {5 -2}. 


[W Check It Qut 1: Solve the equation |—5x + 2| = 12. Bl 


Inequalities Involving Absolute Value 


Solving inequalities involving absolute value is straightforward if you keep in mind 
the definition of absolute value. Thinking of the absolute value of a number as its dis- 
tance from the origin (on the number line) leads us to the following statements about 
inequalities. 
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Absolute Value Inequalities 
Let a > 0. Then the inequality 

|X| < a is equivalent to —a < X <a. 
See Figure 2.5.3. 


Figure 2.5.3 
-—a<X<a 
—_ —-020 OO 
—a 0 a a 


Equivalent to |X| <a 
Similarly, |X| < a is equivalent to —a = X <a. 
Let a > 0. Then the inequality 
|X| > ais equivalenttoX<-—a or X>a. 
See Figure 2.5.4. 


Figure 2.5.4 
X<-a X>a 
— 
-a 0 a ee 


Equivalent to |X| >a 


Similarly, |X| = a is equivalent to X = —aor X= a. 


Observations: 
» In the above statement, X can be any expression, not just a single variable. 
» The pair of equivalent inequalities for |X| > a must be written as two separate 


inequalities, and similarly for |X| = a. 


We next show how to solve inequalities involving absolute value. 


eal 2 Inequalities Involving Absolute Value 


Solve the following inequalities and indicate the solution set on a number line. 


2 
-2r4alss (@ -44[8=2/>5 


(a) |2e—3[>7 (hb) - 


> Solution 


(a) To solve the inequality |2x — 3| > 7, we proceed as follows. Since this is a “greater 
than” absolute value inequality, we must rewrite it as two separate inequalities 
without an absolute value: 


2x—3<—7 or 2x—-—3>7 Rewrite as two separate inequalities 


2x < —4 2x > 10 Add 3 to both sides 
G6 <= =2 x>5 Divide by 2 
Figure 2.5.5 Thus, the solution of |2x — 3| > 7 is the set of all x such that x < —2 orx > 5.In 


dicks interval notation, the solution set is (—%, —2) U (5, ©). The solution is graphed 
=2 0 5% on the number line in Figure 2.5.5. 


Technology Note 


Intersection 
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2 F : . : . 
(b) To solve |— 3% + 4| = 5, we first write the inequality as an equivalent expression 


without an absolute value: 
2 
=§.=.—=4+ 4 5, 
3 
We now solve the inequality for x. 


=) == a +4=5 Write equivalent expression 


-15 = —-2x+12=15 Multiply by 3 to clear fraction 


=21 = =25 = 3 Subtract 12 from each part 
27 3 
> cae ea 3 Divide by —2; inequalities are reversed 
2 Sige Rewrite i lit: 
S24 ewrite inequali 
2 2 aids 


: 2 : 3 27 
The solution of 3% + 4| = 5 is the set of all x such that 3 Sx SF: In the last 
: i 3 
step, we turned the solution around and rewrote it so that — > the smaller of the 
3 27 ; : i ; 
two numbers — ; and >> comes first. This makes it easier to see how to write the 


‘ ae : , ‘ 327 F F 
solution in interval notation, which is [- re a The solution set is graphed on the 


number line in Figure 2.5.7. 


Figure 2.5.7 
3 27 
2 2 


hh tt tt 
-4-20 2 4 6 8 10121416” 
(c) To solve the inequality —4 + |3 — x| > 5, first isolate the term containing the 
absolute value. 
—-4+ |3-—x| >5 Original inequality 
|3 —x| >9 Add 4 to each side 


Since this is a “greater than” inequality, we must rewrite it as two separate in- 
equalities without the absolute value. 


3>=x2<5=9 or 3—>x%>9 Rewrite as two separate inequalities 
—x<—-12 —x>6 Subtract 3 from both sides 
G2 x< —6 Multiply by —1; inequalities are reversed 


Therefore, the solution is (—, —6) U (12, ©). The solution set is graphed on the 
number line in Figure 2.5.8. 


Figure 2.5.8 


-6 0 12% 


[A Check It Out 2: Solve the inequality |—2x — 1| < 6. Express your answer in interval 
notation, and graph the solution set on the number line. © 


192 Chapter 2 = More About Functions and Equations 


Figure 2.5.9 
<H 
-10 4 Q. --* 
Figure 2.5.10 
-_—_—_O dt OD 
-10 4 ge 
Figure 2.5.11 


EL 
AT 
ors 


Vv 


Understanding absolute value as distance plays an important role in applications, 
and in more advanced math courses such as calculus. 


eal 3 Distance and Absolute Value 


Graph the following on a number line, and write each set using an absolute value 
inequality. 

(a) The set of all x whose distance from 4 is less than 5 

(b) The set of all x whose distance from 4 is greater than 5 


> Solution 
(a) The set of all x whose distance from 4 is less than 5 is indicated on the number line 
in Figure 2.5.9. If x > 4, then x — 4 gives the distance from 4. If x < 4, then 
4 — x = -—(x — 4) gives the distance from 4. By the definition of absolute value, 
|x — 4] gives the distance of x from 4. Thus, the set of all such x that are within 5 
units of 4 is given by the inequality 
y= 4] = 5, 
(b) To write an inequality that represents the set of all x whose distance from 4 is 
greater than 5, we simply set the distance expression, |x — 4|, to be greater than 5. 
Ix — 4) >5 


The corresponding points on the number line are shown in Figure 2.5.10. 


[A Check It Out 3: Graph the following on a number line, and write the set using an 
absolute value inequality: the set of all x whose distance from 6 is greater than or equal 
to 3. Hf 


lama 4 street Numbers and Absolute Value 


In New York City, the east-west streets are numbered consecutively, beginning with 
the number | for the southernmost east-west street and increasing by 1 for every block 
as you proceed north along an avenue. See Figure 2.5.11. Which east-west streets 
are within five blocks of 49th Street? Use an absolute value inequality to solve this 
problem. 


Solution We want all the east-west streets that are within five blocks of 49th Street. 
The answer is easy to figure out without using absolute value. The point is, however, 
to relate something familiar to something abstract—in this case, the definition of 
absolute value. Recalling that absolute value measures distance, and using the given 
map, we can write 


lx — 49] <5 


since we are interested in the streets that are within five blocks of 49th Street. Solving 
the inequality, we have 


—5s%x*%-4955>90 442x254. 


Thus, the east-west streets that are within five blocks of 49th Street are all the east- 
west streets from 44th Street to 54th Street, inclusive. Note that the values of x are lim- 
ited to the positive integers in the interval [44, 54], since we are considering the names 
of numbered streets. 
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[A Check It Out 4: Referring to Example 4, write an absolute value inequality that 


indicates the east-west streets that are more than five blocks from 49th Street. © 


2.5 Key Points 


» Let a > 0. Then the expression 


|X| = ais equivalenttoX=a or X=-—a. 


» The expression |X| < a is equivalent to —a < X < a. Similarly, the expression 
|X| < ais equivalent to —a S |X| S a. 


» The expression |X| > a is equivalent to 


X<-a or 


X>a. 


Similarly, the expression |X| = a is equivalent to X < —a or X=a. 


2.5 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. Evaluate |3}. 

2. Evaluate |—8|. 

3. Evaluate |x + 2| for x = —6. 
4. Solve for x: x —3 <5 

5. Solve for x: 3x + 4 > —8 

6. Solve for x: —2x +5 >9 
—-3=2x+72=15 


7. Solve for x: 


8. Solve for x: -2 = -=x=4 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 9-28, solve the equation. 


9. |x + 4|=6 10. |x — 2; =7 
11.|2x — 4|=8 12.|5 — x|=1 


13.|3x + 6| = 9 14.|3 — 2x] =5 


15. 10 
16./3s + ] =9 

3 
17. 4|¢ + 5| = 16 
18. —|3¢ + 2| = —5 
19.—|¢ — 3| = 7 
20. 2|2x + 1] = 10 
21.4|x — 5] = 12 
22.—2|x + 1] = 6 
23.|x -1]+5=9 
24.|x — 2} +3=8 
25.1 + |—2x + 5| =3 
26.—-2 + |4x — 3] =7 
27.|x* — 8) =1 
28.|x* — 1| = 3 
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In Exercises 29-32, determine whether the given value of x satis- 
fies the inequality. 
29. |x — 2} >4;x =3 30. |x + 2|}<4;x = -2 


3 
31.|3x — 2] = 45x => 32. |3x — 2) =2;x = 4.1 


In Exercises 33—40, graph the solution set of each inequality on 
the real number line. 


33.x > -3 34.t< 4 


35.-l=s=2 36.-4s5x5-1 


37. |x| = 38. |x| = 3 


QO | 


39. |x| > 7 40. |x| > 5 


In Exercises 41—62, solve the inequality. Express your answer in 
interval notation, and graph the solution set on the number line. 


41.|2x| > 8 42. |3x| > 9 
43. |x + 3) <4 44. |x — 4] <= 11 
45. |x — 10| > 6 46. |x — 4, <7 
47.|2s — 7| >3 48. |3s + 2| = 6 
49.|2 — 3x| <= 10 50.|-1 + 7x| = 13 
1 2 
51.J-x + 6| <5 52,22] <9 
2 3 
Sate PD 
53; <5 54. >3 
6 8 
55.|x —4|-2=6 56.|x + 3} -1<4 
57.|3x + 7/-2<8 58.|4x + 2} +429 
59.|¢-— 6| <0 60. |r — 6| > 0 
61.|x — 4| < 0.001 62. |x — 3| < 0.01 


In Exercises 63-68, use absolute value notation to write an 
appropriate equation or inequality for each set of numbers. 


63. All numbers whose distance from —7 is equal to 3 
64. All numbers whose distance from 8 is equal to ; 


65. All numbers whose distance from 8 is less than 5 


66. All numbers whose distance from —4 is less than 7 
67. All numbers whose distance from —6.5 is greater than 8 


68. All numbers whose distance from 5 is greater than 12.3 
= 


69. E3) Use a graphing utility to find the solution(s), if any, of 
the equation |x| + 2 = kx for the following values of k. 
(a)k = 3 


(b)k = 1 
(r= -5 
(dk =0 


70. 


71 =-x+ 4, 


72.4 Solve |x + 4| = |2x. 


73. =| Solve |x — 2| lx — 3| + 4. 


74 Solve the inequality |x — 2| = |x + 1]. 


75 Solve the inequality |2x| — 3 < |x| + 1. 


[oe 


Bas : : 1 
76. + Solve the inequality |x — 1] < “3% + 3. 


» Applications In this set of exercises, you will use ab- 
solute value to study real-world problems. 


77.Weather The average temperature, in degrees Fahren- 
heit, in Frostbite Falls over the course of a year is given 
by |T + 10| < 20. Solve this inequality and interpret it. 


78. Weather Over the course of a year, the average daily tem- 
perature in Honolulu, Hawaii, varies from 65°F to 80°F. 
Express this range of temperatures using an absolute 
value inequality. 


79. Geography You are located at the center of Omaha, 
Nebraska. Write an absolute value inequality that gives 
all points within 30 miles north or south of the center 
of Omaha. Indicate what point you would use as the 
origin. 


80. Geography You are located at the center of Hartford, 
Connecticut. Write an absolute value inequality that gives 
all points more than 65 miles east or west of the center 
of Hartford. Indicate what point you would use as the 
origin. 


81. Temperature Measurement A room thermostat is set at 
68°F and measures the temperature of the room with an 


uncertainty of +1.5°F. Assuming the temperature is uni- 
form throughout the room, use absolute value notation 
to write an inequality for the range of possible tempera- 
tures in the room. 


82. Length Measurement A ruler measures an object with 
‘ i re ears 
an uncertainty of Te inch. If a pencil is measured to be 


8 inches, use absolute value notation to write an inequal- 
ity for the range of possible lengths of the pencil. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


83. Explain why |—3(x« + 2)| is not the same as —3|x + 2J. 


2.6 Piecewise-Defined Functions 


84. 


85. 


86. 


87. 
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Explain why the expression “x > 3 or x < —2” cannot be 
written as3 <x < —2, 


Show that |x — k| = |k — x|, where & is any real number. 
Sketch the graph of f(x) = —3x + 2 by hand. Use it to 
graph g(x) = |f(x)|. What is the x-intercept of the graph 
of g(x)? 


Can you think of an absolute value equation with no 
solution? 


. Explain why |x| < 0 has no solution. 


Objectives In many applications of mathematics, the algebraic expression for the output value of 


> Evaluate a piecewise- 


a function may be different for different conditions of the input. For example, the 


defined function formula for commuter train fares may vary according to the time of day traveled. The 


> Graph a piecewise- 
defined function 


next example shows how such a situation can be described using function notation. 


> Solve an applied problem : _. . 
involving a piecewise- 1 A Function Describing Train Fares 


defined function 


A one-way ticket on a weekday from Newark, New Jersey, to New York, New York, 


> Evaluate and graph the 
greatest integer function 


costs $3.30 for a train departing during peak hours and $2.50 for a train departing 
during off-peak hours. Peak evening hours are from 4 P.M. to 7 P.M. The rest of the 


evening is considered to be off-peak. (Source: New Jersey Transit) 


(a) Describe the fare as a function of the time of day from 4 P.M. to 11 P.M. 


(b) How much does a one-way ticket from Newark to New York cost for a train 
departing Newark at 5 P.M.? Describe this fare in function notation and evaluate. 


>Solution 


(a) The input variable is the time of day, written as a single number, and the output 
variable is the fare (in dollars). We consider only the part of the day from 4 P.M. to 
11 P.M. We have the following situation: 


Fare from 4 P.M. to 7 P.M. (inclusive) $3.30 
Fare after 7 P.M., up to and including 11 PM. $2.50 


Let F(z) represent the fare at time zt, where t is between 4 and 11. We see that the 
function cannot be defined by just one expression for these values of t, because 
there is a reduction in the fare immediately after 7 P.M. Functions such as this can 
only be defined piecewise. The expressions for these types of functions vary accord- 
ing to the conditions that the input variable must satisfy. 

Mathematically, the function is written as follows. 


30, if4sr¢t=7 
Fo = (39 i t 


2.50, if7<t =<11 


The expression for the function depends on the departure time of the train. 
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(b) If the train departs at 5 P.M., the fare is given by F(5), which, by the definition 
of F, is 3.30 (meaning $3.30). This result agrees with the verbal description of the 
problem. 


[A Check It Out 1: In Example 1, evaluate F(9) and interpret it. © 


Functions that are defined using different expressions corresponding to different 
conditions satisfied by the independent variable are called piecewise-defined func- 
tions. Example 1 on train fares is an example of a piecewise-defined function. Exam- 
ple 2 gives another example of a piecewise-defined function. 


earl 2 Evaluting a Piecewise-Defined Function 


Define H(x) as follows: 


1, ifx <0 
A(x~) =5-x+1, if0<x=2 
=3, ifx > 2 


Evaluate the following, if defined. 
(a)H(2) (6) H(-6) = ©) -H(0) 


Solution Note that the function H is not given by just one formula. The expression 
for H(x) will depend on whether x < 0,0 <x = 2,0rx> 2. 


(a) To evaluate H(2), first note that x = 2, and thus you must use the expression 
for H(x) corresponding to O<x=2, which is -—x+1. Therefore, 
A(2) = -(2) + 1=—-1. 

(b) To evaluate H(—6), note that x = —6. Since x is less than zero, we use the value 
for H(x) corresponding to x < 0. Therefore, H(—6) = 1. 


(c) Now we are asked to evaluate H(0). We see that H(x) is defined only for x < 0, 
0 <x S 2,o0rx > 2, and that x = 0 satisfies none of these three conditions. There- 
fore, H(0) is not defined. 


[A Check It Out 2; For H (x) defined in Example 2, find 
(a) H(A). (b) H(—3). & 


Graphing Piecewise-Defined Functions 


We can graph piecewise-defined functions by essentially following the same proce- 
dures given thus far. However, you have to be careful about “jumps” in the function 
that may occur at points at which the function expression changes. Example 3 illus- 
trates this situation. 


Bante 3 Graphing a Piecewise-Defined Function 


Graph the function H(x), defined as follows: 
x’, ifx <0 
A(x) =5x4+1, ifOs5x%<3 
-1, ifx =3 


Technology Note 
When using a graphing 
utility, you must give each 
piece of the piecewise- 
defined function a different 
name in the Y= editor, and 
include the conditions that 
xX must satisfy. See Fig- 
ure 2.6.2. The calculator 
should be in DOT mode so 
that the pieces of the graph 
are not joined. See 

Figure 2.6.3. 


Keystroke Appendix: 
Section 7 


Figure 2.6.2 


Plot! Plot2 Plot3 
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Solution This function is given by three different expressions, depending on the value 
of x. The graph will thus be constructed in three steps, as follows. 


Step 1 If x < 0, then f(x) = x”. So we first graph f(x) = x? on the interval (—9%, 0). 
The value x = 0 is not included because f(x) = x? holds true only for x < 0. 
Since x = 0 is not part of the graph, we indicate this point by an open circle. 
See Part I of the graph in Figure 2.6.1. 


Step 2 If0 =x < 3, then f(x) = x + 1.Thus we graph the line f(x) = x + 1 on [0, 3), 
indicated by Part II of the graph in Figure 2.6.1. Note that x = 3 is not part 
of the graph. 


Step 3 If x = 3, then f(x) = —1. Thus we graph the horizontal line f(x) = —1 on the 
interval [3, ©), indicated by Part III of the graph in Figure 2.6.1. 


Figure 2.6.1 


LW Check It Out 3: Graph the function H(x), defined as follows. 


-4, ifx=<0 
H = 
@) i ifx > 0 


An Application of a Piecewise-Defined Function 


In many applications, there may not be a single linear function that holds true for all 
input values. Such applications include rate structures for telephone services and other 
utilities. We will now examine such an application. 


Earl 4 Describing a Telephone Rate Plan 


The IM-Mobile cell phone company has a rate plan that costs $30 per month and in- 
cludes up to 500 minutes of usage per month. For each minute over and above 500, 
the company charges $0.18. Assume the minutes are nonnegative integers. 


(a) If you wish to calculate the monthly cost for this plan, what are the input and out- 
put variables? 


(b) Calculate the cost for 580 minutes of monthly use. 


(c) Write down the expression for the function that represents the monthly cost for 
using this plan. 


(d) How much will the plan cost if you use the phone for 400 minutes per month? 
720 minutes per month? 
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> Solution 


(a) The input variable, 2, is the number of minutes of use during 1 month. The output 
variable, C, is the total cost (in dollars) for that month. 


(b) Since 580 minutes is 80 minutes over the 500-minute limit, the total cost is 
Total cost = 30 + (0.18)(580 — 500) = 30 + (0.18)(80) = 44.40. 
Thus the monthly bill for 580 minutes of use is $44.40. 


(c) The expression for the monthly cost depends on the value of t, as follows: 
» Flat cost of $30 if 0 = ¢ = 500 


» Variable cost of 30 + (¢ — 500)(0.18) if t > 500. See part (b) for an example 
of this case. 


Using function notation, we have: 


cw = (3% if 0 <1 =< 500 
30 + (0.18)(¢ — 500), ifs > 500 


(d) If t = 400, the cost is $30, since t < 500. If t = 720, then the total cost is 
C(720) = 30 + (0.18)(720 — 500) = 30 + (0.18)(220) = $69.60. 


[A Check It Out 4: Suppose the IM-Mobile cell phone company has another rate plan 
that costs $40 per month and includes up to 700 minutes of usage per month. For 
each minute over and above 700, the company charges $0.10. Write the piecewise- 
defined function corresponding to this plan. Assume the minutes are nonnegative 
integers. 


The Greatest Integer Function 


One type of piecewise-defined function that occurs frequently in mathematics gives a 
correspondence between a real number x and the largest integer less than or equal to 
x. It is called the greatest integer function and is defined as follows. 


Greatest Integer Function 


The greatest integer function, denoted by f(x) = [|x], is defined as the largest 
integer less than or equal to x. The domain of fis the set of all real numbers. The 
range of fis the set of integers. 


[anal 5 Evaluating the Greatest Integer Function 


Let f(x) = [x]. 
(a) Find f(2). 


(b) Find (2) 


1 
(c) Find (-2) 
2. 
> Solution 
(a) f(2) = [2] = 2 because 2 is the largest integer less than or equal to 2. 
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(b) Since the largest integer less than or equal to : is 0, 


0)-BF* 


¢ < 1 3 
(c) Since the largest integer less than or equal to — 3 is — 1; 


()-[a 


LW Check It Out 5: Let f(x) = [x]. Find f(—2.5). & 


We can sketch a graph of the greatest integer function by using the values given in 


Table 2.6.1. 
Table 2.6.1 
=23 2 <S — il =f 
=l|=7<@ =I 
OSv< Il 0 
Ls e< QZ 
DS we <= 3B} 2 
For the first entry, if -2 < x < —1, then [x] = —2 because that is the largest integer 
less than x. Next, if —1 S x < 0, then [x] = —1, using the definition of the greatest in- 


teger function. Continuing in this way, we obtain the graph given in Figure 2.6.4. 


Figure 2.6.4 


e—o2+ 

eo -34 
eo —4+ 
—5+ 


2.6 Key Points 


» A piecewise-defined function is a function whose expression differs according 
to the value of the independent variable. 

» To graph a piecewise-defined function, graph the portion corresponding to each 
expression separately. 

» The greatest integer function, denoted by f(x) = [x], is defined as the largest 
integer less than or equal to x. The domain of f is the set of all real numbers. 
The range of fis the set of integers. 
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2.6 Exercises 


Skills This set of exercises will reinforce the skills illus- 


trated in this section. 


In Exercises 1—10, evaluate f(—2), f(0), and f(1), tf possible, for 


each function. If a function value is undefined, so state. 


1. f(s) 1; ifx = 3 =1, 
f(x) = 
—-2, ifx>3 4, 
{7° ifx < —2 2 
3.fm= 41. - 3? 
2? ifx > 2 —2, 
5. f(x) = x, ifx<0 Cpe =25 
Ie 1, ifx=0O Hx x", 
-l, ifx=-2 
7. f(x) = 42, if-2<x<=1 
4, ifx >1 
0, ifx<0 
8.fm~)=)2, ifOsx«<2 
4, ifx=2 
9. f(®) = Vx, fO<x<1 
ae —-x+4, ifx>1 
10.f() = 2, ifx<—-2 
nes |x|, ifx = 2 


ifx <2 
ifx=2 


ifx< 1 
if <> 1 


if 6 <= 1 


ifx=1 


In Exercises 11-16, evaluate f at the indicated value for 


20.f(x)=44, -l<x<2 


18. h(x) -{ 


=, 


4, 


f(x) = [x]. 
11.f(3.5) 12. (4.2) 
13. f(7) 14. f(V2) 
4 

15. f(—3.4) 1s./(-4) 
In Exercises 17-30, graph the function by hand. 
17. F(x) = {° haa 

25 1 

1, x<0O 
19. f(x) = 40, Osx<1l 

=]; x21 


x<0O 
x20 


21. f(%) +2, x2 
Sx) = 
4, x22 
22.) = 4° ome 
aE | ges ge ad 
23. g(x) = Pol. =) 
nee X, x>0 
dan ed x<0O 
24. = 
se) (een x=0 
25. f(x) 1, 6S 2 
L(x) = 
x, 2<xs5 
26. f(x) —x, —35x<3 
SX) = 
2x, x23 
x, -l=x=2 
27.f(x)=4-2, 2<x=3 
els KS 
3; =—2=4= 1 
28. f(x) =4—-x?, 1<x<=2 
45, x>2 
Vx; O=<x=4 
29.f(~%) =4-x+4, 4<x 55 
x =6; 5<x=10 


=2, x<-1 
30.f) = |x, -lsx=<2 
25 2<xs4 


In Exercises 31 and 32, evaluate f(—1), f(0), and f(2), if possi- 


ble, for f given by the graph. If not possible, explain why you can- 
not do so. 


31, a 32. 


vA 

4+ 4+ 

37 3+ 
at .—————— 

1+ 1+ 
433-,[123 4% “saa [pris 4 

————e2+ ———22+ 

-3+ -3 

—4+ 4 


In Exercises 33-36, state the domain, range, x-intercept(s), and 
y-intercept, and find the expression for f(x). 


33. vA 34, 
it fas (2,3) 
3 
———0 (0, 2) 
ai 1,0) 
eee Se Se o atone) Wo Ae 
a4 2 
ae = 
-4 -4 


ue In Exercises 37-40, graph the piecewise-defined function 
using a graphing utility. The display should be in DOT mode. 


0.5x*, ifx <0 
em ae ifx >0 
x, if-2=x<0 
38.f(x) =4-x+1, if0S=x< 2.5 
eB i5y. if 2-5 
_j0;,  ifx<0 
i a ifx=0 


(Hint: The greatest integer function is found under the 
option INT in a graphing calculator.) 


40. f(x) = 5||x]] — 2 (Hint: The greatest integer function is 
found under the option INT in a graphing calculator.) 


» Applications In this set of exercises, you will use piece- 
wise-defined functions to study real-world problems. 


41. Leisure Wonderland Amusement Park charges the fol- 


lowing daily admission prices, f(x) (in dollars), according 
to the age of the customer, x. 


0, if0<x<3 
20, if3<x<12 
IO \95 iti2<x<55 


18, ifx 255 


(a) What is the admission price for a five-year-old? 


42. 


43. 


44, 
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(b) Find the total admission price for a family of four 
consisting of two adults, each 32 years old, and two 
children—one a seven-year-old and the other a 
two-year-old. 


Sports The attendance at professional basketball games 
for the years 1995-2003 can be approximated by the fol- 
lowing piecewise-defined function. (Source: Statistical 
Abstract of the United States) 
_ J19+0.4@— 1995), if 1995 =2 = 2000 
FO=)o1, if 2000 <1 < 2003 


Here, f(a) is the attendance in millions, and 1 is the year. 


(a) What was the attendance in 2002? 
(b) Evaluate f(1998) and explain what it represents. 


Music The sales of portable CD players in the United 
States held steady in the years 2000 and 2001, but then 
slowly declined in the years 2002-2005 (Source: Con- 
sumer Electronics Association). The sales are given by 
the function 


32, 
“a i — 3.75(t — 1); 


fOsrs=l 
itl <= 5 


where S(2) denotes the number of portable CD players 
sold in millions, and t denotes the number of years since 
2000. 


(a) Evaluate S(4) and explain what it represents. 
(b) How many portable CD players were sold in 2001? 


Printing Costs The following function gives the cost for 
printing x copies of a 120-page book. The minimum 
number of copies printed is 200, and the maximum num- 
ber printed is 1000. 


5X5 if 200 = x < 500 
4.5x, if500 =x < 750 
4x, if 750 = x = 1000 


f@) = 


(a) Find the cost for printing 400 copies of the book. 
(b) Find the cost for printing 620 copies of the book. 


(c) Which is more expensive—printing 700 copies of the 
book or printing 750 copies of the book? 
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45. Postage As of June 30, 2002, the postage rate for first- 
class mail in the United States was $0.37 for up to 
1 ounce and $0.23 for each additional ounce or part 
thereof. For this class of mail, the maximum weight was 
13 ounces. The following function can be used to find the 
cost of sending a letter, postcard, or small package via 
first-class mail. 


0.37, if0<x<1 
P(x) = ; 
0.23[x] + 0.37, if1<x<13 


Find the cost of the sending each of the following pieces 
of first-class mail. 

(a) A letter weighing 3.6 ounces 

(b) A small package weighing 6.9 ounces 

(c) An envelope weighing 5.3 ounces 


46. Commuter Travel This problem is an extension of Exam- 
ple 1. A one-way ticket on a weekday from Newark, New 
Jersey, to New York, New York, costs $3.30 for a train de- 
parting during peak hours and $2.50 for a train depart- 
ing during off-peak hours. Peak morning hours are 
from 6 A.M. to 10 A.M. and peak evening hours are from 
4 P.M. to 7 P.M. The rest of the day is considered to be 
off-peak. (Source: New Jersey Transit) 

(a) Construct a table that takes the time of day as its 
input and gives the fare as its output. 

(b) Write the fare as a function of the time of day using 
piecewise function notation. 


(c) Graph the function. 


47. Rate Plan A long-distance telephone company advertises 
that it charges $1.00 for the first 20 minutes of phone use 
and 7 cents a minute for every minute beyond the first 
20 minutes. Let C(2) denote the total cost of a telephone 
call lasting ¢ minutes. Assume that the minutes are non- 
negative integers. 

(a) Many people will assume that it will cost only $0.50 
to talk for 10 minutes. Why is this incorrect? 
(b) Write an expression for the function C(). 


(c) How much will it cost to talk for 5 minutes? 
20 minutes? 30 minutes? 


48. Online Shopping On the online auction site Ebay, the next 
highest amount that one may bid on an item is based 
on the current bid, as shown in the table. (Source: 
www.ebay.com) 


$1.00-$4.99 $0.25 
$5.00-$24.99 $0.50 
$25.00-$99.99 $1.00 


For example, if the current bid on an item is $7.50, then 

the next bid must be at least $0.50 higher. 

(a) Explain why the bid increment, J, is a piecewise- 
defined function of the current bid, 0. 

(b) Graph this function. 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


In Exercises 49 and SO, let f be defined as follows. 


w= 0, ifx=1 
2, ie I 


49. Graph f(x — 1). 
50. Graph 3f(x). 


In Exercises 51 and 52, let F be defined as follows. 


x ifOsxx<4 
Fi = 
wy e ifx > 4 


51. Graph F(x) + 3. 
52. Graph F(2x). 


The piecewtse-defined function given below is known as the char- 
acteristic function, C(x). It plays an important role in advanced 
mathematics. 


0, ifx =0 
C(x) = 41, if0<x<1 
0, ifx=1 


Use this function for Exercises 53-56. 
1 
53. Evaluate c(5). 


54. Evaluate 3C(0.4). 
55. Graph C(x). 


56. Graph the function f(x) = xC(x). 
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Chapter 2 Summary 


Section 2.1 Coordinate Geometry: Distance, Midpoints, and Circles 


Concept 


Distance between two points 
The distance d between the points (x), y,) 
and (x;y) is given by 


d V (Xp 


a + Ge — a). 
Midpoint of a line segment 

The coordinates of the midpoint of the line 
segment joining the points (x, y,) and 

(X25 2) are 


xy +X. MW + In 
2° 2 $f 


Equation of a circle in standard form 

The circle with center at (h, k) and radius r 
is the set of all points (x, y) satisfying the 
equation 


(x — hy? + (y — BY =P". 
General form of the equation of a circle 
The general form of the equation of a 
circle is given by 

x? + y? + Dx + Ey + F=0. 
By completing the square, we can rewrite 
the general equation in standard form. 


Illustration 


The distance between (—4, 5) and (2, —3) is 


V(2 — (-DY? + (-3 — 5)? = V36 + 64 
= 10. 


The midpoint of the line segment joining 
(—4, 5) and (2, —3) is 


i++ 23) ‘4 


2 2 


The equation of the circle with center 
(—2, 5) and radius 4 is 


(x + 2)? + (y — 5)? = 16. 


The equation x? + y* + 2x + 4y+1=0 
is the equation of a circle in general form. 
Rewrite as x7 + 2x + y7 + 4y+1=0 
and complete the square to get 

+ 1)? + (p+ 2yP—4. 


Section 2.2 The Algebra of Functions 


Concept 


Given two functions f and g, then for each x 
in the domain of both f and g, the sum, 
difference, product, and quotient of f and 
g are defined as follows. 


(f+ g)@) =f) + a(x) 
(Ff — 8) =f) — a(x) 
(Fg) () = F() > 8) 


(2) (x) = ror where g(x) # 0 


Illustration 


Let f(x) = x? and g(x) = 2x + 1. 
(f+ g)@) =x? + 2x41 
(f- 2) =x? — (2x + 1) =x? - 2x-1 
(fey(X) = x7°(2x + 1) 


PV) = 
(Z)eo ~ 2x +1 


Study and Review 


Example 1 


Chapter 2 Review, 
Exercises 1-4, 110 


Example 1 


Chapter 2 Review, 
Exercises 1—4, 110 


Examples 2, 3 


Chapter 2 Review, 
Exercises 5-10, 109 


Example 4 


Chapter 2 Review, 
Exercises 11-16, 109 


Study and Review 


Examples 1-3 


Chapter 2 Review, 
Exercises 17—22, 27-29, 
111, 113 


Continued 
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Section 2.2 The Algebra of Functions 


Concept 


Definition of a composite function 
Let fand g be functions. The composite 
function f° g is defined as 


(Fe s(x) = fe). 
The domain of f° g is the set of all x in the 


domain of g such that g(x) is in the 
domain of f. 


Difference quotient 
The difference quotient of a function f 
is an expression of the form 


f(x + h) ~f@®) 


h#0. 
h 


Illustration 


Let f(x) = x? and g(x) = 2x + 1. Then 
po2e=—fe®) = Gz+ 1% 


If f(x) = x’, then 
Fer OHI) erie ae 


= 2x 
h h 


Section 2.3 Transformations of the Graph of a Function 


Concept 


Vertical and horizontal shifts of the graph of a 
function 

Let f be a function and c be a positive 
constant. 


Vertical shifts of the graph of f(x) 

¢ The graph of g(x) = f(x) + c is the graph 
of f(x) shifted c units upward. 

¢ The graph of g(x) = f(x) — cis the graph 
of f(x) shifted c units downward. 


Horizontal shifts of the graph of f(x) 

¢ The graph of g(x) = f(x — c) is the graph 
of f(x) shifted c units to the right. 

¢ The graph of g(x) = f(x + c) is the graph 
of f(x) shifted c units to the left. 


Illustration 


f(xte) fe) fe-e 


h. 


Study and Review 


Examples 4—7 


Chapter 2 Review, 
Exercises 23—26, 30-42, 112 


Example 8 


Chapter 2 Review, 
Exercises 43—46, 116 


Study and Review 


Examples 1-3 


Chapter 2 Review, 
Exercises 47—68, 113 


Continued 


Section 2.3 Transformations of the Graph of a Function 


Concept 


Vertical scalings and reflections across the 
horizontal axis 

Let f be a function and c be a positive 
constant. 


Vertical scalings of the graph of f(x) 

¢ Ifc > 1, the graph of g(x) = cf(x) is the 
graph of f(x) stretched vertically away 
from the x-axis, with the y-coordinates of 
f(x) multiplied by c. 

¢ If0 <c < 1, the graph of g(x) = cf(x) is 
the graph of f(x) compressed vertically 
toward the x-axis, with the y-coordinates 
of f(x) multiplied by c. 


Reflection of the graph of f(x) 

across the x-axis 

¢ The graph of g(x) = —f(x) is the graph of 
f(x) reflected across the x-axis. 


Horizontal scalings and reflections across the 
vertical axis 

Let f be a function and c be a positive 
constant. 


Horizontal scalings of the graph of f(x) 
* Ifc > 1, the graph of g(x) = f(cx) is the 
graph of f(x) compressed horizontally 


1 
toward the y-axis, scaled by a factor of ~ 


¢ If0 <c <1, the graph of g(x) = f(cx) is 
the graph of f(x) stretched horizontally 
away from the y-axis, scaled by a factor 


1 
of —. 
c 


Reflection of the graph of f(x) across 

the y-axis 

¢ The graph of g(x) = f(—x) is the graph of 
f(x) reflected across the y-axis. 


Illustration 
yf 
f(x) 
cf(x), ¢>1 
x 
f(x), 0<c<1 
y 4 
f(x) 
x 
—f@) 
y 4 
fe) 
x 
f(cx),c>1 f(cx),0<e<1 
y A 
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Study and Review 


Examples 4, 5 


Chapter 2 Review, 
Exercises 51-68, 113 


Example 6 


Chapter 2 Review, 
Exercises 56-68 
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Section 2.4 Symmetry and Other Properties of Functions 


Concept 


Odd and even functions 
A function is symmetric with respect to 
the y-axis if 

f(x) = f(—x) for each x in the domain of f. 


Functions with this property are called even 
functions. 


A function is symmetric with respect to 
the origin if 
f(-x) = —f(x) for each x in the domain of f. 


Functions with this property are called odd 
functions. 


Increasing, decreasing, and constant functions 

¢ A function fis increasing on an open 
interval J if, for any a, b in the interval, 
f(a) < f(b) for a < b. 

¢ A function fis decreasing on an open 
interval J if, for any a, b in the interval, 
f(@ > f(b) for a < b. 

¢ A function fis constant on an open 
interval J if, for any a, b in the interval, 


f@ =f). 


Average rate of change 
The average rate of change of a function 
fon an interval [x,, x.] is given by 


fe) = FG) 


Average rate of change = 
x2 x 


Illustration 

The function f(x) = x” + 2 is even because 
f(—x) = (-x)? + 2 = x7 4 2. 

Thus f(—x) is equal to f(x). 


The function f(x) = x? is odd because 
fan ay < 
Thus f(—x) is equal to —f(x) = —(x?). 


The function f given by the following graph 
is increasing on (0, 1), decreasing on (1, 2), 
and constant on (2, 4). 


The average rate of change of f(x) = —x’ 


over the interval [1, 2] is given by 


f(%2) ~ fi) _ —4— C1) 


X_y — xy 2 1 


Section 2.5 Equations and Inequalities Involving Absolute Value 


Concept 


Illustration 


Study and Review 


Example 1 


Chapter 2 Review, 
Exercises 75-82 


Example 2 


Chapter 2 Review, 
Exercises 69-74 


Examples 3, 4 


Chapter 2 Review, 
Exercises 83-86 


Study and Review 


Equations involving absolute value 
Let a > 0. Then the expression 


|X| = ais equivalent to X = a or X = —a. 


The equation |—2x + 5| = 7 is equivalent to 
2x +5 = 7or -—2x +5 7. Solving 

—2x +5 =7 gives x = —1. Solving 

—2x + 5 = —7 gives x = 6. The solution is 

x=-lorx=6. 


Example 1 


Chapter 2 Review, 
Exercises 87—92 


Continued 


Chapter 2 


Section 2.5 Equations and Inequalities Involving Absolute Value 


Concept 


Inequalities involving absolute value 
Let a > 0. Then the following hold. 


* |X| < ais equivalent to -a< X <a. 
Similarly, |X| < a is equivalent to 
-a=X=a. 

+ |X| > ais equivalent to 

X<-aorx>a. 


Similarly, |X| = a is equivalent to X < —a 
or X 2 a. 


Illustration 


The inequality |-2x + 5| = 7 is equivalent 
to —7 = —2x + 5 = 7. Solving the second 
inequality for x, —1 = x = 6. The solution 
set is [—1, 6]. 


The inequality |-2x + 5| = 7 is equivalent 
to —2x + 5 S —7 or —2x + 5 = 7. Solving 
the two inequalities separately gives the 
solutions x = 6 or x = —1, respectively. The 
solution set is (—%, —1] U [6, ©). 


Section 2.6 Piecewise-Defined Functions 


Concept 


Piecewise-defined functions 

A piecewise-defined function is a 
function whose expression differs according 
to the value of the independent variable. 


Greatest integer function 

The greatest integer function, denoted by 
f(x) = [x], is defined as the largest integer 
less than or equal to x. The domain of fis 
the set of all real numbers. The range of f 

is the set of integers. 


Chapter 2 


Illustration 


The following function has two different 
definitions, depending on the value of x. 


—5, 


ifx<1 
ifx=1 


{(.5) = [3.5] = 3 because 3 is the largest 
integer less than 3.5. 


Review Exercises 


Study and Review 


Examples 2—4 


Chapter 2 Review, 
Exercises 93-100, 114 


Study and Review 
Examples 1-4 


Chapter 2 Review, 
Exercises 105-107, 115 


Example 5 


Chapter 2 Review, 
Exercise 108 
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Review Exercises 


Section 2.1 


In Exercises 1—4, find the distance between the points and the 


midpoint of the line segment joining them. 


1. (0, —2); Gor 3) 
2. (-4, 6); (8, —10) 
3. (6, 9), (11, 13) 


A (=7,.=6), (113, 9) 


In Exercises 5—8, write the standard form of the equation of the 


5.r = 6; center: (—1, 2) 


6. r = 3; center: (4, 1) 
Tr= 


1 
7 ter: (0; —1 
a center: ( ) 


8.r= V3; center: (—2, 1) 


circle having the given radius and center. Sketch the circle. 
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In Exercises 9—14, find the center and radius of the circle having 
the given equation. Sketch the circle. 


9. (x — 3)? + (y — 2)? 


4 


1 
10.07 Hy = 12)°= 9 


ll.x? + y? — 8x + 2y-5=0 


12.x7 + y? + 2x + 4y—-11=0 


13.x7 + y? — 2x + 2y-7=0 


14.x? + y? — 2x + 6y+1=0 


[a] 

= In Exercises 15 and 16, find the center and radius of the circle 
having the given equation. Use a graphing utility to graph the 
circle. 


15.x7 + (y — 2.3)? =17 


16. (x + 3.5)? + (y — 5.1)? = 27 


Section 2.2 


In Exercises 17-22, for the given functions f and g, find each com- 
bination of functions and identify its domain. 


(a) f+ 8)@) 
(b) (Ff — g)@) 
(c) (fg) @) 


(d) (2) 
& 
17. f(x) = 4x7 + 13 g(x) =x 4+ 1 


18. f(x) = 3x — 13 g(x) =x? -—4 


1 1 
19.f@) = (2) 0 aac 


1 
20. f(x) = Vx; e(x) = ws 


2 2} 
21. f(x) = =a &(x) = 3x 


2 : gat) 
ena x—4 


22. f(x) 


In Exercises 23—26, use f and g given by the following tables of 
values. 


—4 =2 0 3 
sail 0 3 | =2 


23. Evaluate (f° g)(—1). 


24. Evaluate (f° g)(0). 
25. Evaluate (g°f)(0). 


26. Evaluate (g° f)(—4). 


In Exercises 27-34, let f(x) = 3x —-— 1, g(x) = ~2V'x, and 
h(x) = 4x. Evaluate each of the following. 


27.(f + g)(4) 28. (g — h)(9) 
29 f 2 . 
5 / ) 30.(f- h)B) 


31. (f° h)(—1) 32. (he f)(2) 


33. (f° g)(9) 34. (g° f)(3) 


In Exercises 35—42, find expressions for (f° g)(x) and (g° f)(x), 
and give the domains of f° g and g° f. 


35. f(x) = -x7 +4; ¢(x) =x- 2 


36. f(x) = 2x + 5; g(x) = a 


37. f(x) = —x? + 3x; g(x) =x — 3 


2 
38. f(x) 7 e~=Hxt5 


1 
39. f(x) — 5 &) x EX 
40. f(x) = Vx + 2; g(x) =2x4+1 


41.f(@) = 3 e(®) = [al 


42. f(x) = x? — 4x + 45 g(x) =~ 


f@ + 2) — f@) 


In Exercises 43—46, find the difference quotient ; 


h # 0, for each function. 
43. f(x) = 4x — 3 


4A. f(x) = —3x? 
45. f(x) = 2x? — 3x4+ 1 


1 
46. f(x) = xe x#0 


Section 2.3 


In Exercises 47-58, use transformations to sketch the graph of 
each function. 


47. g(x) = |x| — 6 48. F(s) = (s — 5)? 


49. H(x) = |x — 1] + 2 50. G(x) = (x + 4)? — 3 
51. f(x) = 2Vx 52. H(s) = —|s| 
53. F(s) = —(s + 4)? 54. P(x) = -Vx +1 
55. f(x) = -3(« + 2)? +1 

56. h(x) = V3x 


57. h(x) = |2x| — 3 


58. h(x) = 


1 
ax 
3 


In Exercises 59-62, use the verbal description to find an algebraic 
expression for each function. 


59. The graph of the function g(x) is formed by translating 
the graph of f(x) = |x| 3 units to the right and 1 unit up. 


60. The graph of the function f(x) is formed by translating 
the graph of h(x) = Vx 2 units to the right and 3 units 


up. 


61. The graph of the function g(x) is formed by vertically 
scaling the graph of f(x) = x? by a factor of 2 and moving 
the result to the left by 1 unit. 


62. The graph of the function g(x) is formed by horizontally 
compressing the graph of f(x) = |x| by a factor of 5 and 


moving the result up by 2 units. 
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In Exercises 63—66, use the given graph of f to graph each 
expression. 


63. 2f(x) — 3 64. f(x — 1) 


65. f(2x) 66. —f(x) +1 


=) In Exercises 67 and 68, use a graphing utility. 


67. Graph the functions y, (x) = (x — 1.5)° and y,(x) =x? — 1.5 
in the same viewing window and comment on the differ- 
ence between the two functions in terms of transforma- 
tions of f(x) = x”. 


68. Graph the function y,(x) = 4|x + 1.5| — 2.5 and des- 
cribe the graph in terms of transformations of f(x) = |x|. 


Section 2.4 


Exercises 69—74 pertain to the function f given by the following 
graph. 


(5, 1) 


r (2,1) (4, i 


2-1) >| 6/0) 
—3+ 
—4+ 


y 
44 
3 
24 
i+ 
1 


69. Find the interval(s) on which / is increasing. 

70. Find the interval(s) on which fis decreasing. 

71. Find the interval(s) on which fis constant. 

72. Find the average rate of change of fon the interval [—1, 1]. 
73. Find the average rate of change of f on the interval [3, 4]. 


74. Find the y-intercept. 
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In Exercises 75—80, decide if the function is odd, even, or neither, 
using the definitions. 


75. f(x) = —x 76. f(x) = 3x + 4 


77. f(x) = —x? +5 78. f(x) =x? + x? 


79. f(x) = —3x° — x 


Ee] 


80. f(x) = 2x4 + x? +1 


— =| In Exercises 81 and 82, use a graphing utility to decide tf each 
function is odd, even, or neither. Confirm your result using the 
definitions. 


81. f(x) = 2x? + 3x -— 5 82. f(x) = —x* + x? +3 


In Exercises 83—86, for each function, find the average rate of 
change on the given interval. 


83. f(x) = —2x + 4; interval: [2, 3] 
84. f(x) = —2x? + 3x; interval: [—3, —-1] 


85. f(x) = —x? + 3; interval: [—1, 0] 


86. f(x) = —x? + 2x; interval: [—2, 1] 


Section 2.5 


In Exercises 87—92, solve the equation. 


87. |x — 5|= 6 
88. |x + 6| =7 
1 
89. -as 
2 
3 
90. |4s + =| = 10 
2 


91.1 + 3|2x —5|=4 


92. -3 + 2\x — 4|=7 


In Exercises 93-98, solve the inequality. Write your answer in 
interval notation, and graph the solution set on the number line. 


93.|3x + 10) >5 94. |—x — 8| = 7 


1 2x +1 
95.|—x + 6] <5 96. <1 

2 5 

3 
97.3; x +1) <9 98.|-2x -7/+4<8 


In Exercises 99 and 100, solve the inequality using a graph- 
ing utility. 


99, |2x — 3| = —|x| + 6 


100. |x| > —|2x| + 4 


Section 2.6 
-—2x+1, ifx<0 


In Exercises 101—104, let = . ; 
n Exercises et f(x) ts use Gh 


Evaluate the following. 


101. f(0) 102. f(-D 


104. (3) 


In Exercises 105-108, sketch a graph of the piecewtse-defined 
function. 


103. f(3) 


105. g(x) K, ifx = —2 

* Xx) = 

2 2.5, ifx>—2 
4, ifx <0 

106.F(x) = 4x7, if0<x<2 

-3, ff 25x53 


iz _ Ji; ift<4 
JO = Wi-4, ifr=4 


108.f(x) = [x] -— 1 


Applications 


109. Gardening A circular flower border is to be planted 
around a statue, with the statue at the center. The dis- 
tance from the statue to any point on the inner bound- 
ary of the flower border is 20 feet. What is the equation 
of the outer boundary of the border if the flower border 
is 2 feet wide? Use a coordinate system with the statue 
at (0, 0). 


110. Distance Two boats start from the same point. One 
travels directly west at 30 miles per hour. The other 
travels directly north at 44 miles per hour. How far 
apart will they be after an hour and a half? 


111.Revenue The revenue for a corporation is modeled by 
the function R(t) = 150 + 5t, where ¢ is the number of 
years since 2002 and R(d) is in millions of dollars. The 
company’s operating costs are modeled by the function 
C(t) = 135 + 2.4t, where tis the number of years since 
2002 and C(2) is in millions of dollars. Find the profit 
function, P(2). 


112. Pediatrics The length of an infant 21 inches long at birth 
can be modeled by the linear function h(a) = 21 + 1.52, 
where ¢ is the age of the infant in months and h(a) is in 
inches. (Source: Growth Charts, Centers for Disease 
Control) 

(a) What is the slope of this function, and what does it 
represent? 

(b) What is the length of the infant at 6 months? 

(c) If f(x) = 2.54 is a function that converts inches to 
centimeters, express the length of the infant in 
centimeters by using composition of functions. 


113.Commerce The production cost, in dollars, for 
producing x booklets is given by C(x) = 450 + 0.35x. 
(a) If the fixed cost is decreased by $40, find the new 
cost function. 
(b) The shipping and handling cost is 4% of the total 
production cost C(x). Find the function describing 
the shipping and handling costs. 


ae 
(c) —* Graph both cost functions and interpret the 
effect of the decreased fixed cost. 


114. Geography You are located in the center of Columbus, 
Ohio. Write an absolute value inequality that gives all 
points less than or equal to 43 miles east or west of the 
center of Columbus. Indicate what point you would use 
as the origin. 
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115. Cellular Phone Rates The Virgin Mobile prepaid cellular 
phone plan charges $0.25 per minute of airtime for the 
first 10 minutes of the day, and $0.10 per minute of air- 
time for the rest of the day. (Source: Virgin Mobile, 

2005) 

(a) How much is the charge if a person used 
15 minutes of airtime on a particular day? 

(b) If x is the number of minutes used per day, what is 
the piecewise-defined function that describes the 
total daily charge? Assume that x is a whole 
number. 


116. Profit Growth The following table lists the gross profits 
(i.e., profits before taxes) for IBM Corporation for the 
years 2002-2004. (Source: IBM Annual Report) 


2002 30 
2003 3)3} 
2004 36 


Find and interpret the average rate of change in gross 
profit from 2002 to 2004. 


Test 


1. Given the points (1, 2) and (—4, 3), find the distance 
between them and the midpoint of the line segment join- 
ing them. 


2. Write the standard form of the equation of the circle with 
center (2, 5) and radius 6. 


3. Find the center and radius of the circle with equation 


x? + 2x + y* — 4y = 4. Sketch the circle. 


In Exercises 4—11, let f(x) = x? + 2x and g(x) = 2x — 1. 
4. Evaluate (f+ g)(2). 5. Evaluate (g — f)(—1). 


6. Evaluate (2) (3). 7. Evaluate (f: g)(—2). 


8. Evaluate (f° g)(0). 9. Evaluate (g° f)(—1). 


10. Find (2) (x) and identify its domain. 


fat h)-I@) , 


11. Find 
in h 


~ 0. 


12. Let f(x) = = and g(x) =x”? — 1. Find (fe g)(«) and 


identify its domain. 
In Exercises 13-16, use transformations to sketch the graph of 
each function. 


13. f(x~) = 14. f(x) = |3x| - 1 


x 
2 


15. f(x) = —2Vx + 3 16. f(x) = —(x + 2)? - 2 
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In Exercises 17 and 18, use the verbal description of the function 

to find its corresponding algebraic expression. 

17. The graph of the function g(x) is formed by translating 
the graph of f(x) = |x| 2 units to the left and 1 unit up. 


18. The graph of the function g(x) is formed by compressing 
the graph of f(x) = x? horizontally by a factor of 3 and 
moving it down by 1 unit. 


In Exercises 19-21, decide if the function is odd, even, or neither 
by using the appropriate definitions. 


19. f(x) = 2x + 1 20. f(x) = —3x7 —5 
21. f(x) = 2x? + x? 


In Exercises 22 and 23, use the following graph. 


4 (2,3) (5,3) 


22. Find the interval(s) on which 
(a) fis increasing. 
(b) fis decreasing. 
(c) fis constant. 


23. Find the average rate of change of fon the interval [—2, 1]. 


24. Find the average rate of change of f(x) = 4x — 5 on the 
interval [2, 3]. 


In Exercises 25 and 26, solve the equation. 


25. 26. |4x — 7] -3 = 6 


4 
+ il=s 
3 


In Exercises 27-29, solve the inequality. Write your answer in in- 

terval notation and graph the solution set on the real number line. 

5x + 4 
3 


Ot: =8 


28. 2|2x — 5| = 6 
29. |5x + 2} + 6< 13 


30. Let f be defined as follows. 


j= -x+1, ifx=1 
ee lem 1, fx > 1 


(a) Sketch a graph of f. 
(b) Find a single expression for fin terms of absolute 
value. 


31. Travel You are located in the center of St. Louis, Mis- 
souri. Write an absolute value inequality that gives all the 
points greater than or equal to 53 miles north or south of 
the center of St. Louis. Indicate what point you would 
use as the origin. 


32. Shopping The revenue for an online shopping website 
is modeled by the function R(z) = 200 + 152, where f is 
the number of years since 2004 and R(®) is in millions 
of dollars. 

(a) Find the revenue for the year 2008. 

(b) The company’s operating cost is modeled by 
C(a) = 215 + 8.5t, where ¢ is the number of years 
since 2004 and C(2) is in millions of dollars. Find 
the profit function P(2). 

(c) According to the model, when will the profit be equal 
to 10 million dollars? 


33. Sales A wholesale nut producer charges $3.50 per pound 
of cashews for the first 50 pounds. The price then drops 
to $3 per pound for each pound (or portion thereof) over 
50 pounds. Express the cost of x pounds of cashews as a 
piecewise-defined function. 


he percentage of tufted puffin eggs that hatch during a breeding season de- 

pends very much on the sea surface temperature of the surrounding area. A 

slight increase or decrease from the optimal temperature results in a decrease 

in the number of eggs hatched. This phenomenon can be modeled by a quad- 
ratic function. See Exercises 77 and 78 in Section 3.1. This chapter explores how 
quadratic functions and equations arise, how to solve them, and how they are used in 
various applications. 


3.1 


3.2 


3.3 


3.4 


3.5 


Chapter 
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| Quadratic Functions 


3.1 Graphs of Quadratic Functions 


Objectives 
> Define a quadratic function 


> Use transformations to 
graph a quadratic function 
in vertex form 


> Write a quadratic function 
in vertex form by complet- 
ing the square 


> Find the vertex and axis of 
symmetry of a quadratic 
function 


> Identify the maximum or 
minimum of a quadratic 
function 


> Graph a quadratic function 
in standard form 


> Solve applied problems 
using maximum and mini- 
mum function values 


Figure 3.1.1 


Discover and Learn 


Use the area function from Exam- 

ple 1 to compute the area for vari- 
ous values of the length Z by filling 
in the following table. 


Table 3.1.1 


renee [|=] [0 


What do you observe about the 
area as the length is varied? 


In Chapter 1, we saw how linear functions can be used to model certain problems we 
encounter in the real world. However, there exist many problems for which a linear 
function will not provide an accurate model. To help us analyze a wider set of prob- 
lems, we will explore another class of functions, known as quadratic functions. 


Area: An Example of a Quadratic Function 


Before giving a formal definition of a quadratic function, we will examine the problem 
of finding the area of a region with a fixed perimeter. In this way, we will see how this 
new type of function arises. 


Example fl Deriving an Expression for Area 


Example 6 in Section 3.1 builds upon this example. + 


Traffic authorities have 100 feet of rope to cordon off a rectangular region to form a 
ticket arena for concert goers who are waiting to purchase tickets. Express the area of 
this rectangular region as a function of the length of just one of the four sides of the 
region. 


Solution Since this is a geometric problem, we first draw a diagram of the cordoned- 
off region, as shown in Figure 3.1.1. Here, / denotes the length of the region and w de- 
notes its width. From geometry, we know that 


A=lu. 


We must express the area as a function of just ove of the two variables /, w. To do so, 
we must find a relationship between the length and the width. Since 100 feet of rope 
is available, the perimeter of the enclosed region must equal 100: 


Perimeter = 2/ + 2w = 100 


We can solve for w in terms of / as follows. 


2w = 100 — 2] Isolate the w term 
1 

w= 2 (100 — 21) Solve for w 

w=50-1 Simplify 
Now we can write the area as 

A = lw = 150 — 2) = 501 - P. 

Thus the area, A, is a function of the length J, and its expression is given by 
A(l) = —P + 501. We will revisit this function later to explore other aspects of this 
problem. 


[W Check It Out 1; Find the area expression for the cordoned region in Example 1 if 
120 feet of rope is available. © 


We saw that the function for the area of the rectangular region in Example 1 in- 
volves the length / raised to the second power. This is an example of a quadratic func- 
tion, which we now define. 
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Definition of a Quadratic Function 


A function f is a quadratic function if it can be expressed in the form 
f(x) = ax? + bx + 


where a, b, and c are real numbers and a # 0. The domain of a quadratic func- 
tion is the set of all real numbers. 


Throughout our discussion, a is the coefficient of the x” term; 6 is the coefficient 
of the x term; and c is the constant term. To help us better understand quadratic func- 
tions, it is useful to look at their graphs. 


Some General Features of a Quadratic Function 


We study the graphs of general quadratic functions by first examining the graph of the 
function f(x) = ax’, a # 0. We will later see that the graph of any quadratic function 
can be produced by a suitable combination of transformations of this graph. 


eae 2 Sketching the Graph of f(x) = ax’ 


Consider the quadratic functions f(x) = x, g(x) = —x’, and h(x) = 2x”. Make a table 
of values and graph the three functions on the same set of coordinate axes. Find the 
domain and range of each function. What observations can you make? 


Solution We make a table of values of f(x), g(x), and h(x) for x = —2, —1, 0, 1, 2 
(see Table 3.1.2) and then use it to graph the functions, as shown in Figure 3.1.2. Note 
that for a given value of x, the value of g(x) is just the negative of the value of f(x) and 
the value of h(x) is exactly twice the value of f(x). 


Table 3.1.2 Figure 3.1.2 
ef) =x ge) = —x? 
=2 4 =4 8 ine 
= 1 il 2 
0 0 0 0 
1 -1 2 , 
2) 4 —4 8 anes 


The domain of all three functions f, g, and / is the set of all real numbers, (—™, ©), 
because x? is defined for all real numbers. Since x* = 0, the range of f(x) = x’ is the 
set of all numbers greater than or equal to zero, [0, ©). The range of g(x) = —x” is 
the set of all numbers less than or equal to zero, (—®, 0], and the range of h(x) = 2x? 
is the set of all numbers greater than or equal to zero, [0, %). 
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=| Discover and Learn 


Graph the function 

f(x) = (x — 2)? + 1 usinga 
graphing utility with a decimal 
window. Trace to find the lowest 
point on the graph. How are its 
coordinates related to the given 
expression for f(x)? 


Observations: 
>» The graph of f(x) = x? opens upward, whereas the graph of g(x) = —x? opens 
downward. 
> The graph of h(x) = 2x? is vertically scaled by a factor of 2 compared to the graph 
of f(x) = x*, and the graphs of both f and / open upward. 


[AW Check It Out 2; Rework Example 2 using the functions f(x) = x? and g(x) = 5. 
a 


Quadratic Functions Written in Vertex Form, 

f(x) = a(x — h)? +k 

In many instances, it is easier to analyze a quadratic function if it is written in the form 
f(x) = a(x — h)? + k. This is known as the vertex form of the quadratic function. ! 


Quadratic Function in Vertex Form 


A quadratic function f(x) = ax” + bx + c can be rewritten in the form 
f(x) = a(x — h)? + k, known as the vertex form. The graph of 

f(x) = a(x — h)? + kis called a parabola. Its lowest or highest point is 
given by (h, k). This point is known as the vertex of the parabola. 


» If a > 0, the parabola opens upward, and the vertex is the lowest point on the 
graph. This is the point where f has its minimum value, called the minimum 
point. The range of fis [k, ©). See Figure 3.1.3. 

» If a < 0, the parabola opens downward, and the vertex is the highest point on 
the graph. This is the point where f has its maximum value, called the maxi- 
mum point. See Figure 3.1.4. 


Figure 3.1.3 Parabola: a > 0 Figure 3.1.4 Parabola: a < 0 


A y, Maximum 
point (A, k) 


f(x) = ax? +bx +e 


=a(x—h)? +k 
a>0 
x ¥ 
f(x) = ax? +bx +e 
=a(x—hy +k 
t a<0 
Minimum 
point (A, k) 


When a quadratic function is expressed in the form a(x — h)* + k, we can use 
transformations to help sketch its graph, as shown in the following example. 


eee 3 Sketching a Quadratic Function Using Transformations 


Use transformations to graph f(x) = —2(x — 1)* + 3. What is the highest point on the 
graph and how are its coordinates related to the expression for f(x)? 


1Some textbooks refer to this form as the standard form of the quadratic function. 
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Solution Note that the graph of f(x) = —2(x — 1)? + 3 can be written as a series of 
transformations of the graph of y = x? as follows: 
x? —> 2x? > —2(x — 1)? > —2(x — 1)? +3 
Vertical stretch by a factor Horizontal shift Vertical shift 
of 2 and reflection across 1 unit to the right 3 units up 
the x-axis 
The transformation of the graph of y = x? to the graph of y = —2x? is sketched in 
Just In Time Figure 3.1.5. 
Review transformations in : 
? : Figure 3.1.5 
Section 2.3. / 
VR Vt 
4 cee 4 
3 gee 3 
2 —————————— 2 
1 


>» Vertical stretch 

w4ar3rerly 123 4% by factor of 2 
and reflection 

-2 across the x-axis 


= 


The shifts of the graph of y = —2x? to the right 1 unit and up 3 units are shown 
in the series of graphs in Figure 3.1.6. 


Figure 3.1.6 
‘yh yt 
A 4 
3 3 
2 SS 2 
; || y=-2@-1P 
“ Horizontal > 
—4-3-2-1 123 4 shift 1 unitto | —4-3-2-1 \2 3 4 ~*~ 
; +1 
the right 
2 
ya-2x? 7 


= Vertical shift 
1 43 4% 3 units upward 


We see that the graph of f(x) = —2(x — 1)? + 3 opens downward, and the highest 
point on the graph is (1, 3). The x- and y-coordinates of the highest point correspond 
to the horizontal and vertical shifts, respectively. 


LW Check It Out 3: Rework Example 3 using the function g(x) = 2(x — 2)? — 1. Here, 
you will find the lowest point on the graph of g. © 
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Just In Time 


Review factoring of trinomi- 
als that are perfect squares 


in Section P5. vy 


Just In Time 


See more examples of 
completing the square in 


Section 2.7. SF, 


Figure 3.1.7 
=) 
4+ y=2x*-4x 45 
3 ok. 
(1, 3) 
27 Minimum 
14 point 
=I 1 2 3 * 
-l+ 


In Example 3, we observed some major features of a quadratic function by exam- 
ining it as a transformation of the basic function f(x) = x7. To write any quadratic 
function f(x) = ax? + bx + cin the form f(x) = a(x — h)? + k, where a, h, and k are 
real numbers, you must use a technique known as completing the square. 

For example, to complete the square on x* + 8x, you add 16. This gives 
x? + 8x + 16 = (x + 4)’. In general, if the expression is of the form x? + bx, you add 


b\2 ‘ : 
c= (5) to make x? + bx +c a perfect square. If the expression is of the form 


b 
ax? + bx, a ~ 0, you factor out a to get a(x? + . x) and then complete the square on 


the expression imside the parentheses. The following example illustrates this method. 


[ema 4 Writing a Quadratic Function in Vertex Form 


Let f(x) = 2x? — 4x + 5. 

(a) Use the technique of completing the square to write f(x) = 2x? — 4x + 5 in the 
form f(x) = a(x — h)? + k. 

(b) What is the vertex of the associated parabola? Is it the maximum point or the min- 
imum point? 


> Solution 


(a) To complete the square for 2x? — 4x +5, we examine the first two terms: 
2x? — 4x. Factor out the 2 to get 2(x* — 2x). Then see what number must be 
added to x? — 2x so that it can be written in the form (x — h)?. The number to 
be added is calculated by taking half of the coefficient of x and squaring it. 


Number to be added: The square of ; (—2) is (—1)* = 1. Thus, the number 1 will 


complete the square on x? — 2x. 


Putting all this together, we have 


2x? — 4x + 5 = 2(x? — 2x) +5 Factor 2 out of x?- and x-terms 


=2(x7 —- 2x +1-1)+5 Add 1 within parentheses to complete 
the square. Subtract 1 within 
parentheses to retain the value 
of the original expression. 


= 2(x? — 2x + 1) — 2(1) + 5 Regroup terms 
= 2(x—-1)3?-24+5 Rewrite x° — 2x + 1 as (x — 1)? 
= 2(x — 1)? +3. Combine —2 and 5 
This expression is now in the form a(x — h)? + k, with a = 2, h = 1, and k = 3. 


(b) The vertex of the parabola is (h, k) = (1, 3). Since a = 1 > 0, the parabola opens 
upward and (1, 3) is the minimum point, as shown in Figure 3.1.7. 


[A Check It Out 4; Use the technique of completing the square to write f(x) = 3x” — 
12x + 7 in the form f(x) = a(x — h)* + k. Find the vertex of the associated parabola 
and determine whether it is the maximum point or the minimum point. 


Formula for the Vertex of a Quadratic Function 


It can be tedious to rewrite a quadratic function in the form f(x) = a(x — h)? — kin 
order to find the vertex. In this section, we will complete the square on the general 
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quadratic function f(x) = ax* + bx +c so that we can write it in the form 
f(x) = a(x — h)* + k. When we do this, we will find a general formula for the values 
of h and k. We can then use this formula to find the vertex of the parabola associated 
with the quadratic function f(x) = ax* + bx + c. 

To find the formula for the vertex, we begin by factoring an a out of the first two 
terms. 


b 
ax? + bx +co= a(x + *.) +c Factor a out of first 
. two terms 
> , 6 b b \2 
=alx*+—-xt a + C¢ Complete the square on 
a 2a 2a 
po 
xe =x 
a 


‘ b b \2 b \2 2 v ‘ 
Since x? + =x + ( = (x + and a(-~) = —, the above equation becomes 
a 2a 2a a 4a 


ale +2) + E a Se hy ah 


where h = - andk=c . From the previous discussion, we know that (h, k) is 
the vertex of the parabola. Thus we have the following result. 


Formula for the Vertex of a Quadratic Function 


The vertex of the parabola associated with the Figure 3.1.8 


quadratic function f(x) = ax? + bx +c is given 
2 ya 


b 
by (h, k), where h = — and k=c — : 
2a 4a 


Since (h, k) is a point on the graph of f, 
we must have f(h) =k. It is easier to first 
calculate the value of h and then calculate 


f(X) =ax?+bxt+ce 


b 
k=f(h =f (- 2) . Thus the vertex is given by UMM Vertex: (h, f()) 


be : 
BBS | == x 
nin =(-2.0-F) : 


| Axis of symmetry: x =h 


Y 
O, 2) = (-, (-2)). 


See Figure 3.1.8. 


Note that a parabola is symmetric about the vertical line passing through the ver- 
tex. That is, the part of the parabola that lies to the left of the line is the mirror image 
of the part that lies to the right of it. This line is known as the axis of symmetry. 


Axis of Symmetry 
The equation of the axis of symmetry of the parabola associated with the quad- 
ratic function f(x) = ax? + bx + c is given by 

=) 


L=—, 
2a 
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Technology Note 


The minimum point 
(0.7500, —3.125) can be 
found by using the 
MINIMUM feature of your 
graphing utility. See 
Figure 3.1.9. 

Keystroke Appendix: 
Section 10 


Figure 3.1.9 


Figure 3.1.10 


A t Axis of symmetry 
3 


yy 
4 

3 a. 
2 

1 


Although you can readily find the vertex of a parabola using the given formula, the 
technique of completing the square will be quite useful in later sections. The next 
example shows you how to put together everything you have learned in this section to 
create the graph of a quadratic function. 


are 5 Sketching a Quadratic Function 


Let f(x) = 2x? — 3x - 2. 
(a) Find the vertex of the parabola associated with /. 
(b) Find the axis of symmetry of the parabola. 
(c) Find two additional points on the graph, and then sketch the graph of f by hand. 
(d) Use the graph to find the intervals on which f is increasing and decreasing, and 
find the domain and range of f. 
>Solution 
be wale —b —b ‘ 
(a) The vertex is given by (h, k) = (=. f(=)). Using a = 2,b = —3, 


—b -(-3) 3 


3 3 \2 3 9 9 9-18-16 ~—25 
k=f =2 3 2= 2= = 
4 4 4 8 4 8 8 
The vertex is therefore (- —), Since a = 2 > 0, the parabola opens upward and 


4 > 
the vertex is the minimum point. 


(b) The axis of symmetry is given by x = 7 


(c) One point that is easy to calculate is the y-intercept, obtained by substituting x = 0 
into the expression for f(x). This gives (0, —2) as the y-intercept. The point 


49 : : ‘ ‘ , ‘i 3 
(0, —2) is q unit to the left of the axis of symmetry, so its mirror image will be a 
unit to the right of that line. Thus the x-coordinate of the mirror image must be 


33.3 : . . : 
i + im Also, its y-coordinate must be equal to the y-coordinate of the point 


(0, —2). In this way, reflecting (0, —2) across the axis of symmetry x = ; gives 
(5. -2] as a third point on the parabola. Putting all this together, we get the graph 


shown in Figure 3.1.10. 
Note that the axis of symmetry is not part of the graph of the function. It is 
sketched merely to indicate the symmetry of the graph. 


: : , 3 : . 
(d) From the graph, we see that the function is decreasing on (—c, -) and increasing 


on (=. 00). The domain is (—, ©) and the range is |=. 00). 


[A Check It Out 5: Rework Example 5 using the function g(t) = —377 + 6¢ — 2. B 


Note When finding points on a parabola, if the vertex also happens to be the 


y-intercept, then you must find a different second point on the parabola and use 


symmetry to find the third point. 


Figure 3.1.11 


Technology Note 


You can use a graphing 
utility to generate a table 
of values for the area 
function and see how the 
values of the area vary as 
the length is changed. See 
Figure 3.1.12. 


Keystroke Appendix: 
Section 6 


Figure 3.1.12 
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Applications 


This section illustrates a number of applications involving quadratic functions. First, 
we revisit the ticket arena problem from Example 1. 


eee 6 Maximizing Area 


$-- This example builds on Example 1 in Section 3.1. 


Find the dimensions of the enclosed region in Example 1 that will give the maximum 
area, and determine the maximum area. Recall that the area function was given by 
A(l) = —P + 501, where / is the length of the region. The region is shown again in 
Figure 3.1.11. 


Solution The quadratic function for the area is given by 


A() = —F + 501. 


Since a = —1 < 0, the graph of the area function is a parabola opening downward. 
Therefore, the vertex will be the maximum point. The first coordinate of the vertex is 
—b —50 
h= = = 25. 
2a 2(-1) 


Thus the maximum area occurs when the length is 25 feet. Since 27 + 2w = 100, we 
find that w = 25, and so the width is 25 feet as well. Substituting into the area func- 
tion, we have 


A(25) = —(25)? + 50(25) = 625 square feet. 


Thus the maximum area is 625 square feet. This corresponds to roping off a 25-foot 
square region to maximize the area, given 100 feet of rope. The graph of the area func- 
tion and a diagram of the cordoned-off region are given in Figures 3.1.13 and 3.1.14, 
respectively. 


Figure 3.1.13 Figure 3.1.14 
Ai (25, 625) iS Z| 
600 4 
5004 
4004 A(1) =-12 +501 sae 


Area 


25 ft 


10 20 30 40 50 60 / 


Length 


[W Check It Out 6: If the area function of a rectangular region cordoned off with 120 
feet of rope is given by A(/) = —F + 60], find the dimensions of the region that will 
give the maximum area, and determine the maximum area. 
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[seal 7 Quadratic Model of Health Data 


The chart in Figure 3.1.15 shows the cesarean delivery rates among American women 


who have not had a previous cesarean delivery. (Source: National Center for Health 
Statistics) 


Figure 3.1.15 First-time cesarean delivery rates 
among American women (in percentage) 


20 - 


Percent 
= 
Nn 
T 


10 —-— A Sa 
1989 1991 1994 1996 1998 2000 


Year 


(a) Examine the data in the bar graph. Why would a quadratic function be suitable for 
describing the first-time cesarean delivery rate over the given time period? 


(b) The given data can be modeled by the quadratic function c(2) = 0.04282? — 0.52291 + 
16.364, where c(t) is the first-time cesarean delivery rate given as a percent, and r is the 
number of years since 1989. Find c(5) and explain what it represents. 


(c) According to this model, when did the first-time cesarean delivery rate reach its 
lowest point? 


> Solution 


(a) Since the first-time cesarean delivery rate first decreased and then increased, a 
quadratic function would be suitable for describing the behavior of the data. 


(b) Evaluate c(5) to get 


c(5) = 0.0428(5)? — 0.5229(5) + 16.364 
= 14.820. 

Thus, in 1994, five years after 1989, 14.82% of deliveries among American women 

who had not had a previous cesarean delivery were cesarean. 
(c) The lowest point can be found by computing the coordinates of the vertex of the 

function c(2): 
=6. =(—@3229) 
2a 2(0.0428) 
k = c(h) = c(6.109) = 14.77 


h= = 6.109; 


The first-time cesarean delivery rate reached its lowest point of 14.77% at 6.109 
years after 1989, or just after the beginning of 1995. 


LW Check It Out 7: Use the model in Example 7 to predict the first-time cesarean deliv- 
ery rate for the year 2001. © 


Technology Note 


These curve-fitting features 
are available on most 
graphing utilities, under 
the Statistics option. 


Keystroke Appendix: 
Sections 10, 12 
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[anal 8 Modeling Car Mileage 


Table 3.1.3 lists the speed at which a car is driven, in miles per hour, and the corre- 
sponding gas mileage obtained, in miles per gallon. (Source: Environmental Protection 
Agency) 


Table 3.1.3 
5) 1 
10 17 
25 an 
45 30 
65 25 
75 22 


(a) Make a scatter plot of m, the gas mileage, versus x, the speed at which the car is 
driven. What type of trend do you observe—linear or quadratic? Find an expres- 
sion for the function that best fits the given data points. 

(b) Use your function to find the gas mileage obtained when the car is driven at 
35 miles per hour. 

(c) Find the speed at which the car’s gas mileage is at its maximum, using a graphing 
utility. 

> Solution 


(a) Enter the data into your graphing utility and display the scatter plot, as shown in 
Figure 3.1.16. 


Figure 3.1.16 Figure 3.1.17 


Note that the gas mileage first increases with speed and then decreases. This sug- 
gests that a quadratic model would be appropriate. Using the Regression feature of 
your graphing utility, the expression for the function that best fits this data is 


m(x) = —0.0108x? + 0.981x + 8.05. 


The coefficients have been rounded to three significant digits. The graph of the 
function along with the data points (Figure 3.1.17) shows that the function ap- 
proximates the data reasonably well. Store this function in your calculator as Y,, for 
subsequent analysis. 


(b) Evaluating the function at x = 35 gives a gas mileage of approximately 29.2 miles 
per gallon. See Figure 3.1.18. 
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(c) Using the MAXIMUM feature of your graphing utility, the maximum point is 
approximately (45.5, 30.4), as seen in Figure 3.1.19. Thus, at a speed of 45.5 miles 
per hour, the gas mileage is at a maximum of 30.4 miles per gallon. Your answer 
may vary slightly if you use the rounded function instead. 


Figure 3.1.18 Mileage at 35 mph Figure 3.1.19 Maximum mileage 


Maximum 


MEEI ou os V—eoNey Son X=45.526782 . Y=30.380736. 


[A Check It Out 8; Use the TABLE feature in ASK mode to evaluate the gas mileage 
function in Example 8 at the speeds given in the table. Compare your results with the 


actual gas mileages listed for those speeds, and comment on the validity of the model. 
o 


, Note You can fit a linear or quadratic function to any set of points. It is up 
to you to decide whether the function is an appropriate model or not. Choosing a 


reasonable function to model a set of data requires that you be familiar with the 


properties of different types of functions. As you work with the data sets for 
the problems in this and other sections, make sure you understand why you are 


choosing one particular type of function over another. 


3.1 Key Points 


» A quadratic function is given by f(x) = ax? + bx + c,a #0. 

» The graph of the function f(x) = ax* + bx + cis called a parabola. 

» If a > 0, the parabola opens upward. 

» If a < 0, the parabola opens downward. 

» The vertex form of a quadratic function is given by f(x) = a(x — h)* + k. 
» The vertex (h, k) of a parabola is given by: 


,-2e 
2a 

—b b? 

k =f) -(2) =o- 7 


If the parabola opens upward, then (A, f(h)) is the lowest point of the parabola (the 
minimum point). If the parabola opens downward, then (h, f(A)) is the highest 
point of the parabola (the maximum point). 


» The axis of symmetry of a parabola is given by x = Oa" 
a 
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3.1 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. The graph of g(x) = f(x) + 2 is the graph of f(x) shifted 
2 units. 


2. The graph of g(x) = f(x) — 3 is the graph of f(x) shifted 
3 units. 


3. The graph of g(x) = f(« + 2) is the graph of f(x) shifted 
2 units. 


4, The graph of g(x) = —f(x) is the graph of f(x) reflected 
about the -axis. 


5. Factor: x? — 16x + 64 


6. Factor: 25y? + 10y + 1 


In Exercises 7 and 8, what number must be added to write the ex- 
pression in the form (x + b)?? 


7. x? + 8x 8. x? — 14x 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 9-18, graph each pair of functions on the same set of 
coordinate axes, and find the domain and range of each function. 


9. f(x) = —2x?, g(x) = —x? 


10. f(x) = 3x7, g(x) = x? 


11. f(@) = se g(x) = 2x? 


12. f(x) = —x?, g(x) = x 


13. f() =x? + log) =x? - 1 

14. f(x) = —x? + 2, g(x) = —x? - 2 
15. f(x) = (x + 1)’, g(x) = x? 

16. f(x) = —(x — 3)?, g(x) = —x? 
17. f(x) = (x + 2)?, g(x) = (x — 2)? 


18. f(x) = —@ — 4)’, ex) = —@ + 4)? 


In Exercises 19-26, each of the graphs represents a quadratic 
function. Match the graph with its corresponding expression or 
description. 


a. 


ee 
-4-3-2-1,, 123 4% 


19. f(x) = (x + 2)? 20. f(x) = —(e + 2)? +1 


21. The graph of f(x) = x” shifted 1 unit to the right and 
reflected across the x-axis 
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22. The graph of f(x) = x* shifted 2 units to the right and 
1 unit up 


23. f(x) = (x + 3)? +1 


24. f(x) = (x — 1)? +2 


25. The graph of f(x) = x’ reflected about the y-axis and 
shifted 3 units down 


26. The graph of f(x) = x’ shifted 1 unit up 


In Exercises 27-32, use transformations to graph the quadratic 
function and find the vertex of the associated parabola. 


27. f(x) = (x + 2)? - 1 
28. h(x) = (x — 3)? + 2 
29. f(x) = -(«+1)?-1 
30. g(s) = —(s — 2)? + 2 
31. h(x) = —3(x + 4)? -— 2 


32. g(t) = 20 — 3)? + 3 


In Exercises 33—40, write each quadratic function in the form 
f(x) = a(x — h)? + k by completing the square. Also find the 
vertex of the associated parabola and determine whether it 1s a 
maximum or minimum point. 


33. g(x) =x? + 2x45 


34. h(x) = x? — 4x + 6 
35. w(x) = —x? + 6x4+ 4 
36. f(x) = —x? — 4x + 5 
37. h(x) = x2 +x -3 

38. g(x) = —x? +x—-—7 
39. f(x) = 3x? + 6x — 4 


40. f(x) = —2x? + 8x + 3 


In Exercises 41—50, find the vertex and axis of symmetry of the 
associated parabola for each quadratic function. Then find at least 
two additional points on the parabola and sketch the parabola by 
hand. 


41. f(x) = -—2x7 + 4x - 1 


42. f(x) =x? — 6x4 1 


43. g(x) = —x? + 4x — 3 
44. f(x) = 3x? — 12x + 4 
45. h(x) = x2 — 3x45 
46. h(x) = —x? +x-2 
47. f(t) = —162? + 100 


48. f(x) = 10x? — 65 


1 2 
BO DE BEE 


1 
50k =1Lo sre 


In Exercises 51—58, find the vertex and axis of symmetry of the 
associated parabola for each quadratic function. Sketch the 
parabola. Find the intervals on which the function 1s increasing 
and decreasing, and find the range. 


51. f(x) = —x? + 10x -— 8 
52. h(x) =x? + 6x — 7 
53. f(x) = 2x? + 4x — 3 


54. g(x) = —4x7 — 8x + 5 


55. f(x) 0.2x? + 0.4% — 2.2 


56. f(x) = 0.3x? + 0.6x + 1.3 


a | 
37. Wx) = x a 


1 1 
58. g(x) ae BT 1 


In Exercise 59, refer to graph (a) on page 225. 


59. (a) Find the domain of f. 
(b) Find the range of f. 
(c) Does f have a maximum value or a minimum value? 
What is it? 
(d) Find the equation of the axis of symmetry. 
(e) Find the interval(s) over which / is increasing. 
(f) Find the interval(s) over which f is decreasing. 


In Exercise 60, refer to graph (c) on page 225. 


60. (a) Find the domain of f. 
(b) Find the range of f. 


(c) Does fhave a maximum value or a minimum value? 
What is it? 
(d) Find the equation of the axis of symmetry. 
(e) Find the interval(s) over which / is increasing. 
(f) Find the interval(s) over which fis decreasing. 
In Exercise 61, refer to graph (e) on page 225. 
61. (a) Find the domain of f. 
(b) Find the range of f. 
(c) Does f have a maximum value or a minimum value? 
What is it? 
(d) Find the equation of the axis of symmetry. 
(e) Find the interval(s) over which / is increasing. 
(f) Find the interval(s) over which f is decreasing. 
In Exercise 62, refer to graph (h) on page 225. 
62. (a) Find the domain of f. 
(b) Find the range of f. 
(c) Does fhave a maximum value or a minimum value? 
What is it? 
(d) Find the equation of the axis of symmetry. 
(e) Find the interval(s) over which / is increasing. 
(f) Find the interval(s) over which f is decreasing. 


<3) In Exercises 63-67, graph each quadratic function by finding 
a suitable viewing window with the help of the TABLE feature of 
a graphing utility. Also find the vertex of the associated parabola 
using the graphing utility. 


63.9, (x) = 0.4x? + 20 

64. g(s) = —s? — 15 

65. h(x) = (V2)x? +x+1 
66. h(x) = x2 + 5x — 20 


67. s(t) = —162? + 40¢ + 120 


68. — =| Graph the function f(‘) = 2? — 4 in a decimal win- 
dow. Using your graph, determine the values of ¢ for 


which f(2) = 0. 


69. Suppose the vertex of the parabola associated with a cer- 
tain quadratic function is (2, 1), and another point on 
this parabola is (3, —1). 

(a) Find the equation of the axis of symmetry of the 
parabola. 

(b) Use symmetry to find a third point on the 
parabola. 

(c) Sketch the parabola. 
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70. Examine the following table of values for a quadratic 
function f. 


—) 3 
= 0 
0 | 
1 0 
2 3) 


(a) What is the equation of the axis of symmetry of the 
associated parabola? Justify your answer. 

(b) Find the minimum or maximum value of the 
function and the value of x at which it occurs. 

(c) Sketch a graph of the function from the values given 
in the table, and find an expression for the function. 


71. Let g(s) = —2s? + bs. Find the value of b such that the 
vertex of the parabola associated with this function is 
(1, 2). 


Applications In this set of exercises you will use quad- 
ratic functions to study real-world problems. 


72. Landscaping A rectangular garden plot is to be enclosed 
with a fence on three of its sides and a brick wall on the 
fourth side. If 100 feet of fencing material is available, 
what dimensions will yield the maximum area? 


wall 


73. Construction A rectangular fence is being constructed 
around a new play area at a local elementary school. If 
the school has 2000 feet of fencing available for the proj- 
ect, what is the maximum area that can be enclosed for 
the new play area? 


74. Physics: Ball Height The height of a ball that is thrown 
directly upward from a point 200 feet above the ground 
with an initial velocity of 40 feet per second is given by 
h(t) = —162? + 40¢ + 200, where ¢ is the amount of time 
elapsed since the ball was thrown. Here, ¢ is in seconds 
and h(2) is in feet. 

(a) Sketch a graph of h. 
(b) When will the ball reach its maximum height, and 
what is the maximum height? 
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75. Physics: Ball Height A cannonball is fired at an angle of 
inclination of 45° to the horizontal with a velocity of 50 feet 
per second. The height / of the cannonball is given by 


—32x? 7 
= x 
(50)? 


h(x) 


where x is the horizontal distance of the cannonball from 

the end of the cannon. 

(a) How far away from the cannon should a person 
stand if the person wants to be directly below the 
cannonball when its height is maximum? 

(b) What is the maximum height of the cannonball? 


76. Manufacturing A carpenter wishes to make a rain gutter 
with a rectangular cross-section by bending up a flat 
piece of metal that is 18 feet long and 20 inches wide. 
The top of the gutter is open. 


(a) Write an expression for the cross-sectional area in 
terms of x, the length of metal that is bent 
upward. 

(b) How much metal has to be bent upward to 
maximize the cross-sectional area? What is the 
maximum cross-sectional area? 


The quadratic function 
p(x) = —0.387(« — 45)? + 2.73(x — 45) — 3.89 


gives the percentage (in decimal form) of puffin eggs that hatch 
during a breeding season in terms of x, the sea surface tempera- 
ture of the surrounding area, in degrees Fahrenheit. Use this 
information to solve Problems 77 and 78. (Source: Gjerdum 
et al., “Tufted puffin reproduction reveals ocean climate variabil- 
ity,’ Proceedings of the National Academy of Sciences, 
August 2003.) 


77.Ecology What is the percentage of puffin eggs that will 
hatch at 49°F? at 47°F? 
ee) 

78. = Ecology For what temperature is the percentage of 
hatched puffin eggs a maximum? Find the percentage 


of hatched eggs at this temperature. 


79.Performing Arts Attendance at Broadway shows in 
New York can be modeled by the quadratic function 
p(t) = 0.04897? — 0.7815 + 10.31, where ¢ is the 
number of years since 1981 and p(2) is the attendance 


80. 


81. 


82. 


in millions. The model is based on data for the years 

1981-2000. (Source: The League of American Theaters 

and Producers, Inc.) 

(a) Use this model to estimate the attendance in the 
year 1995. Compare it to the actual value of 
9 million. 

(b) Use this model to predict the attendance for the year 
2006. 

(c) What is the vertex of the parabola associated with 
the function p, and what does it signify in relation to 
this problem? 

(d) Would this model be suitable for predicting the 
attendance at Broadway shows for the year 2025? 
Why or why not? 


(e) Use a graphing utility to graph the function p. 
What is an appropriate range of values for 1? 


Maximizing Revenue A chartered bus company has the 
following price structure. A single bus ticket costs $30. 
For each additional ticket sold to a group of travelers, the 
price per ticket is reduced by $0.50. The reduced price 
applies to all the tickets sold to the group. 

(a) Calculate the total cost for one, two, and five tickets. 
(b) Using your calculations in part (a) as a guide, find a 
quadratic function that gives the total cost of the 

tickets. 
(c) How many tickets must be sold to maximize the 
revenue for the bus company? 


Maximizing Revenue A security firm currently has 5000 
customers and charges $20 per month to monitor each 
customer’s home for intruders. A marketing survey indi- 
cates that for each dollar the monthly fee is decreased, 
the firm will pick up an additional 500 customers. Let 
R(x) represent the revenue generated by the security firm 
when the monthly charge is x dollars. Find the value of x 
that results in the maximum monthly revenue. 


Construction Analysis A farmer has 400 feet of fencing 
material available to make two identical, adjacent rectan- 
gular corrals for the farm animals, as pictured. If the 
farmer wants to maximize the total enclosed area, what 
will be the dimensions of each corral? 


83. Architecture There is 24 feet of material available to trim 


the outside perimeter of a window shaped as shown in 
the diagram. 


pa 


(a) Write an expression for the length of the semi- 
circular arc (just the curved portion) in terms of x. 

(b) Set up an equation relating the amount of available 
trim material to the lengths of the parts of the 
window that are to be covered with the trim. Solve 
this equation for y. 

(c) Write an expression for the area of the window in 
terms of x. 

(d) What are the dimensions that will maximize the area 
of the window? What is the maximum area of the 
window? 


84. Engineering When designing buildings, engineers must 


pay careful attention to how different factors affect the 
load a structure can bear. The following table gives 
the load in terms of the weight of concrete that can be 
borne when threaded rod anchors of various diameters 
are used to form joints. (Source: Simpson Anchor 


Systems) 


0.3750 2105 
0.5000 3750 
0.6250 5875 
0.7500 8460 
0.8750 11,500 


(a) Examine the table and explain why the relationship 
between the diameter and the load is not linear. 


(b) The function 
f(x) = 14,926x? + 148x — 51 


gives the load (in pounds of concrete) that can be 
borne when rod anchors of diameter x (in inches) 
are employed. Use this function to determine the 
load for an anchor with a diameter of 0.8 inch. 


85. 


86. 


87. 
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(c) Since the rods are drilled into the concrete, the 
manufacturer’s specifications sheet gives the load in 
terms of the diameter of the drill bit. This diameter 
is always 0.125 inch larger than the diameter of the 
anchor. Write the function in part (b) in terms of the 
diameter of the drill bit. The loads for the drill bits 
will be the same as the loads for the corresponding 
anchors. (Hint: Examine the table of values and see 
if you can present the table in terms of the diameter 
of the drill bit.) 


Physics A ball is thrown directly upward from ground 
level at time t= 0 (¢ is in seconds). At t = 3, the ball 
reaches its maximum distance from the ground, which is 
144 feet. Assume that the distance of the ball from the 
ground (in feet) at time ¢ is given by a quadratic func- 
tion d(t). Find an expression for d(t) in the form 
d(t) = a(t — h)? + k by performing the following steps. 
(a) From the given information, find the values of h 

and & and substitute them into the expression 

d(t) = a(t — h)* + k. 
(b) Now find a. To do this, use the fact that at time 

t = 0 the ball is at ground level. This will give you 

an equation having just a as a variable. Solve 

for a. 


(c) Now, substitute the value you found for a into the 
expression you found in part (a). 


(d) Check your answer. Is (3, 144) the vertex of the 
associated parabola? Does the parabola pass 
through (0, 0)? 


Physics A child kicks a ball a distance of 9 feet. The maxi- 
mum height of the ball above the ground is 3 feet. If the 
point at which the child kicks the ball is the origin and the 
flight of the ball can be approximated by a parabola, find 
an expression for the quadratic function that models the 
ball’s path. Check your answer by graphing the function. 


Design One of the parabolic arcs of the fountain pictured 
has a maximum height of 5 feet. The horizontal range 
of the arc is 3 feet. The diagram on the left shows one of the 
arcs placed in an x-y coordinate system. Find an expression 
for the quadratic function associated with the parabola 
shown in the diagram. Graph your function as a check. 


3 ft 
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Sociology The percentage of employed mothers of 
preschoolers who used a nursery or preschool as the 
primary source of child care is listed below for selected 
years between 1990 and 2000. (Source: U.S. Census 


Bureau) 
1990 6.9 
1991 U3) 
1995 5.9 
1997 4.2 
2000 Bus 


(a) Make a scatter plot of the data, using the number 
of years since 1990 as the independent variable. 
Explain why a quadratic function would be a 
better fit than a linear function for this set 
of data. 


(b) Find the quadratic function that best fits the given 
data points. 


(c) Use the function to predict the percentage of 
employed mothers using a preschool or nursery 
for child care in the year 2001. 


(d) Compare the actual percentages for the given 
years with the values predicted by your function. 
Comment on the reliability of your function as 
a model. 


~ = Accounting The table below gives the number of elec- 
tronically filed tax returns for the calendar years listed. 
(Source: Internal Revenue Service) 


Yer IQS | uO | OOO | BOO | 2005 


Wiles} | 24@ | Baa | S29 | Ole2 


(a) Make a scatter plot of the data, using the number of 
years since 1995 as the independent variable. 

(b) Find the quadratic function that best fits the given 
data points. 

(c) Compare the actual numbers of electronically filed 
tax returns for the given years with the numbers 
predicted by your function. 

(d) Use your function to determine the number of tax 
returns filed electronically in the year 2004. 

(e) The IRS reported a total of 61.2 million tax returns 
filed electronically in 2004. How does this number 
compare with your answer in part (d)? 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


90. Why must we have a # 0 in the definition of a quadratic 
function? 


91. Name at least two features of a quadratic function that 
differ from those of a linear function. 


92. Which of the following points lie(s) on the parabola as- 
sociated with the function f(s) = —s’ + 6? Justify your 
answer. 
(a)(3,-1) (6) (0,6) =) @, 1) 

93.Suppose that the vertex and an x-intercept of the 
parabola associated with a certain quadratic function are 
given by (—1, 2) and (4, 0), respectively. 

(a) Find the other x-intercept. 
(b) Find the equation of the parabola. 


(c) Check your answer by graphing the function. 


94, The range of a quadratic function g(x) = ax? + bx + cis 
given by (—%, 2]. Is a positive or negative? Justify your 
answer. 


95. A parabola associated with a certain quadratic function f 
has the point (2, 8) as its vertex and passes through the 
point (4, 0). Find an expression for f(x) in the form 
f(x) = a(x — h)? + R. 

(a) From the given information, find the values of h and 
R. 

(b) Substitute the values you found for / and & into the 
expression f(x) = a(x — h)? + k. 

(c) Now find a. To do this, use the fact that the parabola 
passes through the point (4, 0). That is, f(4) = 0. 
You should get an equation having just a as a 
variable. Solve for a. 

(d) Substitute the value you found for a into the 
expression you found in part (b). 


Graph the function using a graphing utility and 
check your answer. Is (2, 8) the vertex of the 
parabola? Does the parabola pass through (4, 0)? 


96. Is it possible for a quadratic function to have the set of all 
real numbers as its range? Explain. (Hint: Examine the 
graph of a general quadratic function.) 


Section 3.2 ™ Quadratic Equations 231 


3.2 Quadratic Equations 


Objectives 


> Solve a quadratic equation 
by factoring 


> Find the real zeros of a 
quadratic function and the 
x-intercepts of its graph 


> Solve a quadratic equation by 


completing the square 


> Solve a quadratic equation by 


using the quadratic formula 


> Set up and solve applied 


problems involving quadratic 


equations 


Just In Time 


Review factoring in 
Section P65. 


Technology Note 


You can use a graphing 
utility to check that 


x= 5 and x = 3 satisfy 
—2x? + 7x —3=0 by 
successively storing 

the x values and then 
evaluating the expression 
—2x? + 7x — 3 at these val- 
ues. See Figure 3.2.1. 


Keystroke Appendix: 
Section 4 


Figure 3.2.1 


1/2>X 
-2X2+7X-3 


3>X 
~2X2+7X-3 


In the previous section, we discussed the general form of a quadratic function, its 
graph, and some of its key features. We continue our discussion of quadratic functions 
by examining solutions of equations containing quadratic expressions. 


Definition of a Quadratic Equation 


A quadratic equation is an equation that can be written in the standard 
form 


ax’ + bx +c=0 
where a, b, and c are real numbers, with 


a#0. 


Solving a Quadratic Equation by Factoring 


One of the simplest ways to solve a quadratic equation is by factoring. We need the fol- 
lowing rule to justify our procedure for solving equations by factoring. 


Zero Product Rule 


If a product of real numbers is zero, then at least one of the factors is zero. That 
is, 


ifcd=0,thenc=0 or d=0O. 


eee Solving an Equation by Factoring 


Solve —2x? + 7x — 3 = 0 by factoring. 
Solution Factoring the left-hand side gives 
(-—2x + 1) — 3) = 0. 


According to the Zero Product Rule, if the product of two factors equals zero, then at 
least one of the factors is equal to zero. Thus, we set each factor equal to zero and solve 
for x. 


1 
—2x+1=0 => x=5 


or 
c= 3 = 0 = x=3 


The solutions of the equation are x = ; and x = 3. You should check that these val- 


ues satisfy the original equation. 


[A Check It Out 1: Solve 5x? — 3x — 2 =0 by factoring. © 


232 Chapter 3 = Quadratic Functions 


Just In Time 


Review factoring in 
Section P5. 


Finding the Zeros of a Quadratic Function and the x-Intercepts 
of Its Graph 


The solution of a quadratic equation is connected to certain properties of quadratic func- 
tions. We next explore these relationships. A real zero of a function is defined as follows. 


Definition of Real Zeros 


The real number values of x at which f(x) = 0 are called the real zeros of the 
function f. 


Recall that the points at which the graph of a function crosses the x-axis are called 
x-intercepts. The x-coordinate of an x-intercept is a value of x such that f(x) = 0. 
Thus, a real zero of the function f is the first coordinate (the x-coordinate) of an 
x-intercept. The graph of a quadratic function may have one, two, or no x-intercepts, 
as illustrated in Figure 3.2.2. 


Figure 3.2.2 Number of x-intercepts 


Graphs of f(x) = ax? + bx +¢ 


VA VA VA 


RY 


vy 


RY 
ay 


Two x-intercepts One x-intercept No x-intercept 


To calculate the x-intercepts, we proceed as follows. 


Procedure for finding the x-intercepts of the graph of /: 
> Set f(x) equal to zero. 
> Solve the resulting equation for x. 


» Each solution is the x-coordinate of an x-intercept of the graph of f. The 
y-coordinate of an x-intercept is always 0. 


The second step above—solving the equation—is the one that requires most of the 
work. If a quadratic expression is easy to factor, then we can find the x-intercepts and 
zeros very quickly. The following example illustrates the use of factoring to find the 
x-intercepts of the graph of a quadratic function. 


[mal 2 Relating x-Intercepts to Zeros 


Find the x-intercepts of the parabola associated with the function f(x) = 3x? — 5x — 2. 
Also find the zeros of f. 


Solution We set f(x) = 0 and solve the resulting equation. 


3x? — 5x -2=0 Set the function equal to zero 
(3x + 1)(« — 2) =0 Factor the left-hand side 


Figure 3.2.3 


f(x) = 3x? — 5x—2 


(-3.0)\7 2, 0) 


Pee 


Figure 3.2.4 ‘Two different 
functions with the same zeros 
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The product of two factors will equal zero if at least one of the factors is equal to zero. 
Thus we set each factor equal to zero and solve for x. 


1 
ee ay a) or x-2=0>3 x«=2 


Hence, 3x? — 5x —-2=0O0ifx= : or x = 2. The x-intercepts are therefore (-3. 0] 


and (2, 0). The graph of the function crosses the x-axis at these points and no others, 
as seen in Figure 3.2.3. The zeros of f are the values of x such that f(x) = 0. We see 


1 
that these values are x = “3 and x = 2. 


LA Check It Out 2: Find the x-intercepts of the parabola associated with the function 
f(x) = 2x? — 3x — 2, and find the zeros of f. & 


Observations: 


» The zeros of a function are just values of x, whereas x-intercepts are coordinate 
pairs. 


» Finding the solutions of the quadratic equation ax” + bx + c = 0 involves exactly 
the same procedure as finding the zeros of the quadratic function 
f(x) = ax? + bx + c. It is important that you see this connection between the zeros 
of a function and the solutions of a related equation. 


In Example 2, each of the zeros of the function f is also the first coordinate of an 
x-intercept of the graph of /. However, as we shall see in a later section, there are 
quadratic functions whose graphs have no x-intercepts, even though the functions 
themselves have zeros. The zeros of such functions are not real zeros (real numbers x 
at which f(x) = 0). In order to treat quadratic functions of this type, in Section 3.3 we 
will introduce a set of numbers known as complex numbers. 


Eel 3 Zeros and Factors of a Quadratic Function 


Find a possible expression for a quadratic function f(x) with zeros at x = —3 and 
x=1. 


Solution Since the zeros are obtained by factoring the expression for f(x) and setting 
it equal to zero, we can work backward by noting that 


x= =3 SS XS H= 0 
and 
x=) SS x = 1 = 0. 
Thus the factors for f(x) are x + 3 and x — 1. So, 


F@) = &@+ 3)@ — 1) 
=x? + 2x — 3. 


This is not the only possible expression for f. Any function of the form 
atx + 3)(x- 1), a¥0 


would have the same zeros. Two possible functions are pictured in Figure 3.2.4. 


LW Check It Out 3: Find a possible expression for a quadratic function f(x) with zeros 
atx = 2andx = —4. 
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Just In Time 


Review perfect square 
trinomials in Section P25. 


Just In Time 


See more examples on 
completing the square in 
Section 2.7. 


,. 


oO 


y 


The previous example illustrates an important connection between the zeros and 
factors of a quadratic function and the x-intercepts of its graph. This connection will 
resurface later in the study of polynomial functions. 


Solving a Quadratic Equation by Completing the Square 


In Example 2, we found the solutions of 3x” — 5x — 2 = 0 by factoring. Unfortu- 
nately, not all equations of the form ax” + bx + c = 0 can be solved by factoring. In 
this section, we will discuss a general method that can be used to solve all quadratic 
equations. We first need the following rule regarding square roots. 


Principle of Square Roots 
If x? = c, where c = 0, then x = Vc orx = —Ve. 


Ee 4 Using the Principle of Square Roots 


Solve —3x? + 9=0. 


Solution We use the principle of square roots to solve this equation. 


—3x7 +9=0 
—3x* = —9 Subtract 9 from both sides 
x? =3 Divide by —3 on both sides 
x=V3 or x=-V3 Apply the principle of square 


roots 


[A Check It Out 4: Solve 4x? — 20 = 0. & 


Note The principle of square roots can be used to solve a quadratic equation 
only when the quadratic equation can be rewritten in the form x*® = c. One side 


of the equation must be a constant, and the other side must be a perfect 


square. 


We now introduce the method of completing the square as a tool for solving any 
type of quadratic equation. Recall that completing the square was discussed in Sec- 
tion 3.1, when we discussed writing a quadratic function in vertex form. Since the 
expression 3x* — 6x — 1 cannot be factored easily, we will use the method of com- 
pleting the square to solve the equation 3x? — 6x — 1 = 0, as seen in the following 
example. 


eee 5 Solving by Completing the Square 


Solve the equation 3x” — 6x — 1 = 0 by using the technique of completing the square. 
What are the zeros of f(x) = 3x? — 6x — 1, and what are the x-intercepts of the graph 
of the function f? 


Technology Note | 


Zero 
X =-.1547005LY=0 


Zero 
X = 2.1547005 Y=0 
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>Solution 
3x? — 6x -1=0 Start with the equation 
3x? — 6x = 1 Move the constant to the right side 
2 1 ner F 2 
x° — 2x = A Divide by 3 to get the coefficient of x“ equal to 1 
2 1 , eect 
= 271 = 3 ae Complete the square by taking half of —2 and squaring it: 
2 
1 
(s-2) = 1. Add 1 to both sides. 
2 t F ‘ 
@=1) = 3 Write the left side as a perfect square 
4 
x-1]=# a Use the principle of square roots 
4 
x=1+ 3 Solve for x 
2V3 

x=1 a7 Simplify the radical 
Thus, x = 1+ ane = 2.155 and x=1—- ~~ = —0.1547 are the two solutions 
of the equation. They are also the two zeros of the function f(x) = 3x? — 6x — 1. The 
x-intercepts of the graph of this function are (1 + ey 0) and (1 - ay 0). 


[AW Check It Out 5: Solve the equation 2x? — 4x — 1 =0 by using the technique of 
completing the square. What are the zeros of f(x) = 2x” — 4x — 1, and what are the 
x-intercepts of the graph of the function f? & 


Solving a Quadratic Equation by Using the 
Quadratic Formula 


We now derive a general formula for solving quadratic equations. In the following der- 
ivation, we assume a > 0. If a < 0, we can multiply the equation by —1 and obtain a 
positive coefficient on x”. 


ax? + bx +c=0 Quadratic equation 


b 
a(x + 2.) +c=0 Factor a out of the first two terms 
“ on the left side 


ap, 0 b\ b\ oo 
al x” rox + | =| oak C= Complete the square on x* + —x 
a 2a 2a a 
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: 2, 6 b\? b\? 2 PB 
Since x tox + F =|(xt5 and a\=7 =a we have 


b\ & — 4ac 
ay x + 3 = ri Simplify the right-hand side 
a a 
b\  b — 4ac = 
x+ 5a a Aa Divide by a 
me 2 Take th t 
SS A ake the square roots 
2a 4a of both sides 
b b* — 4ac b 
x=- oa + Aa Subtract 
b BP —4ac ; 
LS 3 ars a . Simplify under the radical: 
“ ” V4a* = 2a, since a > O 


To solve a quadratic equation, perform the following steps. 
» Write the equation in the form ax? + bx + c= 0. 
» If possible, factor the left-hand side of the equation to find the solution(s). 


» If it is not possible to factor, use the quadratic formula to solve the equation. 
Alternatively, you can complete the square. 


Figure 3.2.6 
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peer 6 Solving an Equation by Using the Quadratic Formula 


Solve the equation —4x” + 3x + ; = 0 by using the quadratic formula. What are the 
zeros of f(x) = —4x” + 3x + ; and the x-intercepts of the graph of f? 


. ‘ ‘ 1 ‘ 
Solution Since the expression —4x7 + 3x + 3 cannot be readily factored, we use the 


quadratic formula. 


-@) + \/@»- «-9(3) 


1 
x= 3-5 Substitute a = —4, b= 3, andc = z 
in the formula 
—-3+V9+8 1 
ais — ~eay-ay(] = 8 
—34V17 oo ; 
= oe Simplify under the radical 
3 17 
=> — + —— 
8 8 
+ A a The solutions of the equation are x = ; + wae and x = : = “a Also, the two real 
= zeros of f(x) = —4x? + 3x+1arex=2 + and x= 2-7, 


fy=—4c2 43x44 . . . . 
2 Since the first coordinate of each of the x-intercepts of the graph of f is a real zero 


VAT 0) and (2 viz 


“Eo — a 0). These are indi- 


é 3 
of f, we see that the x-intercepts are (2 + : 


cated in the graph of f in Figure 3.2.6. 


LW Check It Out 6: Solve 2x? — 4x — 1 =0 by using the quadratic formula. What are 
the zeros of g(x) = 2x? — 4x — 1 and the x-intercepts of the graph of g? & 


In the quadratic formula, the quantity under the radical, 6? — 4ac, can be positive, 
negative, or zero. The characteristics of the solutions in each of these three cases will 
be different, as summarized below. 
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The connection between the sign of the discriminant and the number of x- 
intercepts is illustrated in Figure 3.2.7. Recall that the first coordinate of each of the 
x-intercepts of the graph of the quadratic function f(x) = ax? + bx + c corresponds 
to a real zero of f. 


Figure 3.2.7 Relationship between discriminant and x-intercepts 
Graphs of f(x) = ax? + bx +c 


yt ye 


BY 


BY 
BY 


b? —- 4ac>0 
Two x-intercepts; f(x) = 0 
has two real solutions. 


Earl 7 The Quadratic Formula and the Discriminant 


Use the quadratic formula to solve —x(x — 3) = —3x + 9. Find the value of the 
discriminant. 


b? —- 4ac <0 
No x-intercept; f(x) = 0 
has no real solutions. 


b? —- 4ac=0 
One x-intercept; f(x) = 0 
has one real solution. 


Technology Note 


Solution We first rewrite the equation in standard form so that we can apply the 
quadratic formula. 


—x(x — 3) = -3x+9 
—x? + 3x = —3x +9 
—x? + 6x —-9 =0 


Since the 
quadratic formula with a = —1, b = 6, and 
ve —b+ Vb? — 4ac 
2a 
_ —(6) + V(6? = 4(-1)(-9) 
2(=1) 
. =O 2 V30 = 36 
=—2 


“SIGN CHNG | 
3 


Given equation 
Distributive property 


Add 3x and subtract 9 
on both sides 


original equation has now been rewritten in standard form, we apply the 


c= —9, 


Substitute a = —1,b = 6, andc = —-9 


Simplify, using care with the signs 


Thus, we have only one solution of the quadratic equation, x = 3. The value of the 
discriminant is b? — 4ac = (—6)* — 4(—1)(—9) = 0, as we would expect. 


[A Check It Out 7: Use the quadratic formula to solve x(x — 2) = 2x — 4. © 


Finding a suitable window 
size can be challenging 
when using a graphing 
utility for applications. 

A table of values is help- 
ful, as is an understanding 
of the application itself. For 
Example 9, set 


Y,(x) = —16x? + 40x + 80. 


Scroll through the table of 
values for X = 0. An accept- 
able window size is [0, 5] by 
[0, 120](10). Graph the func- 
tion and then use the ZERO 
feature to find the time 
when the ball reaches the 
ground. See Figure 3.2.9. 


Keystroke Appendix: 
Sections 6, 9 


Figure 3.2.9 


120 


Zero 
0 LX = 3.8117377_Y = 0 
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[anal 8 The Quadratic Formula and Nonreal Solutions 


Use the quadratic formula to find the real solutions of the equation —2z? + 3r=5. 
Find the value of the discriminant. 


Solution Writing the given equation as —227 + 3t — 5 = 0 and applying the quad- 
ratic formula gives 


eee V(3)? = 4(=2)(—5) 


Substitute a = —2,b=3,andc= —5 


2(—2) 
“3 +V—31 Sat aes ; 
= a Simplify, using care with the signs 
The discriminant, b? — 4ac = —31, is negative. Thus, there are no real number solu- 


tions of this equation. Solutions of quadratic equations in which the discriminant is 
negative can be found only by using complex numbers, discussed in Section 3.3. 


[A Check It Out 8 Use the quadratic formula to solve x? — x + 3 = 0. Find the value 
of the discriminant. 


Applications 


Quadratic equations arise frequently in applications, some of which we now discuss. 


eral 9 Quadratic Model for the Height of a Baseball in Flight 


The height of a ball thrown vertically upward from a point 80 feet above the ground 
with a velocity of 40 feet per second is given by A(t) = —162? + 402 + 80, where is 
the time in seconds since the ball was thrown and h(2) is in feet. 


(a) When will the ball be 50 feet above the ground? 

(b) When will the ball reach the ground? 

(c) For what values of t does this problem make sense (from a physical standpoint)? 
> Solution 

(a) Setting (2) = 50 and solving for t, we have 


—162? + 402 + 80 = 50 
—1622 + 402 + 30 =0 

= 740) + \/(40)? — 4(—16)(30) 
2(—16) 


Write in standard form 


=~ 3.10 or —0.604. Use the quadratic formula 


Since a negative number makes no sense for a value of time, the ball will be 50 feet 
above the ground in t = 3.10 seconds. 


(b) When the ball reaches the ground, the height h(t) will be zero. Thus, setting 
h(t) = 0 and solving for t gives 
—162? + 402 + 80 =0 
= (40) + V(40) = 4(=16)(80) 
2(—16) 


= 3.81 or —1.31. 


Since a negative number makes no sense for a value of time, the ball will reach the 
ground in t ~ 3.81 seconds. 
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(c) The problem makes sense for values of t in the interval [0, 3.81]. The time ¢ must 
be greater than or equal to zero. Once the ball hits the ground, the motion of the 
ball is no longer governed by the given expression. 


LW Check It Out 9: In Example 9, when will the ball be 40 feet above the ground? 
a 


ara 1 0 Quadratic Model for Population Mobility 


The mobility rate (the percentage of people who changed residence) for the years 
1980-2000 can be modeled by the function m(2) = 0.010927 — 0.34t + 18.54, where 
t is the number of years since 1980. (Source: U.S. Census Bureau) 


(a) What is the y-intercept of this function, and what does it represent? 
(b) In what year between 1980 and 2000 was the mobility rate 17%? 
> Solution 


(a) Substituting t = 0 into the expression for m(t), we see that the y-intercept is 
(0, 18.54). Since rt is the number of years since 1980, the y-intercept tells us that 
18.54% of the population changed residence in 1980. 


(b) Setting m(2) = 17 and solving for t, we have 


0.01092? — 0.34¢ + 18.54 = 17 


0.01092? — 0.34 + 1.54 =0 Write in standard form 


_ —(=0.34)  V(—0.34)? = 4(0.0109)(1.54) _ 
, 2(0.0109) ~ 


5.50 or 25.7. 


Since we are interested only in the years between 1980 and 2000, we take the first 
solution of t ~ 5.5. Thus, the mobility rate was 17% a little after 1985. 


[A Check It Out 10: Consider Example 10. In what year(s) between 1980 and 2000 
was the mobility rate 16%? Mf 


3.2 Key Points 


» The points at which the graph of a quadratic function crosses the x-axis are known 
as x-intercepts. 


» The x-coordinates of the x-intercepts are found by setting f(x) = 0 and solving 
for x. 


» Values of x such that f(x) = 0 are called zeros of f. 

» Relationship between the real zeros of f and the x-intercepts of the graph 
of f: Every real zero of f is the x-coordinate of an x-intercept of the graph of f, 
and the x-coordinate of every x-intercept of the graph of f is a real zero of f. See 
Figure 3.2.2. 

» You can find the zeros by factoring, by completing the square, or by using the 
quadratic formula. 
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» A quadratic equation can be solved by writing it in the form ax* + bx +c =0 
and then applying the technique of factoring, completing the square, or using the 


quadratic formula. 


» The solutions of the quadratic equation ax* + bx + c = 0 are the same as the zeros 
of the function f(x) = ax? + bx +c. 


3.2 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. Factor: x” — 13x + 40 2. Factor: 2x” — 9x — 35 


3. Factor: x* — 2x + 1 4. Factor: 4x” + 12x + 9 


5. Find the constant term needed to make x” — 6x a perfect 
square trinomial. 


6. Find the constant term needed to make x* + 7x a perfect 
square trinomial. 


7. Write the expression in the form (ax + b)?: x? — 8x + 16 


8. Write the expression in the form (ax + b)?: 9x7 — 30x + 25 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 9-18, solve the quadratic equation by factoring. 


9.x? -25=0 10.x7 - 16=0 
ll.x? — 7x + 12=0 12.x7 — 4x — 21 =0 
13.-3x? + 12=0 14.-5x? + 45 =0 


15.6x? -x -2=0 16.5x? — 7x — 6 


0 


17.4x? — 4x +1=0 18.9x? + 6x + 1=0 


In Exercises 19—26, factor to find the x-intercepts of the parabola 
described by the quadratic function. Also find the real zeros of the 
function. 


19. g(x) = x7 — 9 20. f(t) = -2? + 4t 


21.h(s) = -s? + 25-1 22. f(x) = x2 + 4x +4 


23. g(x) = 2x? + 5x — 3 24. f(x) = 6x? — x — 2 


25.GQ@) = 22 -—1-3 26. h(t) = —322 + 101r — 8 


In Exercises 27-32, find a possible expression for a quadratic 
function f(x) having the given zeros. There can be more than one 
correct answer. 


27.x = 1 andx = —3 28.x = —2andx=4 


29.x = —3 andx = 0 30.x = —5 is the only zero 


Bl.x = 5 andx = 3 32.x = 0.4 and x = 0.8 


In Exercises 33—40, solve the quadratic equation by completing 
the square. 


33.x7 + 4x = —3 34.x7 — 6x = 7 


35.x7 — 2x =4 36.x7 + 8x = 6 


37.x7 +x =2 38.x7 —x=3 


39.2x7 + 8x -1=0 40.3x? — 6x +2=0 


In Exercises 41—54, solve the quadratic equation by using the 
quadratic formula. Find only real solutions. 


41.x7 + 2x-1=0 42.x7+x-5=0 


44.277 + 4t-5=0 


45.3 —x—x?=0 46.-2+77+1t=0 


47.2x7 +x+2=0 48.—3x? + 2x -1=0 


49.—/? + 40/= 100 


1 , 
a Sess 0 52.— x? — 3x + 9 =0 


53. —0.75x? + 2 = 2x 54.0.25x? — 0.5x = 1 
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In Exercises 55—64, solve the quadratic equation using any 
method. Find only real solutions. 
55.x7 -4=0 

56.x7 -9=0 

57.—x? + 2x = 1 

58.x° — 4x = —4 

59. —2x* — 1 = 3x 

60. =3x" = 2 ='7x 

61.x7 — 2x = 9 

62.—x* — 3x = 1 

63.(¢« - 1)@+2)=1 

64. (x + 1)\(x — 2) =2 


In Exercises 65—70, for each function of the form f(x) = 
ax? + bx + c, find the discriminant, b* — 4ac, and use it to 
determine the number of x-intercepts of the graph of f. Also deter- 
mine the number of real solutions of the equation f(x) = 0. 

65. f(x) = x? — 2x - 1 

66. f(x) = —x? +x4+3 

67. f(x) = 2x7 +x+4+1 

68. f(x) = 3x? — 4x + 4 

69. f(x) =x? + 2x+ 1 

70. f(x) = —x? + 4x -— 4 

In Exercises 71—76, sketch a graph of the quadratic function, in- 
dicating the vertex, the axis of symmetry, and any x-intercepts. 
71.G(x) = -6x + x7 +5 


72.h() = —5t+3- 0? 


73. F(s) = —2s? + 3s +1 


74. g(t) = 30? — Or — : 


D.gHO=?+1t+1 


76.f@) =-2-1 

Ee) 

77. Let f(x) =x? + ¢. 

(a) Use a graphing utility to sketch the graph of f by 
choosing different values of c: some positive, some 
negative, and 0. 

(b) For what value(s) of c will the graph of f have two 
x-Intercepts? Justify your answer. 

(c) For what value(s) of c will f have two real zeros? 
How is your answer related to part (a)? 

(d) Repeat parts (b) and (c) for the cases of one 
x-intercept and one real zero, respectively. 

(e) Repeat parts (b) and (c) for the cases of no 
x-intercepts and no real zeros, respectively. 


I 


78. —= Use the intersect feature of your graphing calculator to 
explore the real solution(s), if any, of x? =x + k for 
k=0,k= —- re and k = —3. Also use the zero feature 
to explore the solution(s). Relate your observations to 


the quadratic formula. 


» Applications In this set of exercises you will use quad- 
ratic equations to study real-world problems. 


79. Physics: Ball Height The height of a ball after being 
dropped from a point 100 feet above the ground is given 
by h(t) = —1627 + 100, where ¢ is the time in seconds 
since the ball was dropped, and h(2) is in feet. 

(a) When will the ball be 60 feet above the 
ground? 
(b) When will the ball reach the ground? 


(c) For what values of t does this problem make sense 
(from a physical standpoint)? 


80. Physics The height of a ball after being dropped from 
the roof of a 200-foot-tall building is given by 
h(t) = —162? + 200, where ¢ is the time in seconds since 
the ball was dropped, and H(z) is in feet. 

(a) When will the ball be 100 feet above the 
ground? 
(b) When will the ball reach the ground? 


(c) For what values of t does this problem make sense 
(from a physical standpoint)? 


81. Manufacturing A carpenter wishes to make a rain gutter 
with an open top and a rectangular cross-section by 
bending up a flat piece of metal that is 18 feet long and 


20 inches wide. The top of the gutter is open. How 
much metal has to be bent upward to obtain a cross- 
sectional area of 30 square inches? 


cal 
x 
cs p 
~99 — 2x — 


82. Landscaping A rectangular garden plot is to be enclosed 
with a fence on three of its sides and an existing wall 
on the fourth side. There is 45 feet of fencing material 
available. 

(a) Write an equation relating the amount of available 
fencing material to the lengths of the three sides that 
are to be fenced. 

(b) Use the equation in part (a) to write an expression 
for the width of the enclosed region in terms of its 
length. 

(c) For each value of the length given in the following 
table of possible dimensions for the garden plot, fill 
in the value of the corresponding width. Use your 
expression from part (b) and compute the resulting 
area. What do you observe about the area of the 
enclosed region as the dimensions of the garden plot 
are varied? 


5) 45 


10 45 
15) 45 
20 45 
30 45 
k 45 


(d) Write an expression for the area of the garden plot 
in terms of its length. 

(e) Find the dimensions that will yield a garden plot 
with an area of 145 square feet. 


83. Construction A rectangular sandbox is to be enclosed 
with a fence on three of its sides and a brick wall on the 
fourth side. If 24 feet of fencing material is available, 
what dimensions will yield an enclosed region with an 
area of 70 square feet? 


84. Construction A rectangular plot situated along a river is 
to be fenced in. The side of the plot bordering the river 
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will not need fencing. The builder has 100 feet of fencing 
available. 


_——————r 
SS 


(a) Write an equation relating the amount of fencing 
material available to the lengths of the three sides of 
the plot that are to be fenced. 

(b) Use the equation in part (a) to write an expression 
for the width of the enclosed region in terms of its 
length. 

(c) Write an expression for the area of the plot in terms 
of its length. 

(d) Find the dimensions that will yield the maximum area. 


85. Performing Arts Attendance at Broadway shows in 
New York can be modeled by the quadratic function 
p(t) = 0.048927 — 0.7815t + 10.31, where ¢ is the 
number of years since 1981 and p() is the attendance 
in millions of dollars. The model is based on data for 
the years 1981—2000. When did the attendance reach 
$12 million? (Source: The League of American Theaters 
and Producers, Inc.) 


86. Leisure The average amount of money spent on books 
and magazines per household in the United States can be 
modeled by the function r(t) = —0.283727 + 5.5472 + 
136.7. Here, r(t) is in dollars and ¢ is the number of years 
since 1985. The model is based on data for the years 
1985-2000. According to this model, in what year(s) was 
the average expenditure per household for books and 
magazines equal to $160? (Source: U.S. Bureau of Labor 
Statistics) 


87. Architecture The diagram of a window pictured below 
consists of a semicircle mounted on top of a square. What 
value of x will give a total area of 20 square feet? 


_ 
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88. Construction A farmer has 300 feet of fencing material 
available to make two adjacent rectangular corrals for the 
farm animals, as pictured. 


x x 


(a) Write an equation relating the amount of available 
fencing material to the lengths and widths of the two 
sections that are to be fenced. 

(b) Use the equation in part (a) to write an expression 
for the width, y, in terms of the length, x. 

(c) Fill in the following table of possible dimensions for 
the corrals and the total area of both corrals. 


10 300 


15 300 
25 300 
40 300 
45 300 
k 300 


(d) From the table, what do you observe about the area 
of the enclosed region as the dimensions of the 
corrals are varied? 

(e) Write an expression for the total area of the enclosed 
corrals in terms of the length x. 

(f) Find the dimensions of the corrals that will enclose 
a total area of 3600 square feet. 


89. Construction A farmer has 500 feet of fencing material 
available to construct three adjacent rectangular corrals 
of equal size for the farm animals, as pictured. 


# 


(a) Write an equation relating the amount of fencing 
material available to the lengths and widths of the 
three sections that are to be fenced. 


(b) Use the equation in part (a) to write an expres- 
sion for the width, y, in terms of the 
length, x. 

(c) Write an expression for the total area of the enclosed 
corrals in terms of the length x. 

(d) Find the dimensions of the corrals that will enclose 
the maximum area. 


90. Architecture The perimeter of the window below is 24 feet. 
Find the values of x and y if the area of the window is to 
be 40 square feet. 


a 


91.Design The shape of the Gateway Arch in St. Louis, 
Missouri, can be approximated by a parabola. (The actual 
shape will be discussed in an exercise in the chapter on 
exponential functions.) The highest point of the arch is 
approximately 625 feet above the ground, and the arch 
has a (horizontal) span of approximately 600 feet. 


(a) Set up a coordinate system with the origin at the 
midpoint of the base of the arch. What are the 
x-intercepts of the parabola, and what do they 
represent? 

(b) What do the x- and y-coordinates of the vertex of 
the parabola represent? 

(c) Write an expression for the quadratic function 
associated with the parabola. (Hint: Use the 
vertex form of a quadratic function and find the 
coefficient a.) 


(d) What is the y-coordinate of a point on the arch 
whose (horizontal) distance from the axis of 
symmetry of the parabola is 100 feet? 


92. Engineering One section of a suspension bridge has its 
weight evenly distributed between two beams that are 
600 feet apart and rise 90 feet above the horizontal (see 
figure). When a cable is strung from the tops of the 
beams, it takes on the shape of a parabola with its center 
touching the roadway, as shown in the figure. Let the ori- 
gin be placed at the point where the cable meets the 
bridge floor. 


(a) Find an equation for the parabola. 


(b) Find the height of the cable 100 feet from the 
center. 


Business The following table gives the average hotel 
room rate for selected years from 1990 to 1999. (Source: 
American Hotel and Motel Association) 


1990 OO 
1992 58.91 
1994 62.86 
1996 70.93 
1998 78.62 
1999 SES3) 


(a) What general trend do you notice in these figures? 

(b) Fit both a linear and a quadratic function to this set 
of points, using the number of years since 1990 as 
the independent variable. 

(c) Based on your answer to part (b), which function 
would you use to model this set of data, and 
why? 

(d) Using the quadratic model, find the year in which 
the average hotel room rate will be $85. 


Ee 
94. =}Communications The following table lists the total 

revenue, in billions of dollars, realized by long-distance 
carriers in the United States from 1996 to 2001. These 
figures are for calls placed from land-line phones; they do 
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not include revenue realized by calls placed through wire- 
less carriers. 


1996 OQ). 7/ 
1997 100.8 
1998 105.1 
1999 108.2 
2000 109.6 
2001 W9).3) 


(Source: Federal Communications Commission) 


(a) Let t denote the number of years since 1996. Make 
a scatter plot of the revenue r versus time t. From 
your plot, what type of trend do you observe—linear 
or quadratic? Explain. 

(b) Find a quadratic function that best fits the given 
data points. 

(c) Find the year after 2001 in which the revenue 
realized from long-distance calls placed from land- 
line telephones will be 98 billion dollars. 

(d) To what would you attribute the sharp decline in 
2001 revenue from calls placed from land-line 
telephones? 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


The following problems can have more than one correct answer. 


95. Solving the quadratic equation in Exercise 33 involves 
finding the zeros of what quadratic function? 


96. Solving the quadratic equation in Exercise 34 involves 
finding the zeros of what quadratic function? 


97. Solving the quadratic equation in Exercise 49 involves 
finding the point(s) of intersection of the graphs of what 
two functions? 


98. Solving the quadratic equation in Exercise 50 involves 
finding the point(s) of intersection of the graphs of what 
two functions? 


99. Can you write down an expression for a quadratic func- 
tion whose x-intercepts are given by (2, 0) and (3, 0)? Is 
there more than one possible answer? Explain. 
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Quadratic Functions 


3.3 Complex Numbers and Quadratic Equations 


Objectives 
> Define a complex number 


> Perform arithmetic with 
complex numbers 


> Find the complex zeros of a 
quadratic function 


> Find the complex solutions 
of a quadratic equation 


Figure 3.3.1 


f(x)=x7 +4 


In order to complete our analysis of the zeros of quadratic functions, we must intro- 
duce a set of numbers known as the complex numbers. Since finding the zeros of a quad- 
ratic function is equivalent to solving a related quadratic equation, the introduction of 
complex numbers will also complete our analysis of quadratic equations. 

Note that the graph of the function f(x) = x? + 4 has no x-intercepts, as seen in 
Figure 3.3.1. 

If we tried to solve the equation 


we would get 


which has no real number solutions. The problem is that we cannot take the square 
root of a negative number and get a real number as an answer. 

We need a special number that will produce —1 when it is squared. One such 
special number is denoted by the letter 7, which is an example of what we call an 
imaginary number. 


Definition of the Imaginary Number i 


The imaginary number 7 is defined as the number such that 


f=WVFl axl 7 = =i, 


In the following example, we see how this definition helps us to solve the equation 
we discussed at the beginning of this section. 


Example fl Imaginary Solutions of a Quadratic Equation 


Use the definition of 7 to solve the equation x* = —4. 
Solution Since 7? = —1, we can write 
x? = (-1)(4) = 172? 


x? = (21)* Use the properties of exponents 


Use the definition of i 


x = 421. Solve for x 
Checking the solutions, we see that 


x? = (21)? = 42 = -4 and x? = (-21)? = 47? = —4. 


We can therefore conclude that 


x?=-4 for x= +21. 


[AW Check It Out 1: Use the definition of i to solve the equation x? = —9. & 
q 


Definition of Pure Imaginary Numbers 


Numbers of the form 07, where 6 is a real number, are called pure imaginary 
numbers. 


Figure 3.3.2 


g=C +41 
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[aa 2 Pure Imaginary Numbers 


Write the following as pure imaginary numbers. 


(a) V=36(b) V=8 © \/-+ 


> Solution 
(a) V —36 = 1V 36 = 61, using the fact that 7 = V=1 


(b) V—8 = i1V8 = 2i1V2 (c) 4/ 1 fh, 


Note that when 7 is multiplied by a radical, we place the 7 in front of the radical so that 
it is clear that it is not under the radical. 


[A Check It Out 2: Write V/— V—-108, and \/—~ as pure imaginary numbers. 
a 


Now that we know how to define the square root of a negative number, we can 
proceed to find the zeros of quadratic functions that we were unable to find in the 
previous section. 


Ete 3 Finding the Zeros of a Quadratic Function 


Find the zeros of the function g(t) = 27 +144 1. 


Solution We note that the graph of g does not cross the horizontal axis. Therefore, g 
has no real zeros, as seen in Figure 3.3.2. 

We apply the quadratic formula to find the solutions of the equation 
e+r1t+1=0. Here, a=1, b=1, andc=1. Substituting these values into the 
quadratic formula, we get 


=LiVG = 400) 


Quadratic formula 


2(1) 
=e Ves 
ee Simplify 
2 
iL. V3, 
== 5 ah = 1. Definition of imaginary number 
; : ; tro V8 
Each solution of the equation #+2r+1=0, namely t= = + “53 and 
t= -3 = > 1, consists of the sum of a real number and a pure imaginary number. 
The numbers -3+ + Ne 1 are examples of complex numbers. 


LW Check It Out 3: Find the zeros of the function h(s) = —-s? —-s—4. OB 


Definition of a Complex Number 


A complex number is a number of the form a + 01, where a and b are real numbers. 
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Note that the complex numbers include all the real numbers and all the pure imag- 
inary numbers. 


» If b= 0 in the above definition, then a + bi = a, which is a real number. 


> If a= 0 in the above definition, then a + bi = bi, which is a pure imaginary number. 


Example Writing Numbers in the Form a + bi 


Write the following numbers in the form a + 67, and identify a and b. 
(a) V2 
1 
(b) a! 
(c) 1 + V3 
>Solution 
(a) V2 = V2 + 01. Note that a = V2, b= 0. 
(b) =i =0O+ ai Note that a = 0, b = 2, 
3 3 3 
(c) 1 + V3 = (1 + V3) + 0%. Note that a= 1 + V3, b=0. 


LY Check It Out 4; Write the following numbers in the form a + 01: 
W5,-1+ V2, a S| 


Parts of a Complex Number 


For a complex number a + 01, a is called the real part and b is called the imagi- 
nary part. 


eae 5 Real and Imaginary Parts of a Complex Number 


What are the real and imaginary parts of the following complex numbers? 


(a) -2 + 32 
(b) -1 + 4 
(oe) =V3 
>Solution 


(a) Note that —2 + 37 is in the form a+ bi. Thus the real part is a = —2 and the 
imaginary part is b = 3. 

(b) First rewrite —7 + 4 as 4 — 1. This gives 4 as the real part and —1 as the imaginary 
part. 


(c) Note that —-V3 = —V3 + 01. This gives —V/3 as the real part and 0 as the imag- 
inary part. 


[W Check It Out 5: What are the real and imaginary parts of the following complex 
numbers? 5. -1+ Vee, | 


Technology Note 


Arithmetic with complex 
numbers can be performed 
using a graphing utility in 
the a + b/ mode. Some 
models will use the ordered 
pair (a, 6) to represent a 
complex number. See 
Figure 3.3.3. 


Keystroke Appendix: 
Section 11 


Figure 3.3.3 


(1+2i)+(3-5i) 
(1+i)-(2-i) 


(1+3i)(2-4i) 
| 


14+2i 


Just In Time 
Review multiplication of 


binomials in Section P.4. f 


iJ 
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Removed due to copyright 
permissions restrictions. 


Addition and Subtraction of Complex Numbers 


To add two complex numbers, we simply add their real parts to get the real part of 
their sum, and we add their imaginary parts to get the imaginary part of their sum. To 
subtract two complex numbers, we subtract their real and imaginary parts instead 
of adding them. 


[ze 6 Adding and Subtracting Complex Numbers 


Perform the following operations. 
(a)(1+22+ 3-51) (bb) (V24+0+4+(-V2-1 
(c)t + (-1) (d) (+2) - (2-12) 
>Solution 
(a) Grouping the real terms together and the imaginary terms together, we have 
(1 + 27) + (3 — 57) = (1 + 3) + (2 — 51) = 4 — 37. 
(b) Once again, we group the real terms together and the imaginary terms together 
to get 
(V2 +7) + (-V2-1) =(V2- V2) + G- 1) =04+ 01=0. 
(c) Note that 7 + (—1) cannot be simplified any further, and so the answer is —1 + 2, 
rewritten in the form a + bi. 


(d) To calculate (1 + 7) — (2 — 17), we first distribute the negative sign over the real 
and imaginary parts of the second complex number and then add: 


Q+)-@2-i)=1+i-2+i=-14+2i 


[AW Check It Out 6: Perform the following operations: 
(a)3+2i-4+7 (b)-2+i ©V3+i-V3 0 


Multiplication of Complex Numbers 


To multiply two complex numbers, we apply the rules of multiplication of binomials. 
This is illustrated in the following example. 


lEeenntel| 7 Multiplying Complex Numbers 


Multiply: 


(a) (1 + 31)(2 - 47) (b) V—4-V/-9 


250 Chapter 3 


| Quadratic Functions 


>Solution 

(a) (1 + 37)(2 — 47) = 2 — 47 + 61 — 127? Multiply (use FOIL) 
= 2+ 21 — 127? Add the real and imaginary parts 
=2+2i- 12(-1) Note that i? = —1 
= 144+ 21 Simplify 


(b) V-4V —-9 = (27)(1) Write as imaginary numbers 


= 617 = -6 Use i? = -1 


Note that we wrote V—4 and V—9 using imaginary numbers before simplifying. The 
reason for this is explained in the note below. 


[A Check It Out 7; Multiply (—3 + 47)(5 — 27). & 


Note Ag illustrated in Example 7(b), you must be careful when multiplying if 
there are negative numbers under the radical. In this example, we cannot simply 
multiply the numbers under the radicals first. The rule Vx Vy = Vxy is valid 
only when x or y is positive. It does not hold when both x and y are negative. To 


avoid this potential source of error, always write square roots of negative 
numbers in terms of i before simplifying. 


Division of Complex Numbers 


Before we can define division of complex numbers, we must define the complex con- 
jugate of a complex number. 


Definition of Complex Conjugate 


The complex conjugate of a complex number a + bi is given by a — 01. The 
complex conjugate of a complex number has the same real part as the original 
number, but the negative of the imaginary part. 


The next example will illustrate this definition. 


egal 8 Conjugate of a Complex Number 


Find the complex conjugates of the following numbers. 
(a) 1 + 22 (b) —32 (c) 2 


> Solution 


(a) The complex conjugate of 1 + 27 is 1 — 27. We simply take the negative of the 
imaginary part and keep the real part of the original number. 

(b) The complex conjugate of —37 is 31. The real part here is zero, and so we just 
negate the imaginary part. Every pure imaginary number is equal to the negative 
of its complex conjugate. 


Discover and Learn 


How would you write the expres- 


—2 + V4 — 42)(1) . 


sion 20) 


form a + b/? 


n the 
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(c) The complex conjugate of 2 is 2. The real part is 2, and it remains the same. The 
imaginary part is zero, and it will remain zero when negated. Every real number is 
equal to its complex conjugate. 


LW Check It Out 8: Find the complex conjugate of —3 — 77. © 


Complex conjugates are often abbreviated as simply conjugates. The next example 
will illustrate why conjugates are useful. 


Een 9 Multiplying a Number by Its Conjugate 


Multiply —3 + 27 by its conjugate. What type of number results from this operation? 


Solution The conjugate of —3 + 27 is —3 — 27. Following the rules of multiplication, 
we have 


(-3 + 27)(-3 — 21) =9 + 6f — 6 — 47? Use FOIL to multiply 


=9+ 01 — 47? Add the real and imaginary parts 
=9 - 4(-1) Note that i? = —1 and Oi =O 
= 13. Simplify 


Thus we see that the product of —3 + 27 and its conjugate is a positive real number. 


[A Check It Out 9: Multiply —3 — 77 by its conjugate. What type of number results 
from this operation? 


js Note _|t can be shown that the product of any nonzero complex number and 
its conjugate is a positive real number. This fact is extremely useful in the 


division of complex numbers, ag illustrated in the next example. 


lama 1 0 Dividing Complex Numbers 


Pind: —" —_. 
eS 2 Gy 


Solution The idea is to multiply both the numerator and the denominator of the ex- 


pression — =~ ry by the complex conjugate of the denominator. This will give a real 
number in the denominator. Thus we have 
: —— Multiply th tor and denominator b 
= a ; ultiply the numerator and denominator by 
~3 4 2b -3 421 —3- 21 the conjugate of —3 + 2i 
2(—3 = 21) 
= (—3 + 2i)(—3 — 2i) = 13 from the 
13 previous example 
Oat at at Simplify 
=— (=) = = TZ - a. 
13 ane ame ie 


4 
LW Check It Out 10: Find =; # 
727 tt 
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Just In Time 


Review the quadratic 
formula in Section 3.2. f 


A 


Figure 3.3.4 


f(x) =3x7 +x41 


Technology Note 


The ZERO and INTERSECT 
features of a graphing utility 
will not find complex zeros. 
However, you can use the 
quadratic formula to find 
complex solutions. First set 
the calculator to a + b/ 
mode. Then store the 
values of a, 6, and c in the 
home screen. Type in 

the quadratic formula to 
find the solutions. See 
Figure 3.3.5. On some 
models, you may use a 
downloadable application 
that will find complex zeros. 


Keystroke Appendix: 
Section 11 


Figure 3.3.5 


2—>A:-2>B: (3/2) 0 
(BV (B%2-4AC))/ 


(2A) 
.5+.707106781e2i 
(-B-¥(B*42-4AC))/ 


(2A) 
.5-.707106781e2i 


Zeros of Quadratic Functions and Solutions of Quadratic Equations 


By expanding from the real number system to the complex number system, we see that 
the zeros of any quadratic function can be computed. This is because we are now able 
to compute the square root of a negative number; thus we can find nonreal zeros by 
using the quadratic formula. 

We conclude this section by computing the zeros of some quadratic functions. 


Eat 1 Complex Zeros of Quadratic Functions 


Compute the zeros of the quadratic function f(x) = 3x? + x + 1. Use the zeros to find 
the x-intercepts, if any, of the graph of the function. Verify your results by graphing the 
function. 


PSolution We solve f(x) = 3x7 + x + 1 = 0 for x. Noting that the expression cannot 
be factored easily, we use the quadratic formula to solve for x. Thus 


—b+ Vb? — 4ac 
x= The quadratic formula 
2a 
-(1)+ Vay — 4@)0 
= so sO )) a=3,b=1,andc=1 
-1+V-il1 1 Vi, ae 
= = + 1. mopli 
6 6 6 a 
We see that this function has two nonreal zeros: x = -< + wi and x = —< a a 1. 


Since the zeros are not real numbers, the graph of the function has no x-intercepts. 
These results are confirmed by examining the graph of f(x) = 3x? + x + 1 in Fig- 
ure 3.3.4. 


[A Check It Out 11: Rework Example 11 using the quadratic function 
g(s) = —35° + 25-1. B 


12 Complex Solutions of a Quadratic Equation 


‘ ‘ F “ 3 Z z 
Find all solutions of the quadratic equation 22? — 21 = — te Relate the solutions of this 
equation to the zeros of an appropriate quadratic function. 


Solution First write the equation in standard form. 
3 
ar = 26+ =0 
2 


Apply the quadratic formula to solve for t. 


—btVb?-4 
x= = The quadratic formula 
2a 
=(=2) = V(-27 =4@6/2) 3 
= = 2. = =—2, = — 
2(2) a b andc 3 
2+V4—-12 2+V-8 +i 
_ V _ V-8 2 iV8 iw ats 
4 4 4 
2+2iV2 1. V2 
= =—711 Simplify 


4 2 2 


Figure 3.3.6 
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—1 5 


. i. V2 i. wwe 
We see that this quadratic equation has two solutions, t = on 2 and t = 3 ar 


: : : sd os 3 
both of which are nonreal. An associated quadratic function is f(t) = 2¢? — 2¢ + 53 


= and t = : mes The graph of f will 


have no x-intercepts, since f has no real zeros. This is confirmed by the graph of 


‘ 1 , 
which thus has two nonreal zeros: t = 5 +14 


1¢ Fw = 22 = 214+ 3 


aVN 


=i 12 


f(® = 20? — 2¢ + 5 shown in Figure 3.3.6. 


LY Check It Out 12: Find all solutions of the quadratic equation 


—2 +3r-2=0. B 


Throughout this book, we have discussed relevant applications for the topics under 
study. Complex numbers have applications in engineering, physics, and advanced 
mathematics. However, these applications require a certain amount of technical back- 
ground that is beyond the scope of this book, and so we will not discuss them here. 


3.3 Key Points 


» To add two complex numbers, add their corresponding real and imaginary parts. 


» To subtract two complex numbers, subtract their corresponding real and imagi- 


nary parts. 


» To multiply two complex numbers, apply the rules of multiplication of binomials 


(FOIL). 


» To divide two complex numbers, multiply the numerator and denominator by the 
complex conjugate of the denominator. The complex conjugate of a + bi is a — bi. 


» Complex numbers can be used to find the nonreal zeros of a quadratic function 
and the nonreal solutions of a quadratic equation by using the quadratic formula. 


3.3 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. Multiply: (x + 3)(x* — 2) 
2. Multiply: (x — 5)(« + 1) 
3. Multiply: (« + 4)(« — 4) 
4, Multiply: (—x + 1)(* — 5) 


In Exercises 5—8, use the quadratic formula to solve the equation. 


5. x7 —5x+3=0 
6. 2x7 +x-5=0 
7. x7 — 3x -—2=0 


8.°+x-4=0 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 9-14, write the number as a pure imaginary 
number. 


9.V—-16 10. V —64 
11.V—-12 12.V —24 


4 
Co ee ee 
25 4 


In Exercises 15—20, use the definition of 1 to solve the equation. 


15.x? = —16 16.x? = —25 
17. -x? = 8 18. —x? = 12 
19. 3x” = —30 20. 5x? = —60 


254 Chapter 3 © Quadratic Functions 


In Exercises 21—28, find the real and imaginary parts of the com- 
plex number. 


21.2 22.-3 
23. — Ti 24.i1V3 
25.1+ V5 26.V7-1 
27.14+V-5 28.V-7-1 


In Exercises 29-36, find the complex conjugate of each number. 


29. —2 30. —5 
31.i-1 32,21 + 4 
33.3+ V2 34.9 — V3 
35.77 36.7° 


In Exercises 37-48, find x + y,x — y, xy, and x/y. 
37.x = 33 y=2-12 


38.x=-23y=5 +7 


39.x 3+ 53 y= 2-31 


40.x=2- 93 y 


41.x=4-53y=3+4+ 21 


42.x=2- 713 y= 11+ 27 


43 Lai eee 
Lx by = i 
2 os 


44 : 21 : J 
i By= 1 
ge -S 

I... 1 . 
45.x = == ~37 2iV5 


46.x = 


1 
47.x 34+ Ry=it 
By = 3 


48.x= -2-ty=i+2 


In Exercises 49-60, compute the zeros of the quadratic function. 


49. f(x) = 2x7 + 9 


50. f(x) = 3x? +5 

51. h(x) = —3x? — 10 
52. f(x) = —3x? — 18 
53. f(x) = —x* -—x-1 
54. g(x) =x? —x +1 

55. h(t) = 3° — 2r- 9 
56. f(x) = 2x? -x +8 
57. f(x) = —2x? — 2x + 11 
58. 9(t) = —5° + 21-3 
59. h(x) = 3x? + 8x — 16 
60.f() = 2° + 112+ 9 


In Exercises 61—76, find all solutions of the quadratic equation. 
Relate the solutions of the equation to the zeros of an appropriate 
quadratic function. 


61.x7 + 2x+3=0 62.-x»7 +x-5=0 
63. —3x7 + 2x -4=0 64. —2x7 + 3x -1=0 
65.5x? — 2x + 3 =0 66. —7x? + 2x -1=0 
67.5x? = —2x — 3 68.7x? = -x - 1 
69. —3x? + 8x = 16 70. 217 + 8t = —9 
71 ee eer, 72.—617 + 2t : 0 
. 2 . T 3 
2g Bx 
73.—x°- +x=—-l 74.-—x* -—x=2 
3 4 


75.(x + 1)? = —25 76.(x — 2)? = -16 


In Exercises 77—80, use the following definition. A complex num- 
ber a + bi ts often denoted by the letter z. Its conjugate, a — bi, 
is denoted by z. 


77. Show that z + 2 = 2a and z — z = 201. 


78. Show that zz = a? + 07. 


+ 2 
2 


79. Show that the real part of z is equal to z 


Zz 
80. Show that the imaginary part of z is equal to a 
In Exercises 81-84, use the function f(x) = ax’ + 2x +1, 
where a is a real number. 


81. Find the discriminant 6? — 4.ac. 
82. For what value(s) of a will f have two real zeros? 
83. For what value(s) of a will f have one real zero? 


84. For what value(s) of a will f have no real zeros? 


ee 


—#) In Exercises 85—88, solve the quadratic equation by entering the 
quadratic formula in the home screen of your graphing utility. (See 
Technology Note on page 252.) 


85. —0.25x7 + 1.14x —- 2.5=0 
86. 0.6227 — 1.297 + 1.5=0 
87.327 + V19 = 2 


88.2x7 + V1l=x 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


89. Consider a parabola that opens upward and has vertex 

(0, 4). 

(a) Why does the quadratic function associated with 
such a parabola have no real zeros? 

(b) Show that f(x) = 2x? + 4 is a possible quadratic 
function associated with such a parabola. Is this the 
only possible quadratic function associated with 
such a parabola? Explain. 

(c) Find the zeros of the function f given in part (b). 


90. For the functions y, and y, graphed below, explain why 
the equation y,(x) = 42(x) has no real-valued solutions. 
Assuming that y, is a quadratic function with real coeffi- 
cients and 4, is a linear function, explain why the equation 
Y (x) = 32(x) has at least one complex-valued solution. 
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91. In this problem, you will explore the relationship between 
factoring a quadratic expression over the complex numbers 
and finding the zeros of the associated quadratic function. 
This topic will be explained in greater detail in Chapter 4. 
(a) Multiply (« + 7)(« — 2). 

(b) What are the zeros of f(x) = x* + 1? 

(c) What is the relationship between your answers to 
parts (a) and (b)? 

(d) Using your answers to parts (a)—(c) as a guide, how 
would you factor x* + 9? 

(e) Using you answers to parts (a)—(d) as a guide, how 
would you factor x* + c’, where c is a positive real 
number? 


92. We know that i? = —1, but is there a complex number z 
such that z” = 7? We answer that question in this exercise. 


V2 4\(V2 
(a) Calculate i= (1 + n\(F (1 + i)). 
(b) Use your answer in part (a) to find a complex 
number z such that 2? = 7. 


93. Examine the following table of values of a quadratic 
function. 


2) 9 
=k 3} 
0 1 
1 3 
2 9 


(a) What is the equation of the axis of symmetry of 
the associated parabola? Explain how you got your 
answer. 

(b) Find the minimum or maximum value of the 
function and the value of x at which it occurs. 

(c) Sketch a graph of the function from the values 
given in the table. 

(d) Does this function have real or nonreal zeros? 
Explain. 


94.Is it possible for a quadratic function with real coeffi- 
cients to have one real zero and one nonreal zero? Ex- 
plain. (Hint: Examine the quadratic formula.) 
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3.4 Quadratic Inequalities 


Objectives 


> Interpret quadratic inequali- 


ties graphically 


> Solve quadratic inequa 
algebraically 


>» Use quadratic inequalities in 


applications 


Figure 3.4.1 


BA 


(25, 625) 


600 + 


Area 


lities 


A(1)=-? +501 


10 20 30 40 5 
Length 


Just In Time 


Review Example 7 in 
Section 3.7 


0 60 


A“ 


ny 


In many applications of quadratic functions, it is useful to know when the values of 
a function are positive or when they are negative so that we can solve an inequality 
of the form f(x) > 0 or f(x) < 0. 

Let us explore this idea using the area function A(/) = —/ + 50/ for the concert 
ticket venue, given in Example 1 of Section 3.1. Its graph is shown in Figure 3.4.1. 

Areas are always positive, so it makes sense to ask the following question: What 
values of the length I will give a positive value for the area? From the graph, we see that 
the length of the enclosed rectangular region must be greater than 0 and less than 
50 feet. The former is obvious, since lengths are always positive. Moreover, recall from 
Example 1 of Section 3.1 that the total amount of rope available was only 100 feet. 
Therefore, from a physical standpoint, it makes sense that the length of the enclosed 
rectangle must be less than 50 feet. We can also look at this from a strictly mathe- 
matical standpoint. We found the expression for the width of the cordoned-off region 
to be 50 — 7. Since widths are always positive, we see that 50 — /> 0, which gives 
50 >1. 

If we wanted to express the statements about / in the previous paragraph in math- 
ematical terms, we would say that the solution of the inequality A(/) > 0 is the set 
of all values / such that 0 < / < 50. This is similar to the terminology we used in solv- 
ing linear inequalities in Section 1.5 and absolute value inequalities in Section 2.5. 


Definition of a Quadratic Inequality 


A quadratic inequality is one that can be written as ax” + bx + c > 0, where > 
may be replaced by =, <, or =. 


Graphical Approach to Solving Inequalities 


The following example will examine inequalities of the forms f(x) > 0, f(x) < 0, 
F(x) = 0, and f(x) = 0. 


an 1 Graphical Solution of a Quadratic Inequality 


For the quadratic function f(x) = 2x? — x — 3, sketched in Figure 3.4.2, find the val- 
ues of x for which: 


@fo)=0 ©f@)>9 ©f@=9 df) <0 


Figure 3.4.2 


Figure 3.4.3 


fx) =-x? +x 46 


>Solution 


(a) From the graph, we see that the value of 


F(X) is positive if x > ; or x < —1, and 
. : 3 
the value of f(x) is zero if x = 3 oF 


x = —1.Thus the solution set for the in- 
equality f(x) = 0 consists of all x such 


3 ees 
that x = 3 Or xs —1. Using interval 
notation, the solution set is 
3 
(-~, -1] u [3, 9), 


(b) To find the values of x for which 


f(x) > 0, we take the solution set 
found in part (a) and exclude the values 
of x at which f(x) = O—namely x = ; 
and x = —1. Thus the solution set con- 
sists of all x such that x > ; orx<—-l. 
Using interval notation, the solution 


set is (-—%, -—1) U (. 00), 


(c) From the graph, we see that the value of 


f(x) is negative if -1 <x < -. As found 
in part (a), the value of f(x) is zero if 
x= ; or x = —1. Thus the solution set 
for the inequality f(x) =0 consists of 


3 . 
allx such that -l1 =x a: In interval 


. . . 3 
notation, the solution set is [- , |. 


(d) To find the values of x for which 


f(x) < 0, we take the solution set 
found in part (c) and exclude the values 
of x at which f(x) = O—namely x = ; 
and x = —1. Thus the solution set con- 
sists of all x such that -1 <x < . In 


interval notation, the solution set is 


(-1,3) 


Section 3.4 
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[A Check It Out 1: For the quadratic function f(x) = —x? + x + 6, sketched in Fig- 
ure 3.4.3, find the values of x for which (a) f(x) = 0 and (b) f(x) < 0. © 
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Algebraic Approach to Solving Inequalities 


The graphical approach to solving inequalities enables you to visualize a solution set 
almost instantly. However, graphing by hand can sometimes be tedious. When using 
a graphing utility, appropriate choices of scales and window sizes may not always be 
immediately obvious. To overcome such limitations, we introduce an algebraic method 
for solving inequalities. The steps taken in using the algebraic approach are illustrated 
in the following example. 


ena 2 Algebraic Solution of a Quadratic Inequality 


Solve the inequality —x? + 5x — 4 < 0 algebraically. 


>Solution 


STEPS 


1 


The inequality should be written so that one side 
consists only of zero. 


. Factor the expression on the nonzero side of the in- 


equality; this will transform it into a product of two 
linear factors. 


. Find the zeros of the expression on the nonzero side 


of the inequality—that is, the zeros of (—x + 4)(x—1). 
These are the only values of x at which the expression 
on the nonzero side can change sign. To find the 
zeros, set each of the factors found in the previous 
step equal to zero, and solve for x. 


. If the zeros found in the previous step are distinct, 


use them to break up the number line into three 
disjoint intervals. Otherwise, break it up into just 
two disjoint intervals. Indicate these intervals on 
the number line. 


. Use a test point in each interval to calculate the 


sign of the expression on the nonzero side of the in- 
equality for that interval. Indicate these signs on the 
number line. 


6. Select the interval(s) on which the inequality is 


satisfied—in this case, (—®, 1] U [4, %). 


EXAMPLE 


—x*?+5x-4=0 


(See ae DiGe = 1) = 0 


=e ap 4h 0) eS 
Ke 3 —— alt 


Test point: x = 2 
(-x+4)@-1)>0 
} } 


[ee woman 
I I 
I I 
I I 


| 


Test point: x = 5 
(-x+4@-1)D<0 


Test point: x = 0 
(-x + 4)(x- 1) <0 


ttt++tt 


Solution set: (—®, 1] U [4, ©). The endpoints are 
included because the original inequality reads “less 
than or equal to zero.” 
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[AW Check It Out 2: Solve the inequality x? + 6x — 7 = 0 algebraically. © 
Technology Note _ 


In many situations, it will be necessary to solve inequalities in which neither side 
of the inequality consists only of zero. In the next example, we discuss this type of 
inequality for quadratic functions. 


[Bente 3 Algebraic Solution of a Quadratic Inequality 


Algebraically solve the inequality 2x7 — x — 1 > 2x +1. 
>Solution 


Step 1 Manipulate the inequality algebraically so that one side consists only of zero. 
In this case, subtract 2x + 1 from both sides. Simplify the expression on the 
nonzero side if possible. 


ay == 1S 2a 1 
2x? -x-1-2x-1>0 
2x? — 3x -2>0 
Step 2 Factor the expression 2x” — 3x — 2 to get 
(2x + 1)(x — 2) > 0. 


Step 3 Find the zeros of (2x + 1)(x — 2). Take each of the factors found in the previ- 
Ous step, set it equal to zero, and solve for x. 


1 
BA a ee ee 


x-2=0>9 x*«=2 


Step 4 Use the zeros found in the previous step to break up the number line into three 
disjoint intervals. Indicate these intervals on the number line. Use a test point 
in each interval to calculate the sign of the expression (2x + 1)(x — 2) in that 
interval. Indicate these signs on the number line, as shown in Figure 3.4.5. 


Figure 3.4.5 


Test point: x = 0 
(2x + 1)(x-2)<0 


+444 t+eetet+etest 


—tO-1+—++ +—_+—__+—__}+—> 
-110 12 3 4 5 6 * 


Test point: x =—1 Test point: x =4 
(Q2x+ 1)(~-2)>0 (2x+1)\(~-2)>0 
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Step 5 Since the inequality is satisfied on the interval (-~, = 5) or the interval (2, ©), 


the solution set is (—-, = >) U (2, ©). The endpoints are not included because 
You can use the INTERSECT the inequality is strictly “greater than.” Thus the solution set of the inequality 
feature of a graphing utility 
to see that the graphs of 
Y,(x) = 2x? — x — 1 and 
Y,(x) = 2x + 1 intersect at 
(2, 5) and (—0.5, 0). See 
Figure 3.4.7. Note that the 
graph of Y, lies above the 
graph of Y, if x < —0.5 or T (2, 5) 
x > 2. You can verify this 
result numerically by using fz) = 2x? —x—-1 
the TABLE feature in ASK 
mode with selected values (-4 
of x. See Figure 3.4.8. 


2x? —x—1>2x+1 consists of all x such that x >2 or x< _— The 
solution of the inequality is shown graphically in Figure 3.4.6. 


Figure 3.4.6 


Keystroke Appendix: -4 -3 -2 - 
Sections 6, 9 


Figure 3.4.7 


rg Check It Out 3: Algebraically solve the inequality —2x? + 5x < 3. & 
g y q y 


Note When using algebraic methods to obtain the solution of an inequality, 
we must have one side of the inequality consisting only of O s0 that we can apply 
the Zero Product Rule to find the solution set, 


The technique just presented for solving quadratic inequalities algebraically in- 
volves factoring the expression on the nonzero side of the inequality. As we know from 
Section 3.2, not all quadratic expressions are readily factorable. When an expression is 
unfactorable, we can do one of two things: 


>» Use the quadratic formula to find the zeros of the quadratic expression and then 


voce proceed with the final steps of the algebraic approach given in Example 3. 


» Use a graphical approach to solve the inequality. 


The next example illustrates this situation. 


seme 4 An Inequality That Is Not Readily Factorable 


Solve the inequality 3x? — 2x = 4. 


Solution Let us see if we can solve this inequality by using the factoring method. 


Step 1 Manipulate the inequality so that the right-hand side consists only of zero by 
subtracting 4 from both sides. 


a = 2x = 40 


Step 2 Factor 3x? — 2x — 4, if possible, to find its zeros. We find through trial and 
error that this expression is not easily factorable. 


Just In Time 


Review a detailed solu- 
tion using the quadratic 
formula in Example 6 of 
Section 3.2. 


/ 
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Step 3 We now have two possibilities: either find the zeros via the quadratic formula 
or use a graphing utility to find the solution graphically. 


Step 4 Algebraic approach: Using the quadratic formula, we find that the two zeros of 
the expression 3x? — 2x — 4 are 
1 V13 1 


% 3 3 535 and x 3 3 


0.869. 


Next, we proceed as in steps 4—6 of the algebraic approach presented in Ex- 
ample 2. Use the zeros of the expression 3x” — 2x — 4 to break up the num- 
ber line into three disjoint intervals. Use a test point in each interval to 
calculate the sign of the expression 3x” — 2x — 4 in that interval. Indicate 
these signs on the number line. See Figure 3.4.9. 


Figure 3.4.9 
Test point: x = 0 
3x? -2x-4<0 
tttttet | ++++4+ 
—0.869 1.535 
- t + : -— —4 
—2 -!l 0 1 2 


Test point: x =—2 
3x? -2x-4>0 


Test point: x = 2 
3x7 -2x-4>0 


, . es . : 1 V 13 P 

Since the inequality is satisfied on the interval (—-, ia | or the interval 
1 V 13 ‘ . I V 13 1 V 13 

[5 + ath 0°), the solution set is re = | U E + ce 00), 


Graphical approach: Using the original inequality 3x? — 2x = 4, we graph 
two functions, y,(x) = 3x? — 2x and y,(x) = 4, as shown in Figure 3.4.10. 


Figure 3.4.10 


Intersection 
= -.8685171 


Intersection 
X = 1.5351838 LY =H 


The points of intersection are at x ~ —0.869 and x ~ 1.535. Examining the 
graph, we see that y,(x) = y,(x) if x = —0.869 or x = 1.535. 


LW Check It Out 4; Solve the inequality 2x? + 3x < 1 either algebraically or graphically. 
oH 
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chnology Note 


To find a suitable window 
size for the graph of the 
profit function 

P(q) = —0.1q? + 

185g — 20,000 in Example 6, 
make a table of values for x 
between 0 and 2000. From 
the table, a reasonable 
choice for the window size 
is [0, 2000](200) by 
[-20,000, 70,000](10,000). 
See Figure 3.4.12. Graph 
the function and find the 
zeros using the ZERO 
feature of the graphing 
utility. One of the zeros, 

Xx = 1734.71, is shown in 
Figure 3.4.13. The other 
zero is x ~ 115.29. 


Keystroke Appendix: 
Sections 6, 7, 9 


Figure 3.4.12 


0 2000 
—20000 


Figure 3.4.13 


70000 


+4 2000 


Zero 
X =1734.7067. Y=-lE-8 


20000 


[==mal 5 A Quadratic Inequality with No Real Solution 


Solve the inequality x? +x +1 < 0. 


Solution The expression x? + x + 1 is not readily factorable. Using the quadratic 
formula to find the zeros, we have 


= DO) + VOY = 4G) _ = 1 + 13 
2(1) 2 , 


Since there are no real zeros, the graph of f(x) = x” + x + 1 has no x-intercepts, as 
seen in Figure 3.4.11. Thus the value of the expression x? + x + 1 never changes 
sign. At the test point x = 0, the nonzero side of the inequality is positive. Since the 
expression x* + x + 1 never changes sign, x” + x + 1 > 0 for ail real numbers x, and 
so the inequality x” + x + 1 < 0 has no real solution. 


Figure 3.4.11 


LW Check It Out 5: Solve the inequality —x? — 2 < 0. B 


An Application of a Quadratic Inequality 


In practice, inequalities are frequently used to find a feasible set of values of a variable 
that satisfy a given condition in the real world, whether it be economic, biological, 
chemical, physical, or otherwise. Often, graphical and algebraic approaches for solving 
such inequalities are used in conjunction to find a solution set. The next example 
shows how we can integrate graphical and algebraic approaches to solve a quadratic 
inequality that stems from a real-world application. 


ara 6 Earning Profit 


The price s (in dollars) of a portable CD player is given by 
s(q) = 200 — 0.1q, 0 <q <= 2000 


where q is the number of portable CD players sold per day. It costs $20,000 per day 
to operate the factory to produce the product and an additional $15 for each portable 
CD player produced. 
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(a) Find the daily revenue function, R(q) (the revenue from sales of g units of portable 
CD players per day). 


(b) Find the daily cost function, C(g) (the cost of producing g units of portable CD 
players per day). 


(c) The profit function is given by P(g) = R(q) — C(qg). For what values of g will the 
profit be greater than zero? 


> Solution 
(a) The daily revenue is given by 


R(q = (number of units sold) (price per player) 


= g(200 — 0.14) 
= 200g — 0.1¢? 
= —0.1q’ + 2009. 


(b) Since it costs $20,000 per day for factory operating costs and an additional $15 for 
each portable CD player produced, the cost function is 


C(@ = 20,000 + 15g. 
(c) The profit function is given by 
P@ = R@ — C@ = (-0.1¢ + 200g) — (20,000 + 15g) 
= —0.1q° + 185¢q — 20,000, 0 <q < 2000. 


The zeros of P can be found by using the quadratic formula or a graphing utility. 
The approximate zeros are 


q~ 115.29 and q ~ 1734.71. 


Using the techniques outlined in this section, you can check that the value of the 
profit function P(g) will be greater than zero for 


115.29 <q < 1734.71. 


Since the number of portable CD players must be in whole numbers, the manu- 
facturer can produce between 116 and 1734 portable CD players per day to yield 
a profit. 


[A Check It Out 6: Repeat Example 6 for the case in which it costs $25,000 per day to 
operate the factory, and all other data remain the same. 


3.4 Key Points 


» To solve a quadratic inequality graphically, graph f and examine the regions where 
f(x) > 0, f(x) = 0, and f(x) < 0. 

» To solve a quadratic inequality algebraically, solve ax? + bx + c = 0. This can be 
done either by factoring or by using the quadratic formula. Use the solutions to 
divide the number line into disjoint intervals. Use test values in each interval to de- 
cide which interval(s) satisfy the inequality. 
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3.4 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1—4, use the graph of f to solve the inequality. 


1. f(x) =0 2. f(x) <0 


3. f(x) > 0 4. f(x) <0 


In Exercises 5—8, use the graph of g to solve the inequality. 


}—> 
3 t 
5. g(t) 20 6.g() = 0 
7.g() > 0 8.g() <0 


In Exercises 9 and 10, use the graphs of f and g to solve the 
inequality. 


9.f@ = s® 10. f@ = s® 


In Exercises 11 and 12, use the graphs of f and g to solve the 
inequality. 


11. f(x) = g() 12. f(x) = g(x) 


In Exercises 13 and 14, use the following table of test values of the 
quadratic functions f and g defined on (—®, ©). 


=1 0 2) 

S05) 5 1.25 
0 1 1 
0.5 The5} 125 
1 2 2 
15) 2.5 3.25 
2 3) 5) 
2 35) 7.25 
3 4 10 


13. Find the region(s) where f(t) = g(t). 


14. Find the region(s) where f(t) = g(t). 
In Exercises 15—28, solve the inequality by factoring. 


15.x7-1<0 16.x7-9<0 


17.2x* + 3x =5 18.—2x? — 3x > 2 
19.-3x? +x=<=-2 20. 6x* — 5x < 6 
21.2x?<x+1 22.6x* = 13x —-—5 
23.5x* — 8x 24 24, —3x? = —7x — 6 
25.10x? = —13x + 3 26.12x? + 5x—-220 


27.-x7 +2x-1<0 28.x°+ 4x +4>0 


In Exercises 29-38, solve the inequality algebraically or 
graphically. 

29. 2x? — 3x <1 30. —x? — 3x > -1 

31.07 -4=x 32.x7 —-9 = 2x 

33.3x7 -x-1=0 34.-2x7 + 2x + 3=0 
35.07 +1<0 36.-x? -4>0 

37.x7 +2x+1=0 38.x7 -x+1=0 


» Applications In this set of exercises you will use quad- 
ratic inequalities to study real-world problems. 


39. 


40. 


41. 


Landscaping A rectangular garden plot is to be enclosed 
with a fence on three of its sides and a brick wall on the 
fourth side. There is 100 feet of fencing available. Let w 
denote the width of the fenced plot, as illustrated. For 
what range of values of w will the area of the enclosed 
region be less than or equal to 1200 square feet? 


wall 


Business The price s (in dollars) of a product is given by 

s(q) = 100 — 0.1g, 0 = g = 1000, where q is the num- 

ber of units sold per day. It costs $10,000 per day to 

operate the factory and an additional $12 for each unit 

produced. 

(a) Find the daily revenue function, R(q). 

(b) Find the daily cost function, C(q). 

(c) The profit function is given by P(q) = R(g) — C(q). 
For what values of q will the profit be greater than 
or equal to zero? 


Manufacturing A carpenter wishes to make a rain gutter 
with a rectangular cross-section by bending up a flat 
piece of metal that is 18 feet long and 20 inches wide. 
The top of the gutter is open. What values of x, the length 
of metal bent up, will give a cross-sectional area of at 
most 30 square inches? 


42. 


44, 


45. 


Section 3.4 ™ Quadratic Inequalities 265 
Physics The height of a ball that is thrown directly 
upward from a point 200 feet above the ground with 
an initial velocity of 40 feet per second is given by 
h(t) = —16t? + 40¢ + 200, where ¢ is the amount of 
time elapsed since the ball was thrown; ¢ is in seconds 
and A(t) is in feet. For what values of ¢ will the height 
of the ball be below 100 feet? 


=|Performing Arts Attendance at Broadway shows in 
New York can be modeled by the quadratic function 
p(t) = 0.048927 — 0.78152 + 10.31, where ¢ is the 
number of years since 1981 and p(t) is the attendance in 
millions. The model is based on data for the years 
1981-2000. For which years was the attendance above 
8 million? (Source: The League of American Theaters 
and Producers, Inc.) 

==) Leisure The average amount of money spent on books 
and magazines per household in the United States can be 
modeled by the function r(2) = —0.28372? + 5.54681 + 
136.68. Here, r(t) is in dollars and t is the number of years 
since 1985. The model is based on data for the years 
1985-2000. In what year(s) was the average expenditure 
per household for books and magazines greater than 
$160? (Source: U.S. Bureau of Labor Statistics) 


the 
. For what val- 


Summation If 7 is 
1+2+--- 


ues of m will the sum 1+2+-::: 
or equal to 45? 


a positive 
n(n + 1) 


integer, sum 


+n is equal to 
+ n be greater than 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


46. 


47. 


48. 


For what value(s) of c will the inequality x? + c > 0 have 
all real numbers as its solution? Explain. 


For what value(s) of a will the inequality ax” = 0 have all 
real numbers as its solution? Explain. 


For what value(s) of a will the inequality ax? < 0 have no 
real-valued solution? Explain. 
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49.Explain why (x + 1)? <0 has a solution, whereas 
(x + 1)? < 0 has no real-valued solution. 


50.Give graphical and algebraic explanations of why 
x? + 1 < —x has no real-valued solution. 


3.5 Equations That Are Reducible to Quadratic Form; 
Rational and Radical Equations 


Objectives 


> Solve polynomial equations 
by reducing them to quad- 
ratic form 


> Solve equations containing 
rational expressions 


> Solve equations containing 
radical expressions 


> Solve applied problems 


Technology Note 


To solve the equation 

3x4 + 5x* -2=0 

with a graphing utility, 
graph the function 

f(x) = 3x* + 5x* — 2 and 
use the ZERO feature. Note 
that the approximate 
locations of the rea/ 
solutions, x ~ +0.5774, 
can be found by graphical 
methods, but that the 
locations of the imaginary 
zeros cannot be found in 
this way, since imaginary 
solutions are not visible on 
a graph. See Figure 3.5.1. 


Keystroke Appendix: 
Section 9 
Figure 3.5.1 
3.1 
-4.7 47 


In this section, we will solve equations containing polynomial, rational, and radical 
expressions by algebraically manipulating them to resemble quadratic equations. Note 
that the techniques covered in this section apply only to a select class of equations. 
Chapter 4 on polynomial, rational, and radical functions discusses general graphical 
solutions of such equations in more detail. 


Solving Equations by Reducing Them to Quadratic Form 


Recall that to solve a quadratic equation, you can either factor a quadratic polynomial 
or use the quadratic formula. Some types of polynomial equations can be solved by 
using a substitution technique to reduce them to quadratic form. Then, either the 
quadratic formula or factoring is used to solve the equation. We illustrate this tech- 
nique in the following examples. 


Example fl Solving Using Substitution 


Solve the equation 3x* + 5x? — 2=0. 


Solution Since the powers of x in this equation are all even, we can use the 
substitution 


This gives 
3x* + 5x7 -2=0 
3(x*)? + 5(x?) - 2 =0 
3u2 ++ 5u—-2=0 
The equation involving u is quadratic and is easily factored: 
3u? + 5u—-2=0 
(3u—- 1)@+ 2)=0 
This implies that 


‘ 1 
u=-2 or u=-z. 
3 


We now go back and find the values of x that correspond to these solutions for u. 


e=u=—2 = x= +V-2= +i1V2 


; 1 3 V3 
xS=u= - aoa xKH =f 
3 3 3 


Therefore, the original equation has two real and two imaginary solutions. 


+ 


[W Check It Out 1; Solve the equation 2x* + x? - 3 = 0. & 
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[anal 2 Solving Using Substitution 


Solve the equation ¢° — 1? = 2 for real values of t. 


Technology Note | 


Solution Here, too, we will try to find a substitution that will reduce the equation to 
a quadratic. We note that only cubic powers of t appear in the equation, so we can use 
the substitution 
“w=, 
Thus we have 
@yY- @)=2 
w—-u=2 
w—-u-2=0 
(u— 2) +1)=0 
u=-1l or u=2. 
Converting back to t, we have 


r=u=-1> > 1=-1 
PSyss = p= V2 


Thus the real-valued solutions are t = —1 and t = V2. Both of the equations 7? = —1 
and 2? = 2 have complex-valued solutions as well, but we will not discuss those here. 


[A Check It Out 2: Solve the equation 32° + 523 = 2 for real values of t. Ml 


Solving Equations Containing Rational Expressions 


Many equations involving rational expressions can be reduced to linear or quadratic 
equations. To do so, we multiply both sides of the equation by the least common 
denominator (LCD) of each term in the equation. The process is illustrated in the 
following example. 


zone 3 Solving an Equation Containing Rational Expressions 


1 2 
Solve — = 
ax 2 


Zero 
X=1.259921 Y=0 


a eoy 


Solution The LCD of the three terms in this equation is x(x — 2). Note that the term 
3 has a denominator of 1. We proceed as follows. 


1 2 
= + 3 Original equation 


1 2 
x6: = 2)-. = x(x — 2) ; + ie = 2)G) Multiply both sides of the 


mee equation by the LCD 


(x — 2)(1) = 2x + 3x(x — 2) Cancel like factors 
x= 2 = 2x + 3x* = Ox Expand products 
—3x7 + 5x-2=0 Standard form of a quadratic 
equation 


(-3x + 2)(x- 1) =0 Factor 
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Apply the Zero Product Rule to get 


or x-1=0>9 x= 1. 


Technology Note | —-3x +2=0 => x= : 


Thus the possible solutions are x = = and x = 1. We must check both possibilities in 
the original equation. 


2 
Check =>: 
e x 3 
Be ites Griicteguat 
S ae riginal equation 
1 2 2 
= +3 Letx =— 
27> 2 —"  e 
= =-2 
3 3 
3 2 
— 2 —+3 
2 _4 
3 
3 3 
— 2 = =+3 
2 2 
43 oes 
a x= G checks 
Check x=1: 
ae, Ciiginalcqusti 
> = 2 rigina equa lon 
a 2 2 + 3 Let x = 1 
i t=2 i 
=X = = 
6655656667 : 1=1 x = 1 checks 
he Thus, x = 3 and x = 1 are solutions. 
2/(X-2)4+3 
2 1 3 
[A Check It Out 3; Solve -—~— =— -— =. © 
x +S M2 


Solving Equations Containing Radical Expressions 


The next example shows how to solve an equation involving variables under a square 
root symbol. The main idea is to isolate the term containing the radical and then square 
both sides of the equation to eliminate the radical. 


ene 4 Solving an Equation Containing One Radical 


Solve V3x +1+2=x-1. 


>Solution 
V3x t+1+2=x-1 Original equation 
V3x+1=x-3 Isolate the radical term by subtracting 2 
3x +1=x?-6x+9 Square both sides 
O=x*-9%+8 Quadratic equation in standard form 


0=(@- 8@- 1) Factor 
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Technology Note 


When using a graphing 
utility to solve the equation 
Vox + ] + 2 =x = 1, you 
can use the INTERSECT 
feature with 
Y,(x) = V3x + 1+ 2 and 
Y.(x) = x — 1. Since you are 
solving the original equation 
with the graphing utility, 
you will not get any 
extraneous solutions. See 
Figure 3.5.4. 


Keystroke Appendix: 
Section 9 


Figure 3.5.4 


Intersection 


The only possible solutions are x = 1 and x = 8. To determine whether they actu- 
ally are solutions, we substitute them for x—one at a time—in the original equation: 


Check x =8:V3x+1+2=V3(8)+1+2=7 and x-1=8-1=7 
Therefore, x = 8 is a solution. Now check x = 1: 
Check x= 1:V3x+14+2=V30)+1+2=4 but x-1=1-1=0 


Since 4 ¥ 0, x = 1 is not a solution of the original equation. Therefore, the only solu- 
tion is x = 8. 


LW Check It Out 4; Solve V4x+5-l=x4+1. 


Note When solving equations containing radicals, we often obtain extraneous 


solutions. This occurs as a result of modifying the original equation (such as by 


raising both sides of the equation to some power) in the course of the solution 


process. Therefore, it is very important to check all possible solutions by 


substituting each of them into the original equation. 


In the case of Example 4, the extraneous solution crept in when we squared both 
sides of the equation V 3x + 1 = x — 3, which gave 3x + 1 = x* — 6x + 9. Note that 
x = 1 isa solution of the latter but not of the former. 

If a radical equation contains two terms with variables under the radicals, isolate 
one of the radicals and raise both sides to an appropriate power. If a radical term con- 
taining a variable still remains, repeat the process. The next example illustrates the 
technique. 


[ata 5 Solving an Equation Containing Two Radicals 


Solve V3x + 1—-Vx+4=1. 


>Solution 
V3xt+1-Vx+4=1 Original equation 
V3x+1=1+Vx+4 Isolate a radical 
3x +1=1+4+2Vx+4+4+(x4+4) Square both sides 
3a tl =xt+5+2Vx4+4 Combine like terms 
2x -4=2Vx4+4 Isolate the radical 
4x* — 16x + 16 = 4x + 16 Square both sides 
4x” — 20x = 0 Quadratic equation in 
standard form 
4x(x — 5) =0 Factor the left-hand side 


Apply the Zero Product Rule to get 
4x =0 => x=0 
x-5=0 >> x«=5. 


The only possible solutions are x = 0 and x = 5. To determine whether they actually 
are solutions, we substitute them for x—one at a time—in the original equation: 


Check x= 0:V3x4+1—-—Vx+4=V30)+1-V04+4=-14£1. 
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Therefore, x = 0 is not a solution. Now check x = 5: 


Check x =5:V3x+1—-Vx+4=V3(6) +1-V(6)+4=4-3=1 


Thus x = 5 is a solution of the original equation. Therefore, the only solution is x = 5. 


LW Check It Out 5: Solve 2x — 1 —-Vx+3=-1. B 


Applications 


Rational and radical equations occur in a variety of applications. In the following 
examples we examine two such applications. 


eral 6 Average Cost _ 


A theater club arranged a chartered bus trip to a play at a cost of $350. To lower costs, 
10 nonmembers were invited to join the trip. The bus fare per person then decreased 
by $4. How many theater club members are going on the trip? 


Solution First, identify the variable and the relationships among the many quantities 
mentioned in the problem. 


Variable: The number of club members going on the trip, denoted by x 
Total cost: $350 
Number of people on the trip: x + 10 

350 


Original cost per club member: 7 


350 
New cost per person: — 
Equation: (New cost per person)(number of people on trip) = total cost 


We thus have the equation 


) 
fe - so + 10) = 350 (Cost per person)(number of people) = total cost 
x 


350 — 4 
(=) (x + 10) = 350 Write the first factor as a single fraction 
x 


(350 — 4x)(x + 10) = 350x Multiply by x 
350x — 4x? — 40x + 3500 = 350x Expand the left side 


—4x? — 40x + 3500 = 0 Make the right side of the equation zero 
—4(x? + 10x — 875) =0 Factor out —4 
x? + 10x — 875 =0 Divide by —4 on both sides 
(x + 35)(x — 25) = 0. Factor 


Setting each factor equal to zero, 
x+35=0 = 9 x=-35 
x-25=0 >> x«=25. 


Only the positive value of x makes sense, and so there are 25 members of the theater 
club going on the trip. You should check this solution in the original equation. 


[A Check It Out 6: Check the solution to Example 6. & 
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The next problem will illustrate an application of a radical equation. 


eer 7 Distance and Rate 


Jennifer is standing on one side of a river that is 3 kilometers wide. Her bus is located 
on the opposite side of the river. Jennifer plans to cross the river by rowboat and then 
jog the rest of the way to reach the bus, which is 10 kilometers down the river from a 
point B directly across the river from her current location (point A). If she can row 
5 kilometers per hour and jog 7 kilometers per hour, at which point on the other side 
of the river should she dock her boat so that it will take her a total of exactly 2 hours 
to reach her bus? Assume that Jennifer’s path on each leg of the trip is a straight line 
and that there is no river current or wind speed. 


Solution First we draw a figure illustrating the problem. See Figure 3.5.5. 


Figure 3.5.5 
10 km 
ae ee 
-@ e 
Docking point \ 


— 
km 
Row eae 2 
oy 
Ny: 


Starting point A 


: : . dist : : 
Recall that distance = speed X time, so time = ee From the diagram, the dis- 


tance rowed is Vx? + 9 and the distance jogged is 10 — x. Thus, 
distance rowed _ Vx? + 9 


Time to row = - 
rowing speed 5 


distance jogged 10—-—x 


Time to jog = ——— 
jogging speed 7 


Since the total time must equal 2 hours, we have 


Vee +9 10% _ 


5 7 2 Time rowed + time jogged = 2 hours 
7(Vx? + 9) + 5(10 — x) = 70 Multiply by 35 to clear fractions 
7(Vx? + 9) + 50 — 5x = 70 Distribute the 5 
7(V x? +9) = 20 + 5x Isolate the radical expression 


49(x? + 9) = 400 + 200x + 25x? Square both sides 
49x? + 441 = 400 + 200x + 25x? Distribute the 49 
24x? — 200x + 41 =0. Write the quadratic equation in 
standard form 


Using the quadratic formula to solve the equation, we have 


_ —(—200) + V(—200)? = 4(24)(41) 
* 2(24) 


=~ 0.2103 or 8.123. 


272 Chapter 3 © Quadratic Functions 


= Discover and Learn 


In Example 7, use a graphing util- 


ity to find the minimum time it 
takes Jennifer to get to the bus. 


In order to reach the bus in 2 hours, Jennifer should dock the boat either 0.2103 kilo- 
meters along the river from point B or 8.123 kilometers along the river from point B. 


a 


Graphical approach: —= Note that Jennifer’s total travel time is a function of x, the dis- 
tance of the docking point from point B: 


Ve+9 10% 
5 7 


u(x) = 


It is useful first to generate a table of function values to see how the value of x affects 
the value of t(x): 


Table 3.5.1 


0 1.5 3 4.5 6 US @) 10 


1G) (hours) 2A 20M) Wlessom miES49m BIE SGias mlEO lm ILOSm m2 0408 M2088) 


From Table 3.5.1, we see that as x increases, the amount of time required to reach the 
bus first decreases and then increases. This is because there is a trade-off between the 
total distance traveled and the two different speeds at which Jennifer travels, one for 
rowing and the other for jogging. It will take her exactly 2 hours to reach her bus for 
x somewhere between 0 and 1.5 kilometers, or for x somewhere between 7.5 and 
9 kilometers. 


To get a precise solution of the equation t(x) = _ Sie <= ~ = 2, use the 
INTERSECT feature of your graphing utility and graph y,(x) = — ee 7 * and 


yo(x) = 2. The two graphical solutions, pictured in Figure 3.5.6, agree with the 
algebraic solutions. The window size, the choice of which was guided by the table of 
function values, is [0, 10] by [1.75, 2.25 ](0.25). The graphical solution enables you to 
observe how the total time changes as a function of distance. This additional informa- 
tion is not available when solving an equation algebraically. 


Figure 3.5.6 


2.25 2:25 


Intersection Intersection 
0X = .21030751 .Y=2 310 0X = 8.1230258. Y=2 


1.75 1.75 


[A Check It Out 7; Rework Example 7 for the case in which Jennifer can jog at a speed 
of 8 kilometers per hour, with all other information remaining the same. & 


In practice, problems such as the one in Example 7 would ask for the minimum 
time it takes to reach a destination. You can solve such problems by hand only by using 
calculus. However, if you are using a graphing utility, the MINIMUM feature can be 
used to find the minimum amount of time it takes to make the trip. 
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3.5 Key Points 


» If an equation contains a polynomial, use a substitution such as u = x” or u = x? 
to reduce the given equation to quadratic form. Then solve by using factoring or 
the quadratic formula. You should always check your solutions. 


» If an equation involves rational expressions, multiply both sides of the equation by 
the LCD of the terms in the equation. Solve the resulting quadratic or linear equa- 
tion and check your solutions. 


» If an equation involves square roots, isolate the radical term on one side and square 
both sides. If, after squaring, there is still another radical, repeat the process. Solve 
the resulting quadratic equation and check your solutions. 


» If using a graphing utility, you must input the expressions in the original equation. 
Solutions found by a graphing utility using the original expressions will never be 
extraneous solutions. 


3.5 Exercises 


» Just in Time Exercises These exercises correspond to the 15.x° — 4x? = 5 16.x° = x? + 6 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 17. 324° + 1427 = —8 18.2x° — 7x? =7 
1. True or False: The function f(x) = . 2 ; is undefined at In Exercises 19-34, solve the rational equation. Check ‘your 
x= 3. solutions. 
: ax, 2 3 2 
2. True or False: The function f(x) = is undefined at 19.—-+=2==— 
a x — 3 3 5 x 
x=0. 
In Exercises 3—6, multiply. 1 3 3 
20.—- == 
3 4 2 x 
3. (x — 2){ —— 4, x7| — 
x= 2 x 
2 1 1 
21.-—+-=— 
2 x +7 3x x 4 
5. Xe = »(2) 6. (2x + 1)(x »( 
x x3 
1 4 
ee oe 
x : : : : Sai 2x 5 x 
Skills This set of exercises will reinforce the skills illus- 
trated in this section. 1 3 
In Exercises 7-18, solve the polynomial equation. In Exer- 23. ag 10 
cises 7—14, find all solutions. In Exercises 15—18, find only real 
solutions. Check your solutions. 
i 7 _ 
7.x4- 49 =0 8.x4- 25=0 cr ama 
9.x4 — 10x? = —21 10. x4 — 5x? = 24 
2x 3 
25. = -—-=2 
11.6st- s? -2=0 12.4s* + 11s?- 3 =0 . . 
13.4x* — 7x? = 2 14. —x4 + 2x2 -1=0 es ae 
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27. 4 


28. 2 


29. 


1 6 1 
30.5 + = 
x + 4x — 5 x+5 K-11 
ba 1 3 
31.55 + 
2X0 ie 3 x—-1 2% + 3 
x 5 —1 
32.55 
ax Ff 5x. — 2 x+2 i Fi | 
c= 3 1 1 
a3 ts = 
2x —A4 x — 4 x+2 
fees | 9 2 
34. a = 
3x + 3 x =) x+1 


In Exercises 35—50, solve the radical equation to find all real 
solutions. Check your solutions. 


35.Vxt+3=5 
36.Vx+2=6 


37.Vx2+1= 


\/17 
38. V x2 + 3 = V28 


_ 


39. Vx? + 6x —1=3 


40. Vx? — 5x + 4=10 
41.Vx+1+2=<x 
42.V2x—-1+2=x 
43.Wx+3=5 
44.\/5x — 3 = W4 
45.Wx—1=2 
46.W/2x +1=3 


47. V2x+3—-Vx—-2=2 


48.Vx+3-Vxt+2=4 


49.Vx+3+Vx—-5=4 


50.Vx+10-Vx—-—1=3 


In Exercises 51—54, solve the equation to find all real solutions. 
Check your solutions. 


5l.x — 4V x = —3 (Hint: Use u = Vx.) 
52.x — 6Vx = —5 (Hint: Use u = Vx.) 
53. 3x73 + 2x13 — 1 = 0 (Hint: Use u = x13.) 


54. 2x73 — 5x13 — 3 = 0 (Hint: Use u = x"3.) 


In Exercises 55—60, use a graphing utility to find all real so- 
lutions. You may need to adjust the window size manually or use 
the ZOOMFIT feature to get a clear graph. 


55. Solve V 2.35 — x + 1.8 = 2.75. 
56. Solve V x 1.95 3.6 2:5), 


57. Solve Vx — 0.8 + V0.25x + 0.9 = 1.6. 


58. Solve V0.3x + 0.95 — V0.75x — 0.5 = —0.3. 


59. Graphically solve Vx + 1 =x + k fork = > 1, and 2. 


How many solutions does the equation have for each 
value of k? 


60. Graphically solve Vx — k= x for k = —2,0, and 2. 
How many solutions does the equation have for each 
value of k? 


Applications In this set of exercises you will use 
radical and rational equations to study real-world 
problems. 


61. Average Cost Four students plan to rent a minivan for a 
weekend trip and share equally in the rental cost of the 
van. By adding two more people, each person can save 
$10 on his or her share of the cost. How much is the total 
rental cost of the van? 


62. Work Rate Two painters are available to paint a room. 
Working alone, the first painter can paint the room in 
5 hours. The second painter can paint the room in 4 hours 
working by herself. If they work together, they can paint 


63. 


64. 


Section 3.5 


the room in t hours. To find t, we note that in 1 hour, the 
é 2 1 ‘ 
first painter paints 5 of the room and the second painter 


* i] 7 1 
paints 7 of the room. If they work together, they paint : 
portion of the room. The equation is thus 


1 
= + 
5 
Find 2, the time it takes both painters to paint the room 
working together. 


Work Rate Two water pumps work together to fill a stor- 
age tank. If the first pump can fill the tank in 6 hours and 
the two pumps working together can fill the tank in 
4 hours, how long would it take to fill the storage tank 
using just the second pump? (Hint: To set up an equa- 
tion, refer to the preceding problem.) 


Engineering In electrical circuit theory, the formula 
1 1 1 
—= = + —a 
R R, R, 


is used to find the total resistance R of a circuit when two 
resistors with resistances R, and R, are connected in par- 
allel. In such a parallel circuit, if the total resistance R 


. 8 > ‘ , 
is 5 ohms and R, is twice R,, find the resistances R, 
and R,. 


Use the following figure for Exercises 65—68. 


Grandma’s 
‘ house 
o ; 
ra 
A p 
a 
: : 2 7 km 
Starting Docking oe 
point point ,~ 
e e 
K 12-x ih x >| 
i >| 
12km 


65. 


66. 


67. 


68. 
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Distance and Rate To get to her grandmother’s house, 
Little Red Riding Hood first rows a boat along a river at 
a speed of 10 kilometers per hour and then walks through 
the woods at 4 kilometers per hour. If she starts from a 
point that is 7 kilometers south and 12 kilometers west of 
Grandma’s house, at what point along the river should 
she dock her boat so that she can reach the house in a 
total of exactly 3 hours? Assume that all paths are straight 
paths. 


Distance and Rate The Big Bad Wolf would like to beat 
Little Red Riding Hood to her grandmother’s house. The 
Big Bad Wolf can row a boat at a speed of 12 kilometers 
per hour and can walk through the woods at 5 kilometers 
per hour. If the wolf starts from the same point as Little 
Red Riding Hood (see Exercise 65), at what point along 
the river should the wolf dock his boat so that he will 
reach the house in a total of exactly 2.5 hours? Assume 
that all paths are straight paths. 

= 


~ = Minimizing Travel Time For the conditions given in Ex- 
ercise 65, at what point along the river should Little Red 
Riding Hood dock her boat so that she can reach the 
house in the /east possible time? 


= 


==) Minimizing Travel Time For the conditions given in 
Exercise 66, at what point along the river should the wolf 
dock his boat so that he can reach the house in the Jeast 
possible time? 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


69. 


70. 


71. 


Explain what is wrong with the following steps for solv- 
ing a radical equation. 


Vx+1-2=0 
(x+1)+4=0 
x=-5 


Without doing any calculations, explain why 
Vx+t1=-2 

does not have a solution. 

How many zeros, real and nonreal, does the function 


f(x) = x*— 1 have? How many x-intercepts does the 
graph of f have? 


276 Chapter 3 © Quadratic Functions 


Chapter 3 Summary 


Section 3.1 Graphs of Quadratic Functions 


Concept 


Definition of a quadratic function 

A function f is a quadratic function 
if it can be expressed in the form 

f(x) = ax? + bx + c, where a, b, 
and c are real numbers and a # 0. 


Graph of a quadratic function 

The graph of the function 

f(x) = ax? + bx + cis called a parabola. 
If a > 0, the parabola opens upward. If 

a < 0, the parabola opens downward. 


Vertex form of a quadratic function 

The vertex form of a quadratic function is 
given by f(x) = a(x — h)? + k. The graph 
of any quadratic function can be represented 
as a series of transformations of the graph of 
the basic function y = x’. 


Vertex of a parabola 
The vertex (h, k) of a parabola is 


—b 
given by h = — and 
2a 


n=f0y= 2) =2-= 
2a) © 4a’ 
axis of symmetry of the parabola is 


The 


iven b =—. 
g y x 2a 


Section 3.2 Quadratic Equations 
Concept 


Definition of a quadratic equation 
A quadratic equation is an equation that 
can be written in the standard form 

ax? + bx +c=0 


where a, 6, and ¢ are real numbers with 
a#0. 


Zero Product Rule 
If a product of real numbers is zero, then at 
least one of the factors is zero. 


Illustration 


f(x) = 2x? + 3x — 2 and 
g(x) = 3 — x + 6x’ are examples of 
quadratic functions. 


The graph of f(x) = —3x? + 1 opens 
downward, since a = —3 is negative. The 
graph of g(x) = 2x* — 3x opens upward, 
since a = 2 Is positive. 


The quadratic function 

f(x) = 3(x + 2)? — 1 is written in vertex 
form. The graph of f can be obtained from 
the graph of y = x” by a vertical stretch by a 
factor of 3, then a horizontal shift of 2 units 
to the left, and finally a vertical shift of Lunit 
down. 


ye 


Six) = 


ax? +bx+e 


fh) 


Vertex: (h, f(h)) 


— 


x 
Axis of symmetry: 
x=h 


t 
} 
} 
I 
} 
| 
I 
} 
} 
} 
I 
} 
| 
h 
} 
Y 


Illustration 


x — 2x? = 1 is a quadratic equation, since it 
can be rewritten as —2x7 +x —1=0. 


If (2x + 1)(« — 2) = 0, then 2x + 1=0 
orx—2=0. 


Study and Review 


Example 1 


Chapter 3 Review, 
Exercises 1, 2 


Example 2 


Chapter 3 Review, 
Exercises 1, 2 


Examples 3, 4 


Chapter 3 Review, 
Exercises 3-6 


Examples 5—8 


Chapter 3 Review, 
Exercises 7—20 


Study and Review 


Definition on p. 231 


Definition on p. 231 


Continued 


Section 3.2 Quadratic Equations 
Concept 


Solving a quadratic equation by factoring 

First write the quadratic equation in 
standard form. Then factor the nonzero side 
of the equation, if possible. Use the Zero 
Product Rule to find the solution(s). 


Finding the zeros of a quadratic function and 
the x-intercepts of its graph 

The real number values of x at which 
f(x) = 0 are called the real zeros of the 
function f. The x-coordinate of an 
x-intercept is a value of x such that 


f(x) = 0. 


Principle of square roots 
If x? = c, where c = 0, then x = +Ve. 


Solving quadratic equations by completing 
the square 

To solve x? + bx =k by completing 

the square, add (5) to both sides of 

the equation. Then apply the principle of 
square roots to solve. 


Solving quadratic equations by 
using the quadratic formula 
The solutions of ax? + bx + c = 0, with 
a ~ 0, are given by the quadratic formula 
—b+ Ve? — 4ac 
2a é 


x= 


The discriminant 

The quantity 6? — 4ac under the radical in 
the quadratic formula is known as the 
discriminant. The number of solutions of 
ax? + bx + c = 0 can be determined as 
follows. 


Positive Two distinct, real solutions 
Zero One real solution 


Negative No real solutions 


Illustration 

To solve 

2x? — 3x — 2 = (2x + 1)(x — 2) = 0, 
set 2x + 1 = 0 to getx = — 5 and set 


x — 2 = 0 to get x = 2. The solutions 


ole 


are x = 2 andx = — 


The real zeros of f(x) = (« — 1)(x + 2) are 


x = 1 and x = —2. The x-intercepts of the 
graph of f are (1, 0) and (—2, 0). 


The solution of x? = 12 is 
x= +V12 = +2V3. 


6\2 
To solve x? + 6x = 4, add (5) =9 
to both sides of the equation to get 


x27 + 6x +9 = (x + 3)? = 13. 


Take the square root of both sides to 
getx + 3 = +V 13. The solutions are 


x= -34+V13 andx = -3-V13. 


Using the quadratic formula to solve 
2x? — 2x — 1 = 0, we have 


=(=2) # V(=2)? = 4@)(=1) 


2(2) 
Simplifying, the solutions are 
1,V3 1. V3 
a. a 


The equation —3x? + 4x + 1 = 0 has two 
distinct, real solutions because 

b? — 4ac = 16 — (4)(—3)(1) = 28 

is positive. 


The equation x? + x + 1 = 0 has 
no real solutions because 

b? — 4ac = 1 — (4)(1)(1) = -3 
is negative. 


Chapter 3 = Summary 


Study and Review 


Example 1 


Chapter 3 Review, 
Exercises 21—26 


Examples 2, 3 


Chapter 3 Review, 
Exercises 27-30 


Example 4 
Chapter 3 Review, 
Exercises 31-34 
Example 5 


Chapter 3 Review, 
Exercises 31—34 


Examples 6-10 


Chapter 3 Review, 
Exercises 35-42 


Examples 7, 8 


Chapter 3 Review, 
Exercises 43—46 
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Section 3.3 Complex Numbers and Quadratic Equations 


Concept 


Definition of a complex number 

The number 7 is defined as V—-1.A 
complex number is a number of the form 
a+ bi, where a and b are real numbers. If 
a = 0, then the number is a pure 
imaginary number. 


Addition and subtraction of complex numbers 
To add two complex numbers, add their 
corresponding real and imaginary parts. To 
subtract two complex numbers, subtract 
their corresponding real and imaginary 
parts. 


Multiplication of complex numbers 
To multiply two complex numbers, apply 
the rules of multiplication of binomials. 


Conjugates and division of complex numbers 
The complex conjugate of a complex 
number a + 067 is given by a — 01. 

The quotient of two complex numbers, 
written as a fraction, can be found by 
multiplying the numerator and denominator 
by the complex conjugate of the 
denominator. 


Zeros of quadratic functions and solutions of 
quadratic equations 

By using complex numbers, one can find the 
nonreal zeros of a quadratic function and 
the nonreal solutions of a quadratic 
equation by using the quadratic formula. 


Section 3.4 Quadratic Inequalities 


Concept 


Illustration 


The number 3 — 47 is a complex number 
with a = 3 andb= —4. 


The number iV 2 is a complex number with 
a= 0 and b= V2. Itis alsoa pure 
imaginary number. 


Addition: 
(6 + 27) + (-—4 — 312) 
(6 + (—4)) + (27+ (—31)) 


=2-1 
Subtraction: 
(-3 +1) - (7 + 572) 
=-34+7-—-7-—51 
= —-10- 41 
(1 + 213 -1) =3-i2+ 61- 2? 


3-21 (3 - 2i)(1 - 21) 


1+2i (1 + 21)(1 — 2%) 
i 8, 
SS 
5 5 


The nonreal solutions of the equation 
2x7 +x+1=0are 


_ -(1) + Va)? = 4(2)0) 
x 
2(2) 


Illustration 


Study and Review 


Examples 1-5 


Chapter 3 Review, 
Exercises 47—50 


Example 6 


Chapter 3 Review, 
Exercises 55-60 


Example 7 


Chapter 3 Review, 
Exercises 55-60 


Examples 8-10 


Chapter 3 Review, 
Exercises 51—60 


Examples 11, 12 


Chapter 3 Review, 
Exercises 61-64 


Study and Review 


Quadratic inequality 

A quadratic inequality is of the form 
ax? + bx + c > 0, where > may be 
replaced by =, <, or S. 


—3x? — 2x + 1 = 0 and 2x? — 1 < O are 
both examples of quadratic inequalities. 


Definition on p. 256 


Continued 


Section 3.4 Quadratic Inequalities 


Concept 


Graphical approach to solving inequalities 


Illustration 


Chapter 3 = Summary 


Study and Review 
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To solve x? — 1 > 0, observe that the graph 


By examining the graph of a quadratic 
function f, it is possible to see where 


f(x) > 0, f(x) = 0, and f(x) < 0. 


Algebraic approach to solving inequalities 
Solve ax? + bx + c = 0. Use the solutions 
to divide the number line into disjoint 
intervals. Use test values in each interval to 
decide which intervals satisfy the inequality. 


of f(x) = x? — 1 is above the x-axis for 
x >landx<—l. 


To solve x? — 1 > 0 algebraically, solve 

x? —1=0to get x = +1. By using a test 
value for x in each of the intervals (—, —1), 
(-1, 1), and (1, ©), you can observe that 

x? — 1 > 0 in (—%, -1) or (1, ©). 


Example 1 


Chapter 3 Review, 
Exercises 65-68 


Examples 2—6 


Chapter 3 Review, 
Exercises 69-78 


Section 3.5 Equations That Are Reducible to Quadratic Form; Rational and Radical Equations 


Concept 


Equations that are reducible to quadratic form 
Use a substitution such as u = x” or u = x 
to reduce the given equation to quadratic 
form. Then solve by using factoring or the 
quadratic formula. You should always check 
your solutions. 


3 


Equations containing rational expressions 
When an equation involves rational 
expressions, multiply both sides of the 
equation by the least common denominator 
(LCD) of all terms in the equation. This 
results in a linear or quadratic equation. 


Equations containing radical expressions 
When an equation contains a square root 
symbol, isolate the radical term and square 
both sides. Solve the resulting quadratic 
equation and check your solution(s). 


Illustration 


To solve c+ — 227 — 3 = 0, let u = fr” to get 


uw — 2u—-3=(u— 3)(u+ 1) =0. 
Thus u = 2? = 3 oru = t? = —1. Solving 
for t, 
t= V3, -V3,4-1. 
1 2 : 
To solve ae —6, multiply both 


sides of the equation by the LCD, x’. 
Rearranging terms, 
6x? +x -—-2=0 
(3x + 2)(2x — 1) = 0. 


1 2 
Thus x = a be a> Both values of x 


check in the original equation. 


To solve Vx + 1 — x = —1, rewrite as 
Vx + 1 =x — 1 and square both sides to 
get 


x(x — 3) = 0. 


Possible values for x are x = 0 and x = 3. 
Only x = 3 checks in the original equation, 
and it is therefore the only solution. 


Study and Review 
Examples 1, 2 


Chapter 3 Review, 
Exercises 79-82 


Examples 3, 6 


Chapter 3 Review, 
Exercises 83-86 


Examples 4, 5, 7 


Chapter 3 Review, 
Exercises 87—90 
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Chapter 3 


Review Exercises 


Section 3.1 


In Exercises 1 and 2, graph each pair of functions on the same 
set of coordinate axes, and find the domain and range of each 
function. 


1. f(x) = x7, g(x) = 3x? 


2. f(x) = =x, gle) = - 5 


In Exercises 3—6, use transformations to graph the quadratic 
function and find the vertex of the associated parabola. 


3. f(x) = (x + 3)? - 1 4. (x) = (x -— 1)? +4 


5. f(x) = -—2x? - 1 6. g(x) = 3(x + 1)? + 3 


In Exercises 7-10, write the quadratic function in the form 
f(x) = a(x — h)? + k by completing the square. Also find the 
vertex of the associated parabola and determine whether it 1s a 
maximum or minimum point. 


7. f(x) = x? — 4x + 3 8. g(x) = 3 — 6x + x? 


9. f(x) = 4x? + 8x -— 1 10. g(x) = —3x2 + 12x +5 


In Exercises 11—16, find the vertex and axis of symmetry of the 
associated parabola for each quadratic function. Then find at least 
two additional points on the parabola and sketch the parabola 
by hand. 


11. f(x) = 3(x + 1)? - 6 12. f(t) = —2(4 + 3)? 


13. f(s) = -s? — 3s4+ 1 14. f(x) = 1 — 4x + 3x? 


2 1 
15. f(x) = 5x? +x — 3 16. fl) = Ge - 2+ 1 


In Exercises 17-20, find the vertex and axis of symmetry of 
the associated parabola for each quadratic function. Sketch the 
parabola. Find the intervals on which the function is increasing 
and decreasing, and find the range. 


17. f(x) = x? — 2x +1 18. g(x) = —2x? — 3x 


1 2 
19. g(x) = 5x? — 2x + 5 20. f(x) = —Zx° + x — 1 


Section 3.2 


In Exercises 21—26, solve the quadratic equation by factoring. 


21.x7-9=0 22.2x7 -8=0 


23.x7 — 9x + 20 = 0° 24.x7 +x-12=0 


25.6x7 -x -12=0 


26. -6x? — 5x +4=0 


In Exercises 27—30, factor to find the x-intercepts of the parabola 
described by the quadratic function. Also find the zeros of the 
function. 


27.h(x) = —2x? - 3x +5 28. f(x) =x? — 4x + 4 


29. f(x) = —3x7-— 5x +2 30. 9(x) = 2x? — 7x + 3 


In Exercises 31-34, solve the quadratic equation by completing 
the square. Find only real solutions. 


31.x? — 4x -2=0 32.—-x? — 2x = —5 


33.x7 + 3x -7=0 34,.-2x? + 8x = 1 


In Exercises 35—42, solve the quadratic equation by using the 
quadratic formula. Find only real solutions. 


35.-3x7 -x+3=0 36.-x7 + 2x+2=0 


37.07 —t+5=0 38.-2x° +x+4=0 


4 
39.-327 —- 2+ 4=0 40.5x° + x= 2 


es 1 
4l.-s? — V2s 5 42.—(x + 1)(x — 4) 6 


In Exercises 43-46, for each function of the form 
f(x) = ax? + bx + c, find the discriminant, b? — 4ac, and use 
it to determine the number of x-intercepts of the graph of f. Also 
determine the number of real solutions of the equation f(x) = 0. 


43. f(x) = x? — 6x + 4 44, f(x) = —2x? — 7x 


45. f(x) = x? — 6x + 9 46. f(x) = —x? —x-2 


Section 3.3 


In Exercises 47—50, find the real and imaginary parts of the 
complex number. 


3 
AT. V3 48.— Fi 
49.7 — 2i 50.-1 -—V—-5 


In Exercises 51-54, find the complex conjugate of each number. 


1 
51.= 52.3 4 
5 1 


53.1+4 54.1-V24+ 31 


In Exercises 55—60, find x + y, x — y, xy, and x/y. 


55.x = 1+ 41, 56.x =3 + 21, 


y=2- 31 y= 44 3i 
57.x = 1.5 — 31, 58.x= -V2 +i, 
y=2i-1 y= -3 
L. ., 3 . 
59.x ~—-1ly=at 60.x = -1, 


2 2 y=-V-3 41 


In Exercises 61—64, find all solutions of the quadratic equation. 
Relate the solutions of the equation to the zeros of an appropriate 
quadratic function. 


61.-x7 +x-3=0 62.—-2x7 = -x+ 1 


4 
63.--r-1= 0 64.277 - V13=t 


Section 3.4 
In Exercises 65—68, use the graph of f to solve the inequality. 
65. f(x) = 0 Al 


66. f(x) = 0 


67. f(x) <0 


68. f(x) > 0 


In Exercises 69—74, solve the inequality by factoring. 
69.3x7 - 1220 70. —4x? + 36<0 


71.4x? + 21x+5<0 72.—6x? — 5x > —4 


73.2x? — llx <= —-12 74,.2x? + 4x +2<0 


In Exercises 75-78, solve the inequality algebraically or 
graphically. 


75.—-2x? + 7x > 3 76.x° —3x-1=0 


77.(x + 1)(x — 1) = 3x 


78. 4x? + 3 < 0 (Hint: Examine the corresponding graph.) 


Section 3.5 


In Exercises 79-82, solve the polynomial equation. 


79.x* — 1lx? + 24=0 80. x° — 4x? = 21 


81.—3x? + 1llx? = -4 82. 6x? — 7x = 3 


In Exercises 83—86, solve the rational equation. 


3x 1 5 
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1 4 
85.5 =1 
KP Oe 3 ox tS 
2 1 6 
86.5 + = 
x + 3x-4 x-1 x+4 


In Exercises 87—90, solve the radical equation. 


87.V2x+1-x=—-l 88.V3x+4+2=x 
2 90.V2x+34+Vxt+6=6 


89.V3x —5 -Vx— 3 


Applications 


91. Construction A rectangular play yard is to be enclosed 
with a fence on three of its sides and a brick wall on the 
fourth side. If 120 feet of fencing material is available, 
what dimensions will yield the maximum area? 


92. Economics The dollar value of toys, games, and sporting 
goods imported into the United States can be modeled 
by the quadratic function 


s(t) = 0.152527 + 0.3055¢ + 18.66 


where t is the number of years since 1998 and s(t) is the 

dollar amount of the imports in billions of dollars. The 

model is based on data for the years 1998-2002, inclu- 
sive. (Source: Statistical Abstract of the United States) 

(a) Use this model to estimate the dollar amount of 
imported toys, games, and sporting goods for the 
year 2001. Compare your estimate to the actual 
value of $20.9 billion. 

(b) Use this model to predict the dollar amount of 
imported toys, games, and sporting goods for the 
year 2006. 


(c) “Use a graphing utility to graph the function s. 
What is an appropriate range of values for 1? 


93. Business Expenditures The percentage of total operating 
expenses incurred by airlines for airline food can be mod- 
eled by the function 


f@) = —0.005527 + 0.1162 + 2.90 


where t is the number of years since 1980. The model is 

based on data for selected years from 1980 to 2000. 

(Source: Statistical Abstract of the United States) 

(a) What is the y-intercept of the graph of this function, 
and what does it signify in relation to this problem? 

(b) In what year between 1980 and 2000 was the 
expenditure for airline food 2% of the total 
operating expenses? 

(c) Is this model reliable as a long-term indicator of 
airline expenditures for airline food as a percentage 
of total operating expenses? Justify your answer. 
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. = Revenue The following table lists the total revenue, 

in millions of dollars, realized by payphone providers 

from 1996 to 2001. (Source: Federal Communications 

Commission) 

(a) Let ¢ denote the number of years since 1996. Make 
a scatter plot of the revenue r versus time t. 

(b) From your plot, what type of trend do you 
observe—linear or quadratic? Explain. 


(c) Find the best-fit function for the given data points. 


(d) Find the year between 1996 and 2001 during which 
the revenue realized by payphone providers was 
highest. 


Chapter 3 


(e) To what would you attribute the sharp decline in 
payphone revenue in recent years? 


1996 3y7/ 
1997 933 
1998 1101 
1999 1213 
2000 972 
2001 836 


Test 


1.Write f(x) =2x*-4x+1 in the form f(x) = 
a(x — h)? + k. Find the vertex of the associated parabola 
and determine if it is a maximum or a minimum point. 


In Exercises 2—4, find the vertex and axis of symmetry of the 
parabola represented by f(x). Sketch the graph of f and find its 
range. 


2.f(~) = -(« - 1)? +2 3. f(x) =x? + 4x + 2 


4. f(x) = —2x* + 8x — 4 


5. Sketch a graph of f(x) = 3x” + 6x. Find the vertex, axis 
of symmetry, and intervals on which the function is in- 
creasing or decreasing. 


6. Find the x-intercepts of the graph of f(x) = x? — 5x — 6 
by factoring. Also, find the zeros of f. 
7. Solve 2x? — 4x — 3 = 0 by completing the square. 


In Exercises 8 and 9, solve the equation using the quadratic 
formula. 


8.3x7 +x-1=0 9. 


2x? + 2x +3=0 
In Exercises 10-12, find all real solutions using any method. 


10.3x* -x-4=0 1l.-x*+x%=5 


12.2x? + 2x -5 =0 
13. Find the real and imaginary parts of the complex num- 
ber 4—- V-2. 


In Exercises 14—16, perform the indicated operations and write in 
the form a + 61. 


14.5 + 47 — (6 + 27) 15. (3 — 41)(—2 + i) 


2+1 


16. 
3-21 


In Exercises 17 and 18, find all solutions, real or complex, of the 
equation. 


17.x° + 2x +3=0 18.-2x° +x-1=0 


19. Solve the inequality 3x? — 4x — 15 < 0. 


20. If f(x) = x* + bx + 1, determine the values of 6 for 
which the graph of f would have no x-intercepts. 


In Exercises 21-23, find all solutions, real or complex, of the 
equation. 


21. 6x* — 5x? -4=0 


1 3 5 


22. + 7 
2x +1 ieee 20° = 3x = 2 


23.V2x —-14+ Vx+4=6 


24. A rectangular garden plot is to be enclosed with a short 
fence on three of its sides and a brick wall on the fourth 
side. If 40 feet of fencing material is available, what di- 
mensions will yield an enclosed region of 198 square feet? 


25. The height of a ball after being dropped from a point 
256 feet above the ground is given by h(t) = —161? + 256, 
where tis the time in seconds since the ball was dropped 
and h(2) is in feet. 

(a) Find and interpret /(0). 

(b) When will the ball reach the ground? 

(c) For what values of ¢ will the height of the ball be at 
least 192 feet? 


Chapter 


Polynomial and Rational 


oxes can be manufactured in many shapes and sizes. A polynomial function 

can be used in constructing a box to meet a volume specification. See Exam- 

ple 1 in Section 4.1 for an example of such an application. In this section, we 

extend our study of functions by exploring polynomial and rational functions. 
These functions are used in applications when linear or quadratic models will not suffice. 
They also play an important role in advanced mathematics. 
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4.1 Graphs of Polynomial Functions 


Objectives 


> Define a polynomial 
function 


> Determine end behavior 


> Find x-intercepts and zeros 
by factoring 


> Sketch a graph of a polyno- 
mial function 


> Solve applied problems 
using polynomials 


Just In Time 

Review operations on 
polynomials in Section P4, 
and the formula for volume 
in Section P7. 


In Chapters 1 and 3, we discussed linear and quadratic functions in detail. Recalling 
that linear functions are of the form f(x) = mx + 6 and quadratic functions are of the 
form f(x) = ax? + bx + c, we might ask whether new functions can be defined with x 
raised to the third power, the fourth power, or even higher powers. The answer is yes! 

In fact, we can define functions with x raised to any power. When the powers are 
nonnegative integers, such as 0, 1, 2, 3,..., the resulting functions are known as poly- 
nomial functions. Linear and quadratic functions are special types of polynomial 
functions. Before discussing polynomial functions in more detail, we will investigate a 
problem in which a function arises that is neither linear nor quadratic. 


emis| 1 Volume: An Example of a Polynomial Function 


Example 7 in Section 4.1 builds upon this example. + 


Gift Horse, Inc., manufactures various types of decorative gift boxes. The bottom por- 
tion of one such box is made by cutting a small square of length x inches from each 
corner of a 10-inch by 10-inch piece of cardboard and folding up the sides. See Fig- 
ure 4.1.1. Find an expression for the volume of the resulting box. 


Figure 4.1.1 


Kk— 10-2x — 


10 —2x 


I< 10 in. >| 


Solution Recall that the volume of a rectangular box is given by the formula 
V = length X width X height. 


From Figure 4.1.1, the expressions for the length, width, and height of the box are 
given by the following. 


1= 10 —- 2x 
w=10- 2x 
h=x 


Substituting into the expression for the volume, we get 
V(x) = length X width X height = (10 — 2x)(10 — 2x)x. 
Multiplying the terms in the parentheses and simplifying gives 
Vix) = 4x? — 40x? + 100x. 


Note that the volume function contains the variable x raised to the third power as well as 
to the first and second powers. This volume function is called a cubic function because 


Discover and Learn 


For what values of x is the volume 
expression in Example 1 defined? 
To answer this question, it may be 
helpful to look at Figure 4.1.1. 


Just In Time 


Review polynomials in 
Section P4. 


y, 
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the highest power of x that occurs is 3. We will see in this chapter that a cubic function 
has properties that are quite different from those of linear and quadratic functions. 


LW Check It Out 1: Find an expression for the volume of the box in Example 1 if the 
piece of cardboard measures 8 inches by 8 inches. 


We next give a precise definition of a polynomial function. 


Definition of a Polynomial Function 


A function fis said to be a polynomial function if it can be written in the form 
iC) ae ek ee a a, 


where a,, ~ 0, is a nonnegative integer, and ap, a,,..., a, are real-valued con- 
stants. The domain of fis the set of all real numbers. 


Some of the constants that appear in the definition of a polynomial function have spe- 
cific names associated with them: 


» The nonnegative integer 7 is called the degree of the polynomial. Polynomials are 
usually written in descending order, with the exponents decreasing from left to 
right. 


» The constants dp, a,,...,5 4, are called coefficients. 


» The term a,x” is called the leading term, and the coefficient a,, is called the lead- 
ing coefficient. 


» A function of the form f(x) = ap is called a constant polynomial or a constant 
function. 


Bente 2 Identifying Polynomial Functions 


Which of the following functions are polynomial functions? For those that are, find the 
degree and the coefficients, and identify the leading coefficient. 


(a) g(x) = 3 + 5x (b) h(s) = 2s(s? — 1) (c) f(x) = Vx? +1 
> Solution 


(a) The function g(x) = 3 + 5x = 5x + 3 is a polynomial function of degree 1 with 
coefficients a) = 3 and a, = 5. The leading coefficient is a, = 5. This is a linear 
function. 


(b) Simplifying gives h(s) = 2s(s? — 1) = 2s? — 2s. This is a polynomial of degree 3. 
The coefficients are a, = 2, a, = 0, a, = —2, and ay = 0. The leading coefficient 
is a, = 2. 

(c) The function f(x) = Vx? + 1 = (x? + 1)!” is not a polynomial function because 
the expression x? + 1 is raised to a fractional exponent, and (x? + 1)'/? cannot be 
written as a sum of terms in which x is raised to nonnegative-integer powers. 


[AW Check It Out 2: Rework Example 2 for the following functions. 
(a) f(x) = 6 

(b) g@) = @ + I@— 1) 

()hQ=Vit+3 w 
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The rest of this section will be devoted to exploring the graphs of polynomial func- 
tions. These graphs have no breaks or holes, and no sharp corners. Figure 4.1.2 illus- 
trates the graphs of several functions and indicates which are the graphs of polynomial 
functions. 


Figure 4.1.2 


ys NOT a polynomial 


ys NOT a polynomial y 
(has a break) 


(has a corner) Polynomial Polynomial 


7 AY 


ay 


a 


ay 


Polynomials of the Form f(x) = x" and Their End Behavior 


The graphs of polynomial functions can be quite varied. We begin by examining poly- 
nomial functions with just one term, x”, since they are the simplest. Consider the func- 
tions f(x) = x° and g(x) = x*. Table 4.1.1 gives some values of these functions. Their 
corresponding graphs are given in Figure 4.1.3. 


Table 4.1.1 Figure 4.1.3 
Shes kes y 
—100 —10° 108 
=1@ —103 104 ex 
=2 =8 16 
= = 1 
0 0 0 7 
1 1 1 ice 
2 8 16 
10 103 104 
100 10° 108 


Observations: 

> The function f(x) = x’ is a polynomial function of degree 3; its domain is the set of 
all real numbers, (—©, ©), because every real number can be cubed. From the 
graph and the table, the range of this function seems to be the set of all real num- 
bers, (—®, ©), 

> The function g(x) = x* is a polynomial function of degree 4; its domain is (—%, %), 
because every real number can be raised to the fourth power. From the graph and 
the table, the range of this function seems to be [0, ©). This is to be expected, since 
xt = 0. 


To investigate these functions further, it is useful to examine the trend in the function 
value as the value of x gets larger and larger in magnitude. This is known as determin- 
ing the end behavior of a function. Basically, we ask the following question: How 
does f(x) behave as the value of x increases to positive infinity (x — ©) or decreases to 
negative infinity (x —> —°)? 


=| Discover and Learn 


Confirm the end behavior of 

fx) = x° and g(x) = x“ using a 
graphing utility. Examine the table 
of values as well as the graph. 
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Using the information from Table 4.1.1, we can summarize the end behavior of the 
functions f(x) = x? and g(x) = x* in Table 4.1.2. 


Table 4.1.2 
Behavior of Function Behavior of Function 
Function asx—>-— asx>+o 
eae IG) — ee FX) > +0 
LO) x B= Ee BG) = 400 


The graphs and their end behaviors are shown in Figure 4.1.4. 


Figure 4.1.4 


g(x)=x4 > 
as x —> —0oo 


g(x) = x4 > 0 
as X > co 


f(x) =x3 Bc 
as x — co 


g(x) =x4 


BY 


f@ex 


f(x) =x3 > -0 
as x — —co 


We now summarize the properties of the general function f(x) = x”, n a positive 
integer. 


Properties of f(x) = x” 


For f(x) = x”, n an odd, positive in- For f(x) = x”, n an even, positive in- 
teger, the following properties hold. teger, the following properties hold. 
> Domain: (—%, 9) > Domain: (—®, °) 
>» Range: (—®, ©) >» Range: [0, ©) 
» End behavior: As x — 9%, » End behavior: As x — ©, 
f(x) = x" >, As x > —©, f(x) = x" > ©, As x > —-©, 
f(x) = x" > —00, fx) =x" > &, 
See Figure 4.1.5. See Figure 4.1.6. 


Figure 4.1.5 Figure 4.1.6 
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Just In Time 


Review transformations in 
Section 2.3. f 


A 


Figure 4.1.8 


Reflect across 


In Example 3 we graph some transformations of the basic function f(x) = x”. 


Transformations of Polynomial Functions 


lsemial 3 Transformations of f(x) = x” 


Graph the following functions using transformations. 

Qe) = @= 1)? 

(b) h(x) = —x? + 1 

>Solution 

(a) The graph of g(x) = (x — 1)* is obtained by horizontally shifting the graph of 
f(x) = x* to the right by 1 unit, as shown in Figure 4.1.7. 


Figure 4.1.7 


g(x) =(e-1)4 


x > a 1 2 
=f -l 
——________ > 
=) Horizontal shift =) 
1 unit to the right 
(b) The graph of h(x) = —x? + 1 can be thought as a series of transformations of the 


graph of f(x) = x’, as shown in Figure 4.1.8. 


Vertical shift 


x-axis 1 unit upward 


[AW Check It Out 3: Graph f(x) = x* + 2 using transformations. © 


The Leading Term Test for End Behavior 


So far we have discussed the end behavior of polynomials with just one term. What 
about polynomial functions with more than one term? We will examine the end behav- 
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ior of two functions, f(x) = —2x? and g(x) = —2x? + 8x. Table 4.1.3 gives some val- 
ues for these two functions. 


Table 4.1.3 
(FG) = 288 g(x) = — 2x7 + Boe 
—1000 De OP 1,999,992,000 
—100 2,000,000 1,999,200 
=1k®) 2000 1920 
=: 250 210 
0 0 0 
5) 270) —210 
10 —2000 = 1920 
100 —2,000,000 =159995200 
1000 —2 x 10° 1,999,992,000 


The graphs of the two functions are given in Figure 4.1.9. Notice that they are nearly 
indistinguishable. For very large values of |x|, the magnitude of —2x° is much larger 
than that of 8x; therefore, the 8x term makes a very small contribution to the value of 
g(x). Thus the values of f(x) and g(x) are almost the same. For small values of |x|, the 
values of f(x) and g(x) are indistinguishable on the graph because of the choice of 
vertical scale. 


Figure 4.1.9 
f(x) =-2x7 yt 
800+ 
600+ 
400+ 


200 


The shape of the graph of f(x) = a,x” will resemble the shape of the graph of y = x” 
if a,, > O, and it will resemble the shape of the graph of y = —x” if a,, < 0. (Refer back 
to Example 3 for a graph of y = —x°.) 
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Figure 4.1.10 summarizes our discussion of the end behavior of nonconstant 


polynomials. 
Technology Note 
Figure 4.1.10 
yA VA 

a,>0 

n odd 
a,>0 
n even 

x x 


The shape of the graph in the middle region cannot be determined 
using the leading term test. 


Sy 
ay 


a, <9 
neven 
a, <9 
n odd 


le=aral 4 Determining End Behavior 


Determine the end behavior of the following functions by examining the leading term. 

(a) f(x) = x? + 3x7 + x 

(b) g(t) = —22* + 82? 

>Solution 

(a) For f(x) = x? + 3x* + x, the leading term is x’. Thus, for large values of |x|, we ex- 
pect f(x) to behave like y = x7: f(x) > + as x > + and f(x) > —% asx > —%, 


(b) For g(t) = —2r* + 827, the leading term is —2zc*. Thus, for large values of |t|, 
we expect g(t) to behave like y = —2r*: g(t) > —~% as t— +0 and g(t) — — as 
t—> —0, 
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[W Check It Out 4; Determine the end behavior of the following functions by examin- 
ing the leading term. 
(a) h(x) = —3x? + x 
(b) s(x) = 2x7 +1 Of 


Finding Zeros and x-Intercepts by Factoring 


In addition to their end behavior, an important feature of the graphs of polynomial 
functions is the location of their x-intercepts. In this section, we graph polynomial 
functions whose x-intercepts can be found easily by factoring. 

Recall from Section 3.2 the following connection between the real zeros of a func- 
tion and the x-intercepts of its graph: the real number values of x satisfying f(x) = 0 
are called the real zeros of the function f. Each of these values of x is the first coordi- 
nate of an x-intercept of the graph of the function. 


[Beant 5 Finding Zeros and x-Intercepts 


Find the zeros of f(x) = 2x? — 18x and the corresponding x-intercepts of the graph of f. 


Solution To find the zeros of f, solve the equation f(x) = 0: 


2x? — 18x = 0 Set expression for f equal to zero 
2x(x? — 9) = 0 Factor out 2x 
2x(x + 3)(x — 3) = 0 Factor x° — 9 = (x + 3)(x — 3) 
2x =0=>%x=0 
x+3=0=>9%x=—-3 Set each factor equal to zero and solve for x 


x-3=0>3x*=3 


The zeros of f are x = 0, x = —3, and x = 3. The x-intercepts of the graph of f are 
(0, 0), (—3, 0), and (3, 0). 


[AW Check It Out 5: Find the zeros of f(x) = —3x? + 12x and the corresponding 
x-intercepts of the graph of f © 


Hand-Sketching the Graph of a Polynomial Function 


If a polynomial function can be easily factored, then we can find the x-intercepts and 
sketch the function by hand using the following procedure. 
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A sketch of the graph of a polynomial is complete if it shows all the x-intercepts 
and the y-intercept and illustrates the correct end behavior of the function. Finer de- 
tails of the graph of a polynomial function will be discussed in the next section. 


le-aral 6 Sketching a Polynomial Function 


Find the zeros of the function f(x) = x? — x and the x-intercepts of its graph. Use the 
x-intercepts and the end behavior of the function to sketch the graph of the function 
by hand. 


>Solution 


Step 1 Determine the end behavior. For |x| large, f(x) behaves like y = x’; 
f(x) > + as x > +0 and f(x) — —% as x > —0, See Figure 4.1.12. 


Figure 4.1.12 
vA 
~ | End behavior 
as xX — co | 
(-1, 0) (0, 0) (1, 0) 
@ . 2 


/ End behavior 
as x > —0o 


Step 2 Find the y-intercept. Since f(0) = 0, the y-intercept is (0, 0). 


ay 


Step 3 Find the x-intercepts. The zeros of this function are found by setting f(x) 
equal to 0 and solving for x. 


x—x=0 Set expression equal to zero 
x(x? — 1) = x(x + I(x -— 1) =0 Factor left side completely 
x=0 


x+1=0>3x*=-1 Use the Zero Product Rule 
x-1=0>>x*=1 


Thus the zeros are x = 0, x = —1, and x = 1 and the x-intercepts are (0, 0), 
(-1, 0), and (1, 0). See Figure 4.1.12. 


Step 4 Determine the signs of function values. We still have to figure out what the 
graph looks like in between the x-intercepts. The three x-intercepts break the 
x-axis into four intervals: 


(-%, =1); (=1; 0), (0; 1), and qd, )) 


Table 4.1.4 lists the value of f(x) for at least one value of x, called the test value, 
in each of these intervals. It suffices to choose just one test value in each inter- 
val, since the sign of the function value is unchanged within an interval. 


Step 5 
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Table 4.1.4 
(—, =1) =2 ~6 = 
(Hil, @) =) 0.375 oF 
(0, 1) 0.5 =O.375 = 
(1, 2) 2 6 : 


The signs given in Table 4.1.4 are summarized on the number line in Fig- 
ure 4.1.13. 


Figure 4.1.13 


Plotting the x-intercepts and the test values, we have the partial sketch shown 
in Figure 4.1.14(a). 


Sketch the entire graph. By plotting the points given in Table 4.1.4 and 
using the sign of the function value in each of the intervals, we can sketch the 
graph of the function, as shown in Figure 4.1.14(b). 


Figure 4.1.14 
yt End behavior 
/ as x — 0 
@ (2, 6) 
(0.5, ) | ao 
e 
(-1, 0) (0.5, -0.375) 
(-2, -6)@ 
End behavior 
as x — —00 
(a) (b) 


[AW Check It Out 6: Determine the end behavior and the x- and y-intercepts of the 
graph of the function f(x) = —3x? + 27x. Use this information to sketch a graph of 
the function by hand. 


[Epa 7 Graphing a Volume Function 


$-- This example builds on Example 1 in Section 4.1. 


Graph the volume function of the open box obtained by cutting a square of length x 
from each corner of a 10-inch by 10-inch piece of cardboard and then folding up the 
sides. Use your graph to determine the values of x for which the expression makes 
sense in the context of the problem. 
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Figure 4.1.15 Dashed sections 
indicate that the function 
values are beyond realistic 
limits. 
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Solution From Example 1, the expression for the volume of the open box is V(x) = 
4x? — 40x? + 100x = x(10 — 2x)(10 — 2x), where x is the length of the square cut 


from each corner. 
The x-intercepts of the graph of this function are found by setting V(x) equal to 


zero. 
x(10 — 2x)(10 — 2x) =0 Set V(x) equal to zero 
x=0 Use the Zero Product Rule 
10 —- 2x =0=>3%=5 


Thus the x-intercepts are (0, 0) and (5, 0). The x-intercepts divide the x-axis into three 
intervals. Table 4.1.5 gives the value of the function at one point in each of these 


intervals. 
Table 4.1.5 
(—00, 0) =i 144 = 
(0, 5) 2 72 ee 
(5, %) 6 24 ri 


Using the end behavior along with the x-intercepts and the data given in the table, we 
obtain the graph shown in Figure 4.1.15. 

We see that x cannot be negative because it represents a length. From the graph, 
we see that V(x) is positive for values of x such that 0 < x < 5 or x > 5. Because the 
piece of cardboard is only 10 inches by 10 inches, we cannot cut out a square more than 
5 inches on a side from each corner. Thus the only allowable values for x are x € (0, 5). 
We exclude x = 0 and x = 5 because a solid object with zero volume is meaningless. 

Mathematically, the function V(x) is defined for all values of x, whether or not they 


make sense in the context of the problem. 

[A Check It Out 7: Graph the volume function of the open box obtained by cutting a 
square of length x from each corner of an 8-inch by 8-inch piece of cardboard and then 
folding up the sides. © 


Application of Polynomials 
We conclude this section with an example of an application of a polynomial function. 


[ema 8 Model of College Attendance 


Using data for the years 1990-2004, college attendance by recent high school graduates 
can be modeled by the cubic polynomial f(x) = —0.644x? + 14.1x? — 58.4x + 1570, 
where x is the number of years since 1990 and f(x) is the number of students in thou- 


sands. (Source: National Center for Education Statistics) 

(a) Evaluate and interpret f(0). 

(b) Determine the number of recent high school graduates attending college in 2002. 

(c) Determine the end behavior of this function, and use it to explain why this model 
is not valid for long-term predictions. 
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> Solution 


(a) Substituting x = 0 into the given polynomial, we get f(0) = 1570. This value is in 
thousands. Thus there are 1,570,000 recent high school graduates who attended 
college in 1990 (« = 0 corresponds to the year 1990). 


(b) For the year 2002, the corresponding x-value is x = 12. Substituting x = 12 into 
the expression for f(x) gives 


f(12) = —0.644(12)? + 14.1(12)? — 58.4(12) + 1570 ~ 1790. 


Thus there were approximately 1,790,000 recent high school graduates who at- 
tended college in 2002. 


(c) Using the leading term test, the end behavior of f(x) resembles that of 
y = —0.644x°, which would imply negative numbers of students in the long term. 
This is unrealistic and so this function is not valid for making predictions for years 
that are much beyond 2004. In general, polynomial functions should not be used 
for predictions too far beyond the interval of time they model. 


[W Check It Out 8 Use the model in Example 8 to determine the number of recent 
high school graduates who attended college in the year 2000. & 


4.1 Key Points 


» A function f is a polynomial function if it can be expressed in the form 


f(x) = a,x" + a,_;x" 1 +++++ a,x + ag, where a, # 0, n is a nonnegative inte- 
ger, and a, a,,..., a, are real numbers. 
» The degree of the polynomial is 7. The constants a, a,,...,5 4a, are called coeffi- 


cients. Polynomials are usually written in descending order, with the exponents 
decreasing from left to right. 


» A function of the form f(x) = ap is called a constant polynomial or a constant 
function. 


» The Leading Term Test for End Behavior: The end behavior of a polynomial 
function f(x) is determined by its leading term, a,x”. The coefficient a,, is called 
the leading coefficient. 


» Polynomials of the form f(x) = (x — k)” + k can be graphed by translations of the 
graph of f(x) = x”. 
» To sketch a polynomial function f(x) by hand, use the following procedure. 
1. Determine the end behavior of the function. 
2. Find the y-intercept and plot it. 
3. Find and plot the x-intercepts of the graph of the function; these points divide 
the x-axis into smaller intervals. 
4. Find the sign and value of f(x) for a test value x in each of these intervals. Plot 
these test values. 
5. Use the plotted points and the end behavior to sketch a smooth graph of the 
function. Plot additional points, if needed. 
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4.1 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. The of a polynomial is the highest power to 
which a variable is raised. 


2. What is the degree of the polynomial 5x* — 2x — 7? 


3. The 
f(x) = 0. 


of f(x) are the values of x such that 


4. Find the x-intercept of f(x) = 3x + 9. 
5. Find the y-intercept of f(x) = 3x + 9. 
6. Multiply: x«?(x? — 3)(x + 1) 

7. Factor: x? — 3x? — 4x 

8. Factor: 2x? — 50x 


9. The graph of f(x) = x? + 3 is the graph of y = x’ shifted 
3 units. 


10. The graph of f(x) = (x — 4)? is the graph of y = x? 
shifted 4 units. 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 11-14, determine whether the graph represents the 
graph of a polynomial function. Explain your reasoning. 


11. vh 12. ve 


—_——_—_—__—» 


——— 


_ 


BY 
oy 


13; ve 14. 


HY 


In Exercises 15-22, determine whether the function 1s a polyno- 
mial function. If so, find the degree. If not, state the reason. 


15. f(«) = —x? + 3x7 +1 


16. f(s) = 48° — 557 + 6s — 1 


17.f@ = Ve 
18. g) = = 
19. f(x) =5 
20. g(x) = —2 


21. f(~) = -(« + 1)? 
22. g(x) = (x — 1)? 


In Exercises 23-32, determine the end behavior of the function. 


23.f@ = 7t 

24. g(x) = —2x 

25. f(x) = —2x? + 4x - 1 

26. g(x) = 3x4 + 2x? - 1 

27. H(x) = —5x* + 3x7 +x%- 1 


28. h(x) = 5x° — 3x? 


29. g(x) 10x? + 3x7 + 5x — 2 


30. f(x) = 3x? — 4x? + 5 


31. f(s) = is — 145? + 10s 
: 2 


3 
32. f(s) i + 8s? — 3s — 16 


In Exercises 33-44, sketch the polynomial function using 


transformations. 
33. f(x) =x? — 2 34. f(x) =x*- 1 


1 1 
35. f(x) = 3b x3 36. g(x) = 5 x4 


37. g(x) = (x — 2)? 38. h(x) = (x + 1)4 


39. h(x) = —2x? — 1 40. f(x) = 3x* + 2 


41. f(x) = -(e + 1)? - 2 42. f(x) = (x — 2)*4+1 


43. h(x) 
Ee] 

= In Exercises 45-48, find a function of the form y = cx* that 
has the same end behavior as the given function. Confirm your re- 
sults with a graphing utility. 


: t1)3—-2 44h me —2)'-1 
geet) Aw) = 2 & ) 


45. g(x) = —5x? — 4x? +4 46. h(x) = 6x? — 4x? + 7x 


AT. f(x) = 1.5x> — 10x? + 14x 


48. g(x) = —3.6x4 + 4x2 + x — 20 


In Exercises 49-64, for each polynomial function, 


(a) find a function of the form y = cx" that has the same end be- 
havior. 


(b) find the x- and y-intercept(s) of the graph. 

(c) find the interval(s) on which the value of the function is pos- 
itive. 

(d) find the interval(s) on which the value of the function is neg- 
ative. 


(e) use the information in parts (a)—(d) to sketch a graph of the 
function. 


49. f(x) = —2x? + 8x 


50. f(x) = 3x? — 27x 


51.g(~) = (« —- 3) + 4D - 1) 


52. f(x) = (« + 1) — 2) + 3) 


53. f(x) = 4)(x? — 1) 


54. f(x) = (x? — 4)(« + I) — 3) 
55. f(x) = x? — 2x” — 3x 


56. g(x) = x? + x? — 3x 


57. f(x) = —x(2x + 1)(x — 3) 


58. g(x) = 2x(« — 2)(2x — 1) 


59. f(x) (x? — 1)(x — 2)(x + 3) 
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60. f(x) = x(x? — 4)(x + 1) 
61. g(x) = 2x7(x + 3) 
62. f(x) = —3x?(« — 1) 


63. f(x) = (2x + 1)(x — 3)(x? + 1) 


64. g(x) = 2)Gx% = 1)? + 1) 

In Exercises 65-68, for each polynomial function graphed below, 
find (a) the x-intercepts of the graph of the function, if any; (b) the 
y-intercept of the graph of the function; (c) whether the power of 
the leading term is odd or even; and (d) the sign of the leading 
coefficient. 


65. 


BY 


66. ye 


ay 


67. 


BY 


68. 


BY 
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Consider the function f(x) = 0.001x? + 2x”. Answer 
the following questions. 


(a) Graph the function in a standard window of 
a graphing utility. Explain why this window 
setting does not give a complete graph of the 
function. 

(b) Using the x-intercepts and the end behavior of the 
function, sketch an approximate graph of the 
function by hand. 

(c) Find a graphing window that shows a correct graph 
for this function. 


» Applications In this set of exercises, you will use polyno- 
mial functions to study real-world problems. 


70.Wine Industry The following model gives the supply 
of wine from France, based on data for the years 
1994-2001: 


w(x) = 0.0437x* — 0.661x? + 3.00x? — 4.83x + 62.6 


where w(x) is in kilograms per capita and x is the num- 

ber of years since 1994. (Source: Food and Agriculture 

Organization of the United Nations) 

(a) According to this model, what was the per capita 
wine supply in 1994? How close is this value to the 
actual value of 62.5 kilograms per capita? 

(b) Use this model to compute the wine supply from 
France for the years 1996 and 2000. 

(c) The actual wine supplies for the years 1996 and 
2000 were 60.1 and 54.6 kilograms per capita, 
respectively. How do your calculated values compare 
with the actual values? 

(d) Use end behavior to determine if this model will be 
accurate for long-term predictions. 


71. Criminology The numbers of burglaries (in thousands) in 
the United States can be modeled by the following cubic 
function, where x is the number of years since 1985. 


b(x) = 0.6733x? — 22.18x? + 113.9x + 3073 

(a) What is the y-intercept of the graph of b(x), and 
what does it signify? 

(b) Find b(6) and interpret it. 

(c) Use this model to predict the number of burglaries 
that occurred in the year 2004. 


(d) Why would this cubic model be inaccurate for 
predicting the number of burglaries in the year 2040? 


72. Wildlife Conservation The number of species on the U.S. 
endangered species list during the years 1998-2005 can 
be modeled by the function 


f@) = 0.30827 


where t is the number of years since 1998. (Source: U.S. 
Fish and Wildlife Service) 


5.2027 + 32.2¢ + 921 


73. 


74 


75. 


(a) Find and interpret f(0). 
(b) ei many species were on the list in 2004? 


(c) = Use a graphing utility to graph this function for 
0 =t 7. Judging by the trend seen in the graph, is 
this model reliable for long-term predictions? Why 
or why not? 


Manufacturing An open box is to be made by cutting four 
squares of equal size from a 10-inch by 15-inch rectan- 
gular piece of cardboard (one at each corner) and then 
folding up the sides. 

(a) Let x be the length of a side of the square cut from 
each corner. Find an expression for the volume of 
the box in terms of x. Leave the expression in 
factored form. 


(b) What is a realistic range of values for x? Explain. 


. Construction A cylindrical container is to be constructed 


so that the sum of its height and its diameter is 10 feet. 

(a) Write an equation relating the height of the 
cylinder, /, to its radius, r. Solve the equation for 
hin terms of r. 

(b) The volume of a cylinder is given by V = mr’h. Use 
your answer from part (a) to express the volume of 
the cylindrical container in terms of r alone. Leave 
your expression in factored form so that it will be 
easier to analyze. 

(c) What are the values of r for which this problem 
makes sense? Explain. 


Manufacturing A rectangular container with a square 
base is constructed so that the swm of the height and the 
perimeter of the base is 20 feet. 

(a) Write an equation relating the height, h, to the 
length of a side of the base, s. Solve the equation 
for h in terms of s. 

(b) Use your answer from part (a) to express the volume 
of the container in terms of s alone. Leave your 
expression in factored form so that it will be easier 
to analyze. 

(c) What are the values of s for which this problem 
makes sense? Explain. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


76. Explain why the following graph is not a complete graph 
of the function p(x) = 0.01x? + x?. 
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77. Show that all polynomial functions have a y-intercept. 
Can the same be said of x-intercepts? 


78. Can the graph of a function with range [4, ©) cross the 
x-axis? 


79. Explain why all polynomial functions of odd degree must 
have range (—©, ), 


80. Explain why all polynomial functions of odd degree must 
have at least one real zero. 


4.2 More on Graphs of Polynomial Functions and Models 


Objectives 
> Define the multiplicity of a 
zero of a polynomial 


> Check for symmetry of 
polynomial functions 


> Know about the existence 
of local extrema 


> Sketch a complete graph of 
a polynomial 

> Relate zeros, x-intercepts, 
and factors of a polynomial 


> Model with polynomial 
functions 


In the previous section, we learned to sketch the graph of a polynomial function by 
determining the end behavior, the x-intercepts, and the sign of the function between 
the x-intercepts. However, we did not discuss how the graph might look between the 
x-Intercepts—we simply found the sign of the y-coordinates of all points in each of 
those intervals. In this section we will examine the finer properties of the graphs 
of polynomial functions. These include: 


» Examining the behavior of the polynomial function at its x-intercepts. 
» Observing any types of symmetry in the graph of the polynomial function. 


» Locating the peaks and valleys of the graph of a polynomial function, known as 
maxima and minima, by using a graphing utility. 


A complete analysis of the graph of a polynomial function involves calculus, which is 
beyond the scope of this book. 


Multiplicities of Zeros 


The number of times a linear factor x — a occurs in the completely factored form 
of a polynomial expression is known as the multiplicity of the real zero a associated 
with that factor. For example, f(x) = (x + 1)(x — 3)? = (x + I(x — 3)(x — 3) has 
two real zeros: x = —1 and x = 3. The zero x = —1 has multiplicity 1 and the zero 
x = 3 has multiplicity 2, since their corresponding factors are raised to the powers 1 
and 2, respectively. A formal definition of the multiplicity of a zero of a polynomial is 
given in Section 4.5. 
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ee 
==) Discover and Learn 


Use your graphing utility to sketch 
a graph of Ax) = (x + 1)3(x — 2)2 
What are the zeros of this func- 
tion, and what are their multiplici- 
ties? Does the graph of the 
function cross the x-axis at the 
corresponding x-intercepts, or just 
touch it? 


Figure 4.2.2 


Figure 4.2.3 


The multiplicity of a real-valued zero of a polynomial and the graph of the polyno- 
mial at the corresponding x-intercept have a close connection, as we will see next. 


Example 1 Multiplicities of Zeros 


Determine the multiplicities of the real zeros of the following functions. Does the 
graph cross the x-axis or just touch it at the x-intercepts? 


(a) f(x) = (« — 6)?(% + 2)? (bh) =P + 2°41 
>Solution 
(a) Recall that the zeros of f are found by setting f(x) equal to zero and solving for x. 
(x — 6)3(x + 2)? =0 
(x - 6)?=0 or (x+ 2)?=0 
Thus, x = 6 orx = —2. 

The zero x = 6 has multiplicity 3, since the corresponding factor, x — 6, is 
raised to the third power. Because the multiplicity is odd, the graph will cross the 
x-axis at (6, 0). 

The zero x = —2 has multiplicity 2. Because this zero has even multiplicity, the 


graph of f only touches the x-axis at (—2, 0). This is verified by the graph of fshown 
in Figure 4.2.2. 


(b) To find the zeros of h, we first need to factor the expression and then set it equal 
to zero. This gives 
e+ 2er+1—20? + 22+ 1) =104+ 1)? =0 
=0 or (t+ 1)?=0 
Thus,t=0Oort=—l. 
We see that ¢ = 0 has multiplicity 1, and so the graph will cross the t-axis at 


(0, 0). The zero t = —1 has multiplicity 2, and the graph will simply touch the 
t-axis at (—1, 0). This is verified by the graph of / given in Figure 4.2.3. 


LW Check It Out 1: Rework Example 1 for g(x) = x(x — 5)?. B 


Just In Time 


Review symmetry in 
Section 2.4. 


y 


wv, 
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Symmetry of Polynomial Functions 


Recall that a function is even if f(x) = f(— x) for all x in the domain of f, An even func- 
tion is symmetric with respect to the y-axis. A function is odd if f(x) = —f(—x) for all x 
in the domain of f. An odd function is symmetric with respect to the origin. If a polyno- 
mial function happens to be odd or even, we can use that fact to help sketch its graph. 


[ee 2 Checking for Symmetry 


Check whether f(x) = x* + x? + x is odd, even, or neither. 


Solution Because f(x) has an even-powered term, we will check to see if it is an even 
function. 


f(-x) = (—x)4 + (-x) + (-x») = xt +x? -— x 
So, f(x) # f(-x). 


Next we check whether it is an odd function. 


fn = - Ca Cat ED ax a +e 


So, f(x) # —f(—x).Thus, fis neither even nor odd. It is not symmetric with respect to 
the y-axis or the origin. 


[A Check It Out 2: Decide whether the following functions are even, odd, or neither. 
(a) h(t) = -t* +1 
(b) g(s) = 3° + 85 & 


Finding Local Extrema and Sketching a Complete Graph 


You may have noticed that the graphs of most of the polynomials we have examined 
so far have peaks and valleys. The peaks and valleys are known as local maxima 
and local minima, respectively. Together they are known as local extrema. They 
are also referred to as turning points. The term Jocal is used because the values 
are not necessarily the maximum and minimum values of the function over its entire 
domain. 

Finding the precise locations of local extrema requires the use of calculus. If you 
sketch a graph by hand, you can at best get a rough idea of the locations of the local 
extrema. One way to get a rough idea of the locations of local extrema is by plotting 
additional points in the intervals in which such extrema may exist. If you are using a 
graphing utility, you can find the local extrema rather accurately. 

In addition to the techniques presented in the previous section, we can now use 
multiplicity of zeros and symmetry to help us sketch the graphs of polynomials. 


Eel 3 Sketching a Complete Graph 


Sketch a complete graph of f(x) = —2x* + 8x’. 
>Solution 


Step 1 This function’s end behavior is similar to that of y = —2x*: as 
x—> +0, f(x) > -%, 


Step 2 The y-intercept is (0, 0). 
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Step 3 Find the x-intercepts of the graph of the function. 


—2x* + 8x? =0 Set expression equal to zero 
—2x?(x? — 4) = —2x?(x + 2)(x — 2) =0 Factor left side completely 
7? =0>>5%x=0 x = Ois a zero of multiplicity 2 


x+2=0->>%«*=-2 
x-2=0>3%x*=2 


Thus the x-intercepts of the graph of this function are (0, 0), (—2, 0), and 
(2, 0). Because x = 0 is a zero of multiplicity 2, the graph touches, but does not 
cross, the x-axis at (0, 0). The zeros at x = —2 and x = 2 are of multiplicity 1, 
so the graph crosses the x-axis at (—2, 0) and (2, 0). 

Step 4 Check for symmetry. Because f(x) has an even-powered term, we will check to 
see if it is an even function f(—x) = —2(—x)* + 8(—x)? = —2x* + 8x? = f(x). 
Since f(x) = f(—x), fis an even function. The graph is symmetric with respect 
to the y-axis. 

Step 5 Make a table of test values for x in the intervals (0, 2) and (2, ©) to determine 
the sign of £ See Table 4.2.1. The positive values of x are sufficient because the 
graph is symmetric with respect to the y-axis. We simply reflect the graph 
across the y-axis to complete the graph. 


—= Discover and Learn 


Use a graphing utility to find the 
local extrema of flx) = x° — x°. 


Table 4.2.1 
oa see 
(0, 2) 1 6 - 
(2, 9) 3 -90 - 


Putting the information from all of these steps together, we obtain the graph in Fig- 
ure 4.2.4. 


[A Check It Out 3: = 


Technology Note | 


=x —>x. H 


X=1.4142I6 LY =8 
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Relationship Between x-Intercepts and Factors 


Thus far we have used the factored form of a polynomial to find the x-intercepts of 
its graph. Next we try to find a possible expression for a polynomial function given the 
x-intercepts of the graph. To do so, we need the following important fact, which will 
be discussed in detail in Section 4.5. 


We also note the following relationship between the real zeros of a polynomial, its 
x-intercepts, and its factors. 


[oral 4 Finding a Polynomial Given Its Zeros 


Find a polynomial f(x) of degree 4 that has zeros at —1 and 2, each of multiplicity 1, 
and a zero at —2 of multiplicity 2. 


Solution Use the fact that if c is a zero of f, then x — c is a factor of f, Because —1 
and 2 are zeros of multiplicity 1, the corresponding factors of f are x — (—1) and 
x — 2. Because —2 is a zero of multiplicity 2, the corresponding factor is (x — (—2))*. 
A possible fourth-degree polynomial satisfying all of the given conditions is 


f(x) = (x + 1)(x — 2)(% + 2)?. 


This is not the only possible expression. Any nonzero multiple of f(x) will satisfy the 
same conditions. Thus any polynomial of the form 


f(x) = a(x + 1)(x — 2)(x + 2), a ¥0 


will suffice. 


[A Check It Out 4; Find a polynomial f(x) of degree 3 that has zeros 1, 2, and —1, each 
of multiplicity 1. 0 


Modeling with Polynomial Functions 


Just as we found linear and quadratic functions of best fit, we can also find polynomi- 
als of best fit. In practice, polynomials of degree greater than 4 are rarely used, since 
they have many turning points and so are not suited for modeling purposes. Even 
cubic and quartic (degree 4) polynomials provide a good model only for values of the 
independent variable that are close to the given data. 
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Just In Time 
Review curve fitting in 
Section 7.4. 


Figure 4.2.6 


Just In Time 


Review significant digits in 


Section P.3. 


[ema 5 Modeling HMO Enrollment 


The data in Table 4.2.3 represents the total number of people in the United States en- 
rolled in a health maintenance organization (HMO) for selected years from 1990 to 
2004. (Source: National Center for Health Statistics) 


Table 4.2.3 
1990 0 Be0 
1992 2 36.1 
1994 4 45.1 
1996 6 59.1 
1998 8 76.6 
2000 10 80.9 
2002 12 mont 
2004 14 68.8 


(a) Use a graphing utility to draw a scatter plot of the data using x, the number of years 
since 1990, as the independent variable. What degree polynomial best models this 
data? 


(b) Find h(x), the cubic function of best fit, for the data, and graph the function. 


(c) Use the function found in part (b) to predict the number of people enrolled in an 
HMO for the year 2006. 


>Solution 


(a) The scatter plot is given in Figure 4.2.6. From the plot, we see that a cubic poly- 
nomial may be a good choice to model the data since the plot first curves upward 
and then curves downward. 


(b) Using the CUBIC REGRESSION feature of your graphing utility (Fig- 
ure 4.2.7 (a)), the cubic function of best fit is 


h(x) = —0.0797x? + 1.33x? — 0.515x + 32.5. 


Because the given data values have three significant digits, we have retained three 
significant digits in each of the coefficients. The data points, along with the graph, 
are shown in Figure 4.2.7(b). Observe that the model fits the data fairly closely. 


Figure 4.2.7 


CubicReg 
ax3+bx2+cx+d 
-.0797032828 
1.328977273 
-.5146825397 
32.52424242 


y 
a 
b 
Cc 
d 


(a) 
(c) To predict the enrollment in 2006, use x = 2006 — 1990 = 16. 
h(x) = —0.0797(16)? + 1.33(16)? — 0.515(16) + 32.5 ~ 38.3 
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According to this model, there will be approximately 38.3 million people enrolled 
in an HMO in the year 2006. 


LW Check It Out 5: Use the model found in Example 5 to estimate the number of peo- 
ple enrolled in an HMO in the year 2003. Round to the nearest tenth of a million. © 


4.2 Key Points 


» The number of times a linear factor x — a occurs in the completely factored form 
of a polynomial expression is known as the multiplicity of the real zero a associ- 


ated with that factor. 


1. If the multiplicity of a real zero of a polynomial function is odd, the graph of 
the function crosses the x-axis at the corresponding x-intercept. 


2. If the multiplicity of a real zero of a polynomial function is even, the graph 
of the function touches, but does not cross, the x-axis at the corresponding 


x-intercept. 


» The number of real zeros of a polynomial function f of degree 7 is less than or 
equal to m, counting multiplicity. 


» A function is even if f(x) = f(—x). Its graph is symmetric with respect to the 


y-axis. 


» A function is odd if f(x) = —f(— x). Its graph is symmetric with respect to the 


origin. 


» The peaks and valleys present in the graphs of polynomial functions are known as 
local maxima and local minima, respectively. Together they are known as local 


extrema. 


» If c is a real zero of a polynomial function f(x)—1.e., f(c) = 0O—and c is a zero of 


multiplicity k, then 


1. (c, 0) is an x-intercept of the graph of f, and 
2. (x — c)* is a factor of f(x). 


4.2 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1.A function is symmetric with respect to the if 
f(x) =f(—x) for each x in the domain of f. Functions 


having this property are called functions. 

2.A function is symmetric with respect to the if 
f(x) = —f(—x) for each x in the domain of f. Functions 
having this property are called functions. 


In Exercises 3—6, classfy each function as odd, even, or netther. 


3. f(x) =x? +2 4. h(x) = 3|x| 


5. g(x) = -x 6. f(x) = x? 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-14, determine the multiplicities of the real zeros 
of the function. Comment on the behavior of the graph at the 
x-intercepts. Does the graph cross or just touch the x-axis? You 
may check your results with a graphing utility. 


7. f(x) = (x — 2)?(« + 5)? 8. g(s) = (s + 6)4*(s — 3)? 


9. h(t) = C(t — 1)(t + 2) 10. g(x) = x?(« + 2)(x — 3) 


11. f(~) =x? + 2x +1 12.h(s) =s? — 254+ 1 


13. g(s) = 2s? + 457 + 2s 14. h(x) = 2x? — 4x? + 2x 
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In Exercises 15—22, determine what type of symmetry, if any, the 
function illustrates. Classify the function as odd, even, or neither. 


15. g(x) = x* 4+ 2x? - 1 16. h(x) = 2x* — x7 + 2 


17. f) = -3x° +1 18. g(x) =x? — 2 


19. f(x) = —x? + 2x 20. g(x) = x? — 3x 


21. h(x) = —2x* + 3x7 -— 1 22. g(x) = 3x* — 2x7 + 1 


In Exercises 23-26, use the graph of the polynomial function to 
find the real zeros of the corresponding polynomial and to deter- 
mine whether their multiplicities are even or odd. 


23. ia 24, 


| 
w 
= 
BY 
RY 


25. Va 26. ya 


p 
#Y 
| 

Ny 
HY 


In Exercises 27-38, for each polynomial function, find (a) the end 
behavior; (b) the y-intercept; (c) the x-intercept(s) of the graph of 
the function and the multiplicities of the real zeros; (d) the symme- 
tries of the graph of the function, if any; and (e) the intervals on 
which the function 1s positive or negative. Use this information to 
sketch a graph of the function. Factor first tf the expression 1s not 
in factored form. 


27. f(x) = x?(x — 1) 28. h(x) = x(x — 2)? 


29. f(x) = (x — 2)?(x + 2) 30. g(x) = (x + 1)(x — 2)? 


31. g(x) = (x + 1)?(x — 2)(x + 3) 
32. f(x) = (« — 1)(x + 2)?(x +1) 


33. g(x) = —2(x + 1)?(x — 3)? 


34. f(x) 3(x — 2)?(« + 1)? 


35. f(x) = x? + Ax? + 4x 36. f(x) = —x? — 2x? — x 


37. h(x) = —2x* + 4x? + 2x? 38. f(x) = 3x4* — 6x? + 3x? 


In Exercises 39—46, find an expression for a polynomial function 
F(x) having the given properties. There can be more than one cor- 
rect answer. 


39. Degree 3; zeros —2, 5, and 6, each of multiplicity 1 
40. Degree 3; zeros —6, 0, and 3, each of multiplicity 1 
41. Degree 4; zeros 2 and 4, each of multiplicity 2 


42. Degree 4; zeros 2 and —3, each of multiplicity 1; zero at 
5 of multiplicity 2 


43. Degree 3; zero at 2 of multiplicity 1; zero at —3 of 
multiplicity 2 


44. Degree 3; zero at 5 of multiplicity 3 


45. Degree 5; zeros at —2 and —1, each of multiplicity 1; 
zero at 5 of multiplicity 3 


46. Degree 5; zeros at —3 and 1, each of multiplicity 2; zero 
at 4 of multiplicity 1 


In Exercises 47-50, graph the polynomial function using a 
graphing utility. Then (a) approximate the x-intercept(s) of the 
graph of the function; (b) find the intervals on which the function 
is positive or negative; (c) approximate the values of x at which 
a local maximum or local minimum occurs; and (da) discuss any 
symmetries. 


1 
48. f(x) =x? + x? += 


47. f(x) = -x? + 3x41 5 


49. f(x) = x* + 2x? -— 1 50. f(x) = —x* + 3x - 1 


» Applications In this set of exercises, you will use polyno- 
mials to study real-world problems. 


51.Geometry A rectangular solid has height ” and a square 
base. One side of the square base is 3 inches greater than 
the height. 
(a) Find an expression for the volume of the solid in 
terms of h. 


(b) Sketch a graph of the volume function. 


(c) For what values of does the volume function make 
sense? 


52. Manufacturing An open box is to be made by cutting four 
squares of equal size from a 12-inch by 12-inch square 
piece of cardboard (one at each corner) and then folding 
up the sides. 
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54. 
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(a) Let x be the length of a side of the square cut from 
each corner. Find an expression for the volume of 
the box in terms of x. 

(b) Sketch a graph of the volume function. 
ae 

(c) —+ Find the value of x that gives the maximum 

volume for the box. 


Economics Gross Domestic Product (GDP) is the mar- 
ket value of all final goods and services produced within 
a country during a given time period. The following fifth- 
degree polynomial approximates the per capita GDP (the 
average GDP per person) for the United States for the 
years 1933 to 1950. 


2(x) = 0.294x° — 12.2x4+ 169x? — 912x?+ 2025x + 4508 


where g(x) is in 1996 dollars and x is the number of years 

since 1933. Note that when dollar amounts are measured 

over time, they are converted to the dollar value for a spe- 

cific base year. In this case, the base year is 1996. (Source: 

Economic History Services) 

(a) Use this model to calculate the per capita GDP (in 
1996 dollars) for the years 1934, 1942, and 1949. 
What do you observe? 


(b) Explain why this model may not be suitable for 
predicting the per capita GDP for the year 2002. 


Use your graphing utility to find the year(s), 
during the period 1933-1950, when the GDP 
reached a local maximum. 

—= Foreign Economies Coir is a fiber obtained from the 
husk of a coconut. It is used chiefly in making rope and 
floor mats. The amount of coir exported from India dur- 
ing the years 1995 to 2001 is summarized in the follow- 
ing table. (Source: Food and Agriculture Organization of 
the United Nations) 


(c) 


IGS; 1,577 
1996 963 
1997 1,691 
1998 3,268 
1999 4,323 
2000 5,768 
2001 11,538 


(a) Make a scatter plot of the data, and find the cubic 
function of best fit for this data set. Let x be the 
number of years since 1995. 
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(b) Use the cubic function to estimate the quantity of 
Indian coir exported in 2003. 

(c) Use the cubic function to estimate the quantity of 
coir exported in 2001. How close is this value to the 
actual data value? 

(d) Explain why the cubic function is not adequate for 
describing the long-term trend in exports of Indian 
coir. 


_ 2 Environment Sulfur dioxide (SO,) is emitted by 


power-generating plants and is one of the primary 
sources of acid rain. The following table gives the total 
annual SO, emissions from the 263 highest-emitting 
sources for selected years. (Source: Environmental Pro- 
tection Agency) 


1980 9.4 
1985 @).3) 
1990 8.7 
1994 7.4 
1996 4.8 
1998 4.7 
2000 4 


(a) Let t denote the number of years since 1980. Make 
a scatter plot of sulfur dioxide emissions versus t. 
(b) Find an expression for the cubic curve of best fit for 

this data. 

(c) Plot the cubic model for the years 1980-2005. 
Remember that for the years 2001-2005, the curve 
gives only a projection. 

(d) Forecast the amount of SO, emissions for the year 
2005 using the cubic function from part (b). 

(e) Do you think the projection found in part (d) is 
attainable? Why or why not? 

(f) The Clean Air Act was passed in 1990, in part to 
implement measures to reduce the amount of sulfur 
dioxide emissions. According to the model presented 
here, have these measures been successful? Explain. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


56. Sketch the graph of a cubic polynomial function with 


exactly two real zeros. There can be more than one cor- 
rect answer. 


57. Find a polynomial function whose zeros are x = 0, 1, 


and —1. Is your answer the only correct answer? Why or 
why not? You may confirm your answer with a graphing 
utility. 
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58. Find a polynomial function whose graph crosses the 
x-axis at (2, 0) and (1, 0). Is your answer the only correct 
answer? Why or why not? You may confirm your answer 
with a graphing utility. 


In Exercises 59-62, use the given information to (a) sketch a 
possible graph of the polynomial function; (b) indicate on your 
graph roughly where the local maxima and minima, if any, might 
occur; (c) find a possible expression for the polynomial; and (da) 
use a graphing utility to check your answers to parts (a)—(c). 


59. The polynomial p(x) has real zeros at x = —1 and x = 3, 


and the graph crosses the x-axis at both of these zeros. As 
x —> 4, p(x) > %, 


60. The only points at which the graph of the polynomial f(s) 
crosses the s-axis are (—1, 0) and (2, 0), and the only 


point at which it just touches the s-axis is (0, 0). The 
function is positive on the intervals (—%, —1) and (2, ©). 


61. The real zeros of the polynomial h(x) are x = 3 and 
x = 0.5, each of multiplicity 1, and x = V2, of multiplic- 
ity 2. As |x| gets large, h(x) > +00. 


62. The polynomial g(x) has exactly one real zero and no 
local maxima or minima. 


4.3 Division of Polynomials; the Remainder and Factor Theorems 


Objectives 


> Perform long division of 
polynomials 


> Perform synthetic division 
of polynomials 


> Apply the Remainder and 
Factor Theorems 


In previous courses, you may have learned how to factor polynomials using various 
techniques. Many of these techniques apply only to special kinds of polynomial expres- 
sions. For example, in the previous two sections of this chapter, we dealt only with 
polynomials that could easily be factored to find the zeros and x-intercepts. 

A process called long division of polynomials can be used to find the zeros and 
x-intercepts of polynomials that cannot readily be factored. After learning this process, 
we will use the long division algorithm to make a general statement about the factors 
of a polynomial. 


Long Division of Polynomials 


Long division of polynomials is similar to long division of numbers. When dividing 
polynomials, we obtain a quotient and a remainder. Just as with numbers, if the re- 
mainder is 0, then the divisor is a factor of the dividend. 


[ema 1 Determining Factors by Division 


Divide to determine whether x — 1 is a factor of x? — 3x + 2. 


Solution Here, x* — 3x + 2 is the dividend and x — 1 is the divisor. 


Step 1 Set up the division as follows. 
Divisor > x — 1)x? — 3x + 2 — Dividend 


Step 2 Divide the leading term of the dividend (x7) by the leading term of the divisor 
(x). The result (x) is the first term of the quotient, as illustrated below. 


<— First term of quotient 


x 
x — 1)x? — 3x + 2 
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Step 3 Take the first term of the quotient (x) and multiply it by the divisor, which 
gives x’ — x. Put this result in the second row. 


x 
x — 1)x? — 3x + 2 


x? — x <— Multiply x by divisor 


Step 4 Subtract the second row from the first row, which gives —2x, and bring down 
the 2 from the dividend. Treat the resulting expression (—2x + 2) as though it 
were a new dividend, just as in long division of numbers. 


x 
x — 1)x? — 3x +2 
x? — x 
—2x +2 << (x? — 3x + 2) — (x? + x) (Watch your signs!) 
Step 5 Continue as in Steps 1—4, but in Step 2, divide the leading term of the expres- 


sion in the bottom row (i.e., the leading term of —2x + 2) by the leading term 
of the divisor. This result, —2, is the second term of the quotient. 


ea2 
x — Ix? — 3x +2 

x? — x 
Leading term is —2x — —2x +2 
Multiply —2 by divisor —~ =e? 
i243) =e, = 0 


Thus, dividing x? — 3x + 2 by x — 1 gives x — 2 as the quotient and 0 as the 
remainder. This tells us that x — 1 is a factor of x? — 3x + 2. 


Check Check your answer: (x — 2)(x — 1) = x? — 3x + 2. 


[A Check It Out 1; Find the quotient and remainder when the polynomial x? + x — 6 
is divided by x — 2. M 


We can make the following statement about the relationships among the dividend, 
the divisor, the quotient, and the remainder: 


(Divisor X quotient) + remainder = dividend 


This very important result is stated formally as follows. 


The following result illustrates the relationship between factors and remainders. 
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Factors and Remainders 


Let a polynomial p(x) be divided by a nonzero polynomial d(x), with a quotient 
polynomial g(x) and a remainder polynomial r(x). If r(x) = 0, then d(x) and 
q(x) are both factors of p(x). 


Example 2 shows how polynomial division can be used to factor a polynomial that 
cannot be factored using the methods that you are familiar with. 


Eagal 2 Long Division of Polynomials 


Find the quotient and remainder when 2x* + 7x? + 4x? — 7x — 6 is divided by 2x + 3. 


Solution We follow the same steps as before, but condense them in this example. 
Step 1 » Divide the leading term of the dividend (2x*) by the leading term of the di- 
visor (2x). The result, x?, is the first term of the quotient. 
» Multiply the first term of the quotient, x’, by the divisor and put the result, 
2x* + 3x°, in the second row. 
» Subtract the second row from the first row, just as in division of numbers. 


x? 


2x + 3)2x4 + 7x3 + 4x? — Tx — 6 
2x* + 3x? <— Multiply x? by divisor 
4x? + 4x? — 7x — 6 < Subtract 


Step 2 Divide the leading term of the expression in the bottom row, 4x°, by the 
leading term of the divisor. Multiply the result, 2x’, by the divisor and 


subtract. 
x? + 2x? 
2x + 3)2x4 + 7x3 + 4x? — 7x — 6 
2x* + 3x3 
4x? + 4x? — Tx — 6 
4x? + 6x? <— Multiply 2x? by divisor 


—2x? — 7x -— 6 << Subtract 


Step 3 Divide the leading term of the expression in the bottom row, —2x’, by the 
leading term of the divisor. Multiply the result, —x, by the divisor and 
subtract. 


x? + 2x? — x 
2x + 3)2x4 + 7x? + 4x? — 7x — 6 


2x* + 3x? 
4x? + 4x* — 7x — 6 
4x? + 6x? 
—2x? — Tx — 6 
—2x* — 3x <— Multiply —x by divisor 


—4x —6 << Subtract (Be careful with signs!) 
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Step 4 Divide the leading term of the expression in the bottom row, —4x, by the lead- 
ing term of the divisor. Multiply the result, —2, by the divisor and subtract. 


x? +2x7- x -2 
2x + 3)2x4 + 7x3 + 4x? — Tx — 6 


2x4 + 3x3 
4x? + 4x? — 7x — 6 
4x? + 6x? 
—2x? — 7x — 6 
—2x? — 3x 
—4x — 6 


—4x — 6 <— Multiply —2 by divisor 
0 Subtract (Be careful with signs!) 
Thus, dividing 2x* + 7x? + 4x? -— 7x-— 6 by 2x+3 gives a quotient g(x) of 
x? + 2x? — x — 2 with a remainder r(x) of 0. Equivalently, 
2x4 + 7x3 + 4x? — 7x — 6 
2x + 3 


= x7 + 2x7 —x - 2, 


Check You can check that (2x + 3)(x? + 2x? — x — 2) = 2x4+ 7x? + 4x? — 7x — 6. 


[AW Check It Out 2: Find the quotient and remainder when 6x? — x? — 3x + 1 is di- 
vided by 2x — 1. © 


Thus far, none of the long division problems illustrated have produced a remain- 
der. Example 3 illustrates a long division that results in a remainder. 


leae| 3 Long Division with Remainder 


Find the quotient and remainder when p(x) = 6x? + x — 1 is divided by d(x) = x + 2. 
(x) r(x) 


Write your answer in the form a = q(x) 4 dey 


Solution The steps for long division should by now be fairly clear to you. 


Step 1 Note that the expression 6x? + x — 1 does not have an x” term; i.e., the coef- 
ficient of the x? term is 0. Thus, when we set up the division, we write the x” 
term as 0x*. We then divide 6x’ by the leading term of the divisor. 


6 a 


re 
x + 2)6x? + Ox? +x—1 
6x? + 12x? <— Multiply 6x? by divisor 


— 12x? +x—1 << Subtract 


Step 2 Next we divide — 12x? by the leading term of the divisor. 


6x? — 12x 
x + 2)6x? + Ox?+ x-1 
—12x?+ x-1 
— 12x? — 24x <— Multiply —12x by divisor 


25x — 1 << Subtract 
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Step 3 Finally, we divide 25x by the leading term of the divisor. 


6x? — 12x + 25 
x + 2)6x? + Ox? + x-1 


6x? + 12x? 
—12x7+ x-1 
—12x? — 24x 


25x — 1 
25x +50 << Multiply 25 by divisor 
—51 <— Subtract 
Thus, the quotient is g(x) = 6x?— 12x + 25 and the remainder is r(x) = —51. Equivalently, 
6x7 +x-—1 _ 51 


2 _ 12% + 25 — : 
wk 2 o - 2 x+2 


In this example, long division yields a nonzero remainder. Thus x + 2 is not a factor of 
oe +x—- 1. 


[A Check It Out 3: Find the quotient and remainder when 3x’ + x* — 1 is divided by 
P@) r(x) 

= | 
dx) 4 * Gee 


x + 1. Write your answer in the form 


Synthetic Division 


Synthetic division is a compact way of dividing polynomials when the divisor is of the 
form x — c. Instead of writing out all the terms of the polynomial, we work only with 
the coefficients. We illustrate this shorthand form of polynomial division using the 
problem from Example 3. 


rn|4 Synthetic Division _ 


Use synthetic division to divide 6x? + x — 1 by x + 2. 


Solution Because the divisor is of the form x — c, we can use synthetic division. Note 
that c = —2. 


Step 1 Write down the coefficients of the dividend in a row, from left to right, and 
then place the value of c (which is —2) in that same row, to the left of the lead- 
ing coefficient of the dividend. 


Value of c > =| 6 0 1 -1 = £4< Coefficients of the dividend 


Step 2 Bring down the leading coefficient of the dividend, 6, and multiply it by c, 


which is —2. 
=2 6 0 1 =!1 
Aes’ be <— (b) Then multiply 6 by —2 
(a) First bring down 6 ~— 6/7 


Step 3 Place the result, —12, below the coefficient of the next term of the dividend, 
0, and add. 


=| 6 01-1 
) -12 
6 =—12 < Add 0 and —12 
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Step 4 Apply Steps 2(b) and 3 to the result, which is —12. 
=2| 6 0 1-1 
{-12 24 <— Multiply —12 by —2 
6 -12,/25 <— Add 1 and 24 
Step 5 Apply Steps 2(b) and 3 to the result, which is 25. 
=| 6 0 1 —1 
)-12 24 —50 <— Multiply 25 by —2 
6-12 257 —51 <— Add -1 and —50 


Step 6 The last row consists of the coefficients of the quotient polynomial. The re- 
mainder is the last number in the row. The degree of the first term of the quo- 
tient is one less than the degree of the dividend. So, the 6 in the last row 
represents 6x’; the —12 represents —12x; and the 25 represents the constant 
term. Thus we have 


q(x) = 6x” — 12x + 25. 


The remainder r(x) is —51, the last number in the bottom row. 


[AW Check It Out 4: Use synthetic division to divide —2x3 + 3x? — 1 byx — 1. B 


The Remainder and Factor Theorems 


We now examine an important connection between a polynomial p(x) and the remain- 
der we get when p(x) is divided by x — c. In Example 3, division of p(x) = 6x? + x — 1 
by x + 2 yielded a remainder of —51. Also, p(—2) = —51.This is a consequence of the 
Remainder Theorem, formally stated as follows. 


The Remainder Theorem 


When a polynomial p(x) is divided by x — c, the remainder is equal to the value 
of p(c). 


Because the remainder is equal to p(c), synthetic division provides a quick way to eval- 
uate p(c). This is illustrated in the next example. 


eal 5 Applying the Remainder Theorem 


Let p(x) = —2x? + 6x? + 3x — 1. Use synthetic division to evaluate p(2). 


Solution From the Remainder Theorem, p(2) is the remainder obtained when p(x) is 
divided by x — 2. Following the steps outlined in Example 4, we have the following. 
a. -2 € 0 3 =I 

1-4 4 8 22 
—-2 2 4 11 «21 


Because the remainder is 21, we know from the Remainder Theorem that p(2) = 21. 


[A Check It Out 5: Let p(x) = 3x — x? + 3x — 1. Use synthetic division to evaluate 
p(-2). 
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The Factor Theorem is a direct result of the Remainder Theorem. 


The Factor Theorem 
The term x — c is a factor of a polynomial p(x) if and only if p(c) = 0. 


The Factor Theorem makes an important connection between zeros and factors. It 
states that if we have a linear factor—i.e., a factor of the form x — c—of a polynomial 
p(x), then p(c) = 0. That is, c is a zero of the polynomial p(x). It also works the other way 
around: if c is a zero of the polynomial p(x), then x — c zs a factor of p(x). 


Bante 6 Applying the Factor Theorem 


Determine whether x + 3 is a factor of 2x? + 3x — 2. 


Solution Let p(x) = 2x? + 3x — 2. Because x + 3 is in the form x — c, we can apply 
the Factor Theorem with c = —3. 

Evaluating, p(—3) = —65. By the Factor Theorem, x + 3 is not a factor of 
2x? + 3x — 2 because p(—3) # 0. 


[A Check It Out 6: Determine whether x—1 is a factor of 2x? — 4x +2. B 


4.3 Key Points 


» Let p(x) be a polynomial divided by a nonzero polynomial d(x). Then there exist a 
quotient polynomial g(x) and a remainder polynomial r(x) such that 


D(x) = d(x)q(x) + rx). 
» Synthetic division is a shorter way of dividing polynomials when the divisor is of 
the form x — c. 
» The Remainder Theorem states that when a polynomial p(x) is divided by x — c, 
the remainder is equal to the value of p(c). 
» The Factor Theorem states that the term x — c is a factor of a polynomial p(x) if 
and only if p(c) = 0. 


4.3 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1-14, find the quotient and remainder when the first 
polynomial is divided by the second. You may use synthetic divi- 
sion wherever applicable. 


1. 2x? + 13x + 153;x +5 2. 2x? — Tx + 33x —- 3 
3.2x3 — x? — 8x + 4;2x-1 


4. 3x? + 2x? — 3x — 2;3x +2 


5.x? — 3x7 + 2x -4;5x4+2 6.x° + 2x? —x- 33x -3 


7. —3x* + x? — 2;3x - 1 8 
9.x° +13;x4+1 10. 
11.x° + 2x7 — 53x? — 2 12. 


13.x° — x4 + 2x7 + x? —x + 132? 


. 2x4 — x? + x? — x3 2x41 


—~ +x3x—-5 
—x? — 3x7 + 63x? + 1 
+x-1 


7+) 


14. —2x° + x? — x? + 2x7 — 13° 4 
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In Exercises 15-20, write each polynomial in the form 
p(x) = d(x)q(x) + r(x), where p(x) is the given polynomial and 
d(x) ts the given factor. You may use synthetic division wherever 
applicable. 


15. °° +x4+ 15x41 16.x7+x+1;x-1 


17. 3x? + 2x — 83x — 4 18.4%? —-x + 4;x—-2 


20. —x® + 4x9 — x3 + x? +4 — 83x7 + 4 


In Exercises 21-28, use synthetic division to find the function 
values. 


21. f(x) = x? — 7x + 5; find f(3) and f(5). 


22. f(x) = —2x? + 4x? — 7; find f(4) and f(-3). 


23. f(x) 2x* — 10x? — 3x + 10; find f(—1) and f(2). 


24. f(x) x? + 3x? — 2x — 4; find f(—2) and f(3). 


25. f(x) = x? — 2x? + 12; find f(3) and f(—2). 


26. f(x) 2x? + x + x? — 2; find f(—3) and f(4. 


27. f(x) = x* — 2x? + 1; ina (3), 


3 
28. f(x) = —x* + 3x? — 2x; ina (2). 


In Exercises 29-38, determine whether q(x) 1s a factor of p(x). 
Here, p(x) 1s the first polynomial and q(x) ts the second polyno- 
mial. Fustify your answer. 


20.0 — Tx 63e— 3 
30.x°? — 5x2 + 8x — 45x +2 
31.07 — 7x + 63x +3 
32.x°? — 5x7 + 8x — 45x -—2 


33.x° — 3x? + 2x — 83x — 4 


34, —2x4 — 7x7 + 53x +2 
35.x* — 50;x« —5 


36.2x° — 13x — 2 
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37. 3x? — 48x — 4x* + 64;x + 4 


38.07 + Ox + x7 +9;x4+1 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


39. Given the following graph of a polynomial function p(x), 
find a linear factor of p(x). 


40. Consider the following graph of a polynomial function 
p(x). 


BY 


(a) Evaluate p(2). 
(b) Is x — 2 a factor of p(x)? Explain. 
(c) Find the remainder when p(x) is divided by x — 2. 


41. Find the remainder when x’ + 7 is divided by x — 1 


42, Find the remainder when x® — 3 is divided by x + 1. 


1 
43. Let x — rj be a factor of a polynomial function p(x). Find 


44. For what value(s) of k do you get a remainder of 15 when 
you divide kx? + 2x? — 10x + 3 by x + 2? 


45. For what value(s) of k do you get a remainder of —2 
when you divide x? — x? + kx + 3 byx + 1? 


46. Why is the Factor Theorem a direct result of the Re- 
mainder Theorem? 
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4.4 Real Zeros of Polynomials; Solutions of Equations 


Objectives 


> Find the rational zeros of a 
polynomial 

> Solve polynomial equations 
by finding zeros 


> Know and apply Descartes’ 
Rule of Signs 


Recall the techniques we have used so far to find zeros of polynomials and solve poly- 
nomial equations algebraically: factoring, the quadratic formula, and the methods of 
long division and synthetic division. In this section and the next, we will learn proper- 
ties of polynomial functions that, taken together with factoring and methods of divi- 
sion, will enable us to find the zeros of a broader range of polynomials. This will in turn 
assist us in solving a broader range of polynomial equations. 

To find the zeros of polynomials of degree 2, you can use the quadratic formula. 
However, for polynomials of degree greater than 2, it can be challenging to find the 
zeros as there are no easy-to-use formulas like the quadratic formula. For polynomials 
of degree 5 or greater, formulas for finding zeros do not even exist! However, it is pos- 
sible to find zeros of polynomials of degree 3 or greater if we can factor the polynomi- 
als or if they are of a special type. We will study these special types of polynomials and 
their corresponding equations in this section. 

A computer or graphing calculator is useful for finding the zeros of general poly- 
nomial functions. If you are using a graphing utility, you will be able to find the zeros 
of a wider range of polynomials and solve a wider range of polynomial equations. 


emai Using a Known Zero to Factor a Polynomial 


Show that x = 4 is a zero of p(x) = 3x? — 4x” — 48x + 64. Use this fact to completely 
factor p(x). 


Solution Evaluate p(4) to get 
p(4) = 3(4)? — 4(4)? — 48(4) + 64 =0. 


We see that x = 4 is a zero of p(x). By the Factor Theorem, x — 4 is therefore a factor 
of p(x). Using synthetic division, we obtain p(x) = (x — 4)(3x? + 8x — 16). The sec- 
ond factor, 3x” + 8x — 16, is a quadratic expression that can be factored further: 


3x? + 8x — 16 = (3x — 4)(x + 4) 


Therefore, 


p(x) = 3x? — 4x” — 48x + 64 = (x — 4)(3x — D(x + 4). 


[W Check It Out 1: Show that x = —2 is a zero of p(x) = 2x? + x? — 5x + 2. Use this 
fact to completely factor p(x). & 


The following statements summarize the key connections among the factors and 
real zeros of a polynomial and the x-intercepts of its graph. 


Zeros, Factors, and x-Intercepts of a Polynomial 


Let p(x) be a polynomial function and let c be a real number. Then the following 
are equivalent statements. That is, if one of the following statements is true, then 
the other two statements are also true. Similarly, if one of the following statements 
is false, then the other two statements are also false. 


> p(c) = 0 
> x — cis a factor of p(x). 


> (c, 0) is an x-intercept of the graph of p(x). 
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[anal 2 Relating Zeros, Factors, and x-Intercepts 


Fill in Table 4.4.1, where p, h, and g are polynomial functions. 


Table 4.4.1 

_ Funetion Zero x-Intercept Factor 
(a) PP) 6, 0) 
(b) h(x) x — 3 
(c) &(x) =i 


>Solution 


(a) Because (5, 0) is an x-intercept of the graph of p(x), the corresponding zero is 5 
and the corresponding factor is x — 5. 


(b) Because x — 3 is a factor of h(x), the corresponding zero is 3 and the correspond- 
ing x-intercept is (3, 0). 


(c) Because —1 is a zero of g(x), the corresponding x-intercept is (— 1, 0) and the cor- 
responding factor is x — (—1), orx + l. 


The results are given in Table 4.4.2. 


Table 4.4.2 
(a) p(x) 5 (5, 0) x—5 
(b) h(x) 3 (3, 0) x—3 
(c) g(x) =I (-1, 0) x+1 


LW Check It Out 2: Fill in Table 4.4.3, where p, h, and g are polynomial functions. 


Table 4.4.3 
“Function Zero x-Intercept Factor 
p(x) ae © 
h(x) 4 
(x) (2; 0) 


The Rational Zero Test 


We have seen that a relationship exists between the factors of a polynomial and its 
zeros. But we still do not know how to find the zeros of a given polynomial. Remem- 
ber that once we find the zeros, we can readily factor the polynomial. The following 
fact is useful when discussing zeros of a polynomial. 


Number of Real Zeros of a Polynomial 


A nonconstant polynomial function p(x) of degree 1 has at most 7 real zeros, 
where each zero of multiplicity k is counted k times. 
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Just In Time 


Review the real number 


system in Section Pl. 


if 


In general, finding al/ the zeros of any given polynomial by hand is not possible. 
However, we can use a theorem called the Rational Zero Theorem to find out whether 
a polynomial with integer coefficients has any rational zeros—that is, rational numbers 
that are zeros of the polynomial. 

Consider p(x) = 10x” — 29x — 21 = (5x + 3)(2x — 7). The zeros of p(x) are ; and 


3 : ' 
=e Notice that the numerator of each of the zeros is a factor of the constant term of 


the polynomial, —21. Also notice that the denominator of each zero is a factor of the 
leading coefficient of the polynomial, 10. This observation can be generalized to the 
rational zeros of any polynomial of degree n with integer coefficients. This is summa- 
rized by the Rational Zero Theorem. 


The Rational Zero Theorem 
If f(x) = a,x" + a,x" 1 + +++ + a,x + ap is a polynomial with integer coef- 
ficients, and is a rational zero of f with p and g having no common factor other 


than 1, then p is a factor of ap and q is a factor of a,,. 


The Rational Zero Theorem can be used in conjunction with long division to 
find all the real zeros of a polynomial. This technique is discussed in the next 
example. 


[aaa 3 Applying the Rational Zero Theorem 


Find all the real zeros of 
p(x) = 3x? — 6x7 —x + 2. 
>Solution 


Step 1 First, list all the possible rational zeros. 
We consider all possible factors of 2 for the numerator of a rational zero, 
and all possible factors of 3 for the denominator. The factors of 2 are +1 and 
+2, and the factors of 3 are +1 and +3. So the possible rational zeros are 


1 2 
+1,+2,+—,+-. 
3° 3 
Step 2 The value of p(x) at each of the possible rational zeros is summarized in 
Table 4.4.4. 


Table 4.4.4 


2 a ee 2 
3 3 3 3 
OM WOO SSS0 0 lea D5>0N) el O44 4445) 2a 0 


1 2, 


Only x = 2 is an actual zero. Thus, x — 2 is a factor of p(x). 


Figure 4.4.1 


Figure 4.4.2 


Figure 4.4.3 


=Sell 
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Step 3 Divide p(x) by x — 2 using synthetic division: 
2,2 =—@ —1. 2 
6 O 2 
3 0-1 0 
Thus, p(x) = 3x? — 6x? —x + 2 = (x — 2)(3x" — 1). 


Step 4 To find the other zeros, solve the quadratic equation 3x? — 1 = 0 which gives 


x= a Note that the Rational Zero Theorem does not give these two zeros, 
since they are irrational. 

V3 
Be 
a cubic polynomial function can have at most three zeros. The graph of p(x) given in 
Figure 4.4.1 indicates the locations of the zeros. The graph can be sketched using the 
techniques presented in Sections 4.1 and 4.2. 


V3 
Thus the three zeros of p are 2, ce and ——. These are the only zeros, because 


[A Check It Out 3: Find all the real zeros of p(x) = 4x3 + 4x2 -—x—1. © 


[zare 4 Using a Graphing Utility to Locate Zeros 


Use a graphing utility to find all the real zeros of p(x) = 3x? — 6x? — x + 2. 


Solution We can quickly locate all the rational zeros of the polynomial by using a 
graphing utility in conjunction with the Rational Zero Theorem. First, list all the pos- 
sible rational zeros. 


+1, +2, mo + 
3 3 
The zeros range from —2 to 2. When we graph the function p(x) = 3x*? — 6x” — x + 2 
in a decimal window, we immediately see that 2 is a probable zero. The possibilities 
x = +1 can be excluded right away. See Figure 4.4.2. Consult Sections 5 and 9 of the 
Keystroke Appendix for details. 

Using the graphing calculator to evaluate the function, we see that p(2) = 0. Note 
that +5 are not zeros. It may happen that the polynomial has an irrational zero very 
close to the suspected rational zero. 

Using the ZERO feature of your graphing utility, you will find that the other zeros 
are approximately +0.5774. See Figure 4.4.3 for one of the zeros. Thus we have the 
following zeros: x = 2,x ~ —0.5774, and x ~ 0.5774. The numbers +0.5774 are 


approximations to the exact values +3 found algebraically in Example 3. Because 


this is a cubic polynomial, it cannot have more than three zeros. So we have found all 
the zeros of p(x) = 3x? — 6x? — x + 2. 
Fe] 


—= Use a graphing utility to find all the real zeros of 
p(x) =x? —x?-7x-2. OB 


[A Check It Out 4: 


Finding Solutions of Polynomial Equations by Finding Zeros 


Because any equation can be rewritten so that the right-hand side is zero, solving an 
equation is identical to finding the zeros of a suitable function. 
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[ema 5 Solving a Polynomial Equation 


Solve the equation 3x* — 8x? — 9x? + 22x = —-8. 
> Solution 


Algebraic Approach: We first write the equation in the form p(x) = 0. 
3x* — 8x° — 9x7 + 22x + 8 =0 


The task now is to find all zeros of p(x) = 3x* — 8x? — 9x7 + 22x + 8. We can use the 
Rational Zero Theorem to list all the possible rational zeros. 


Factors of 8 +1, +2, +4, +8 1 2 4 8 


= +1,+2,+4,+8,+ +e + + 


Factors of 3 +1, +3 3° 3° 3? 3 


Next we evaluate p(x) at each of these possibilities, either by direct evaluation or by 
synthetic division. We try the integer possibilities first, from the smallest in magnitude 
to the largest. We find that p(2) = 0, and so x — 2 is a factor of p(x). Using synthetic 
division, we factor out the term x — 2. 


2) 3 -8 -9 22 8 
| _6 -4 -26 -8 
3-2 -13 -4 0 


Thus, 
3x4 — 8x? — Ox? + 22x + 8 = (x — 2)(3x? — 2x” — 13x — 4). 


Next we try to factor g(x) = 3x? — 2x? — 13x — 4. Checking the possible rational 
roots listed earlier, we find that none of the other integers on the list is a zero of g(x). 


1 eke ye et : 
= 5) = 0. Now we can use synthetic division with 
an il 
q(x) as the dividend to factor out the term (x + 5). 


1 
3 =2 =-13 =4 
3 


)-1 1 4 


We try the fractions and find that a 


Thus, 


3 2 1 2 1), 
3x 2x 13x -4= oP aOR 3h 12) = 5 mt 3 |G —x-— A). 
Note that we factored the quadratic expression 3x* — 3x — 12 as 3(x* — x — 4). To 
find the remaining zeros, solve the equation x* — x — 4 = 0. Using the quadratic for- 
mula, we find that 


1 1 
eet Oe VT, 


Because these two zeros are irrational, they did not appear in the list of possible ra- 
tional zeros. 


Thus the solutions to the equation 3x* — 8x? — 9x* + 22x = —8 are 
1 1 WV17 1 V17 
x=2,x= eS > + sx = ; 


3 2 2 2 2 
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Graphical Approach: : To solve the equation 3x* — 8x’ — 9x* + 22x = —8, graph 
the function p(x) = 3x* — 8x? — 9x? + 22x + 8 and find its zero(s). Using a window 
size of [—4.7, 4.7] X [—15, 25](5), we get the graph shown in Figure 4.4.4. 


Figure 4.4.4 


25 


=15 


It looks as though there is a zero at x = 2. Using the graphing calculator, we can ver- 
ify that, indeed, p(2) = 0. Consult Section 9 of the Keystroke Appendix for the ZERO 
Feature. 

Using the ZERO feature, we find that there is another zero, close to 2, at 
x ~ 2.5616, as shown in Figure 4.4.5. The two negative zeros, which can be found by 
using the graphical solver twice, are x ~ —1.5616 and x ~ —0.3333. Thus the four 
zeros are 


x = 2,x ~ —0.3333, x ~ 2.5616, and x ~ —1.5616. 


Figure 4.4.5 


[A Check It Out 5: Solve the equation 2x* + 3x? — 6x* = 5x — 6. 


Descartes’ Rule of Signs 


An nth-degree polynomial can have at most n real zeros. But many mth-degree polyno- 
mials have fewer real zeros. For example, p(x) = x(x? + 1) has only one real zero, and 
p(x) = —x* — 16 has no real zeros. To get a better idea of the number of real zeros of 
a polynomial, a rule that uses the signs of the coefficients was developed by the French 
mathematician Rene Descartes around 1637. For a polynomial written in descending 
order, the number of variations in sign is the number of times that successive coef- 
ficients are of different signs. This concept plays a key role in Descartes’ rule. 

For instance, the polynomial p(x) = —3x* + 6x? + x? — x + 1 has three variations 
in sign, illustrated as follows. 

p(x) = —3x* + 634+ x7 -x +1 
ha 


a ee 
1 2 3 


We now state Descartes’ Rule of Signs, without proof. 


322 Chapter 4 


| Polynomial and Rational Functions 


Descartes’ Rule of Signs 


Let p(x) be a polynomial function with real coefficients and a nonzero constant 
term. Let k be the number of variations in sign of p(x), and let m be the number 
of variations in sign of p(—x). 


» The number of positive zeros of p is either equal to k or less than k by an 
even integer. 


» The number of negative zeros of p is either equal to m or less than m by 
an even integer. 


Note _I[n Descartes’ Rule, the number of positive and negative zeros includes 


multiplicity. For example, if a zero has multiplicity 2, it counts as two zeros. 


earl 6 Applying Descartes’ Rule of Signs 


Use Descartes’ Rule of Signs to determine the number of positive and negative zeros 
of p(x) = —3x* + 4x? — 3x + 2. 


Solution First we determine the variations in sign of p(x). 


p(x) = —3x* + 4x? — 3x4 2 
MeN 
1 2 3 
Because p(x) has three variations in sign, the number of positive zeros of p is equal to 
either 3 or less than 3 by an even integer. Therefore, the number of positive zeros is 3 
or 1, since a negative number of zeros does not make sense. 
Next we determine the variations in sign of p(— x). 


p(—x) = —3(—x)* + 4(—x)? -— 3(—x) + 2 = —3x4 + 4x? + 3x 4+ 2 
ae ual 


Because p(— x) has one variation in sign, the number of negative zeros of p is equal to 1. 


[AW Check It Out 6: Use Descartes’ Rule of Signs to determine the number of positive 
and negative zeros of p(x) = 4x* — 3x? + 2x — 1. O 


4.4 Key Points 


» Let p(x) be a polynomial function and let c be a real number. Then the following 
statements are equivalent. 


1. p(c) = 0 
2.x — cis a factor of p(x). 
3. (c, 0) is an x-intercept of the graph of p(x). 


» The Rational Zero Theorem gives the possible rational zeros of a polynomial 
with integer coefficients. 


» Descartes’ Rule of Signs gives the number of positive and negative zeros of a 
polynomial p(x) by examining the variations in sign of the coefficients of p(x) and 
p(—x), respectively. 
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4.4 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. A rational number is a number that can be expressed as 
the division of two 


2. True or False: V2 is a rational number. 
3. True or False: 0.33333 ... is a rational number. 


2.6 a 
4. True or False: 3 isa rational number. 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 5-10, for each polynomial, determine which of the 
numbers listed next to it are zeros of the polynomial. 


5. p(x) = (x — 10)8, x = 6, —10, 10 
6. p(x) = (x + 6)!°, x = 6, —6, 0 
7.9) =s? + 4,5 = —2,2 


8. f(x) = x7? + 9,x = —-3,3 


V3, —V2 
V2.=V5 


In Exercises 11-18, show that the given value of x is a zero of the 
polynomial. Use the zero to completely factor the polynomial. 


11. p(x) = x? — 5x? + 8x —- 45x =2 


9. f(x) = x? + 2x? — 3x — 6; x 


10. f(x) = x? + 2x? — 2x — 45 x 


12. p(x) =»? — 7x + 63x =2 


13. p(x) = —x* — x? + 18x? + 16x — 32;x=1 


1 
14. p(x) = 2x? — 11x? + 17x — 6; x 5 
3 2 2 
15. p(x) = 3x 2x bt BS Dex 3 
— 9,3 2 _1 
16. p(x) = 20° — x OE 2S 
3 2 1 
17. p(x) = 3x x” + 24x + 83x 3 
5 4 1 
18. p(x) = 2x x 26:= 13% 


In Exercises 19-22, fill in the following table, where f, p, h, and g 
are polynomial functions. 


_ Funetion Zero x-Intereept Factor 
LG). 


F(x) (—2, 0) 
20. p(x) x +5 
21 h(x) 4 
22) g(x) 6 


In Exercises 23-34, find all the real zeros of the polynomial. 
23. P(x) = x? + 2x? — 5x — 6 


24. P(x) = 2x? + 3x” — 8x + 3 
25. P(x) = x* — 13x? — 12x 

26. O(s:) = st - 98 +8? - 35-6 
27. P(s) = 4s* — 25s" + 36 


6r — 4° + 34-2 


28. P(2) 


29. f(x) = 4x4 + 11x? + x? + 11x -— 3 
30. G(x) = 2x7 + x? — 16x — 15 
31. P(x) = 7x? + 2x7 — 28x — 8 


32. O(x) = x* — 8x? — 9 


33. h(x) = x* + 3x? — 8x? — 22x — 24 


34. f(x) = x? — Txt + 10x? + 14x? — 24x 
In Exercises 35—42, find all real solutions of the polynomial 
equation. 


35.0° + 2x7 + 2x = -1 36.3x°? — 7x? = —-5x +1 


37.x° — 6x7 + 5x = —12 38. 4x? — 16x* + 19x = —6 


39. 2x? — 3x? = llx — 6 40. 2x? — x* — 18x = —9 


Al.xt + x2-x=1 42. 6x* + 11x? — 3x? = 2x 
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In Exercises 43-52, use Descartes’ Rule of Signs to determine the 
number of positive and negative zeros of p. You need not find the 
Zeros. 


43. p(x) = 4x* — 5x? + 6x — 3 


44. p(x) = x* + 6x? — 7x? + 2x - 1 


45. p(x) = —2x7 +x? -—x4+1 


46. p(x) 3x? + 2x? -—x- 1 


47. p(x) = 2x* — x3 — x27 + 2x 4+ 5 


48. p(x) = 3x* — 2x? + 3x 


4x +1 


49. p(x) = x° + 3x? — 4x? + 10 


50. p(x) = 2x° — 6x? + 7x? — 8 
51. p(x) = x® + 4x3 — 3x47 


5x° — 7x? + 4x? — 6 


—=| In Exercises 53-59, graph the function using a graphing util- 
ity, and find its zeros. 


53. f(x) = x? — 3x? - 3x -—4 


54. g(x) = 20° + xt -— 2x - 1 


55. h(x) = 4x? — 12x? + 5x + 6 


56. p(x) xt — x3 + 18x? + lox — 32 


57. p(x) 


58. f(x) =x? + x27 + x — 3.1x? — 2.5% — 4 


59. p(x) = x3 + B+ V2)x? + 4x + 6.7 


» Applications In this set of exercises, you will use polyno- 
mials to study real-world problems. 


60. Geometry A rectangle has length x? — x + 6 units and 
width x + 1 units. Find x such that the area of the rec- 
tangle is 24 square units. 


61.Geometry The length of a rectangular box is 10 inches 
more than the height, and its width is 5 inches more than 
the height. Find the dimensions of the box if the volume 
is 168 cubic inches. 


62. Manufacturing An open rectangular box is constructed 
by cutting a square of length x from each corner of a 12- 
inch by 15-inch rectangular piece of cardboard and then 
folding up the sides. For this box, x must be greater than 
or equal to 1 inch. 

(a) What is the length of the square that must be cut 
from each corner if the volume of the box is to be 

112 cubic inches? 

a) 

(b) = What is the length of the square that must be cut 
from each corner if the volume of the box is to be 
150 cubic inches? 


[ 


Sees 


63. —= Manufacturing The height of a right circular cylinder 
is 5 inches more than its radius. Find the dimensions of 
the cylinder if its volume is 1000 cubic inches. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


64. The following is the graph of a cubic polynomial func- 
tion. Find an expression for the polynomial function with 
leading coefficient 1 that corresponds to this graph. You 
may check your answer by using a graphing utility. 


BY 


65. Find at least two different cubic polynomials whose only 
real zero is —1. Graph your answers to check them. 


d] 


J Let p(x) = x + x? — 2x. 
(a) Show that p is symmetric with respect to the origin. 


66. 


(b) Find a zero of p by inspection of the polynomial 
expression. 


(c) Use a graphing utility to find the other zeros. 


(d) How do you know that you have found ail the zeros 
of pe 
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4.5 The Fundamental Theorem of Algebra; Complex Zeros 


Objectives In previous sections of this chapter, we examined ways to find the zeros of a polyno- 

mUnderstandhinetcrarenent mial function. We also saw that there is a close connection between the zeros of a poly- 
and consequences of the nomial and its factors. In this section, we will make these observations precise by 
Fundamental Theorem of presenting some known facts about the zeros of a polynomial. We will also expand our 
Algebra search for zeros to include complex zeros of polynomials. 


> Factor polynomials with real 
coefficients over the com- 
plex numbers 


The Fundamental Theorem of Algebra 


>» Understand the connections 


among the real zeros Recall that the solutions of the equation P(x) = 0 are known as zeros of the polynomial 
x-intercepts, and factors function P Another name for a solution of a polynomial equation is root. A famous 
of a polynomial theorem about the existence of a solution to a polynomial equation was proved by the 


mathematician Karl Friedrich Gauss in 1799. It is stated as follows. 


The Fundamental Theorem of Algebra 


Every nonconstant polynomial function with real or complex coefficients has at 
least one complex zero. 


Many proofs of this theorem are known, but they are beyond the scope of this text. 


| Note The Fundamental Theorem of Algebra states only that_a solution 
ists. | al lI how to find th lution. 


In order to find the exact number of zeros of a polynomial, the following precise 
definition of the multiplicity of a zero of a polynomial function is needed. Recall that 
multiplicity was discussed briefly in Section 4.2. 


Definition of Multiplicity of a Zero 


A zero c of a polynomial P of degree n > 0 has multiplicity k if 
P(x) = (x — ©)*O(x), where Q(x) is a polynomial of degree n — k and c is 
not a zero of O(x). 


The following example will help you unravel the notation used in the definition of 
multiplicity. 


Example fl Determining the Multiplicity of a Zero 


Let h(x) = x? + 2x? + x. 
(a) What is the value of the multiplicity k of the zero at x = —1? 
(b) Write h(x) in the form h(x) = (x + 1)*Q(x).What is O(x)? 
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Just In Time 


Review complex numbers 


in Section 3.3. 


vy 


>Solution 
(a) Factoring h(x), we obtain 
x? + 2x? + x = x(x? + 2x +1) = x(x + 1). 
Thus the zero at x = —1 is of multiplicity 2; that is, k = 2. 
(b) We have 
h(x) = (« + 1)°7O(%) = (« + 12x 


where Q(x) = x. Note that the degree of Q(x) isn — k = 3 — 2 = 1. Hence we see 
that the various aspects of the definition of multiplicity are verified. 


[A Check It Out 1: For the function h(x) = x* — 2x? + x2, what is the value of the 
multiplicity at x = 0? & 


Factorization and Zeros of Polynomials with Real Coefficients 


The Factorization Theorem gives information on factoring a polynomial with real 
coefficients. 


The Factorization Theorem 


Any polynomial P with real coefficients can be factored uniquely into linear 
factors and/or irreducible quadratic factors, where an irreducible quadratic 
factor is one that cannot be factored any further using real numbers. The two 
zeros of each irreducible quadratic factor are complex conjugates of each 
other. 


Example 2 illustrates the Factorization Theorem. 


[=m 2 Factorization of a Polynomial 


Using the fact that x = —2 is a zero of f, factor f(x) = x? + 2x* + 7x + 14 into linear 
and irreducible quadratic factors. 


Solution Because x = —2 is a zero of f, we know that x + 2 is a factor of f(x). Divid- 
ing f(x) = x? + 2x” + 7x + 14 by x + 2, we have 


f@m=( Cat 2)(x? + 7). 


Since x” + 7 cannot be factored any further using real numbers, the factorization is 
complete as far as real numbers are concerned. The factor x” + 7 is an example of an 
irreducible quadratic factor. 


[A Check It Out 2: Using the fact that t= 6 is a zero of h, factor h(t) = 1? — 62? + 
5¢t — 30 into linear and irreducible quadratic factors. 


If we allow factorization over the complex numbers, then we can use the Funda- 
mental Theorem of Algebra to write a polynomial p(x) = a,x" + a,—,x" 1 + 
Ay 2X" * + +++ + ayx + ag in terms of factors of the form x — c, where c is a complex 
zero of p(x). To do so, let c, be a complex zero of the polynomial p(x). The existence 
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of c, is guaranteed by the Fundamental Theorem of Algebra. Since p(c,;) = 0, x — c, is 
a factor of p(x) by the Factorization Theorem, and 


D(x) = ( — €1)q1@) 
where q;(x) is a polynomial of degree less than 7. 
Assuming the degree of g,(x) is greater than or equal to 1, g,(x) has a complex zero 
cy. Then, 
q(x) = (x — €5)q2(x). 
Thus 
Px) = & — ey) @) 
= (x — C1) (* — Cn) go(X) Substitute q,(x) = (x — ¢2)qo(x) 


This process can be continued until we get a complete factored form: 


D(X) = ay, (% — C1) — C2) ++ + (H — Gy) 


In general, the c,’s may not be distinct. 
We have thus established the following result. 


Example 3 illustrates factoring over the complex numbers and finding complex 
Zeros. 


Epa 3 Factorization Over the Complex Numbers and Complex Zeros 


Factor f(x) = x? + 2x? + 7x + 14 over the complex numbers, and find all complex 
zeros. 


Solution From Example 2, we have 
f(x) = (« + 2)(x* + 7). 


But x? + 7 = (x + iV7) (%°= iV7). Thus the factorization over the complex numbers 
is given by 


f(x) = (x + 2)(x + iV 7) (x — 7V7). 


Setting f(x) = 0, the zeros are x = —2,x = iV7, and x = —iV7.The zeros x = iV7 
and x = —1V 7 are complex conjugates of each other. 


[A Check It Out 3: Factor h(t) = 2 — 62 + 5t — 30 over the complex numbers. Use 
the fact that t= 6 is a zero of h. & 
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Note The statements discussed thus far regarding the zeros and factors of 


a polynomial do not tell us how to find the factors or zeros. 


Finding a Polynomial Given Its Zeros 


So far, we have been given a polynomial and have been asked to factor it and find its 
zeros. If the zeros of a polynomial are given, we can reverse the process and find a fac- 
tored form of the polynomial using the Linear Factorization Theorem. 


[emma 4 Finding an Expression for a Polynomial 


Find a polynomial p(x) of degree 4 with p(0) = —9 and zeros x = —3,x = 1, and 
x = 3, with x = 3 a zero of multiplicity 2. For this polynomial, is it possible for the 
zeros other than 3 to have a multiplicity greater than 1? 


Solution By the Factorization Theorem, p(x) is of the form 
£8) =4@:= (-3)@ = De =4) = ae aye = 1)ae= 3) 


where a is the leading coefficient, which is still to be determined. Since we are given 
that p(0) = —9, we write down this equation first. 


p(0) = -9 
a(0 + 3)(0 — 1)(0 — 3) 


| 


9 Substitute O in expression for p 


a(3)(—1)(—3)? = —9 Simplify 
—27a= —-9 
a= = Solve for a 
3 


Thus the desired polynomial is p(x) = s(x + 3)(x — 1)(« — 3)”. It is not possible for 
the zeros other than 3 to have multiplicities greater than 1 because the number of zeros 
already adds up to 4, counting the multiplicity of the zero at x = 3, and p is a polyno- 
mial of degree 4. 


[W Check It Out 4: Rework Example 4 for a polynomial of degree 5 with p(0) = 32 
and zeros —2, 4, and 1, where —2 is a zero of multiplicity 2 and 1 is a zero of multi- 
plicity 2. & 


We have already discussed how to find any possible rational zeros of a polynomial. 
If rational zeros exist, we can use synthetic division to help factor the polynomial. We 
can use a graphing utility when a polynomial of degree greater than 2 has only irra- 
tional or complex zeros. 


4.5 Key Points 


» The Fundamental Theorem of Algebra states that every nonconstant polyno- 
mial function with real or complex coefficients has at least one complex zero. 

» A zero c of a polynomial P of degree > 0 has multiplicity k if P(x) = 
(x — c)*O(x), where Q(x) is a polynomial of degree n — k and c is not a zero of 


Q(x). 
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» Every polynomial p(x) of degree n > 0 has exactly 7 zeros, if multiplicities and com- 


plex zeros are counted. p(x) can be written as p(x) = a,,(x — c,)(x — C)°° 
. > ¢, are complex numbers. 


where cy, Cy. . 


. (x ~ Cn) 


» Factorization Theorem Any polynomial P with real coefficients can be factored 
uniquely into linear factors and/or irreducible quadratic factors. The two zeros 
of each irreducible quadratic factor are complex conjugates of each other. 


4.5 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1A number is a number of the form a + bi, where 
a and 0 are real numbers. 


2. The complex conjugate of the number a + 07 is 

3. Find the conjugate of the complex number 2 + 32. 
4. Find the conjugate of the complex number 4 — 7. 
5. Find the conjugate of the complex number 32. 


6. Find the conjugate of the complex number iV7. 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-10, for each polynomial function, list the zeros of 
the polynomial and state the multiplicity of each zero. 


7. g(x) = (x — 1)? — 4)” 
8.f() = P(t — 3)? 
9. f(s) =(s — ms + H)? 


10. A(x) = (x — V2)3(x + V2)? 


In Exercises 11-22, find all the zeros, real and nonreal, of the 
polynomial. Then express p(x) as a product of linear factors. 


11. p(x) = 2x? — 5x + 3 12. p(x) = 2x? — x — 6 


13. p(x) = x? + 5x 14. p(x) = x? + 7x 
15. p(x) =x? - 7? 16. p(x) = x? -— 2 
17. p(x) = 0 — V3 18. p(x) =x? — 5 


19. p(x) =x? + 9 20. p(x) = x7 + 4 


21. p(x) = x* — 9 (Hint: Factor first as a difference of 
squares.) 


22. p(x) = x* — 16 (Hint: Factor first as a difference of 
squares.) 


In Exercises 23-28, one zero of each polynomial ts given. Use it 
to express the polynomial as a product of linear and irreducible 
quadratic factors. 


23.x? — 2x* + x — 2; zero: x = 2 
24. x? — x? + 4x — 4; zero: x = 1 

25. 2x? — 9x” — 11x + 30; zero: x = 5 
26. 2x? — 9x* + 7x + 63 zero: x = 2 


27.x4 — 5x? + 7x? 


5x + 6; zero: x = 3 


28. x7 + 2x? — 2x? + 2x 


3; zero: x = —3 


In Exercises 29-38, one zero of each polynomial ts given. Use it to 
express the polynomial as a product of linear factors over the com- 
plex numbers. You may have already factored some of these poly- 
nomuals into linear and irreducible quadratic factors in the previous 
group of exercises. 


29. x4 + 4x? — x7 + 16x 


20; zero: x = —5 


30. x* — 6x? + 9x? — 24x + 20; zero: x =5 


31. x? — 2x* + x — 2; zero: x = 2 

32. x? — x” + 4x — 4; zero: x = 1 

33. 2x? — Ox? — 1lx + 30; zero: x =5 
34. 2x? — Ox? + 7x + 6; zero: x = 2 


35. x* — 5x? + 7x? 


5x + 6; zero: x = 2 


36. x* + 2x? — 2x? + 2x — 3; zero: x = —3 
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37. x* + 4x? — x? + 16x — 203 zero: x = —5 


38. x* — 6x? + 9x’ 


24x + 20; zero: x = 5 


In Exercises 39-44, find an expression for a polynomial p(x) with 
real coefficients that satisfies the given conditions. There may be 
more than one possible answer. 


39. Degree 2;x = 2 and x = —1 are zeros 


40. Degree 2; x = ; and x = : are Zeros 
41. Degree 3; x = 1 is a zero of multiplicity 2; the origin is 
the y-intercept 


42. Degree 3; x = —2 is a zero of multiplicity 2; the origin is 
an x-intercept 


43. Degree 4; x =1 and x =; are both zeros of multiplicity 2 


44. Degree 4; x = —1 and x = —3 are zeros of multiplicity 1 


Le ae 
and x = 3 18 a zero of multiplicity 2 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


45. One of the zeros of a certain quadratic polynomial with 
real coefficients is 1 + 7. What is its other zero? 


46. The graph of a certain cubic polynomial function f has 
one x-intercept at (1, 0) that crosses the x-axis, and an- 
other x-intercept at (—3, 0) that touches the x-axis but 
does not cross it. What are the zeros of f and their multi- 
plicities? 


47. Explain why there cannot be two different points at 
which the graph of a cubic polynomial touches the x-axis 
without crossing it. 


48. Why can’t the numbers 7, 27, 1, and 2 be the set of zeros 
for some fourth-degree polynomial with real coefficients? 


49. The graph of a polynomial function is given below. What 
is the lowest possible degree of this polynomial? Explain. 
Find a possible expression for the function. 


50. The graph of a polynomial function is given below. What 
is the lowest possible degree of this polynomial? Explain. 
Find a possible expression for the function. 
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4.6 Rational Functions 


Objectives 
> Define a rational function 


> Examine the end behavior 
of a rational function 

> Find vertical asymptotes 
and intercepts 

> Find horizontal asymptotes 


> Sketch a complete graph of 
a rational function 


Just In Time 


Review rational expressions 
in Section P6. f 


yy 


Thus far, we have seen various situations in the real world that give rise to linear, quad- 
ratic, and other polynomial functions. Our study of these types of functions helped us 
to explore mathematical models in greater detail. 

In this section, we extend our study of functions to include a type of model that 
arises when a function is defined by a rational expression. You may want to review ra- 
tional expressions in Section P.6 before you begin this section. 

We now explore a model involving a rational expression. 


ene Average Cost 


Suppose it costs $45 a day to rent a car with unlimited mileage. 

(a) What is the average cost per mile per day? 

(b) What happens to the average cost per mile per day as the number of miles driven 
per day increases? 

>Solution 

(a) Let x be the number of miles driven per day. The average cost per mile per day will 
depend on the number of miles driven per day, as follows. 


total cost perday — 45 


A(x) = Average cost per mile per day = — ; 
miles driven per day x 


(b) To see what happens to the average cost per mile per day as the number of miles 
driven per day increases, we create a table of values (Table 4.6.1) and the corre- 
sponding graph. 


Table 4.6.1 


_ Miles Driven Average Cost 
90 


0 undefined 80 
1 70 
= 90 
2 60 
50 
1 45 40 
5 9 30 
10 45 
10 
100 0.45 0 
0 10 20 30 40 50 60 70 80 90 ~ 
1000 0.045 


We can see that as the number of miles driven per day increases, the average cost 
per mile per day goes down. Note that this function is defined only when x > 0, 
since you cannot drive a negative number of miles, and the average cost of driving 
0 miles is not defined. 

Although the average cost keeps getting smaller as x gets larger, it will never equal 
zero. None of the functions we have studied so far exhibits this type of behavior. 


[AW Check It Out 1; What is the average cost per mile per day if the daily cost of rent- 
ing a car with unlimited mileage is $50? & 
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Table 4.6.2 


—0.009901 
—0.090909 
al 
=2 
=110 
undefined 
10 
2} 

1 
0.111111 
0.010101 
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The type of behavior exhibited by the function in Example 1 is typical of functions 
known as rational functions, which we now define. 


The domain of a rational function consists of all real numbers for which the denom- 
inator is not equal to zero. We will be especially interested in the behavior of the ra- 
tional function very close to the value(s) of x at which the denominator is zero. 

Before examining rational functions in general, we will look at some specific 
examples. 


lean 2 Analyzing a Simple Rational Function 


1 
Let f(x) = ree, 


(a) What is the domain of f? 


(b) Make a table of values of x and f(x). Include values of x that are near 1 as well as 
larger values of x. 


(c) Graph f by hand. 
(d) Comment on the behavior of the graph. 
>Solution 


(a) The domain of fis the set of all values of x such that the denominator, x — 1, is not 
equal to zero. This is true for all x #1. In interval notation, the domain is 
(-®, 1) U d, O°). 

(b) Table 4.6.2 is a table of values of x and f(x). Note that it contains some values of 
x that are close to 1 as well as some larger values of x. 


(c) Graphing the data in Table 4.6.2 gives us Figure 4.6.1. Note that there is no value 
for f(x) atx = 1. 


Figure 4.6.1 
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oe 1 
(d) Examining the table or graph of f(x) = ~_ p We see that as the absolute value 
of x gets large, the value of the function approaches zero, though it never actu- 
ally reaches zero. Also, as the value of x approaches 1, the absolute value of the 
function gets large. 


1 
[A Check It Out 2: What is the domain of fa% = ae Sketch a graph of f. 


When considering rational functions, we will often use a pair of facts about the re- 
lationship between large numbers (numbers that are large in absolute value) and their 
reciprocals; these facts are informally stated as follows. 


Vertical Asymptotes 


We have already noted that sometimes a rational function is not defined for certain real 
values of the input variable. We also noted that the value of the function gets very large 
near the values of x at which the function is undefined. (See Example 1.) In this section, 
we examine closely what the graph of a rational function looks like near these values. 


As we saw in Example 2, the absolute value of f(x) = near x = 1 is very large; 


eee | 
at x = 1, f(x) ts not defined. We say that the line with equation x = 1 is a vertical 
asymptote of the graph of f. The line x = 1 is indicated by a dashed line. It is zor part 


of the graph of the function f(x) = —. See Figure 4.6.2. 


Figure 4.6.2 


1 


‘ft 


\ 


Graph of f(x) = 


BY 


ymptote: 
=1 


2 
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Note A cage in which p(x) and q(x) have common factors is given in 


Example 8. 


Technology Note 


Graphing calculators often do a poor job of graphing rational functions. Figure 4.6.3 


shows the graph of f(x) = using three different settings. 


y= 
Figure 4.6.3 
10 
=10 10 
-10 
Standard window, Standard window, Decimal window, 
CONNECTED mode DOT mode CONNECTED mode 


The vertical line that appears in the leftmost display when the standard window 
setting is used is not the vertical asymptote. Because the default setting of the 
calculator is CONNECTED mode, the calculator display connects the negative and 
positive values. This is not an acceptable graph. 


The problem of the connecting vertical line can be avoided by setting the calculator 
to DOT mode, as in the middle display, or by using a decimal window in 
CONNECTED mode, as in the third display. 


Keystroke Appendix: 
Sections 7 and 8 


For now, we will use algebraic methods to find the vertical asymptotes of the graphs 
of several rational functions. Later, we will use them to sketch graphs. 


eal 3 Finding Vertical Asymptotes 


Find all vertical asymptotes of the following functions. 
2 

= 3 
(a) f@) = (c) f(x) = 


x 
2x +1 


2x Ean ee 
~~ &) f@o=55 


>Solution 
(a) For the function f(x) = > = P 


no common factors, so we can set the denominator equal to zero and find the ver- 
tical asymptote(s): 


we see that the numerator and denominator have 


x+1=0>5x=-1 


Thus the line x = —1 is the only vertical asymptote of the function. 
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: xD 
(b) The numerator and denominator of f(x) = 3 have no common factors, so 


eb 
we can set the denominator equal to zero and find the vertical asymptote(s). In this 


case, the denominator can be factored, so we will apply the Zero Product Rule: 


x-1=0>5 0+ D@-1)=0=>>*«=1,-1 


This function has two vertical asymptotes: the line x = 1 and the line x = —1. 
(c) For the final example, we see again that the numerator and denominator have no 
P a é | or 1. 
common factors. The vertical asymptote is the line x = — 3) Since x = —> is the 


solution of the equation 2x + 1 = 0. 


3x 


LW Check It Out 3: Find all vertical asymptotes of f(x) = 25 


End Behavior of Rational Functions and Horizontal Asymptotes 


Just as we did with polynomial functions, we can examine the end behavior of rational 
functions. We will use this information later to help us sketch complete graphs of 
rational functions. 

We can examine what happens to the values of a rational function r(x) as |x| 


gets large. This is the same as determining the end behavior of the rational function. 
1 ’ 

For example, as x > ®, f(x) = Paar ead 0, because the denominator becomes large 

in magnitude but the numerator stays constant at 1. Similarly, as x —~ —©, f(x) = 


1 


wea These are instances of the LARGE-small principle. When such behavior 
1 


occurs, we say that y = 0 is a horizontal asymptote of the function f(x) = or 


Not all rational functions have a horizontal asymptote, and if they do, it need not be 
y = 0. The following gives the necessary conditions for a rational function to have a 
horizontal asymptote. 
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[ema 4 Finding Horizontal Asymptotes 


Find the horizontal asymptote, if it exists, for each the following rational functions. 
Use a table and a graph to discuss the end behavior of each function. 
2x x? — 3 


aie = _ 
@™f@=S> OM= TZ © fM=ZT 


> Solution 


(a) The degree of the numerator is 1 and the degree of the denominator is 2. Because 

1 < 2, the line y = 0 is a horizontal asymptote of the graph of f as shown in Fig- 
x+2 
x 1 


ure 4.6.4. We can generate a table of values for f(x) = 
in Table 4.6.3. 


for |x| large, as shown 


Table 4.6.3 Figure 4.6.4 


—1000 -—0.00099800 
—100 —0.0098009 
50) | SOMIG203 
50 0.020808 
100 0.010201 
1000 0.0010020 


| 


Note that as x — +, f(x) gets close to zero. Once again, it will never reach zero; 
it will be slightly above zero. As x — —©, f(x) gets close to zero again, but this time 
it will be slightly below zero. 

Recalling the end behavior of polynomials, for large values of |x|, the value of 
the numerator x + 2 is about the same as x, and the value of the denominator 
x? — 1 is approximately the same as x”. We then have 


tee a 1 


2a a 0 for large values of |x| 
= be 

by the LARGE-small principle. This is what we observed in Table 4.6.3 and the 
corresponding graph. 


(b) The degree of the numerator is 1 and the degree of the denominator is 1. Because 


1 = 1, the line y = = : = 2 is a horizontal asymptote of the graph of fas shown 
1 
in Figure 4.6.5. We can generate a table of values for f(x) = . a for large values 


of |x|, as shown in Table 4.6.4. We include both positive and negative values of x. 


Table 4.6.4 Figure 4.6.5 


—1000 2.0020 


-100 2.0202 seetri-----} ------.55 
-—50 2.0408 

50 «1.9608 : 
100 1.9802 


1000 1.9980 


Table 4.6.5 


x 


—1000 
500 
—100 

a) 
50 
100 
500 
1000 


f(x) 
=X 01025) 
= 250.25 

0.230 
2222 
24.723 
49.736 

249.75 

499.75 
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From Table 4.6.4 and Figure 4.6.5, we observe that as x — +0°, f(x) gets close to 
2. It will never reach 2, but it will be slightly below 2. As x — —, f(x) gets close 
to 2 again, but this time it will be slightly above 2. 

To justify the end behavior, for large values of |x|, the numerator 2x is just 2x 


and the value of the denominator x + 1 is approximately the same as x. We then 
have f(x) = a od ~ = 2 for large values of |x|. This is what we observed in 


Table 4.6.4 and the corresponding graph. 


(c) The degree of the numerator is 2 and the degree of the denominator is 1. Be- 
cause 2 > 1, the graph of f(x) has no horizontal asymptote. A table of values for 


2 

f(~)= = = ; for |x| large is given in Table 4.6.5. Unlike in parts (a) and (b), the 
values in the table do not seem to tend to any one particular number for |x| large. 
However, you will notice that the values of f(x) are very close to the values 


1 : : : i : 
of 3% as |x| gets large. We will discuss the behavior of functions such as this later 


in this section. 


[W Check It Out 4; Find the horizontal asymptote of the rational function 
3x 
fw = | 


x? — 9 


Graphs of Rational Functions 


The features of rational functions that we have discussed so far, combined with some 
additional information, can be used to sketch the graphs of rational functions. The 
procedure for doing so is summarized next, followed by examples. 


Sketching the Graph of a Rational Function 


Step 1 Find the vertical asymptotes, if any, and indicate them on the 
graph. 


Step 2 Find the horizontal asymptotes, if any, and indicate them on the 
graph. 


Step 3 Find the x- and y-intercepts and plot these points on the graph. For a 
rational function, the x-intercepts occur at those points in the domain 
of f at which 


This means that p(x) = O at the x-intercepts. 
To calculate the y-intercept, evaluate f(0), if f(O) is defined. 


Step 4 Use the information in Steps 1—3 to sketch a partial graph. That is, 
find function values for points near the vertical asymptote(s) and sketch 
the behavior near the vertical asymptote(s). Also sketch the end 
behavior. 


Step 5 Determine whether the function has any symmetries. 


Step 6 Plot some additional points to help you complete the graph. 
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[ema 5 Graphing Rational Functions 


2x 


Sketch a graph of f(x) = ry 
x 


> Solution 


Steps 1 and 2 The vertical and horizontal asymptotes of this function were computed 
in Examples 3 and 4. 


Vertical Asymptote x 

| Horizontal Asymptote y= 2 
2(0) 
(0) +1 


To find the x-intercept, we find the points at which the numerator, 2x, is 
equal to zero. This happens at x = 0. Thus the x-intercept is (0, 0). 


Step 3 To find the y-intercept, evaluate f(0) = = 0. The y-intercept is (0, 0). 


ine 0,0) 
Step 4 We now find values of f(x) near the vertical asymptote, x = —1. Note that we 
have chosen some values of x that are slightly to the right of x = —1 and some 
that are slightly to the left of x = —1. See Table 4.6.6. 
Table 4.6.6 
M8 -15 -11 -1.01 -1001 9 -1 -0.999 -0.99 -0.9 -0.5 


Pe 6 22 202 #2002 undefined -1998 -198 -18 —2 


From Table 4.6.6, we see that the value of f(x) increases to + as x approaches 
—1 from the left, and decreases to —© as x approaches —1 from the right. 

The end behavior of fis as follows: f(x) — 2 as x — +. Next we sketch 
the information collected so far. See Figure 4.6.6. 


Figure 4.6.6 


Horizontal 
asymptote: 


xandy 
Vertical | | intercept 
asymptote: ! 
x=-l 


Step 5 Check for symmetry. Because 


—  2(-x) _ 2x 
f-*) (-x) +1 —x+1 
t(-x) # f(x) and f(x) ¥ —f(-x). Thus the graph of this function has no 
symmetries. 
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Step 6 There is an x-intercept at (0, 0) and a vertical asymptote at x = —1, so we 
choose values in the intervals (—%, —1), (—1, 0), and (0, ©) to fill out the 
graph. See Table 4.6.7. 


Technology Note | 


Table 4.6.7 


2 5 


2p) | =2 1 ES 333) PEOoGT 


| 
an 
| 
Nl 
= 


Plotting these points and connecting them with a smooth curve gives the graph 
shown in Figure 4.6.8. The horizontal and vertical asymptotes are not part of 
the graph of f. They are shown on the plot to indicate the behavior of the graph 
of f. 


Figure 4.6.8 


= 1 
[A Check It Out 5: Sketch the graph f(x) = x rc 
pe 6 Graphing Rational Functions 
x2 
Sketch the graph of f(x) = ar 


> Solution 


Steps 1 and 2 The vertical and horizontal asymptotes of this function were computed 
in Examples 3 and 4. 


Step 3 The y-intercept is at (0, —2) because 


O42 
= 1 


f(0) = ==2, 


The x-intercept is at (—2, 0) because x + 2 = O atx = —2. 


Sane 2,0) 
sprlnercept 6-2) 
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Step 4 Find some values of f(x) near the vertical asymptotes x = —1 and x = 1. See 
Table 4.6.8. 
Table 4.6.8 
41.) 4.2857 0.9 = 15), 2100) 3) 
= 11 il 49.2537 0.99 =O 3} 
3 (0fop 499.2504 0.999 S15 002250 
=1l undefined 1 undefined 
—0.999 —500.7504 1.001 1499.7501 
—0.99 = 5X0) 7/ D333 1.01 149.7512 
—0.9 5) (feo! ile 14.7619 
Observations: 


» The value of f(x) increases to + as x approaches —1 from the left. 
» The value of f(x) decreases to —© as x approaches —1 from the right. 
» The value of f(x) decreases to —© as x approaches 1 from the left. 


» The value of f(x) increases to +° as x approaches 1 from the right. 


We can use the information collected so far to sketch the graph shown in Fig- 
ure 4.6.9. 


Figure 4.6.9 


| 


Horizontal | | Vertical 
asymptote: asymptote: 
y=0 x=1 
| — 
Ps x 
(-2, 0) 
x intercept | | 
4 0,-2) 
Vertical y intercept 
asymptote: 
x=-l 


Step 5 Check for symmetry. Because 


F(-x) = 


symmetries. 


Step 6 Choose some additional values to fill out the graph. There is an x-intercept at 
(—2, 0) and vertical asymptotes at x = +l, so we choose at least one 


| 


| 


(-xy) +2 —-x+2 
Gy =1 
f(x) #f(—x) and f(x) ¥ —f(-x). So the graph of this function has no 


P 
x7-1 


1 
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value in each of the intervals (—%, —2), (—2, —1), (—1, 1), and (1, ©). See 
Table 4.6.9. 


Table 4.6.9 
=3 = 115) =05 0.5 D 


fe) ~0.1250 0.4000 —2.0000 —3.3333 1.3333 


Plotting these points and connecting them with a smooth curve gives the graph 
in Figure 4.6.10. 


Figure 4.6.10 


[AW Check It Out 6: Sketch the graph of f(x) = 


Rational Functions with Slant Asymptotes 


Thus far we have sketched the graphs of a few rational functions that have had hori- 
zontal asymptotes, and examined the end behavior of some that have not. If the degree 
of the numerator of a rational function is 1 greater than the degree of the denomina- 
tor, the graph of the function will have what is known as a slant asymptote. Using 
long division, we can write 


Gn fe toe ep 


q(x) q(x) 


where ax and 0 are the first two terms of the quotient and s(x) is the remainder. Be- 
cause the degree of s(x) is less than the degree of g(x), the value of the function “ 
approaches 0 as |x| goes to infinity. Thus r(x) will resemble the line y = ax + 6 as 
x — © or x — —0,The end-behavior analysis that we performed earlier, without using 
long division, gives only the ax expression for the line. Next we show how to find the 


equation of the asymptotic line y = ax + b. 


Ee] 7 Rational Functions with Slant Asymptotes 


eal 
Find the slant asymptote of the graph of r(x) = See ae and sketch the complete 
x 


graph of r(x). 
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Solution Performing the long division, we can write 


6x7 -x- 1 1 
=3x-2+ : 
2x +1 2 E 1 


r(x) = 


oF — 0, and so the graph of r(x) resembles the graph 


of the line y = 3x — 2. The equation of the slant asymptote is thus y = 3x — 2. 
We can use the information summarized in Table 4.6.10 to sketch the complete 
graph shown in Figure 4.6.11. 


For large values of |x|, 


Table 4.6.10 Figure 4.6.11 
1 1 1 Ay 
& 0) and (-}. 0) x=] +20 y=3x-2 
Vertical | | 15 Slant 
(obtained by setting the numerator asymptote asymptote 
6x? — x — 1 = (3x + 1)(2x — 1) equal to zero m 
and solving for x) 
1 1 fic n 
(—1, 0), since r(0) = -1. eg a 
| += 40 
pase -15 
¢ r—20 
(obtained by setting the denominator 
2x + 1 equal to zero and solving for x) 
y=3x-—2 
(]2; =8.3533)5 (HO4, 15); 
(0.4, —0.2444), (2, 4.2) 
x? — 3x —4 


LW Check It Out 7: Find the slant asymptote of the graph of r(x) = 5 and 


=) 
sketch the complete graph of r(x). © 


Rational Functions with Common Factors 


We now examine the graph of a rational function in which the numerator and denom- 
inator have a common factor. 


eel 8 Rational Function with Common Factors 


x= 


ketch th 1 h of = >... 
Sketch the complete graph of r(x) 25.55 


Solution Factor the denominator of r(x) to obtain 


 @=D@— 1)’ 
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The function is undefined at x = 1 and x = 2 because those values of x give rise to a 
zero denominator. If x ~ 1, then the factor x — 1 can be divided out to obtain 


1 
r(x) = —~, x# 1,2. 
x= 2 


The features of the graph of r(x) are summarized in Table 4.6.11. 


Table 4.6.11 


Figure 4.6.12 


Even though r(x) is undefined at x = 1, it does not have a vertical asymptote there. To 
see why, examine Table 4.6.12, which gives the values of r(x) at some values of x close 
to 1. 

Table 4.6.12 


0.9 0.99 0.999 1.001 1.01 lath 


re) SOMO =O0290L | —O299 | —10Ol | —I.Ol | =I.iii 


The values of r(x) near x = 1 do not tend to infinity. In fact, the table of values 
suggests that r(x) gets close to —1 as x gets close to 1. Thus the graph of r(x) = 


x ~ 1, 2, will have a hole at (1, —1), as shown in Figure 4.6.12. You can obtain 
1 
x= 2° 
stitution involves theorems of calculus and is beyond the scope of this discussion. 


x — 2? 
the value —1 by substituting the value x = 1 into 


The justification for this sub- 


x— 3 
x? — 5x + 6° 


[AW Check It Out 8: Sketch the complete graph of r(x) = 


4.6 Key Points 


» A rational function r(x) is defined as a quotient of two polynomials p(x) and h(x), 


r(x) = PC) where /(x) is not the constant zero function. 
h(x) 


» The domain of a rational function consists of all real numbers for which the de- 
nominator is not equal to zero. 


» The vertical asymptotes of r(x) = a occur at the values of x at which h(x) = 0, 
assuming p(x) and h(x) have no common factors. 

» A horizontal asymptote of a rational function r(x) = a exists when the degree 
of p(x) is less than or equal to the degree of h(x). 

» A slant asymptote of a rational function r(x) = a exists when the degree of p(x) 


is 1 higher than the degree of h(x). 
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4.6 Exercises 


Just in Time Exercises 


These exercises correspond to 


the Just in Time references in this section. Complete them 
to review topics relevant to the remaining exercises. 


1. A rational expression is a quotient of two 


2. For which values of x is the following rational expression 


defined? 


leg 


(« — 1)@ + 5) 


In Exercises 3—6, simplify each rational expression. 


x? — 2x +1 
a 
2 =X 


x2 
“x? + 3x +2 


® Skills This set of exercises will reinforce the skills illus- 


trated in this section. 


In Exercises 7-20, for each function, find the domain and the ver- 
tical and horizontal asymptotes (if any). 


Thx) = Zeb 
3 
9.8) =az— 
—x7 +9 
IOS ak 8 
1 
2 
15.h(@) = | 
2x + 7 
Br 2x? + 5x — 3 
oe wll 
19. f(x) = eal 


8. Fx) = — 
hs x)= = 
= 3 
10. = 
f(x) fae 
12, A(x) —3x? + 12 
y yy SS. 
x — 9 
-2 
14. Gx) = ——,; 
(x + 4) 
— 7x2 
16. f(x) = 
x—- 1 
18. f(x) 3x + 5 
* eS 
xrw—-—x-2 
+2 
20. h(x) = = 


In Exercises 21-26, for the graph of the function, find the domain, 
the vertical and horizontal asymptotes (if any), and the x- and 
y-intercepts (tf any). 


21. a. 4 22. aH 
x=-3} 
He. eee 
(0, 3) (-3, 0)! x 
a a ee ee Lhe ee 
a) 
oO. | 
CON Iea2 * | 
| I 
23. a 24, ’ 
I I I l 
(2, 0) fi se | one 
I | (0, 1) + '(1, 0) 
—o+> 77 53 
(-3, 0) I iC 2 ) 1.0 I I 
| eA 3 (-1, 0) 1] 
reat (0-3) at 
| | 
Iy=1 
i 
| 
25. . 26. a 
I 
i 
(3,0), ]! \ _G, 0) 
0.5 i * 
I I 
x=-3! Ix=3 
| i 
| 


In Exercises 27-30, for each function, fill in the given tables. 


27. Let f(x) = |, 
x 


(a) Fill in the following table for values of x near —1. 
What do you observe about the value of f(x) as x 
approaches —1 from the right? from the left? 


Pe | 15) annie) Pitoill P=orog) baron mao 


(b) Complete the following table. What happens to the 
value of f(x) as x gets very large and positive? 


10 50 100 1000 


(c) Complete the following table. What happens to the 
value of f(x) as x gets very large and negative? 


I)8) -1000 -100 -50 -10 


28. Let f(x) = a 


(a) Fill in the following table for values of x near 3. 
What do you observe about the value of f(x) as x 
approaches 3 from the right? from the left? 


Ea Sl oom (oom IS on ae es 


(b) Complete the following table. What happens to the 
value of f(x) as x gets very large and positive? 


10 50 100 1000 


(c) Complete the following table. What happens to the 
value of f(x) as x gets very large and negative? 


= 10X00) | 1000) | 30) | 110) 


2x7 - 1 


29. Let f(x) = 2 


(a) Fill in the following table for values of x near zero. 
What do you observe about the value of f(x) as x 
approaches zero from the right? from the left? 


MM -0.5 -0.1 -0.01 001 01 05 


(b) Complete the following table. What happens to the 
value of f(x) as x gets very large and positive? 


10 50 100 1000 


(c) Complete the following table. What happens to the 
value of f(x) as x gets very large and negative? 


1000 | =100 | =50 | =10) 
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—3x7 + 4 
30. Let f(x) = — = 


(a) Fill in the following table for values of x near zero. 


What do you observe about the value of f(x) as x 
approaches zero from the right? from the left? 


MM 0.5 -0.1 -0.01 001 0.1 0.05 


(b) Complete the following table. What happens to the 
value of f(x) as x gets very large and positive? 


== » 


(c) Complete the following table. What happens to the 
value of f(x) as x gets very large and negative? 


In Exercises 31-52, sketch a graph of the rational function. Indi- 
cate any vertical and horizontal asymptote(s) and all intercepts. 


50 100 1000 


NOOO) | =100 | =30 | SIO) 


1 a 
31.f(%) = = 32. f(x) = ees 
=12 —10 
12 8 
35.f@) = 7 36. f(x) = 7 
3 —9 
37. f(x) = G+) 38. h(x) = G@=3 
34> 2- 
39. g(x) = rae : 40. g(x) = cee : 
x+4 XD 
41. g(x) = a 42. g(x) = rae 
43. h(x) = ae 44. f(x) = ~ 
tO) = he Tiger a) Te Ge 1) 
3x? —4x? 
pO TN a6 
x—-1 x= 2 


47. = 48. = — 
Fx) 2x? — 5x — 3 8.70) 2x7 +x - 3 
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Fe ee a 50 eye eee 
f(x cae ee eae S(x = wa 
51.h@) = 52. h(x) = ——_ 

@) +1 i +4 


In Exercises 53-64, sketch a graph of the rational function and 
find all intercepts and slant asymptotes. Indicate all asymptotes on 
the graph. 


x? x 
: = 4. = 
33. g(x) x+4 54. Bie) x +3 
sea e=—" 
i = Ax) = 
- “=D y= 3 
a aa) 
57. h(x) = — 58. h(x) =~ 
ert+txt)1 x +2x4+1 
59. h(x) = ———__— 60. h(x) = ———__ 
x—- 1 x+ 3 
3x? + 5x — 2 2x7 + 11x +5 
61. = 62. =~ 
f(x) od &(x) =a 
pies Mie 
ee x? + 3x ee x? — 2x 


In Exercises 65—70, sketch a graph of the rational function involv- 
ing common factors and find all intercepts and asymptotes. Indi- 
cate all asymptotes on the graph. 


65.f@) = 27? 66. f) = =— 
"i X =e ‘ x gh me A 
67.f() xr+x—2 68. f() 2x? — 5x + 2 
G YL = = a LS) =, = 
x? + 2x — 3 x? — 5x + 6 
a Be ec 10 Pa Speed 
69. f(x) =~ 70. f(x) = ~— 
=—2 bce ae | 


» Applications In this set of exercises, you will use rational 
functions to study real-world problems. 


71. Drug Concentration The concentration C(2) of a drug in 
a patient’s bloodstream t hours after administration is 
given by 

102 


ead 


where C(2) is in milligrams per liter. 

(a) What is the drug concentration in the patient’s 
bloodstream 8 hours after administration? 

(b) Find the horizontal asymptote of C(2) and explain its 
significance. 


72. 


73. 


74. 


75. 


76. 


Environmental Costs The annual cost, in millions of dol- 
lars, of removing arsenic from drinking water in the 
United States can be modeled by the function 


where x is the concentration of arsenic remaining in the 
water, in micrograms per liter. A microgram is 10 ° gram. 
(Source: Environmental Protection Agency) 

(a) Evaluate C(10) and explain its significance. 

(b) Evaluate C(5) and explain its significance. 


(c) What happens to the cost function as x gets closer to 
zero? 


Rental Costs A truck rental company charges a daily rate 
of $15 plus $0.25 per mile driven. What is the average 
cost per mile of driving x miles per day? Use this expres- 
sion to find the average cost per mile of driving 50 miles 
per day. 


Printing To print booklets, it costs $300 plus an addi- 
tional $0.50 per booklet. What is the average cost per 
booklet of printing x booklets? Use this expression to find 
the average cost per booklet of printing 1000 booklets. 


Phone Plans A wireless phone company has a pricing 
scheme that includes 250 minutes worth of phone usage 
in the basic monthly fee of $30. For each minute over 
and above the first 250 minutes of usage, the user is 
charged an additional $0.60 per minute. 

(a) Let x be the number of minutes of phone usage per 
month. What is the expression for the average cost 
per minute if the value of x is in the interval 
(0, 250)? 

(b) What is the expression for the average cost per 
minute if the value of x is above 250? 

(c) If phone usage in a certain month is 600 minutes, 
what is the average cost per minute? 


Health Body-mass index (BMI) is a measure of body fat 
based on height and weight that applies to both adult 


77. 


78. 


79, 


males and adult females. It is calculated using the follow- 
ing formula: 


where w is the person’s weight in pounds and h is the 
person’s height in inches. A BMI in the range 18.5— 
24.9 is considered normal. (Source: National Institutes of 
Health) 
(a) Calculate the BMI for a person who is 5 feet 
5 inches tall and weighs 140 pounds. Is this person’s 
BMI within the normal range? 
(b) Calculate the weight of a person who is 6 feet tall 
and has a BMI of 24. 
(c) Calculate the height of a person who weighs 
170 pounds and has a BMI of 24.3. 


Metallurgy How much pure gold should be added to a 
2-ounce alloy that is presently 25% gold to make it 60% 
gold? 


Manufacturing A packaging company wants to design an 
open box with a square base and a volume of exactly 
30 cubic feet. 

(a) Let x denote the length of a side of the base of the 
box, and let y denote the height of the box. Express 
the total surface area of the box in terms of x 
and y. 

(b) Write an equation relating x and y to the total 
volume of 30 cubic feet. 

(c) Solve the equation in part (b) for y in terms of x. 

(d) Now write an expression for the surface area in terms 
of just x. Call this function S(x). 

(e) Fill in the following table giving the value of the 
surface area for the given values of x. 


(f) What do you observe about the total surface area as 


x increases? From your table, approximate the value 
of x that would give the minimum surface area. 


Fe) 


(g) ~ 2 Use a graphing utility to find the value of x that 
would give the minimum surface area. 


1 2 3} 4 5 6 


Manufacturing A gift box company wishes to make a 
small open box by cutting four equal squares from a 3- 
inch by 5-inch card, one from each corner. 

(a) Let x denote the length of the square cut from each 
corner. Write an expression for the volume of the 
box in terms of x. Call this function V(x). What is 
the realistic domain of this function? 
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(b) Write an expression for the surface area of the box 
in terms of x. Call this function S(x). 


(c) Write an expression in terms of x for the ratio of the 
volume of the box to its surface area. Call this 
function r(x). 

(d) Fill in the following table giving the values of r(x) for 
the given values of x. 

0.4 0.6 O83) | 10 


12 eA: 


(e) What do you observe about the ratio of the 
volume to the surface area as x increases? From 
your table, approximate the value of x that would 
give the maximum ratio of volume to surface 
area. 

ara 

| 


(f) Use a graphing utility to find the value of x 
that would give the maximum ratio of volume to 


surface area. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


80. 


81. 


82. 


83. 


84. 


Sketch a possible graph of a rational function r(x) of the 
following description: the graph of r has a horizontal 
asymptote y = —2 and a vertical asymptote x = 1, with 
y-intercept at (0, 0). 


Sketch a possible graph of a rational function r(x) of the 
following description: the graph of r has a horizontal 
asymptote y = —2 and a vertical asymptote x = 1, with 
y-intercept at (0, 0) and x-intercept at (2, 0). 


Give a possible expression for a rational function r(x) of 
the following description: the graph of r has a horizontal 
asymptote y = 2 and a vertical asymptote x = 1, with y- 
intercept at (0, 0). It may be helpful to sketch the graph 
of r first. You may check your answer with a graphing 
utility. 


Give a possible expression for a rational function r(x) of 
the following description: the graph of r has a horizontal 
asymptote y = 0 and a vertical asymptote x = 0, with 
no x- or y-intercepts. It may be helpful to sketch the 
graph of r first. You may check your answer with a graph- 
ing utility. 


Give a possible expression for a rational function r(x) of 
the following description: the graph of r is symmetric 
with respect to the y-axis; it has a horizontal asymptote 
y = 0 and a vertical asymptote x = 0, with no x- or y- 
intercepts. It may be helpful to sketch the graph of r first. 
You may check your answer with a graphing utility. 
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85. Explain why the following output from a graphing utility 3.1 
is not a complete graph of the function 


1 


f() 


(x — 10)(x« + 3) 


-4,7 47 


4.77 Polynomial and Rational Inequalities 


Objectives 


> Solve a polynomial 
inequality 


> Solve a rational inequality 


Just In Time 
Review quadratic inequali- 


ties in Section 3.4. / 


In this section, we will solve inequalities involving polynomial and rational expressions. 
The technique we will use is similar to the one we used to solve quadratic inequalities 
in Section 3.4. 


Polynomial Inequalities 


A polynomial inequality can be written in the form a,x" + a,_,;x""' +--+ +a,00, 
where the symbol inside the box can be >, =, <, or =. Using factoring, we can solve 
certain polynomial inequalities, as shown in Example 1. 


Example fl Solving a Polynomial Inequality 


Solve the following inequality. 
x? — 2x? — 3x <0 
>Solution 
Step 1 One side of the inequality is already zero. Therefore, we factor the nonzero side. 


x(x? — 2x — 3) =0 Factor out x 


x(x — 3)(x +1) 50 Factor inside parentheses 


Step 2 Determine the values at which x(x — 3)(x + 1) equals zero. These values are 
x = 0,x = 3,and x = —1. Because the expression x(x — 3)(x + 1) can change 
sign only at these three values, we form the following intervals. 


(-%, —1), (S15 0), (0, 3)5 (3; 00) 


Step 3 Make a table with these intervals in the first column. Choose a test value in 
each interval and determine the sign of each factor of the polynomial expres- 
sion in that interval. See Table 4.7.1. 


Table 4.7.1 


(==) | =2 


(-1, 0) - - = + + 
(0, 3) 1 + - + - 
(3, ©) 4 ~ + + - 


Figure 4.7.1 


f(x) =x? — 2x? - 3x 
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Step 4 From Table 4.7.1, we observe that x(x — 3)(x + 1) S 0 for all x in the intervals 
(-%, -1) U [0, 3). 


So the solution of the inequality is (—%, —1] U [0, 3]. We have included the 
endpoints of the interval because we want to find the values of x that make the 
expression x(x — 3)(x + 1) less than or equal to zero. 


We can confirm our results by graphing the function f(x) = x? — 2x* — 3x and ob- 
serving where the graph lies above the x-axis and where it intersects the x-axis. See 
Figure 4.7.1. 


[AW Check It Out 1: Solve the inequality x(x* — 4) = 0. B 


aera 2 An Application of a Polynomial Inequality 


A box with a square base and a height 3 inches less than the length of one side of the 
base is to be built. What lengths of the base will produce a volume greater than or equal 
to 16 cubic inches? 


Solution Let x be the length of the square base. Then the volume is given by 
Vix) =x-x-+ (x — 3) = x?(x — 3). 


Since we want the volume to be greater than or equal to 16 cubic inches, we solve the 
inequality x?(x — 3) = 16. 


x*(x — 3) = 16 
x? — 3x? = 16 Remove parentheses 
x? — 3x7- 1620 Set right-hand side equal to zero 


Next we factor the nonzero side of the inequality. The expression does not seem to be 
factorable by any of the elementary techniques, so we use the Rational Zero Theorem 
to factor, if possible. 

The possible rational zeros are 


x= +16, +8, +4, 42, +1. 


We see that x = 4 is a zero. Using synthetic division, we can write 


p(x) = x? — 3x7 -— 16 = (* — 4x2? +444. 


The expression x* + x + 4 cannot be factored further over the real numbers. Thus we 
have only the intervals (—®, 4) and (4, ©) to check. For x in (—%, 4), a test value of 
0 yields p(O) < 0. For x in (4, ©), a test value of 5 yields p(0) > 0. We find that 
p(x) = (x — 4)(x? + x + 4) = 0 for all x in the interval [ 4, ©). 

Thus, for our box, a square base whose side is greater than or equal to 4 inches will 
produce a volume greater than or equal to 16 cubic inches. The corresponding height 
will be 3 inches less than the length of the side. 


[AW Check It Out 2: Rework Example 2 if the volume of the box is to be greater than 
or equal to 50 cubic inches. © 


Rational Inequalities 


In some applications, and in more advanced mathematics courses, it is important to 
know how to solve an inequality involving a rational function, referred to as a rational 
inequality. Let p(x) and q(x) be polynomial functions with g(x) not equal to zero. 
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Technology Note 

A graphing utility can be 
used to confirm the results 
of Example 3. The graph of 


f(x) = - lies above the 


x-axis for x in (—5, —3) or 
(3, ©). See Figure 4.7.2. 


Keystroke Appendix: 
Sections 7 and 8 


Figure 4.7.2 


pr) 
q(x) 
box can be >, =, <, or =. Example 3 shows how we solve such an inequality. 


sean 3 Solving a Rational Inequality 


2 
: . XT 

Solve the inequality 
x 


A rational inequality can be written in the form ~~ LH 0, where the symbol inside the 


9 
> 0. 
+ 5 : 


>Solution 
Step 1 The right-hand side is already zero. We factor the numerator on the left side. 


(% + 3)(% — 3) 


>0 
x+5 


Step 2 Determine the values at which the numerator (x + 3)(x — 3) equals zero. 


These values are x = 3 and x = —3. Also, the denominator is equal to zero at 
(x + 3)(« — 3) 
K+ S 

three values, we form the following intervals. 


(=, =5), (=5;.=3), (=3; 3), Gy) 


x = —5. Because the expression can change sign only at these 


Step 3 Make a table of these intervals. Choose a test value in each interval and deter- 
mine the sign of each factor of the inequality in that interval. See Table 4.7.2. 


Table 4.7.2 
—2,-5) -6 
(-5,-3) 4 - - + + 
(-3, 3) 0 - - + - 
(3, ©) 4 ar ar ale ar 


(+ 3)@ = 3) 


4s > 0 is satisfied for all x in the intervals 


Step 4 The inequality 


(-5, = 3) U 3; %). 


The numbers —3 and 3 are not included because the inequality symbol is less 
than, not less than or equal to. 


[A Check It Out 3: Solve the inequality ~ 


le-aral 4 Solving a Rational Inequality 


Solve the following inequality. 


=<. a 
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>Solution 
Step 1 Set the right-hand side equal to zero by subtracting x from both sides. Then 
simplify. 
2x +5 
ee > @) 
x= 2 ? 
2x + 5 — x(x — 2) 
= =0 Combine terms using x — 2 as the LCD 
2x +5 — x7 + 2x _ Sheed 
= im 
x= 2 plify 
—x? + 4x45 
3 Collect like terms 
x-2 
x? — 4x — 5 
2 =0 Multiply by —1. Note reversal of inequality. 
= 


Step 2 Factor the numerator on the left side. 


(e+ 1) - 5) _ 
x—-2 = 


Step 3 Determine the values at which the numerator (x + 1)(x — 5) equals zero. 


Intersection These values are x = —1 and x = 5. Also, the denominator is equal to zero at 
X= z (x + 1)(* — 5) 
2 


x = 2. Because the expression can change sign only at these 


three values, we form the following intervals. 
(-%, -), (-1, 2)5 (2; 5)s 6; )) 


Step 4 Make a table of these intervals. Choose a test value in each interval and deter- 
mine the sign of each factor of the inequality in that interval. See Table 4.7.3. 


Table 4.7.3 
(=e, = 1) =z = = = = 
(-1, 2) 0 = - - + 
(2, 5) 3 ~ + - - 
(5, ©) 6 + + 4 4: 
Step 5 The inequality a =0 is satisfied for all x in the intervals 


(-%, —1] U @, 5]. 


We have included the endpoints —1 and 5 because the inequality states less 
than or equal to. The endpoint 2 is not included because division by zero is 
undefined. 


[A Check It Out 4; Solve the following inequality. 
2x — 1 
~“~-<om8 
x ES 
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4.7 Key Points 


» A polynomial inequality can be written in the form 


a,x" + Gp — x") ++s++ a 


0 


where the symbol inside the box can be >, =, <, or S. 


» Let p(x) and g(x) be polynomial functions with g(x) not equal to zero. A rational in- 


p(x) 


equality can be written in the form —~ LU 0, where the symbol inside the box can be 


q(x) 
Py Sy OT =, 


» To solve polynomial and rational inequalities, follow these steps: 


1. Rewrite the inequality with zero on the right-hand side. 


2. Factor the nonzero side and set each factor equal to zero. 


3. The resulting zeros divide the x-axis into test intervals. Test the sign of the in- 
equality in each of these intervals, and choose those intervals that satisfy the 


inequality. 
4.7 Exercises 
» Just in Time Exercises These exercises correspond to the 19.x* — x7 >3 20. x4 — 3x? < 10 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 21.x7 — 4x = —x? +4 22.x3 — Tx = -6 
In Exercises 1—6, solve the quadratic inequality. 23.3 < 4x 24.%3>% 
lx? <4 2y 29 
25.x° > 2x? + 3x 26.x7 < 4x? — 4x 
3.x7°+x-6=0 4.x7+x— 2020 
In Exercises 27-46, solve the rational inequality. 
5. oy = an t 5 6.27 23 =e x+2 gescetl 
27, i = 28. 3 i >0 
: : : . : Pane Seas x + 
Skills This set of exercises will reinforce the skills illus- 
trated in this section. ‘ wma =F _ peg 23 
In Exercises 7-26, solve the polynomial inequality. “yy -— 37 “ ¥+4+2 
7.2x(x + 5)\(x — 3) 20 8. (x + 1)?(x — 2) = 0 
x(x + 1) x? — 2x — 3 
31. = 32.5 < 
9.x° — 16x <0 10.x? — 9x > 0 I+x x + 2x + 1 
3 42 34 94.2 4- -8 
1l.x 4x" = 0 12.x 2x +x<0 33. B tem 34. Enns 
x= I x+3 
13.2° + 5x"? + dx <0 14.x? + 4x? + 4x <0 
35 = = d 36 c : 
15. (x — 2)(x? — 4) <0 16. (x — 3)(x? — 25) <0 “x 2x-1 “x+1°> x-2 
17. (x + 2)(x? — 4x + 5) =0 3 =] 
37. =2 38. = 
R= I 2% 1 


18. (x + 3)(x? — 3x + 2) =0 


bee | 3x + 6 
39. =0 40. <0 
Koa 2 —=3 
1 -_ 
41. =0 42 >0 
2x+1 3x — 
x +1 x? — 4 
43.3 <0 44 =0 
x= 9 xD 
8 1 x—-2 KH 2 xt 
45. < 46. 
x-3 +4 x 2 x 1 


» Applications In this set of exercises, you will use polyno- 
mial and rational inequalities to study real-world problems. 


47. 


48. 


49, 


50. 


Geometry A rectangular solid has a square base and a 
height that is 2 inches less than the length of one side of 
the base. What lengths of the base will produce a volume 
greater than or equal to 32 inches? 


Manufacturing A rectangular box with a rectangular base 
is to be built. The length of one side of the rectangular 
base is 3 inches more than the height of the box, while 
the length of the other side of the rectangular base is 
1 inch more than the height. For what values of the 
height will the volume of the box be greater than or equal 
to 40 cubic inches? 


Drug Concentration The concentration C(2) of a drug in a 
patient’s bloodstream + hours after administration is 
given by 


At 


G = 
© 34+ 77 


where C(2) is in milligrams per liter. During what time 
interval will the concentration be greater than 1 milli- 
gram per liter? 


Printing Costs To print booklets, it costs $400 plus an ad- 
ditional $0.50 per booklet. What is the minimum number 
of booklets that must be printed so that the average cost 
per booklet is less than $0.55? 
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Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


at; 


D2: 


33% 


54. 


To solve the inequality x(x + 1)(x — 1) < 2, a student 
starts by setting up the following inequalities. 


2 KR D SD a 1 <2 


Why is this the wrong way to start the problem? What is 
the correct way to start this problem? 


x . . 
yHIl= 2, a student first “simpli- 


fies” the problem by multiplying both sides by x + 1 to 
get 


To solve the inequality 


xe 2(e + I). 


Why is this an incorrect way to start the problem? 


Find a polynomial p(x) such that p(x) > 0 has the solu- 
tion set (0, 1) U (3, ©). There may be more than one 
correct answer. 


Find polynomials p(x) and q(x), with g(x) not a constant 
function, such that -_ = 0 has the solution set [3, ©). 
There may be more than one correct answer. 
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Section 4.1 Graphs of Polynomial Functions 


Concept 


Definition of a polynomial function 

A function fis a polynomial function if it 
can be expressed in the form 

F(x) = a,x" + a, yx” 1+ +++ + ax t+ ay, 
where a, # 0, 7 is a nonnegative integer, 
and dp, a... a, are real numbers. 


Terminology involving polynomials 

In the definition of a polynomial function, 

¢ the nonnegative integer 7 is called the 
degree of the polynomial. 


¢ the constants dp, @,...5 @, are called 


coefficients. 

¢ the term a,x” is called the leading term, 
and the coefficient a,, is called the 
leading coefficient. 


The leading term test for end behavior 

For sufficiently large values of |x|, the 
leading term of a polynomial function f(x) 
will be much larger in magnitude than any 
of the subsequent terms of f(x). 


Connection between zeros and x-intercepts 
The real number values of x satisfying 

f(x) = 0 are called real zeros of the 
function f. Each real zero x is the first 
coordinate of an x-intercept of the graph of 
the function. 


Hand-sketching a polynomial function 

For a polynomial written in factored form, 
use the following procedure to sketch the 
function. 


Determine the end behavior of the 
function. 


Step 1 


Step 2 
Step 3 


Find and plot the y-intercept. 


Find and plot the x-intercepts of 
the graph of the function; these 
points divide the x-axis into 
smaller intervals. 


Step 4 Find the sign and value of f(x) for 
a test value x in each of these 


intervals. Plot these test values. 


Step 5 Use the plotted points and the end 
behavior to sketch a smooth graph 
of the function. Plot additional 


points, if needed. 


Illustration 


F(x) 5x? + 2x4 x? — 2 and 


g(x) = 6x? + 4x are examples of polynomial 
functions. 


For p(x) 5x° + 2x4 ; x? — 2, the 
degree of p(x) is 5, the leading term is 


—5x’, and the leading coefficient is —5. 


For large values of |x|, the graph of 
f(x) = 3x* + 4x? — 5 resembles the graph 
of g(x) = 3x*. 


The zeros of f(x) = x? — 4 are found by 
solving the equation x? — 4 = 0. Factoring 
and applying the Zero Product Rule gives 
(x + 2)(x — 2) =0 x = 2, —2.The 
x-intercepts are (—2, 0) and (2, 0). 


Let f(x) = —x? + 4x.To determine the end 
behavior, note that for large |x|, f(x) ~ —x°. 
The y-intercept is (0, 0). Find the 
x-intercepts by solving —x? + 4x = 

—x(x* — 4) = 0 to get x = 0, —2, 2. 
Tabulate the sign and value of f(x) in each 
subinterval and sketch the graph. 


yA 
f(x) = —x3 + 4y 


Study and Review 


Examples 1, 2 


Chapter 4 Review, 
Exercises 1—4 


Example 2 


Chapter 4 Review, 
Exercises 1—4 


Example 4 


Chapter 4 Review, 
Exercises 5—10 


Example 5 


Chapter 4 Review, 
Exercises 11-16 


Examples 6, 7 


Chapter 4 Review, 
Exercises 11-16 


Section 4.2 More on Graphs of Polynomial Functions and Models 


Concept 


Multiplicities of zeros 


f(x) = (x + 5)?(x — 2) has two real zeros: 


The number of times a linear factor x — a 
occurs in the completely factored form of a 
polynomial expression is known as the 
multiplicity of the real zero a associated 
with that factor. 

The number of real zeros of a 
polynomial f(x) of degree 7 is less than or 
equal to n, counting multiplicity. 


Multiplicities of zeros and behavior at the 

x-intercept 

¢ If the multiplicity of a real zero of a 
polynomial function is odd, the graph 
of the function crosses the x-axis at 
the corresponding x-intercept. 

¢ If the multiplicity of a real zero of a 
polynomial function is even, the graph 
of the function touches, but does not 
cross, the x-axis at the corresponding 
x-intercept. 


Finding local extrema and sketching a complete 
graph 

The peaks and valleys of the graphs of most 
polynomial functions are known as local 
maxima and local minima, respectively. 
Together, they are known as local extrema 
and can be located by using a graphing 
utility. 


Illustration 


x = —5 and x = 2. The zero x = —5 has 
multiplicity 2 and the zero x = 2 has 
multiplicity 1. 


Because x = —5 is a zero of multiplicity 2, 
the graph of f(x) = (x + 5)?(x — 2) touches 
the x-axis at (—5, 0). Because x = 2 isa 
zero of multiplicity 1, the graph cross the 
x-axis at (2, 0). 


For f(x) = (x + 5)?(x — 2), we can use a 
graphing utility to find that the local 
minimum occurs at x ~ —0.3333 and the 
local maximum occurs at x = —5. 
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Study and Review 


Example 1 


Chapter 4 Review, 
Exercises 17—22 


Example 1 


Chapter 4 Review, 
Exercises 17—22 


Example 3 


Chapter 4 Review, 
Exercises 23-30 


Section 4.3 Division of Polynomials; the Remainder and Factor Theorems 


Concept 


Illustration 


Study and Review 


355 


Using long division, when p(x) = x? — 1 is 


The division algorithm 

Let p(x) be a polynomial divided by a 
nonzero polynomial d(x). Then there exist a 
quotient polynomial q(x)and a remainder 
polynomial r(x) such that 


P(x) = d(x)q(x) + rx). 


The remainder r(x) is either equal to zero or 
its degree is less than the degree of d(x). 


divided by d(x) = x — 1, the quotient is 
q(x) = x? + x + 1. The remainder is 
r(x) = 0. 


Examples 1-4 


Chapter 4 Review, 
Exercises 31—34 


Continued 
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Section 4.3 Division of Polynomials; the Remainder and Factor Theorems 


Concept 


Synthetic division 

Synthetic division is a compact way of 
dividing polynomials when the divisor is of 
the form x — c. 


The Remainder Theorem 
When a polynomial p(x) is divided by x — c, 
the remainder is equal to the value of p(c). 


The Factor Theorem 
The term x — cis a factor of a polynomial 
p(x) if and only if p(c) = 0. 


Illustration 


To divide x’ — 8 by x — 2, write out the 
coefficients of x? — 8 and place the 2 on the 
left. Proceed as indicated below. 


2)1 0 0-8 
| 24.8 
“Ata 
1° 2° 4° 0 


The quotient is x? + 2x + 4, with a 
remainder of 0. 


When p(x) = x? — 9x is divided by x — 3, 
the remainder is p(3) = 0. 


The term x — 3 is a factor of p(x) = x? — 9x 
because p(3) = 3? — 9(3) = 27 — 27 = 0. 


Section 4.4 Real Zeros of Polynomials; Solutions of Equations 


Concept 


Zeros, factors, and x-intercepts of a polynomial 

Let p(x) be a polynomial function and let c 

be a real number. Then the following are 

equivalent statements: 

* pc) = 0 

* x — cis a factor of p(x). 

* (c, 0) is an x-intercept of the graph of 
p(x). 


The Rational Zero Theorem 

If f(x) = a,x" + a,_yx" 1+ +++ + ax + ay 
is a polynomial with integer coefficients and 
: is a rational zero of f with p and g having 
no common factor other than 1, then p is a 
factor of ay and q is a factor of a,. 


Illustration 


For the polynomial p(x) = x* — 9x, we have 


(0, 0) x 
=o | (3,0) cae S) 
59) p20 (3, 0) LS 


=x(x + 3)(x- 3) 


The possible rational zeros of 


f(x) = 2x? — 6x + x? — 3 are 
3 1 
ay Sy El, 
2 2 
Of these, only x = — 3 is an actual zero of 
F(x). 


Study and Review 


Example 4 


Chapter 4 Review, 
Exercises 31-34 


Example 5 


Chapter 4 Review, 
Exercises 35-38 


Example 6 


Chapter 4 Review, 
Exercises 35-38 


Study and Review 


Examples 1, 2 


Chapter 4 Review, 
Exercises 39-42 


Examples 3, 4 


Chapter 4 Review, 
Exercises 43—46 


Continued 


Section 4.4 Real Zeros of Polynomials; Solutions of Equations 


Concept 


Finding solutions of polynomial equations by 
finding zeros 

Because any equation can be rewritten so 
that the right-hand side is zero, solving an 
equation is identical to finding the zeros of a 
suitable function. 


Descartes’ Rule of Signs 

The number of positive real zeros of a 
polynomial p(x), counting multiplicity, is 
either equal to the number of variations in 
sign of p(x) or less than that number by an 
even integer. 

The number of negative real zeros of a 
polynomial p(x), counting multiplicity, is 
either equal to the number of variations in 
sign of p(—.x) or less than that number by 
an even integer. 


Illustration 


To solve x? = —2x? — x, rewrite the 
equation as x? + 2x? + x = 0. Factor to get 
x(x? + 2x + 1) = x(x + 1)? = 0. The 


solutions are x = 0 and x = —1. 

For p(x) = x? + 3x” — x + 1, the number of 
positive real zeros is either two or zero. 
Because p(— x) x? + 3x? + x + 1, the 


number of negative real zeros is only one. 


Section 4.5 The Fundamental Theorem of Algebra; Complex Zeros 


Concept 


The Fundamental Theorem of Algebra 

Every nonconstant polynomial function with 
real or complex coefficients has at least one 
complex zero. 


Definition of multiplicity of zeros 

A zero c of a polynomial P of degree n > 0 
has multiplicity & if P(x) = (x — ©*O(x), 
where Q(x) is a polynomial of degree n — k 
and c is not a zero of Q(x). 


Factorization over the complex numbers 

Every polynomial p(x) of degree n > 0 has 
exactly 7 zeros, if multiplicities and complex 
zeros are counted. 


Polynomials with real coefficients 

The Factorization Theorem 

Any polynomial P with real coefficients can 
be factored uniquely into linear factors 
and/or irreducible quadratic factors. 


Illustration 


According to this theorem, f(x) = x? + 1 
has at least one complex zero. This theorem 
does not tell you what the zero is—only that 
a complex zero exists. 


If p(x) = (x + 4)2(x — 2), ¢ 4 is a zero 
of multiplicity k = 2, with O(x%) = x — 2. 
The degree of O(x%) isn —-R=3-—-2=1. 


The polynomial p(x) = (« — 1)?(x? + 1) 

x(x + 1)(x — 7) has four zeros, since the 
zero x = 1 is counted twice and there are 
two complex zeros, x = 1 and x = —1. 


The polynomial p(x) = x? + x = x(x? + 1) 
has a linear factor, x. It also has an 
irreducible quadratic factor, x” + 1, that 
cannot be factored further using real 
numbers. 


Chapter 4 = Summary 


Study and Review 


Example 5 


Chapter 4 Review, 
Exercises 47-50 


Example 6 


Chapter 4 Review, 
Exercises 51, 52 


Study and Review 
Definition on page 325 


Examples 1, 2 


Chapter 4 Review, 
Exercises 53-56 


Example 2 


Chapter 4 Review, 
Exercises 53-56 


Examples 3, 4 


Chapter 4 Review, 
Exercises 53-56 
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Section 4.6 Rational Functions 
Concept 


Definition of a rational function 

A rational function r(x) is defined as a 
quotient of two polynomials p(x) and h(x), 
r(x) = ree where h(x) is not the constant 
zero function. The domain of a rational 
function consists of all real numbers for 


which h(x) is not equal to zero. 


Vertical asymptotes 

The vertical asymptotes of r(x) = icy occur 
at the values of x at which h(x) = 0, 
assuming p(x) and h(x) have no common 


factors. 


Horizontal asymptotes and end behavior 


Let r(x) = aa where p(x) and h(x) are 


polynomials of degrees m and m, respectively. 


¢ If m < m, r(x) approaches zero for large 
values of |x|. The line y = 0 is the 
horizontal asymptote of the graph of 
r(x). 

¢ If m = m, r(x) approaches a nonzero 


constant 7 for large values of |x|. The 


line y = a is the horizontal asymptote 
of the graph of r(x). 


° Ifn > m, then r(x) does not have a 
horizontal asymptote. 


Slant asymptotes 

If the degree of the numerator of a rational 
function is 1 greater than the degree of the 
denominator, the graph of the function has 
a slant asymptote. 


Polynomial and Rational Functions 


Illustration 


The functions f(x) = g(x) 5 os, and 


2 

x = 1 ‘ 
h(x) = a are all examples of rational 
functions. 


The function f(x) = <a has a vertical 
asymptote at x = 4. The function 


&(x) = e - i has vertical asymptotes at 
x=landx=-—1. 


The function r(x) = : : ; has x = —lasa 


vertical asymptote. The line y = 1 is a 
horizontal asymptote because the degrees of 
the polynomials in the numerator and the 
denominator are equal. 


2 
The function r(x) = ae has the line 


y =x — 1 as its slant asymptote. 
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Concept 


Polynomial inequalities 

A polynomial inequality can be written in 
the form a,x" + a,_,x" }+-+-+-++ a 00, 
where the symbol inside the box can be >, 
=, <, or Ss. 


Illustration 


To solve 
xe IG — 1) > 0 


set each factor on the left equal to zero, 
giving x = —1, 0, 1. Then choose a test 
value in each of the intervals (—®, —1), 
(-1, 0), (0, 1), and (1, ©). The value of the 
polynomial is positive in the intervals 

(-1, 0) U (1, %). 


Study and Review 


Examples 1, 2 


Examples 3, 5—7 


Chapter 4 Review, 
Exercises 57-64 


Example 4 


Chapter 4 Review, 
Exercises 57-64 


Example 7 


Chapter 4 Review, 
Exercises 65, 66 


Study and Review 


Examples 1, 2 


Chapter 4 Review, 
Exercises 67—70 


Continued 


Section 4.7 Polynomial and Rational Inequalities 


Concept Illustration 


Rational inequalities To solve 
Let p(x) and q(x) be polynomial functions 
with q(x) not equal to zero. A rational 

inequality can be written in the form 

p) 
g(x) 
can be >, =, <, or S. 


0, where the symbol inside the box 


x 


value of Sri 


Chapter 4 


Section 4.1 


In Exercises 1-4, determine whether the function 1s a polyno- 
mial function. If so, find its degree, its coefficients, and its lead- 
ing coefficient. 


1. f(x) = —x? — 6x? +5 2.f() = +6s-1 


3.fOM =Vtt+1 4.6 =5 


In Exercises 5—10, determine the end behavior of the function. 


5. f(x) = —3x3 + 5x +9 6. g(t) = 50 - 6° +1 


7. H(s) = —6s* — 3s 8. g(x) = —x? + 2x - 1 


9. h(s) = 10s? — 237 10.f@ = 70 — 4 

In Exercises 11—16, for each polynomial function, find (a) the end 
behavior; (b) the x- and y-intercepts of the graph of the function; 
(c) the interval(s) on which the value of the function ts positive; 
and (d) the interval(s) on which the value of the function 1s neg- 
ative. Use this information to sketch a graph of the function. Fac- 
tor first tf the expression 1s not in factored form. 


Ll. f(x) = -@—- Det 2e+4 


12.g¢~%) =@-3)«-4Aa«-)1 


13.f/@ =1B3t- 1t@+4 
3 
14. g(t) = 2t(t + af + 3) 


15. f(x) = 2x? + x? — x 


16. g(x) = —x? — 6x? + 7x 


KF 1 


set each factor in the numerator and 
denominator equal to zero, giving x = —1, 0. 
Then choose a test value in each of the 
intervals (-©, —1), (—1, 0), and (0, ©). The 


is positive in the intervals 
(-—®, = 1) U (0, on), 
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Study and Review 


Examples 3, 4 


Chapter 4 Review, 
> 0 Exercises 71-74 


Review Exercises 


Section 4.2 


In Exercises 17-22, determine the multiplicities of the real zeros 
of the function. Comment on the behavior of the graph at the 
x-intercepts. Does the graph cross or just touch the x-axis? 


17. f(x) = (« + 2)?(« + 7)? 18. g(s) = (s + 8)?(s — 1)? 
19.h() = -P@+1C-—2) 20. g(x) = —x?(x? — 16) 
21. f(x) = x? + 2x? + x 22. h(s) = s’ — 16s? 

In Exercises 23-30, for each polynomial function, find (a) the 
x- and y-intercepts of the graph of the function; (b) the multiplici- 
ties of each of the real zeros; (c) the end behavior; and (d) the in- 


tervals on which the function is positive or negative. Use this 
information to sketch a graph of the function. 


23. f(x) = x?(2x + 1) 


24. h(t) = —t(t + 4)? 


1\2 
25. f(x) = (x a i) (x — 4) 


26. f(x) = (x — 7)?(x + 2)(x — 3) 


27. f(D) = (t+ 2)(¢ -— 1)? + :1) 
28. g(s) = (, = x) (s + 3)(s? + 4) 


29. g(x) = x* — 3x? — 18x? 


30. h(t) = —2° + 4° + 2° 
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Section 4.3 


In Exercises 31-34, write each polynomial in the form p(x) = 
d(x)q(x) + r(x), where p(x) is the given polynomial and d(x) 
is the given factor. You may use synthetic division wherever 
applicable. 


31.—-4x* +x —-— 73x —-4 


32.5x° + 2xn + 45x + 2 


33.0? — x + x7 — 3x + 1p x* 4 3 
34. —4x? — x7 + 2x + 1;2x4+ 1 


In Exercises 35-38, find the remainder when the first polynomial, 
p(x), is divided by the second polynomial, d(x). Determine 
whether d(x) 1s a factor of p(x) and justify your answer. 


35.-x» + Tx + 63x41 


36.2x° + x7 + Bx3x +2 


37.x%° — 7x + 63x +3 38.x19 —1;sx-1 
Section 4.4 


In Exercises 39-42, show that the given value of x is a zero of the 
polynomial. Use the zero to completely factor the polynomial over 
the real numbers. 


39. p(x) = x? — 6x? + 3x + 10;x = 2 


40. p(x) x? — 7x — 83x 1 
41. p(x) = —x* + x? + 4x7 + 5x 4+ 35% =3 


42. p(x) = x* — x? + 6x;x = —2 


In Exercises 43—46, find all real zeros of the polynomial using the 
Rational Zero Theorem. 


43. P(x) = 2x? — 3x? — 2x + 3 


44. P(t) e 


45. h(x) = x° — 3x7 + x — 3 


46. f(x) = x? + 3x? — 9x +5 


In Exercises 47-50, solve the equation for real values of x. 


47. 2x? + 9x? — 6x =5 
48.x? = 21x — 20 


49.x? — 7x” = -14x + 8 


50. x* — 9x? — 2x? + 2x 8 


In Exercises 51 and 52, use Descartes’ Rule of Signs to determine 
the number of positive and negative zeros of p. You need not find 
the zeros. 


51. p(x) x? + 2x3 — Tx — 4 


52. p(x) = «° + 3x* — 8x? — x — 3 


Section 4.5 


In Exercises 53-56, find all the zeros, real and nonreal, of the 
polynomial. Then express p(x) as a product of linear factors. 


53. p(x) = x? — 25x 54. p(x) = x? — 4x? —-x + 4 


55. p(x) = xt — 8x2 - 9 
56. p(x) =x? + 2x7 + 4x4 8 
Section 4.6 


57. Let f(x) Gre 

(a) Fill in the following table for values of x near —1. 
What do you observe about the value of f(x) as x 
approaches —1 from the right? from the left? 


M15 -1.1 -101 -099 -09 -0.5 


(b) Complete the following table. What happens to the 
value of f(x) as x gets very large and positive? 


(c) Complete the following table. What happens to the 
value of f(x) as x gets very large and negative? 


HH — 1000 -100 —50 -10 
1 


Gaar 

(a) Fill in the following table for values of x near 3. 
What do you observe about the value of f(x) as 
x approaches 3 from the right? from the left? 


MM 2s 29 «2299 «83301 «31 385 


(b) Complete the following table. What happens to the 
value of f(x) as x gets very large and positive? 


10 50 100 1000 


58. Let f(x) = 


10 50 100 1000 


(c) Complete the following table. What happens to the 
value of f(x) as x gets very large and negative? 


! x -1000 


TOK) | =50 | SG 


In Exercises 59-66, for each rational function, find all asymptotes 
and intercepts, and sketch a graph. 


2 3x 
59. f(x) = —— 60. f(x) = 
fe) =—— fo) =, 
61. h(x) : 62. o(x) an 
% = * eS 
x7 — 4 - 1 
63. 2(x) pa 64. h(x) ae 
a ep = =3. % x) = 
é x? — 2x — 3 7-4 
65 ea2— 66 go 
Te +2 Le eG 


Section 4.7 
In Exercises 67—74, solve the inequality. 


67. 


—x(x + 1)(x? — 9) > 0 68. x°(x + 2)(x — 3) =0 


69.2 +47 = —x 46 70.94 — hae On + I 
x] x? + 2x -— 3 
71. =0 72. ————_-= 0 
x+1 x= 3 
4x — 2 2 
135 = 74, — =x 
3x1 eS 
Applications 
75. Manufacturing An open box is to be made by cutting four 


76. 


squares of equal size from an 8-inch by 11-inch rectan- 

gular piece of cardboard (one from each corner) and 

then folding up the sides. 

(a) Let x be the length of a side of the square cut from 
each corner. Find an expression for the volume of 
the box in terms of x. Leave the expression in 
factored form. 

(b) What is a realistic range of values for x? Explain. 
=) 


(c) 


Use a graphing utility to find an approximate 
value of x that will yield the maximum volume. 


Design A pencil holder in the shape of a right circular 

cylinder is to be designed with the specification that the 

sum of its radius and height must equal 8 inches. 

(a) Let r denote the radius. Find an expression for the 
volume of the cylinder in terms of r. Leave the 
expression in factored form. 


77. 


78. 


79. 


80. 
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(b) What is a realistic range of values for r? Explain. 


ice 


(c) 


/Use a graphing utility to find an approximate 
value of r that will yield the maximum volume. 


Geometry The length of a rectangular solid is 3 inches 
more than its height, and its width is 4 inches more than 
its height. Write and solve a polynomial equation to de- 
termine the height of the solid such that the volume is 
60 cubic inches. 


Average Cost A truck rental company charges a daily rate 

of $20 plus $0.25 per mile driven. 

(a) What is the average cost per mile of driving x miles 
per day? 

(b) Use the expression in part (a) to find the average 
cost per mile of driving 100 miles per day. 

(c) Find the horizontal asymptote of this function and 
explain its significance. 

(d) How many miles must be driven per day if the 


average cost per mile is to be less than $0.30 per 
day? 


Geometry A rectangular solid has a square base and a 
height that is 1 inch less than the length of one side of the 
base. Set up and solve a polynomial inequality to deter- 
mine the lengths of the base that will produce a volume 
greater than or equal to 48 cubic inches. 


Ged 

— Consumer Complaints The following table gives the 
number of consumer complaints against U.S. airlines for 
the years 1997-2003. (Source: Statistical Abstract of the 
United States) 


1997 6394 
1998 7980 
1999 17,345 
2000 20,564 
2001 14,076 
2002 7697 
2003 4600 


(a) Let t be the number of years since 1997. Make a 
scatter plot of the given data, with z as the input 
variable and the number of complaints as the output. 

(b) Find the fourth-degree polynomial function p(t) 
of best fit for the set of points plotted in part (a). 
Graph it along with the data. 

(c) Use the function p(t) from part (b) to predict the 
number of complaints in 2006. 

(d) For what value of t, 0 = ¢ S 6, will p(Q) = 5000? 
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Test 


1. Determine the degree, coefficients, and leading coeffi- 
cient of the polynomial p(x) = 3x° + 4x” — x + 7. 


2. Determine the end behavior of p(x) = —8x* + 3x — 1. 


3. Determine the real zeros of p(x) = —2x*(x? — 9) and 
their multiplicities. Also find the x-intercepts and deter- 
mine whether the graph of p crosses or touches the x-axis. 


In Exercises 4—7, find 

(a) the x- and y-intercepts of the graph of the polynomial; 

(b) the multiplicities of each of the real zeros; 

(c) the end behavior; and 

(d) the intervals on which the function 1s positive and the inter- 
vals on which the function is negative. 

Use this information to sketch a graph of the function. 


4. f(x) = —2x(x — 2)(x + 1) 


5. f(x) = («+ ID - 2)? 
6. f(x) = —3x? — 6x? — 3x 
7. f(x) = 2x* + 5x? + 2x? 
In Exercises 8 and 9, write each polynomial in the form p(x) = 


d(x)q(x) + r(x), where p(x) 1s the given polynomial and d(x) is 
the given factor. 


8. 3x? — 6x7 +x —- 13x77 +1 


10. Find the remainder when p(x) = x1 + x — 2x? — 2 is 


divided by x — 2.Is x — 2 a factor of p(x)? Explain. 


11. Use the fact that x = 3 is a zero of p(x) =x*-—x—- 
3x? + 3 to completely factor p(x). 


In Exercises 12 and 13, find all real zeros of the given polynomial. 


12. p(x) = x? — 3x — 2x7 + 6 
13. q(x) = 2x* + 9x? + 14x? + Ox + 2 


In Exercises 14 and 15, find all real solutions of the given equation. 


14. 2x? + 5x? =2-—x 


15. x4 — 4x? + 2x? + 4x = 3 


16. Use Descartes’ Rule of Signs to determine the number 
of positive and negative zeros of p(x) = —x°? + 4x* — 
3x? + x + 8. You need not find the zeros. 


In Exercises 17 and 18, find all zeros, both real and nonreal, of the 
polynomial. Then express p(x) as a product of linear factors. 


17. p(x) = x — 16x 


18. p(x) = x* — x? — 2x? — 4x — 24 


In Exercises 19-21, find all asymptotes and intercepts, and sketch 
a graph of the rational function. 


—~6 
19. f(x) = 2% + 3) 
~2 
20. f(x) = = = 
2 
te) Fe ase= 2 


In Exercises 22-24, solve the inequality. 


p= d= 5 
22. (2 — 4\(x + 3) =0 $40 = 0 
x +2 


25. The radius of a right circular cone is 2 inches more than 
its height. Write and solve a polynomial equation to de- 
termine the height of the cone such that the volume is 
1447 cubic inches. 


26.A couple rents a moving van at a daily rate of $50 plus 
$0.25 per mile driven. 


(a) What is the average cost per mile of driving x miles 
per day? 

(b) If the couple drives 250 miles per day, find the 
average cost per mile. 


Chapter 


Exponential and 


. 
C1OreliGUNGuo0 


opulation growth can be modeled in the initial stages by an exponential function, 
a type of function in which the independent variable appears in the exponent. 
A simple illustration of this type of model is given in Example 1 of Section 5.2, 
as well as Exercises 30 and 31 of Section 5.6. This chapter will explore expo- 
nential functions. These functions are useful for studying applications in a variety of 
fields, including business, the life sciences, physics, and computer science. The expo- 
nential functions are also invaluable in the study of more advanced mathematics. 
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5.1 Inverse Functions 


Objectives 


| Exponential and Logarithmic Functions 


> Define the inverse of a 


function 


> Verify that two functions are 


inverses of each other 


> Define a one-to-one 


function 


> Define the conditions for 


the existence of an inverse 


function 


> Find the inverse of a 


function 


Just in Time 


Review composition of 


functions in Section2.2.. 


4 


Table 5.1.1 


30 
45 
515) 
70 


Table 5.1.2 


IN13}595) 
IOF325) 
208.175 
264.95 


NS 55) 
170.325 
208.175 
264.95 


30 
45 
BS, 
70 


Inverse Functions 


Section 2.2 treated the composition of functions, which entails using the output of 
one function as the input for another. Using this idea, we can sometimes find a function 
that will undo the action of another function—a function that will use the output of 
the original function as input, and will in turn output the number that was input to the 
original function. A function that undoes the action of a function fis called the inverse 
of f. 

As a concrete example of undoing the action of a function, Example 1 presents a 
function that converts a quantity of fuel in gallons to an equivalent quantity of that 
same fuel in liters. 


laeoy a 1 Unit Conversion 


Table 5.1.1 lists certain quantities of fuel in gallons and the corresponding quantities 
in liters. 


(a) There are 3.785 liters in 1 gallon. Find an expression for a function L(x) that will 
take the number of gallons of fuel as its input and give the number of liters of fuel 
as its output. 


(b) Rewrite Table 5.1.1 so that the number of liters is the input and the number of 
gallons is the output. 


(c) Find an expression for a function G(x) that will take the number of liters of fuel as 
its input and give the number of gallons of fuel as its output. 


(d) Find an expression for (L ° G)(x). 
> Solution 


(a) To convert from gallons to liters, we multiply the number of gallons by 3.785. The 
function L(x) is thus given by 


L(x) = 3.785x 


where x is the number of gallons of fuel. 

(b) Since we already have the amount of fuel in gallons and the corresponding amount 
in liters, we simply interchange the columns of the table so that the zmput is the 
quantity of fuel in /iters and the output is the equivalent quantity of fuel in gallons. 
See Table 5.1.2. 

(c) To convert from liters to gallons, we divide the number of liters by 3.785. The 
function G(x) is thus given by 


x 


3.785 


G(x) = 


where x is the number of /iters of fuel. 


(d) (L° G)(x) = L(G(@)) 3.785(5-55) =a 


When L and G are composed, the output (the number of liters of fuel) is simply 
the same as the input. 
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[A Check It Out 1: In Example 1, find an expression for (Go L)(x) and comment on 
your result. What quantity does x represent in this case? 


Example 1 showed the action of a function (conversion of liters to gallons) and the 
“undoing” of that action (conversion of gallons to liters). This “undoing” process is 
called finding the inverse of a function. We next give the formal definition of the inverse 
of a function. 


Discover and Learn 


Let f be a function whose inverse 
function exists. Use the definition 
of an inverse function to find an 
expression for (f—' © f)(x). 


The idea of an inverse can be illustrated graphically as follows. Consider evaluat- 
ing f (4) using the graph of the function f given in Figure 5.1.1. From the definition 
of an inverse function, f~!(y) = x if and only if f(x) = y. Thus, to evaluate f~1(4), we 
have to determine the value of x that produces f(x) = 4. From the graph of f, we see 
that f(2) = 4, so f-1(4) = 2. 


Figure 5.1.1 


We saw in Example 1 that (L ° G)(x) = x for the functions L and G given there. 
From the definition of an inverse function, we can conclude that L and G must be 
inverse functions of each other. The following definition generalizes this property. 
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Figure 5.1.2 Relationship between 


fandf 


fl 


lena 2 Verifying Inverse Functions 


Verify that the following functions are inverses of each other. 


x 4 
f(x) = 3x — 45 BO) =Zt5 


Solution To check that fand g are inverses of each other, we verify that (f° g)(x) = x 
and (g°f)(x) = x. We begin with (f° g)(x). 


4 
(fo g(x) = f(g(x)) = (2 + ‘) eee ee ae 
Next, we calculate (g° f)(x). 
3x — 4 4 4 4 
(g° f(x) = g( f(x) = = +5axe-ftpex 


Thus, by definition, f and g are inverses of each other. 


[A Check It Out 2: Verify that f(x) = 2x — 9 and g(x) = . + : are inverses of each 
other. © 


Example 1 showed how to find the inverse of a function defined by a table. We next 
show how to find the inverse of a function defined by an algebraic expression. 


lama 3 Finding the Inverse of a Function 


Find the inverse of the function f(x) = —2x + 3, and check that your result is valid. 


Solution Before we illustrate an algebraic method for determining the inverse of f, 
let’s examine what f does: it takes a number x, multiplies it by —2, and adds 3 to the 
result. The inverse function will undo this sequence (in order to get back to x): it will 
start with the value output by f, then subtract 3, and then divide the result by —2. 


Table 5.1.3 


Ere OF 
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This inverse can be found by using a set of algebraic steps. 


STEPS EXAMPLE 
1. Start with the expression for the given function /. f(x) = -2x + 3 
2. Replace f(x) with y. Vi 2x 3 


3. Interchange the variables x and y so that the input 
variable for the inverse function f ! is x and the SS SD se 3) 
output variable is y. 


4. Solve for y. Note that this gives us the same ip = = Phy ap 3 
result that was described in words before. x 3 Dy 
eae 
5. The inverse function f~! is now given by y, so 24 = 3 1 3 
replace y with f~'(x) and simplify the expression for IO = ao 


f'@). 


ae 


To check that the function f~!(x) = 5 


for (f° f~")(x) and (f° f)(x). 


Bus ‘ ‘ 
x + 3 is the inverse of f, find the expressions 


(fof D@® =fF'@) = -a art 2) +3=x-34+3=x 


(7 of) =f") = ~F(-2" FF ax Se Fax 


Since (f° f~')(x) = x = (f | °f)(x), the functions fand f “! are inverses of each other. 


[A Check It Out 3; Find the inverse of the function f(x) = 4x — 5, and check that your 
result is valid. © 


One-to-One Functions 


Thus far in this chapter, we have dealt only with functions that have an inverse, and 
so you may have the impression that every function has an inverse, or that the task of 
determining the inverse of a function is always easy and straightforward. Neither of 
these statements is true. We will now study the conditions under which a function can 
have an inverse. 

Table 5.1.3 lists the values of the function f(x) = x” for selected values of x. The 
inverse function would output the value of x such that f(x) = . However, in this par- 
ticular case, the value of 4 that is output by f corresponds to two input values: 2 and 
—2. Therefore, the inverse of f would have to output two different values (both 2 and 
—2) for the same input value of 4. Since vo function is permitted to do that, we see 
that the function f(x) = x? does not have an inverse function. 

It seems reasonable to assert that the only functions that have inverses are those for 
which different input values always produce different output values, since each value 
output by f would correspond to only one value input by f. 

We now make the above discussion mathematically precise. 
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Figure 5.1.4 


Exponential and Logarithmic Functions 


I) 


sy 


Graphically, any horizontal line can cross the graph of a one-to-one function at 
most once. The reasoning is as follows: if there exists a horizontal line that crosses the 
graph of f more than once, that means a single output value of f corresponds to two 
different input values of f. Thus fis no longer one-to-one. 

The above comment gives rise to the horizontal line test. 


In Figure 5.1.3, the function f does not have an inverse because there are horizontal 
lines that intersect the graph of f more than once. The function h has an inverse because 
every horizontal line intersects the graph of h exactly once. 


Figure 5.1.3 Horizontal line test 


f is not one-to-one his one-to-one 


eral 4 Checking Whether a Function Is One-to-One 


Which of the following functions are one-to-one and therefore have an inverse? 
(a) f@) = -3t+ 1 

(b) The function f given graphically in Figure 5.1.4 

(c) The function f given by Table 5.1.4 


Table 5.1.4 
—4 17 
=) 19 
=a 0 

1 al 
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>Solution 
(a) To show that fis one-to-one, we show that if f(a) = f(b), then a = b. 
f@ =f) Assumption 
—3a+1=-3b+1 Evaluate f(a) and f(b) 
—3a = —36 Subtract 1 from each side 
a=b Divide each side by —3 


We have shown that if f(a) = f(b), then a = b. Thus fis one-to-one and does have 
an inverse. 

(b) In Figure 5.1.5, we have drawn a horizontal line that intersects the graph of f more 
than once, and it is easy to see that there are other such horizontal lines. Thus, 
according to the horizontal line test, fis not one-to-one and does not have an inverse. 


Figure 5.1.5 Horizontal line test 


(c) Note that f(—1) = 0 = f(5). Since two different inputs yield the same output, f is 
not one-to-one and does not have an inverse. 


[A Check It Out 4; Show that the function f(x) = 4x — 6 is one-to-one. © 


Graph of a Function and Its Inverse 


We have seen how to obtain some simple inverse functions algebraically. Visually, the 
graph of a function f and its inverse are mirror images of each other, with the line y = x 
being the mirror. This property is stated formally as follows. 


Graph of a Function and Its Inverse 
The graphs of a function f and its inverse function f~' are symmetric with respect 


to the line y = x. 


This symmetry is illustrated in Example 5. 


[Ene 5 Graphing a Function and Its Inverse 


: sce & = 1 3 
Graph the function f(x) = —2x + 3 and its inverse, f(x) = 3% + 3 on the same 
set of axes, using the same scale for both axes. What do you observe? 
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Solution The graphs of f and f~! are shown in Figure 5.1.6. The inverse of f was 
computed in Example 3. Recall that the inverse of a function is found by using the 
output values of the original function as input, and using the input values of the original 
function as output. For instance, the points (3, —3) and (—1,5) on the graph of 
f(x) = —2x +3 are reflected to the points (—3,3) and (5, —1), respectively, 
on the graph of f-!(x) = 5x + -. It is this interchange of inputs and outputs that 


causes the graphs of f and f! to be symmetric with respect to the line y = x. 


Figure 5.1.6 


f(x) =-2x +3 


[A Check It Out 5: Graph the function f(x) = 3x — 2 and its inverse, f-1(x) = 5x + os 
on the same set of axes, using the same scale for both axes. What do you observe? & 


lena 6 Finding an Inverse Function and Its Graph 


Let f(x) =x? + 1. 

(a) Show that fis one-to-one. (b) Find the inverse of f. 
(c) Graph f and its inverse on the same set of axes. 
>Solution 


(a) The graph of f(x) = x? + 1, which is shown in Figure 5.1.8, passes the horizontal 
line test. Thus fis one-to-one. 


Figure 5.1.8 


Nw BUOY 


fa) =x3 +1 


rosa $3 


Table 5.1.5 
=11.5) = 23D 
=I 0 
0 1 
Ne} 4.375 
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(b) To find the inverse, we proceed as follows. 
Step 1 Start with the definition of the given function. 
y=Hxrstl 


Step 2 Interchange the variables x and y. 


x=yt1 
Step 3 Solve for y. 
x-1l=y,/ 
Ye-1=y 
Step 4 The expression for the inverse function f~'(x) is now given by y. 
f '*@=Ver-1 


Thus the inverse of f(x) =x? + lisf!() = Wx— 1. 

(c) Points on the graph of f~! can be found by interchanging the x and y coordinates 
of points on the graph of f. Table 5.1.5 lists several points on the graph of f. The 
graphs of f and its inverse are shown in Figure 5.1.9. 


Figure 5.1.9 


fax +1 


ra -4 fa) =Vx-1 


a (—1.5, —2.375) 


[A Check It Out 6: Rework Example 6 for the function f(x) = —x’ + 2. H 


Restriction of Domain to Find an Inverse Function 


We saw earlier that the function f(x) = x? does not have an inverse. We can, however, 
define a new function g from f by restricting the domain of g to only nonnegative num- 
bers x, so that g will have an inverse. This technique is shown in the next example. 


peered 7 Restriction of Domain to Find an Inverse Function 


Show that the function g(x) = x”, x = 0, has an inverse, and find the inverse. 
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Solution Recall that the function f(x) = x”, whose domain consists of the set of all 
real numbers, has no inverse because f is not one-to-one. However, here we are ex- 
amining the function g, which has the same function expression as f but is defined only 
for x = 0. From the graph of g in Figure 5.1.10, we see by the horizontal line test 
that g is one-to-one and thus has an inverse. 


Figure 5.1.10 


g(x) =x7,x2>0 


To find the inverse, we proceed as follows. 
y=x’, x20 Definition of the given function 
x=, xZ0 Interchange the variables x and y 
Vx = vy x20 Take the square root of both sides 


Since x = 0, Vx is a real number. The inverse function g is given by y. 


gi@= Vx = x7, x=0 


LW Check It Out 7; Show that the function f(x) = x*, x = 0, has an inverse, and find 
the inverse. © 


5.1 Key Points 


» A function g is said to be the inverse function of f if the domain of g is equal to 
the range of f and, for every x in the domain of f and every y in the domain of g, 


g(y) =x ifandonlyif f(x) =». 
The notation for the inverse function of fis f~’. 
» To verify that two functions f and g are inverses of each other, check whether 
(f° g)(«) = x and (g° f)(x) = x. 


» A function fis one-to-one if f(a) = f() implies a = 0. For a function to have an 
inverse, it must be one-to-one. 


» The graphs of a function f and its inverse function f~! are symmetric with respect 
to the line y = x. 

» Many functions that are not one-to-one can be restricted to an interval on which 
they are one-to-one. Their inverses are then defined on this restricted interval. 


5.1 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. The composite function f° g is defined as (f° g)(x) = 


(a) f(g@)) 
(b) e(f(@)) 
In Exercises 2—4, find (f° g)(x). 


2. f(x) =x + 2, g(x) =x? -—2 


il 
3j/@) = 20) => 


4. f(x) = Vx, g(x) = (x + 4)? 
In Exercises 5—8, simplify the expression. 
5. x3 6. W 7x3 


1 
7...) 4( = x? 8.J2 ee ee) eee 
4 Z 3 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 9—18, verify that the given functions are inverses of 
each other. 


9. f(x) = —x — 33 g(x) = -—x -— 3 


10.f~) =x+73e~%)=x-—7 


11. f(x) = 6x; g(x) = a 
1 
12. f(x) = —8x; g(x) = arms 


1 8 
13. f(x) = —3x + 83 g(x) = ae + 3 


14. f(x) =5x+ 1; g(x) = 2x — 2 


15. f(x) = x3 + 23 g(x) = Wx — 2 

16. f(x) = x3 — 45 g(x) = Wx + 4 

17. f(x) = x? + 3, x = 03 g(x) = Vx — 3 
18. f(x) = x? — 7,.x <0; g(x) = —Vx +7 
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In Exercises 19-22, state whether each function given by a table 
is one-to-one. Explain your reasoning. 


=! 
=3 


= 6 4 
=2) =} = a 
0 0 0 4 
1 1 5) 
3 =© 3) 12 


6 
= 5 = =) 
0 @) 0 Se 
4 = 
2, 8) 2 =) 


In Exercises 23—28, state whether each function given graphically 
1s one-to-one. 


23. 


25. 


I 


27. 
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In Exercises 29-34, state whether each function is one-to-one. 


30. f(x) = a4 


29. f(x) = —3x + 2 3 


31. f(x) = 2x? — 3 32. f(x) = —3x? + 1 


1 
33. f(x) = —2x7 + 4 34. f(x) = “30 -5 
In Exercises 35—58, find the inverse of the given function. Then 
graph the given function and its inverse on the same set of axes. 


2 4 
35.f(x) = ae 36. g(x) = rts 


37. f(x) = —4x + : 38. f(s) = 2s — : 


39. f(x) = x? — 6 40. f(x) = —x? + 4 


1 


41. J) = 7" 4 42.f() = 2x42 


43. g(x) = —x? + 8x20 44. g(x) = —x? + 3,x <0 


45. g(x) =x? —5,x <0 46. g(x) = x? —-6,x=0 


47. f(x) = —2x3 + 7 48. g(x) = 3x7 — 5 


49. f(x) = —4x° + 9 50. g(x) = 2x° — 6 


—l 
52. g(x) = = 


1 
51. fG) =< - 


53. a(x) = (x -— 1)2,x21 54. g(x) = (x + 2)?, x= -2 


55.f~) =Vxt+3,x 2-3 56.f(xy) = Vx-4,x24 


x+3 


Bn 58. f(x) = 


ed 
In Exercises 59-62, the graph of a one-to-one function f is given. 
Draw the graph of the inverse function f —'. Copy the given graph 
onto a piece of graph paper and use the line y = x to help you 
sketch the inverse. Then give the domain and range of f and f—'. 


59. TT EHS 60. 


In Exercises 63—66, evaluate the given quantity by referring to the 
function f given in the following table. 


-2 1 
0 
1 = 
2 | =2 
63.f-'(1) 64. f~ (2) 


65.f '(F-"(-2) 66.f *(f *(1)) 


In Exercises 67—70, evaluate the given quantity by referring to the 
function f given by the following graph. 


68. f~ (3) 


67.f-'(1) 


69.f-'(f \(—3)) 7.7 7 OQ) 
» Applications In this set of exercises, you will use inverse 
functions to study real-world problems. 


71. Converting Liquid Measures Find a function that converts 
x gallons into quarts. Find its inverse and explain what it 
does. 


72. Shopping When you buy products at a store, the Universal 
Product Code (UPC) is scanned and the price is 
output by a computer. The price is a function of the 
UPC. Why? Does this function have an inverse? Why or 
why not? 


ts 


74, 


ey 


76. 


Economics In economics, the demand function gives the 
price p as a function of the quantity g. One example of a 
demand function is p = 100 — 0.1g. However, mathe- 
maticians tend to think of the price as the input variable 
and the quantity as the output variable. How can you 
take this example of a demand function and express q as 
a function of p? 


Physics After t seconds, the height of an object dropped 

from an initial height of 100 feet is given by 

h(t) = —162? + 100,r= 0. 

(a) Why does / have an inverse? 

(b) Write z as a function of / and explain what it 
represents. 


Fashion A woman’s dress size in the United States can be 
converted to a woman’s dress size in France by using the 
function f(s) = s + 30, where s takes on all even values 
from 2 to 24, inclusive. (Source: www.onlineconversion 
.com) 


(a) What is the range of f? 
(b) Find the inverse of f and interpret it. 


Temperature When measuring temperature, 100° Celsius (C) 

is equivalent to 212° Fahrenheit (F). Also, 0°C is equi- 

valent to 32°F. 

(a) Find a linear function that converts Celsius 
temperatures to Fahrenheit temperatures. 


(b) Find the inverse of the function you found in part (a). 
What does this inverse function accomplish? 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


77. 


The following is the graph of a function f. 


VA 
4 


SQ) 


(a) Find x such that f(x) = 1. You will have to approxi- 
mate the value of x from the graph. 

(b) Let g be the inverse of f, Approximate g(2) from the 
graph. 

(c) Sketch the graph of g. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 
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Two students have an argument. One says that the inverse 
of the function f given by the expression f(x) = 6 is the 


function g given by the expression g(x) = *; the other claims 


that f has no inverse. Who is correct and why? 
Do all linear functions have inverses? Explain. 


If the graph of a function f is symmetric with respect to 
the y-axis, can f be one-to-one? Explain. 


If a function f has an inverse and the graph of f lies in 
Quadrant IV, in which quadrant does the graph of f~! 
lie? 


If a function f has an inverse and the graph of f lies in 
Quadrant III, in which quadrant does the graph of f! 
lie? 


Give an example of an odd function that is not one-to-one. 
Give an example of a function that is its own inverse. 


The function f(x) = x° is not one-to-one. How can the 
domain of f be restricted to produce a one-to-one 
function? 


The function f(x) = |x + 2| is not one-to-one. How can 
the domain of f be restricted to produce a one-to-one 
function? 
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5.2 Exponential Functions 


Objectives 

> Define an exponential 
function 

> Sketch the graph of an 
exponential function 

> Identify the main properties 
of an exponential function 

> Define the natural exponen- 
tial function 


> Find an exponential 
function suitable to a 
given application 


Just in Time 


Review properties of 
exponents in Sections R2 
and P23. 


/ 


Bacteria such as E. coli reproduce by splitting into two identical pieces. This process is 
known as binary fission. If there are no other constraints to its growth, the bacteria 
population over time can be modeled by a function known as an exponential 
function. We will study the features of this type of function in this section. You will see 
that its properties are quite different from those of a polynomial or a rational function. 


penned 1 Modeling Bacterial Growth 


Example 1 in Section 5.3 builds upon this example. + 


Suppose a bacterium splits into two bacteria every hour. 
(a) Fill in Table 5.2.1, which shows the number of bacteria present, P(t), after t hours. 


Table 5.2.1 


(b) Find an expression for P(t). 


> Solution 
(a) Since we start with one bacterium and each bacterium splits into two bacteria 


every hour, the population is doubled every hour. This gives us Table 5.2.2. 


Table 5.2.2 


(b) To find an expression for P(z), note that the number of bacteria present after 
hours will be double the number of bacteria present an hour earlier. This gives 


PQ) = 2(1) = 2); PQ) = 2(P(1)) = 2(2) = 4 = 2%; 
P(3) = 2(P(2)) = 202%) = 23; P(4) = 2(PG)) = 2%) = 24... 
Following this pattern, we find that P(z) = 2’. Here, the independent 
variable, t, is in the exponent. This is quite different from the functions we 


examined in the previous chapters, where the independent variable was raised to a 
fixed power. The function P(2) is an example of an exponential function. 


[A Check It Out 1: In Example 1, evaluate P(9) and interpret your result. © 


Next we give the formal definition of an exponential function, and examine its 
propertties. 


Definition of an Exponential Function 


We now briefly recall some properties of exponents. You already know how to calcu- 
late quantities such as 2? or 1.5'/? or 37/. In each of these expressions, the exponent 
is either an integer or a rational number. Actually, any real number can be used as an 
exponent in an expression of the form Ca’ (where a, b, and C are real numbers), 


Technology Note 
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provided certain conditions are satisfied: a must be a nonnegative number whenever 
the exponent 6 is (1) an irrational number or (2) a rational number of the form 
a, where p and g are integers and gq is even. Also, b must be nonzero if a = 0. For 


example, the expression 3V2 represents a real number, but the expressions (-2)¥3 and 
0° do not. 

We will take these general properties of exponents for granted, since their verifica- 
tion is beyond the scope of this discussion. All the properties of integer and rational 
exponents apply to real-valued exponents as well. 

Motivated by the above discussion and Example 1, we now present a definition of 
an exponential function. 


In the following two examples, we graph some exponential functions. 


eerie 2 Graphing an Exponential Function 


Make a table of values for the exponential function f(x) = 2*. Use the table to sketch 
the graph of the function. What happens to the value of the function as x — +0? What 
is the range of the function? 


Solution We first make a table of values for f(x). See Table 5.2.3. Note that the 
domain of fis the set of all real numbers, and so there are no specific values of the 
independent variable that must be excluded. (In Example 1, we excluded negative 
values of the independent variable, since a negative number of hours makes no sense.) 

We then plot the points and connect them with a smooth curve. See Figure 5.2.1. 


Table 5.2.3 Figure 5.2.1 


—10 Qe = ae 0.000977 
gio " 


1 
—5 DO = me 0.03125 


=9 D8 = 0.25 
-1 I = 0.5 


0 ge = jl 
Dp =D 
=4 =5=4-3=2=1 0 12 3 4 °5* 
= BD 


10 2° = 11024 
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Observations: 


» This function represents an example of exponential growth, since the value of the 
function increases as x increases. 


> As x — +, the value of f(x) gets very large. 


> As x — —©, the value of f(x) gets extremely small but never reaches zero. For 


27-1000 _. 


1 : : : ; a 
example, 310005 which is quite small but still positive. 


Note that when you use a calculator, you may sometimes get 0 instead of an 
extremely small value. This is because of the limited precision of the calculator. It 
does not mean that the actual value is zero! 


» The graph of f(x) = 2* has a horizontal asymptote at y = 0. This means that the 
graph of f gets very close to the line y = 0, but never touches it. 


Range of Function ‘To determine the range of f, we note the following: 2 raised to any 
power is positive, and every positive number can be expressed as 2 raised to some 
power. Thus the range of fis the set of all positive numbers, or (0, ©) in interval 
notation. 


Discover and Learn [A Check It Out 2; Rework Example 2 for the function g(x) = 3*. © 


For g(x) = 2x, make a table of 
function values for x ranging from 
—10 to 10. Sketch the graph of g. 


How does it differ from the graph 
of f(x) = 2? Given an exponential function f(x) = Ca* with C > 0, the function will exhibit one 
of the following two types of behavior, depending on the value of the base a: 


We now make some general observations about the graphs of exponential functions. 


Properties of Exponential Functions 


Ifa>landC> 0: Figure 5.2.3 


HG) = CaF > GHC BS se = sPeO A 
y values increase 


The domain is the set of all real numbers. as x increases 
The range is the set of all positive numbers. 


The x-axis is a horizontal asymptote; the graph K=aCe, 
of f approaches the x-axis as x > —%, but does a>1,C>0 
not touch or cross it. 


The function is increasing on (—%, ©) and 
illustrates exponential growth. 


See Figure 5.2.3. 


RY 


If0<a<landC>0: Figure 5.2.4 


F(x) = Ca* — 0 asx +0 


Wiles) —1Gas yt 


The domain is the set of all real numbers. V<a< isd 


The range is the set of all positive numbers. 


The x-axis is a horizontal asymptote; the 
graph of f approaches the x-axis as x — +°, 


but does not touch or cross it. 
y values decrease 
The function is decreasing on (—®, ©) and as x increases 


illustrates exponential decay. x 


See Figure 5.2.4. 


Discover and Learn 


Sketch several graphs of 

f(x) = Ca* forC < Oanda > 1, 
choosing your own values of C 
and a. What do you observe? 
What are the domain and range? 


Table 5.2.4 


-10 
= 10) (+) = 295,245 


S) 


— 


i) 


10 


jee 
5(4] = I2I5 
3 


UW 
On ww 
a ~ QR 
Ole ne 
ee ee | 
° a 
I I 
On a 
Ul 


SS 
ul 
= 
a 
fon) 
lon 
=] 


5 
s( ) = 0.0206 


1 10 
(+) = 0.0000847 
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[=a 3 Graphing an Exponential Function 


Make a table of values for the exponential function f(x) = 5(5)" = 5(3 *). Use the 
table to sketch a graph of the function. What happens to the value of the function as 
x —> +00? What is the range of the function? 


Solution With the help of a calculator, we can make a table of values for f(x), as 
shown in Table 5.2.4. Note that the domain of fis the set of all real numbers, and so 
there are no specific values of the independent variable that must be excluded. 

We then plot the points and connect them with a smooth curve. See Figure 5.2.5. 


Figure 5.2.5 


24-23-29 SI 123 4% 
~104 


Observations: 


» This function represents an example of exponential decay, since the value of the 
function decreases as x increases. 


> Note that as x» -—©, the value of f(x) gets very large. For example, if 
x = —1000, then 5(5) = 5(310), which is quite large. 


» As x — +0, the value of f(x) gets extremely small but never reaches zero. For 


1) 1000 5 see's : : s 
example, 5(5) = 51000 which is quite small but still positive. 


» The graph of f(x) = 5(5)" has a horizontal asymptote at y = O, since the graph of f 


gets very close to the line y = 0 but never touches it. 


‘: ‘ 3 1 : 
Range of Function ‘To determine the range of /, we note the following: 3 raised to 
: we a ft .2, 
any power is positive, and every positive number can be expressed as 3 raised to some 
power. Since (5) is multiplied by the positive number 5, the range of fis the set of all 


positive numbers, or (0, ©) in interval notation. You can also see this graphically. 


LW Check It Out 3: Rework Example 3 for the function g(x) = 6 *. & 


Eel 4 Graphing an Exponential Function 


Make a table of values for the function h(x) = —(2)" and sketch a graph of the func- 
tion. Find the domain and range. Describe the behavior of the function as x 
approaches +0, 
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Solution Note that 
h(x) = —2 
= -(22)" 
= —4, 
We can make a table of values of (x), as shown in Table 5.2.5. We then plot the points 


and connect them with a smooth curve. See Figure 5.2.6. 
Be careful when calculating the values of the function. For example, 


h(—2) = -[(4)7] 
1 
“8 
= —0.0625. 


The negative sign in front of the 4 is applied only after the exponentiation is 
performed. 


Table 5.2.5 Figure 5.2.6 
BiRer Sse] yt 
—10 —9.536 X 1077 al 
=) —0.000977 
=p —0.0625 
0 =I 
1 —4 
2, = 119) 
5) —1024 
10 — 1,048,576 


Observations: 
» The y-intercept is (0, —1). 
» The domain of / is the set of all real numbers. 


» From the sketch of the graph, we see that the range of h is the set of all negative real 
numbers, or (—©, 0) in interval notation. 


> As x > +9, h(x) > —-o, 


>» As x > —&, h(x) — 0. Thus, the horizontal asymptote is the line y = 0. 


[A Check It Out 4; Make a table of values for the function h(s) = —(3) and sketch a 
graph of the function. Find the domain and range. Describe the behavior of the func- 
tion as the independent variable approaches +, fl 


The Number e and the Natural Exponential Function 


There are some special numbers that occur frequently in the study of mathematics. 
For instance, in geometry, you would have encountered 7, an irrational number. 
Recall that an irrational number is one that cannot be written in the form of a termi- 
nating decimal or a repeating decimal. 
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Another irrational number that occurs frequently is the number e, which is defined 
as the number that the quantity (1 + *) approaches as x approaches infinity. The 


nonterminating, nonrepeating decimal representation of the number e¢ is 


é = 2.7182818284.... 


é 1\x : 
The fact that the quantity (1 + “) tends to level off as x increases can be seen by ex- 


amining the graph of A(x) = (1 + *\, shown in Figure 5.2.7. 


Figure 5.2.7 


0 2 40 60 80 * 


We can define an exponential function with e as the base. The graph of the expo- 
nential function f(x) = e* has the same general shape as that of f(x) = 2* or f(x) = 3”. 


[ze 5 Exponential Function with Base e 


Make a table of values for the function g(x) = e* + 3 and sketch a graph of the func- 
tion. Find the y-intercept, domain, and range. Describe the behavior of the function 
as x approaches +0, 


Solution Make a table of values for g(x) by choosing various values of x, as shown in 
Table 5.2.6. Use the e* button on your calculator to help find the function values. Then 
plot the points and connect them with a smooth curve. See Figure 5.2.8. 


Table 5.2.6 Figure 5.2.8 
ie 

=110) 3.000 
=) 3.007 
=2 Bal35 
=I 3.368 
0 4.000 
1 5.718 
2 10.389 
5) 151.413 


10 22,029.466 
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= Discover and Learn 


Use a graphing utility to graph the 
functions f(x) = e”, g(x) = 3, and 
A(x) = (1.05), with x ranging from 
—5 to 5. Which function rises 
most steeply? Which function 
rises least steeply? Where does 
the graph of f(x) = e” lie relative 
to the graphs of g(x) = 3 and 
A(x) = (1.05)? Why do all three 
graphs have the same y-intercept? 


Technology Note 


Use a table of values to find 
a suitable window to graph 
Y,(x) = 10000(0.92)*. 

One possible window 

size is [0, 30](5) by 

[0, 11000](1000). See 
Figure 5.2.9. 

Keystroke Appendix: 
Sections 6 and 7 


Figure 5.2.9 


Observations: 
» The y-intercept is (0, 4). 


>» The domain of g is the set of all real numbers. Since the graph of g is always above 
the line y = 3 but comes closer and closer to it as the value of x decreases, the range 
of g is the set of all real numbers strictly greater than 3, or (3, ©). 


» The graph of g(x) = e* + 3 is the graph of e* shifted upward by 3 units. 
> As x > +, g(x) > ©, 


>» As x > —, g(x) — 3. Thus, the horizontal asymptote is y = 3. 


[A Check It Out 5; Rework Example 5 for the function h(x) = e*. © 


Applications of Exponential Functions 


Exponential functions are extremely useful in a variety of fields, including finance, biol- 
ogy, and the physical sciences. This section will illustrate the usefulness of exponential 
functions in analyzing some real-world problems. We will study additional applications 
in later sections on exponential equations and exponential and logarithmic models. 


ema 6 Depreciation of an Automobile 


Depreciation is a process by which something loses value. For example, the deprecia- 
tion rate of a Honda Civic (two-door coupe) is about 8% per year. This means that 
each year the Civic will lose 8% of the value it had the previous year. If the Honda Civic 
was purchased for $10,000, make a table of its value over the first 5 years after pur- 
chase. Find a function that gives its value t years after purchase, and sketch a graph of 
the function. (Source: Kelley Blue Book) 


Solution Note that if the car loses 8% of its value each year, then it retains 92% of 
its value from the previous year. Using this fact, we can generate Table 5.2.7. 


Table 5.2.7 
0 10,000 $10,000.00 
1 0.92 - 10,000 $9200.00 
2 0.92(0.92 - 10,000) = 0.927 (10,000) $8464.00 
3 0.92(0.92? - 10,000) = 0.92? (10,000) $7786.88 
4 0.92(0.92? - 10,000) = 0.92* (10,000) $7163.93 
5 0.92(0.92? - 10,000) = 0.92 (10,000) $6590.82 


We would like to find a function of the form v(t) = Ca’, where v(2) is the value 
of the Honda Civic t years after purchase. Note that v(0) = C = 10,000. From 
Table 5.2.7, we see that a = 0.92 because this is the factor that relates the value of the 
car at the end of a given year to its value at the end of the previous year. Thus 


v(.) = Ca’ = 10,000(0.92)". 


Section 5.2 © Exponential Functions 383 


Since 0 < 0.92 < 1, we can expect this function to decrease over time. This function 
represents an example of exponential decay, as is confirmed by sketching the graph 
of u(t). See Figure 5.2.10. 


Figure 5.2.10 
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v(0) = 10,000(0.92)! 


0 | t , } 7 -— 
0 5 10 15 20 25 30 ¢ 


[W Check It Out 6: Ifa Ford Focus was purchased for $12,000 and depreciates at a rate 
of 10% per year, find an exponential function that gives the value of the Focus t years 
after purchase, and sketch a graph of the function. © 


Observations: 
Note the following differences between a linear model of depreciation (see Sec- 
tion 1.4) and an exponential model of depreciation. 


> In a linear model of depreciation, a fixed dollar amount is subtracted each year from 
the previous year’s value. In an exponential model, a positive constant less than 
1 is multiplied each year by the previous year’s value. 


» For an exponential model of depreciation, the value never reaches zero; for a 
linear model, the value eventually does reach zero. In this sense, an exponential 
model of depreciation is more realistic than a linear model. 


We will now consider an example of an exponential function that occurs in banking. 


[=a 7 An Application of Exponential Functions 


A bank has advertised an interest rate of 5% compounded annually. That is, at the end 
of each year, all the interest earned during that year is added to the principal, and so 
the interest for that year will be included in the balance on which the following year’s 
interest is computed. If $100 is invested at the beginning of the year, how much money 
will be in the account after (a) 1 year? (b) 2 years? (c) t years? Assume that no with- 
drawals or additional deposits are made. 

>Solution 


(a) After the first year, the total amount of money in the account will be 


Total = amount invested + interest earned in first year 

= 100 + (0.05)(100) Interest calculated on $100 
100(1 + 0.05) Factor out 100 
100(1.05) = 105. Simplify 


I 
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Discover and Learn 


Evaluate the function 


F(t) = 100(1.05) for ¢ = 0, 10, 20, 


and 30. Do the same for 

g(t) = 100 + 1.05¢. Make a table 
to summarize the values. What 
observations can you make? 


(b) In the second year, the interest will be calculated on the total amount of money in 
the account at the end of the first year. This includes the interest earned during the 
first year. Thus, the total amount of money in the account after 2 years will be 


Total = balance at end of first year + interest earned in second year 


105 + (0.05)(105) Interest calculated on 
$105 (total balance at 
end of first year) 

= 105(1 + 0.05) Factor out 105 


105(1.05) = 110.25. Simplify 


I 


Note that the amount of money in the account at the end of the second year can 
be written as 100(1.05)?. Writing it in this form will be helpful in the next part of 
the discussion. 

(c) To calculate the total amount of money in the account after t years, it is useful to 
make a table, since the process above will be repeated many times. We write the 
expressions in exponential form so that we can observe a pattern. See Table 5.2.8. 


Table 5.2.8 
1 (0.05)(100) 100(1.05) 
2 100(1.05) (0.05)(100(1.05)) 100(1.05)(1 + 0.05) = 100(1.05)? 
3 100(1.05)? (0.05)(100(1.05)?) 100(1.05)?(1 + 0.05) = 100(1.05)? 
4 


100(1.05)? (0.05)(100(1.05)?) 100(1.05)?(1 + 0.05) = 100(1.05)* 


The dots indicate that the table can be continued indefinitely. From the numbers 
we have listed so far, observe that the amount in the account after 2 years is 
100(1.05)?; after three years, it is 100(1.05)°; and after 4 years, it is 100(1.05)*. 
The amount present at the end of each year is 1.05 times the amount present at 
the beginning of the year. 

We can conclude from this pattern that the amount of money in the account after 
t years will be A(t) = 100(1.05)‘ dollars. This function represents an instance of 
exponential growth. 


[A Check It Out 7: In Example 7, how much money will be in the account after 
10 years? © 


Note Example 7 shows how an amount of money invested can grow over a 


period of time. Note that the amount in the account at the beginning of each 
year is multiplied by a constant of 1.05 to obtain the amount in the account at 
the end of that year. 


In the preceding discussion, interest was compounded annually. It can also be 
compounded in many other ways—quarterly, monthly, daily, and so on. The following 
is a general formula that applies to interest compounded 7 times a year. 


~= Discover and Learn 


Use a graphing utility to sketch 
graphs of the functions 

At) = 100(1.05)' and 

g(t) = 100 + 1.05¢ on the same 
set of axes, with ¢ ranging from 0 
to 30. You have to be careful with 
the scaling of the y-axis so that 
the graph of g is not “squashed.” 
What do you observe? 
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When interest is compounded continuously (i.e., the interest is compounded as 
soon as it is earned rather than being compounded at discrete intervals of time, such 
as once a month or once a year), a different formula (using e as the base) is needed to 
calculate the total amount of money in the account. 


[ze 8 Computing the Value of a Savings Account 


Suppose $2500 is invested in a savings account. Find the following quantities. 


(a) The amount in the account after 4 years if the interest rate is 5.5% compounded 
monthly 


(b) The amount in the account after 4 years if the interest rate is 5.5% compounded 
continuously 

>Solution 

(a) Here, P = 2500, r = 0.055, t = 4, and m = 12. Substituting this data, we obtain 


nt 0.055 \aa@ 
A) = of: + *) = 2500( 1 + a) =~ 3113.63. 


There will be $3113.63 in the account after 4 years if the interest is compounded 
monthly. 


(b) Here, P = 2500, r = 0.055, and t = 4. Since the interest is compounded continu- 
ously, we have 
A(t) = Pe™ = 250029? = 3115.19. 


There will be $3115.19 in the account after 4 years if the interest is compounded 
continuously. Note that this amount is just slightly more than the amount obtained 
in part (a). 


[A Check It Out 8: Suppose $3000 is invested in a savings account. Find the following 
quantities. 


(a) The amount in the account after 3 years if the interest rate is 6.5% compounded 
monthly 


(b) The amount in the account after 3 years if the interest rate is 6.5% compounded 
continuously lf 
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[sma 9 Finding Doubling Time for an Investment 


Use a graphing utility to find out how long it will take an investment of $2500 to 
double if the interest rate is 5.5% compounded monthly. 


Solution Since r= 0.055 and n = 12, the expression for the amount in the account 
after t years is given by 


oo)" 


r nt 
A@® = Pi 1+—}) =2500(1+ 
(0) ( “) s00( ei 


We are interested in the value of ¢ for which the total amount in the account will be 
equal to twice the initial investment. The initial investment is $2500, so twice this 
amount is $5000. We must therefore solve the equation 


on 


5000 = 2500( + 


This equation cannot be solved by any of the algebraic means studied so far. 
However, you can solve it by using the INTERSECT feature of your graphing utility 
with y,( = 5000 and y,(2) = 2500(1 + 22)’, You will need to choose your 
horizontal and vertical scales appropriately by using a table of values. As shown in 
Figure 5.2.11, a window size of [0, 15] by [2500, 5500](250) works well. 


Figure 5.2.11 
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0 |X =12.631535. Y = 5000...) 15 


2500 


The solution is t ~ 12.63. Thus it will take approximately 12.63 years for the initial in- 
vestment of $2500 to double, at a rate of 5.5% compounded monthly. 


LA Check It Out 9: =) Use a graphing utility to find out how long it will take an in- 
vestment of $3500 to double if the interest rate is 6% compounded monthly. © 


Note The powerful features of your graphing utility can enable you to solve 


equations for which you may not yet know an algebraic technique. However, you 
need good analytical skills to approximate an accurate solution. These skills 


include setting up a good viewing window so that you can see the point(s) of 


intersection of a pair of graphs. Knowledge of the behavior of the functions 
involved is crucial to finding a suitable window. 
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5.2 Key Points 


» An exponential function is a function of the form 


f(x) = Ca" 


where a and C are constants such that a > 0,a#1,andC #0. 
»Ifa>landC > 0, f(x) = Ca* > + as x > +. The function is increasing on 
(—©, ©) and illustrates exponential growth. 


ep If0O<a<1landC> 0, f(x) = Ca* — 0 as x — +0. The function is decreasing 
on (—%, 0%) and represents exponential decay. 


» Suppose an amount P is invested in an account that pays interest at rate r, and the 
interest is compounded 7 times a year. Then, after t years, the amount in the 


account will be 


r nt 
A(t) = (1 " *) 


» Suppose an amount P is invested in an account that pays interest at rate r, and the 
interest is compounded continuously. Then, after t years, the amount in the account 


will be 


5.2 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1—6, evaluate the expression. 


1.5° 2. 81/3 
3.2 4, 31/2 
5. 2(3) 6.2°2° 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-16, evaluate each expression to four decimal places 
using a calculator. 


7.217 8.3.21? 
9, 41° 10. 6*° 
11.3¥2 ina 
13.e? 14. e° 
ine" 16.@ >" 


A(t) = Pe’. 


In Exercises 17—36, sketch the graph of each function. 
17.f@) = 4 18. f(x) = 5* 


1\ 1\ 
19. g(x) = (3) 20. g(x) = (2) 


21. f(x) = 2(3)* 22. f(x) = 4(2)~ 
23. f(x) = 2e€ 24. g(x) = 5e 
25. f(x) = 2 + 3e 26. f(x) =5 + 2e 


27. g(x) = 10(2)* 


29. f(x) = -»(4) 


31.f) = 3" 


28. h(x) = —5(3)* 


30.h aa 2). 
A(x) = 3 


32. g(x) = 2* 
33. f(x) = —43)* + 1 34. f(x) = —2(3)" + 1 


35. f(x) =2-*-1 36. f(x) =3-*+1 
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In Exercises 37—44, sketch the graph of each function and find 
(a) the y-intercept; (b) the domain and range; (c) the horizontal 
asymptote; and (d) the behavior of the function as x approaches +. 


37. f(x) = —5* 38. f(x) = 2-* 


39. f(x) = 3 — 2* 40. g(x) = 6 — 5* 


41. f(x) = 7e* 42. g(x) = —4e* 


43. e(x) = 3e* — 4 44. h(x) = 10e* + 2 


In Exercises 45—48, state whether the graph represents an expo- 
nential function of the form f(x) = Ca*,a>0,a4#1,C#0. 
Explain your reasoning. 


45. 


AT. y 48, ih 


AQ) 


In Exercises 49-52, match the graph with one of the exponential 
functions. (a) f(x) = —2*%; (6) g(x) = 2*; © Aw) = 2* — 3; 
(d) k(x) = —2* +3 


49, 


yh 


Bs 
44 


tion for x. 


53.5 = 3” 
54.7 = 4 
55.10 =2* 


56.20 = 100(5)* 


57.100 = 50e°°* 


58.25 = 50e °* 
ics 


x 


. +) Consider the function f(x) = xe™. 

(a) Use a graphing utility to graph this function, with x 
ranging from —5 to 5. You may need to scroll 
through the table of values to set an appropriate 
scale for the vertical axis. 

(b) What are the domain and range of f? 

(c) What are the x- and y-intercepts, if any, of the graph 
of this function? 

(d) Describe the behavior of the function as x 
approaches +0, 


60. + Consider the function f(x) = ee 
(a) Use a graphing utility to graph this function, with x 
ranging from —5 to 5. You may need to scroll 
through the table of values to set an appropriate 
scale for the vertical axis. 


(b) What are the domain and range of f? 
(c) Does f have any symmetries? 


(d) What are the x- and y-intercepts, if any, of the graph 
of this function? 


(e) Describe the behavior of the function as x 
approaches +0, 


» Applications In this set of exercises, you will use expo- 
nential functions to study real-world problems. 


Compound Interest In Exercises 61-64, for an initial deposit of 
$1500, find the total amount in a bank account after 5 years for 
the interest rates and compounding frequencies given. 


61.6% compounded annually 
62.3% compounded semiannually 
63.6% compounded monthly 


64.3% compounded quarterly 


Banking In Exercises 65—68, for an initial deposit of $1500, find the 
total amount in a bank account after t years for the interest rates and 
values of t given, assuming continuous compounding of interest. 


65.6% interest; t = 3 
66. 7% interest; t = 4 
67. 3.25% interest; t = 5.5 
68. 4.75% interest; t = 6.5 


In Exercises 69-72, fill in the table according to the given rule 
and find an expression for the function represented by the rule. 


69. Salary The annual salary of an employee at a certain 
company starts at $10,000 and is increased by 5% at the 
end of every year. 


BP WO YO KF © 


70. Population Growth A population of cockroaches starts out 
at 100 and doubles every month. 


BO NY KF OO 


71.Depreciation An automobile purchased for $20,000 
depreciates at a rate of 10% per year. 


& WO bo = © 
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72. Ecology A rainforest with a current area of 10,000 square 
kilometers loses 5% of its area every year. 


BO HO KF OO 


73. Depreciation The depreciation rate of a Mercury Sable is 
about 30% per year. If the Sable was purchased for 
$18,000, make a table of its values over the first 5 years 
after purchase. Find a function that gives its value rt years 
after purchase, and sketch a graph of the function. 
(Source: Kelley Blue Book) 


74. Depreciation The depreciation rate of a Toyota Camry is 
about 8% per year. If the Camry was purchased for 
$25,000, make a table of its values over the first 4 years 
after purchase. Find a function that gives its value rt years 
after purchase, and sketch a graph of the function. 
(Source: Kelley Blue Book) 


75. Savings Bonds U.S. savings bonds, Series EE, pay interest 
at a rate of 3% compounded quarterly. How much would 
a bond purchased for $1000 be worth after 10 years? 
These bonds stop paying interest after 30 years. Why do 
you think this is so? (Hint: Think about how much this 
bond would be worth after 80 years.) 


76. = Savings Bonds U.S. savings bonds, Series EE, are pur- 
chased at half their face value (for example, a $50 savings 
bond would be purchased for $25) and are guaranteed to 
reach their face value after 17 years. If a Series EE sav- 
ings bond with a face value of $500 is held until it reaches 
its face value, what is the interest rate? The interest on 
savings bonds is compounded quarterly. You will need to 
use a graphing utility to solve this problem. 


77. Salary The average hourly wage for construction workers 
was $17.48 in 2000 and has risen at a rate of 2.7% 
annually. (Source: Bureau of Labor Statistics) 

(a) Find an expression for the average hourly wage as a 
function of time t. Measure t in years since 2000. 

(b) Using your answer to part (a), make a table of 
predicted values for the average hourly wage for the 
years 2000-2007. 

(c) The actual average hourly wage for 2003 was 
$18.95. How does this value compare with the 
predicted value found in part (b)? 
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78. Pharmacology When a drug is administered orally, the 
amount of the drug present in the bloodstream of the 
patient can be modeled by a function of the form 


C(t) = ate” 


where C(z) is the concentration of the drug in milligrams 
per liter (mg/L), t is the number of hours since the drug 
was administered, and a and b are positive constants. For 
a 300-milligram dose of the asthma drug aminophylline, 
this function is 


C(t) = 4.5te7 977", 


(Source: Merck Manual of Diagnosis and Therapy) 

(a) How much of this drug is present in the 
bloodstream at time t = 0? Why does this answer 
make sense in the context of the problem? 

(b) How much of this drug is present in the 
bloodstream after 1 hour? 

(c) Sketch a graph of this function, either by hand or 
using a graphing utility, with t ranging from 0 to 20. 

(d) What happens to the value of the function as tr — ©? 
Does this make sense in the context of the problem? 
Why? 

[5e] 


(e) |= Use a graphing utility to find the time when the 
concentration of this drug reaches its maximum. 


(f) == Use a graphing utility to determine when the 
concentration of this drug reaches 3 mg/L for the 
second time. (This will occur after the concentration 


peaks.) 


79. Design The height (in feet) of the point on the Gateway 
Arch in Saint Louis that is directly above a given point 
along the base of the arch can be written as a function of 
the distance x (also in feet) of the latter point from the 
midpoint of the base: 


h(x) = —34.38(e°°°'* + °°!) + 693.76 


(Source: National Park Service) 


ye 


(a) What is the maximum value of this function? 
(b) Evaluate 2(100). 


(c) == Graph the function h(x) using a graphing utility. 
Choose a suitable window size so that you can see 
the entire arch. For what value(s) of x is h(x) equal 
to 300 feet? 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math background. 


80. In the definition of the exponential function, why is a = 1 
excluded? 


81. Consider the function f(x) = 2 + e™*. 
(a) What number does f(x) approach as x — +? 


(b) How could you use the graph of this function to 
confirm the answer to part (a)? 


82. The graph of the function f(x) = Ca” passes through the 
points (0, 12) and (2, 3). 
(a) Use f(0) to find C. 
(b) Is this function increasing or decreasing? Explain. 
(c) Now that you know C, use f(2) to find a. Does your 
value of a confirm your answer to part (b)? 


Ce 


83 Consider the two functions f(x) = 2x and g(x) = 2%. 

(a) Make a table of values for f(x) and g(x), with x 
ranging from —1 to 4 in steps of 0.5. 

(b) Find the interval(s) on which 2x < 2*. 

(c) Find the interval(s) on which 2x > 2*. 

(d) Using your table from part (a) as an aid, state what 

happens to the value of f(x) if x is increased by 

1 unit. 

(e) Using your table from part (a) as an aid, state what 

happens to the value of g(x) if x is increased by 

1 unit. 


(f) Using your answers from parts (c) and (d) as an aid, 
explain why the value of g(x) is increasing much 
faster than the value of f(x). 


84. Explain why the function f(x) = 2* has no vertical 
asymptotes (review Section 4.6). 
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5.3 Logarithmic Functions 


Objectives 


> Define a logarithm of a 
positive number 


> Convert between 
logarithmic and exponential 
statements 


> Define common logarithm 
and natural logarithm 


> Use the change-of-base 
formula 


> Define a logarithmic 
function 


> Identify the logarithmic and 
exponential functions as 
inverses 


> Sketch the graph of a 
logarithmic function 


> Use a logarithmic function 
in an application 


Bacterial Growth Revisited 


We begin this section by examining the bacterial growth problem given in Example 1 
of Section 5.2 in a different light. This will motivate us to define a new type of func- 
tion known as a logarithmic function. 


lzeeqslt Bacterial Growth 


§- This example builds on Example 1 of Section 5.2. 


A bacterium splits into two bacteria every hour. How many hours will it take for the 
bacterial population to reach 128? 


Solution Note that in this example, we are given the ending population and must 
figure out how long it takes to reach that population. Table 5.3.1 gives the population 
for various values of the time t, in hours. (See Example 1 from Section 5.2 for 
details.) 


Table 5.3.1 


— 
iS) 
aS 
(oe) 
— 
a 
Qo 
i) 
[oy 
aS, 
— 
bo 
lee) 
iS) 
Ul 
[oy 


From the table, we see that the bacterial population reaches 128 after 7 hours. 
Put another way, we are asked to find the exponent t such that 2‘ = 128. The answer is 
t= 7. 


[A Check It Out 1: Use the table in Example 1 to determine when the bacterial popu- 
lation will reach 64. 


When you are given the output of an exponential function and asked to find the 
exponent, or the corresponding input, you are taking the inverse of the exponential 
function. This inverse function is called the logarithmic function. We next present 
the definition of a logarithm, and then study its properties. 


Definition of Logarithm 


The formal definition of a logarithm follows. 


Definition of Logarithm 


Leta >0,a# 1. Ifx > 0, then the logarithm of x with respect to base a is 
denoted by y = log, x and defined by 


y=log,x ifandonlyif x=@. 


The number a is known as the base. Thus the functions f(x) = a* and 
g(x) = log, x are inverses of each other. That is, 


@e*=x and log,a* =x. 
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Just in Time 
Review rational exponents 


in Section P3. / 


Exponential and Logarithmic Functions 


This formal definition of a logarithm does not tell us how to calculate the value of 
log, x; it simply gives a definition for such a number. 
Observations: 


» The number denoted by log, x is defined to be the unique exponent y that satisfies 
the equation a” = x. 


» Substituting for y, the definition of logarithm gives 
@ = g8a* = x, 
Thus, a logarithm is an exponent. To understand the definition of logarithm, it is help- 


ful to go back and forth between a logarithmic statement (such as log, 8 = 3) and its 
corresponding exponential statement (in this case, 2? = 8). 


leona 2 Equivalent Exponential Statements 


Complete the following table by filling in the exponential statements that are equiva- 
lent to the given logarithmic statements. 


log, 9 = 2 
1 
logs Ve = 2 
1 
log, A =-2 


log,b=k,a>0 


Solution To find the exponential statement, we use the fact that the logarithmic 
equation y = log, x is equivalent to the exponential equation a” = x. 


log; 9 = 2 To what power must 3 be raised to produce 9? y= 9 
The answer is 2. 


1 : 
log; Ve= 3 Note that the square root of a number is the same 5 
as the number raised to the : power. To what power 


must 5 be raised to produce V5? 


il 
The answer is -. 


2 
1 : 1 eal 
log, rig —2 To what power must 2 be raised to produce ri 2° = Fi 
The answer is —2. 
log,b = k, To what power must a be raised to produce b? o=Hh 


a>0o The answer is 2. 
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[A Check It Out 2; Rework Example 2 for the following logarithmic statements. 


log, 27 = 3 


eae 
84 4 


[zars| 3 Equivalent Logarithmic Statements 


Complete the following table by filling in the logarithmic statements that are equiva- 
lent to the given exponential statements. 


4°=] 
10-'=0.1 
2. G 


=a a> 0 


Solution To find the logarithmic statements, we use the fact that the logarithmic 
equation y = log, x is equivalent to the exponential equation a” = x. 


a = jl What is the logarithm of 1 with respect to base 4? log, 1 = 0 
The answer is 0. 
105, — Onl What is the logarithm of 0.1 with respect to log;) 0.1 = —1 
base 10? The answer is —1. 
1 
6 V6 What is the logarithm of \’6 with respect to log, V6 = a 


eel 
base 6? The answer is re 


a®=v,a>0 What is the logarithm of v with respect to log,v=k 
base a? The answer is k. 


[A Check It Out 3; Rework Example 3 for the following exponential statements. 


4 = 64 


10! = V/10 
Oo 


You must understand the definition of a logarithm and its relationship to an expo- 
nential expression in order to evaluate logarithms without using a calculator. The next 
example will show you how to evaluate logarithms using the definition. 
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Discover and Learn 


Can you find a value of x such 
that log,(—1) =x,a > 0,a 41? 
Why or why not? (Hint: Think of 
the corresponding exponential 
equation.) 


[ema 4 Evaluating Logarithms Without Using a Calculator 


Evaluate the following without using a calculator. If there is no solution, so state. 


1 
(a) log; 125 (b) logio 100 (c) log, at, a > 0 
(jae (e) logyy (—1) 
> Solution 


(a) Let y = log; 125. The equivalent exponential equation is 5” = 125.To find y, note 
that 125 = 53, so 


57 = 125 => y = 3. 
Thus log; 125 = 3. 


1 — 1 _ 
(b) Let y = logio 7553 equivalently, 10” = 7.5. Since [5 = 10 2, we find that y = —2. 


Thus logjo ai = —-2. 

(c) Let y = log, a*, a > 0; equivalently, a” = a*. Thus y = 4 and log, a* = 4. 

(d) To evaluate 3'°83°, we note from the definition of a logarithm that a'°¢* = x. Using 
a= 3 and x = 5, we see that 3'°83° = 5. This is an illustration of the fact that the 
exponential and logarithmic functions are inverses of each other. 

(e) Let y = logy) (—1); equivalently, 10” = —1. However, 10 raised to any real num- 
ber is always positive. Thus the equation 10” = —1 has no solution and logy) (—1) 
does not exist. It is not possible to take the logarithm of a negative number. 


LW Check It Out 4; Evaluate the following without using a calculator: (a) log, 36, 
(b) log, b'/? (6 > 0), and (c) 10!°810°, 


Note Examples 1-4 reiterate the fact that the exponential and logarithmic 
functions are inverses of each other. 


[ema 5 Solving an Equation Involving a Logarithm 


Use the definition of a logarithm to find the value of x. 
(a) log, 16 = x 


(b) log; x = —2 
> Solution 
(a) Using the definition of a logarithm, the equation log, 16 = x can be written as 
4* = 16. 
Since 16 = 4”, we see that x = 2. 
(b) Using the definition of a logarithm, the equation log, x = —2 can be written as 
37 =x, 


. _ 1 . 1 
Since 377 = 5 we obtain x = 5. 


[A Check It Out 5: Solve the equation log; x = 3. 


] 


+] Discover and Learn 


Graph the function y = 10” using 
a window size of [0, 1] (0.25) by 
(0, 10]. Use the TRACE feature 
until you reach a y value of 
approximately 4. What is the 
value of x at this point? Explain 
why this value should be very 
close to the value of log 4 that 
you can find using the LOG key 
on your calculator. 
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Common Logarithms and Natural Logarithms 


Certain bases for logarithms occur so often that they have special names. The loga- 
rithm with respect to base 10 is known as the common logarithm; it is abbreviated 
as log (without the subscript 10). 


Definition of a Common Logarithm 


y=log x ifandonlyif x= 10". 


The LOG key on your calculator evaluates the common logarithm of a number. For 
example, using a calculator, log 4 ~ 0.6021, rounded to four decimal places. 

Just as the exponential function y = 10* is the inverse of the logarithmic function 
with respect to base 10, the exponential function y = e* is the inverse of the logarith- 
mic function with respect to base e. This base occurs so often in applications that 
the logarithm with respect to base ¢ is called the natural logarithm; it is abbreviated 
as In. 


Definition of a Natural Logarithm 


y=Inx ifandonlyif x=e’. 


The natural logarithm of a number can be found by pressing the LN key on your cal- 
culator. For example, using a calculator, In 3 ~ 1.0986, rounded to four decimal 
places. 


erate 6 Evaluating Common and Natural Logarithms 


Without using a calculator, evaluate the following expressions. 
(a)log 10,000 = (b) Ine’? (ec) e™4,a > 0 
> Solution 


(a) To find log 10,000, we find the power to which 10 must be raised to get 10,000. 
Since 10,000 = 104, we get log 10,000 = 4. 


(b) Once again, we ask the question, “To what power must ¢ be raised to get e!/??” The 
=. ih 
answer is 5. Thus 


In el? = —, 
2 


(c) By the definition of the natural logarithm, 


e24=a, a>O0. 


[AW Check It Out 6: Without using a calculator, find log 10 and In ¢/?. 


The inverse relationship between the exponential and logarithmic functions can be 
seen clearly with the help of a graphing calculator, as illustrated in Example 7. 
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[seme 7 Evaluating a Logarithm Graphically 


Use the definition of the natural logarithm and the graph of the exponential function 
f(x) = e* to find an approximate value for In 10. Use a window size of [0, 3] by [0, 12]. 
Compare your solution with the answer you obtain using the LN key on your 
calculator. 


Solution To evaluate In 10, we must find an exponent x such that 
e = 10. 


We are given the output value of 10 and asked to find the input value of x. This is 
exactly the process of finding an inverse. To solve for x, use the INTERSECT 
feature of your graphing calculator with Y,(x) = e* and Y,(x) = 10. The solution is 
x ~ 2.3026. To reiterate, e? 797° ~ 10, implying that In 10 ~ 2.3026. The LN key gives 
the same answer. See Figure 5.3.1. 


Figure 5.3.1 


12 


In(i0 


J 
2 se SES Wie\s) 


Intersection 
0 .X = 2.3025851_Y = 10___.J}3 


[AW Check It Out 7; Use the definition of the natural logarithm and the graph of the 
exponential function f(x) = e* to find an approximate value for In 8. Compare your 
answer with the answer you obtain using the LN key on your calculator. © 


Change-of-Base Formula 


Since your scientific or graphing calculator has special keys only for common log- 
arithms and natural logarithms, you must use a change-of-base formula to calculate 
logarithms with respect to other bases. 


It makes no difference whether you choose the change-of-base formula with the 
common logarithm or the natural logarithm. The two formulas will give the same 
result for the value of log, x. 
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[ena 3 Using the Change-of-Base Formula 


Use the change-of-base formula with the indicated logarithm to calculate the 
following. 


(a) log, 15, using common logarithm 


(b) log, 0.3, using natural logarithm 
>Solution 


(a) Using the change-of-base formula with the common logarithm, with x = 15 and 
a=06, 


(b) Using the change-of-base formula with the natural logarithm, with x = 0.3 and 
a=7, 
In 0.3 
In 7 


we 71.2040 9 6187 
1.9459 coe 


log; 0.3 = 


[A Check It Out 8: Compute log, 15 using the change-of-base formula with the natural 
logarithm and show that you get the same result as in Example 8(a). 


Graphs of Logarithmic Functions 


Consider the function f(x) = log x. We will graph this function after making a table of 
function values. To fill in the table, ask yourself the question, “10 raised to what power 
equals x?” First, let x = 0. Since 10 raised to any power does not equal zero, the 
answer to the above question is none. Thus, log 0 is undefined. Next, suppose 
x = 0.001. Since 0.001 = 10 °, the answer to the question is —3. This procedure can 
be used to fill in the rest of Table 5.3.2. By plotting the points in Table 5.3.2, we 
obtain the graph shown in Figure 5.3.2. 


Table 5.3.2 Figure 5.3.2 
0) Undefined 37 fla) =1 
x)= log x 
oO =i) 2+ 
0.001 =3 
1 
= =I 
10 
1 0 
10 1 y-axis: vertical asymptote 
-3 Graph gets close to but 
100 2 does not touch y-axis 
1.00 < 107 i 
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Observations: 


> Although the x values in the table range in magnitude from 10°!° to 10’, the 
y values range only from —10 to 7. Thus the logarithmic function can take inputs 
of widely varying magnitude and yield output values that are much closer together 
in magnitude. This is reflected in the horizontal and vertical scales of the graph. 


» As x gets very close to 0, the graph of the function gets very close to the line x = 0 
but does not touch it. The function is mot defined at x = 0. 

» Since we cannot solve the equation 10” = x for y when x is negative or zero, 
y = log,) x is defined only for positive real numbers. 

» From the graph, we see that f(x) — —® as x ~ 0. Thus the y-axis is a vertical 
asymptote of the graph of f. 

» Is there a horizontal asymptote? It can be shown that log x > + as x ~ +0, 
although the value of log x grows fairly slowly. Therefore, the graph has no horizontal 
asymptote. 

» If the two columns of Table 5.3.2 were interchanged, we would have a table of val- 


ues of the function g(x) = 10* because the functions g(x) = 10* and f(x) = log x 
are inverses of each other. 


We next summarize the properties of the logarithmic function with respect to any 
base aaa>O0,a#l. 


Properties of Logarithmic Functions 


Figure 5.3.3 
he) = lee 2 @ > 1s uh 
Domain: all positive real numbers; (0, ) Poe eats a | 
Range: all real numbers; (—©, ©) 
Vertical asymptote: x = 0 (the y-axis) (a, 1) 
Increasing on (0, ©) (1, 0) : 
Inverse function of f(x) = a* 
See Figure 5.3.3. 

Figure 5.3.4 


fio = loge, 0 =a 1: 
Domain: all positive real numbers; (0, ©) 
Range: all real numbers; (—°, °°) 


Vertical asymptote: x = 0 (the y-axis) 


Decreasing on (0, ©) 
Just in Time 


See Section 5.7 to review 
graphs of inverses. 


Inverse function of f(x) = a“ 


See Figure 5.3.4. 


f(x) = log, x,0<a<1 


Technology Note 

If you graph y=logx ona 
calculator, you will find that 
the graph will stop at a 
certain point near the 
vertical asymptote (x = 0). 
See Figure 5.3.7. This is 
because the calculator can 
plot only a finite number of 
points and cannot go 
beyond a certain limit. 
However, from the foregoing 
discussion, you know that 
the value of y = log x 
approaches —© as x gets 
close to zero. 


Keystroke Appendix: 
Section 7 


Figure 5.3.7 


y 
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Logarithmic functions with bases between 0 and 1 are rarely used in practice. 
Since y = log, x and y = a* are inverses of each other, the graph of y = log, x can 
be obtained by reflecting the graph of y = a“ across the line y = x. See Figure 5.3.5. 


Figure 5.3.5 


Eeenntel| 9 Graphing Logarithmic Functions 


Find the domain of each of the following logarithmic functions. Sketch a graph of each 
function and find its range. Indicate the vertical asymptote. 


(a) g@ = In (-D) 

(b) f() = 3 log, (x — 1) 

>Solution 

(a) The function g(t) = In (—d) is defined only when —t > 0, which is equivalent to 
t < 0. Thus its domain is the set of all negative real numbers, or (—%, 0). Using 
this information, we can generate a table (Table 5.3.3) using a suitable set of t val- 


ues, and then use a calculator to find the corresponding function values. Once we 
have done this, we can sketch the graph, as shown in Figure 5.3.6. 


Table 5.3.3 Figure 5.3.6 
Rea bones 4 
5+ 
0 Undefined 4+ 
—0.025 — 3.689 el t = 0: vertical asymptote 
05 W023) 
g(t) =In (-f) 1 
lll 0.000 
9-8-7 -6-5—4-3-2-l 
=E 1.000 ~ AT 
_2\ 
5) 1.609 


The graph of g is the same as the graph of h(t) = In t reflected across the y-axis. 
The range of g is the set of all real numbers, or (—®, ©) in interval notation. We 
see from the graph that as ¢ gets close to 0, the value of In (—2) approaches —. 
Therefore, the graph has a vertical asymptote at t = 0. 
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Technology Note 


In order to graph 
f(x) = 3 logy(x — 1) ona 
calculator, you must first 
use the change-of-base 
formula to rewrite the 
logarithm with respect to 
base 10. In the Y= editor, 
you must press 3 LOG 
xX, 1,0,0 8 — we) a= 
LOG 2 ) ENTER. See 
Figure 5.3.9. 


Keystroke Appendix: 
Sections 4, 7 


Figure 5.3.9 


Plotl_Plot2 Plot3 
vy 33log(X-1)/log(2) 


(b) The function f(x) = 3 log,(x — 1) is defined only when x — 1 > 0, which is equiv- 
alent to x > 1. Thus its domain is the set of all real numbers greater than 1, or 
(1, ©). We can use transformations to graph this function. 

Note that the graph of f(x) = 3 log,(« — 1) is the same as the graph of 
g(x) = log, x shifted to the right by 1 unit and then vertically stretched by a factor 
of 3. See Figure 5.3.8. The range of fis the set of all real numbers, or (—©, ©) in 
interval notation. As x gets close to 1, the value of 3 log,(x — 1) approaches —©. 
Therefore, the graph has a vertical asymptote at x = 1. 


Figure 5.3.8 
yh yh 
5+ 54 
aI A y= logs (x~ 1) 
2+ a4 
ly 1+ 
+++ ttt} + +} + +—+—++ +—-—+-—+$ +} + + > 
—3-2-1,] 2345678 9% ~3-2-1)] 345678 9% 
24 24 
34 34 
=4 Shift right by 1 unit —4t 
=5 dS. 


Vertically stretch by 


factor of 3 


L(x) = 3 logs (x — 1) 


I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
| t+—+ +++ 
3 4567* 
I 
| 
I 
I 
I 
I 
I 
I 
| 
I 


[A Check It Out 9: Rework Example 9 for the function g(x) = —log x. B 


Applications of Logarithmic Functions 


The fact that logarithmic functions grow very slowly is an attractive feature for mod- 
eling certain applications. We examine some of these applications in the following 
examples. Additional applications of logarithmic functions will be studied in the last 
two sections of this chapter. 


Example fl 0 Earthquakes and the Richter Scale 


Since the intensities of earthquakes vary widely, they are measured on a logarithmic 
scale known as the Richter scale using the formula 


RU) = oe( 2) 
0 


where J represents the actual intensity of the earthquake, and J) is a baseline intensity 
used for comparison. The Richter scale gives the magnitude of an earthquake. 
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Because of the logarithmic nature of this function, an increase of a single unit in the 
value of RU) represents a tenfold increase in the intensity of the earthquake. A 
recording of 7, for example, corresponds to an intensity that is 10 times as large as the 
intensity of an earthquake with a recording of 6. A quake that registers 2 on the 
Richter scale is the smallest quake normally felt by human beings. Earthquakes with a 
Richter value of 6 or more are commonly considered major, while those that have a 
magnitude of 8 or more on the Richter scale are classified as “great.” (Source: U.S. 
Geological Survey) 


(a) If the intensity of an earthquake is 100 times the baseline intensity J), what is its 
magnitude on the Richter scale? 


(b) A 2003 earthquake in San Simeon, California, registered 6.5 on the Richter scale. 
Express its intensity in terms of J. 


(c) A 2004 earthquake in central Japan registered 5.4 on the Richter scale. Express its 
intensity in terms of J). What is the ratio of the intensity of the 2003 San Simeon 
quake to the intensity of this quake? 


>Solution 


(a) If the intensity of an earthquake is 100 times the baseline intensity J,, then 
I = 1001). Substituting this expression for J in the formula for RW), we have 


1001, 
Rd) = RUO00l,) = log a = log 100 = 2. 
0 


Thus the earthquake has a magnitude of 2 on the Richter scale. 


(b) Substituting 6.5 for RU) in the formula RW) = log( =) gives 6.5 = log(=). Rewrit- 
ing this equation in exponential form gives ° ° 


10°? = =: 


from which it follows that 
I= 10°?J, ~ 3,162,278]. 


Therefore, the San Simeon earthquake had an intensity nearly 3.2 million times 
that of the baseline intensity Jp. 
(c) Substituting 5.4 for RU) in the formula RU) = log(=) gives 5.4 = log(=). Rewrit- 
ing this equation in exponential form, we find that : : 
I 


10°4 = —. 
Ip 


Thus I = 10°*J, ~ 251,189J). Therefore, the Japan earthquake had an intensity 
about 250,000 times that of the baseline intensity J. Comparing the intensity of 
this earthquake with that of the San Simeon earthquake, we find that the ratio is 


Intensity of San Simeon quake _ 3,162,278] 


=~ 12.6. 
Intensity of Japan quake 251,1891) 


The San Simeon quake was 12.6 times as intense as the Japan quake. 


[A Check It Out 10: Find the intensity in terms of J) of a quake that measured 7.2 on 
the Richter scale. © 
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Just in Time 
Review scientific notation 
in Section P.2. 


Discover and Learn 


Keep in mind that each unit 
increase in the common logarithm 
of a distance represents a tenfold 
increase in the actual distance. 
Saturn is 10 times farther from the 
sun than Earth is. How is this fact 
reflected in the common 
logarithms of their respective 
distances from the sun? 


Example [l 1 Distances of Planets 


Table 5.3.4 lists the distances from the sun of various planets in our solar system, as 
well as the nearest star, Alpha Centauri. Find the common logarithm of each distance. 


Table 5.3.4 
Earth 9.350 X 107 
Jupiter 4.862 X 10° 
Pluto 3.670 X 10° 
Alpha Centauri 2.543 x 10% 


Solution We first compute the common logarithms of the distances given in the 
table. For example, 


log(9.350 X 107) ~ 7.971. 


Table 5.3.5 summarizes the results. 


Table 5.3.5 
Earth 9.350 X 107 7.971 
Jupiter 4.862 x 108 8.687 
Pluto 3.670 X 10° 9.565 
Alpha Centauri 2.543 x 10% 13.41 


Note that the distances of these celestial bodies from the sun vary widely—the longest 
distance given in the table exceeds the shortest distance by several powers 
of 10, and the ratio of these two distances is about 270,000. However, the common 
logarithms of the distances vary by much less than the distances themselves—the 
logarithms range from 7.971 to 13.41. 


[AW Check It Out 11: Saturn is 9.3 X 10° miles from the sun. Find the common loga- 
rithm of this distance. Ml 


When numerical values of a dependent variable have widely varying magnitudes 
and must be plotted on a single graph, we often take the logarithms of those values 
and plot them on a scale known as a logarithmic scale. On such a scale, each unit 
increase in the common logarithm of a numerical value represents a tenfold increase in 
the value itself. Logarithmic scales play an important role in the graphing of scientific, 
engineering, and financial data. 
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5.3 Key Points 


» Leta>0,a#1. If x > 0, then the logarithm of x with respect to base a is 
denoted by y = log, x and defined by 


y = log, x 


if and only if x =a’. 


» The exponential and logarithmic functions are inverses of each other. That is, 


a&* =x and log,a* =x. 


» If the base of a logarithm is 10, the logarithm is a common logarithm: 


y= log x 


if and only if x= 10° 


» If the base of a logarithm is e, the logarithm is a natural logarithm: 


y=lInx 


if and only if x =e’ 


» To write a logarithm with base a in terms of a logarithm with base 10 or base e, use 


one of the following. 


log, x 


logio a 


_ logiox In x 


» For a > 0, a ¥ 1, a logarithmic function is defined as f(x) = log, x. The domain 
of fis all positive real numbers. The range of fis all real numbers. 


5.3 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1—4, rewrite using rational exponents. 


1.V3 2.V5 
3.W/10 4.W12 


In Exercises 5—8, f and g are inverses of each other. 


5. True or False? (f° g)(x) = x 

6. True or False? The domain of f equals the domain of g. 
7. True or False? The domain of f equals the range of g. 

8. True or False? fis a one-to-one function. 

9. Write 8,450,000 in scientific notation. 


10. Write 1,360,000,000,000 in scientific notation. 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 
In Exercises 11 and 12, complete the table by filling 1n the expo- 


nential statements that are equivalent to the given logarithmic 
statements. 


log, 1 =0 

log 10 =1 
1 

log; — = —1 

2) 


log, x =ba>0O 


log, 4 = 2 
log 100 = 2 
log, els =-2 

49 


log a = B,a>0 


404 Chapter 5 © Exponential and Logarithmic Functions 


In Exercises 13 and 14, complete the table by filling in the loga- 
rithmic statements that are equivalent to the given exponential 
statements. 


~ 36 
16 —8 


In Exercises 15-34, evaluate each expression without using a 
calculator. 


15. log 10,000 16. log 0.001 
17. log V10 18. log V10 
19. In & 20. In Ve 
21.1n el? 22. 1n “ 
23. log 10°*” 24. In e** 
25. log 10* 26. In e® 
27. log, V2 28. log, 49 
29. log, = 30. log, a 
81 49 
31. logy). 4 32. logy /39 
33. log, 4° 7} 34. log, 6° 


a 


— In Exercises 35-42, evaluate the expression to four decimal 
places using a calculator. 


35.2 log 4 
37.In V2 


36. —3 log 6 


38.1n 7 


39. log 1400 40. log 2500 


1 2 
41.2 log = 42. —In = 
5 3 


In Exercises 43—50, use the change-of-base formula to evaluate each 
logarithm using a calculator. Round answers to four decimal places. 


43. log; 1.25 44. log; 2.75 
45. log; 0.5 46. logs 0.65 
47. log, 12 48. log, 20 
49. log, 150 50. log, 230 
In Exercises 51—56, use the definition of a logarithm to solve for x. 
51.log,x = 3 52. log; V5 = x 
1 
53. log; x = 3 54. loge x = —2 


1 
55. log, 216 = 3 56. log. 9 = 3 


In Exercises 57—72, find the domain of each function. Use your 
answer to help you graph the function, and label all asymptotes 
and intercepts. 


57. f(x) = 2 log x 58. f(x) =4Inx 


59. f(x) = 4log;x 60. f(x) = 3 log; x 
61. g(x) = log x — 3 62.h(x) =Inx + 2 


63. f(x) = logy(x + 1) 64. f(x) = logs(x — 2) 


65. f(x) = In(x + 4) 66. f(x) = log(x — 3) 


67. g(x) = 2 log3(x — 1) 68. f(x) = —log,(x + 3) 


69. f(t) = log, /3t 70. g(s) = logy). 5 


71. f(x) = log |x| 72. g(x) = In(x’) 


73. Use the following graph of f(x) = 10* to estimate log 7. 
Explain how you obtained your answer. 


4 


fx) = 10" 


oOorFPN WRU DA WO OL 


0 0.1 02 03 04 05 06 0.7 08 09 * 


74. Use the following graph of f(x) = e* to estimate In 10. 
Explain how you obtained your answer. 


yA 
18+ 


16+ 
144 
124 
10+ 

8+ 


6+ 
4t 
2 
0 


0 0408 12 16 2.02.4 2.8 * 
In Exercises 75—78, match the description with the correct graph. 
Each description applies to exactly one of the four graphs. 


75. Graph of a logarithmic function with vertical asymptote 
at x = 2 and domain x < 2 


76. Graph of a logarithmic function with vertical asymptote 
at x = 1 and domain x > 1 


77.Graph of f(x) =In x reflected across the x-axis and 
shifted down 1 unit 


78.Graph of f(x) =Inx reflected across the y-axis and 
shifted up 1 unit 


In Exercises 79-82, solve each equation graphically and ex- 
press the solution as an appropriate logarithm to four decimal 
places. If a solution does not exist, explain why. 


79.10°= 80. e = 


81. 4(10") = 20 82. = —3 
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» Applications In this set of exercises, you will use loga- 
rithms to study real-world problems. 


Exercises 83-87 refer to the following. The magnitude of an earth- 
quake is measured on the Richter scale using the formula 


RU) = oe( 2) 
0 


where I represents the actual intensity of the earthquake and Ip is 
a baseline intensity used for comparison. 


83. Richter Scale If the intensity of an earthquake is 10,000 
times the baseline intensity Jp, what is its magnitude on 
the Richter scale? 


84. Richter Scale If the intensity of an earthquake is a million 
times the baseline intensity J), what is its magnitude on 
the Richter scale? 


85. Great Earthquakes The great San Francisco earthquake 
of 1906, the most powerful earthquake in Northern 
California’s recorded history, is estimated to have registered 
7.8 on the Richter scale. (Source: U.S. Geological Survey) 
Express its intensity in terms of Ip. 


86. Great Earthquakes In 1984, another significant earthquake 
in San Francisco registered 6.1 on the Richter scale. 
Express its intensity in terms of Jp. 


87. Earthquake Intensity What is the ratio of the intensity of 
a quake that measures 7.1 on the Richter scale to the 
intensity of one that measures 4.2? 


Exercises 88 and 89 refer to the following. The pH of a chemical 
solution is given by pH = —log[H*], where [H* ] is the con- 
centration of hydrogen ions in the solution, in units of moles per 
liter. (One mole is 6.02 X 1077 molecules.) 


88.Chemistry Find the pH of a solution for which 
[H*] = 0.001 mole per liter. 


89.Chemistry Find the pH of a solution for which 
[H*] = 107+ mole per liter. 


406 Chapter 5 


Exponential and Logarithmic Functions 


90. Astronomy The brightness of a star is designated on a 


91. 


92. 


numerical scale called magnitude, which is defined by the 
formula ; 
M(I) = —log)s I, 
0 
where J is the energy intensity of the star and J) is the 
baseline intensity used for comparison. A decrease of 
1 unit in magnitude represents an increase in energy 
intensity of a factor of 2.5. (Source: National Aeronautics 
and Space Agency) 


(a) If the star Spica has magnitude 1, find its intensity 
in terms of Jp. 

(b) The star Sirius, the brightest star other than the sun, 
has magnitude —1.46. Find its intensity in terms of 
I). What is the ratio of the intensity of Sirius to that 
of Spica? 


Computer Science Computer programs perform many kinds 
of sorting. It is preferable to use the least amount of com- 
puter time to do the sorting, where the measure of 
computer time is the number of operations the computer 
needs to perform. Two methods of sorting are the bubble 
sort and the heap sort. It is known that the bubble sort 
algorithm requires approximately n* operations to sort a 
list of m items, while the heap sort algorithm requires ap- 
proximately 7 log) operations to sort n items. 


(a) To sort 100 items, how many operations are 
required by the bubble sort? by the heap sort? 

(b) Make a table listing the number of operations required 
for the bubble sort to sort a list of 7 items, with 
ranging from 5 to 20, in steps of 5. If the number of 
items sorted is doubled from 10 to 20, what is the 
corresponding increase in the number of operations? 

(c) Rework part (b) for the heap sort. 

(d) Which algorithm, the bubble sort or the heap sort, is 
more efficient? Why? 

I 


(e) ~+In the same viewing window, graph the functions 
that give the number of operations for the bubble sort 
and for the heap sort. Let 7 range from 1 to 20. 
Which function is growing faster, and why? Note that 
you will have to choose the vertical scale carefully so 


that the 7 log m function does not get “squashed.” 


Ecology The pH scale measures the level of acidity of a 
solution on a logarithmic scale. A pH of 7.0 is considered 
neutral. If the pH is less than 7.0, then the solution is 
acidic. The lower the pH, the more acidic the solution. 

Since the pH scale is logarithmic, a single unit decrease in 

pH represents a tenfold increase in the acidity level. 

(a) The average pH of rainfall in the northeastern part 
of the United States is 4.5. Normal rainfall has a pH 
of 5.5. Compared to normal rainfall, how many 
times more acidic is the rainfall in the northeastern 
United States, on average? Explain. (Source: U.S. 
Environmental Protection Agency) 


(b) Because of increases in the acidity of rain, many lakes 
in the northeastern United States have become more 
acidic. The degree to which acidity can be tolerated 
by fish in these lakes depends on the species. The 
yellow perch can easily tolerate a pH of 4.0, while the 
common shiner cannot easily tolerate pH levels 
below 6.0. Which species is more likely to survive in 
a more acidic environment, and why? What is the 
ratio of the acidity levels that are easily tolerated by 
the yellow perch and the common shiner? Explain. 
(Source: U.S. Environmental Protection Agency) 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 
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. Explain why log 400 is between 2 and 3, without using 
a calculator. 


94. Explain why In 4 is between 1 and 2, without using a 


calculator. 


In Exercises 95—98, explain how you would use the following table 
of values for the function f(x) = 10% to find the given quantity. 


95. 


97. 


99. 


100. 


101. 


102. 


0.4771 3) 
0.5 V 10 
3 1000 
—0.3010 0.5 
V 10 1452 
log 1000 96. log 3 
log 0.5 98. log V10 
The graph of f(x) = alog x passes through the point 


(10, 3). Find a and thus the complete expression for f. 
Check your answer by graphing f. 


The graph of f(x) =Alnx +B passes through the 
points (1, 2) and (e, 4). 

(a) Find A and B using the given points. 

(b) Check your answer by graphing f. 


Sketch graphs of the two functions to show that 
log, /.x = —log, x. (The equality can be established al- 
gebraically by techniques in the following section.) 


a) 


=) Find the domains of f(x) = 2 In x and g(x) = In x’. 
Graph these functions in separate viewing windows. 
Where are the graphs identical? Explain in terms of the 
domain you found for each function. 


Section 5.4 © Properties of Logarithms 407 


5.4 Properties of Logarithms 


Objectives 


> Define the various 
properties of logarithms 

> Combine logarithmic 
expressions 


> Use properties of logarithms 
in an application 


Discover and Learn 


Make a table of values for the 
functions f(x) = log(10x) and 

g(x) = log x + 1 forx = 0.5, 

1, 5, 10, and 100. What do you 
observe? 


In the previous section you were introduced to logarithms and logarithmic functions. 
We continue our study of logarithms by examining some of their special properties. 


Product Property of Logarithms 


If you compute log 3.6 and log 36 using a calculator, you will note that the value of 
log 36 exceeds the value of log 3.6 by only 1 unit, even though 36 is 10 times as large 
as 3.6. This curious fact is actually the result of a more general property of logarithms, 
which we now present. 


Product Property of Logarithms 
Let x,y > 0 anda>0,a# 1.Then 


log,(xy) = log, x + log, y. 


Because logarithms are exponents, and multiplication of a pair of exponential 
expressions with the same base can be carried out by adding the exponents, we see 
that the logarithm of a product “translates” into a sum of logarithms. We derive the 
product property of common logarithms as follows. 


xy = giao Logarithmic and exponential functions are inverses 


Again using the inverse relationship of logarithmic and exponential functions, we have 
* and y= a'2’, So an alternative expression for xy is a'°%¢* x q'%2, 
Carrying out the multiplication in this expression, we obtain 


x = Q’%a 


qta* x glbay = g!baxtl08ay, Add exponents, since the bases are the same 
Finally, we equate the two expressions for xy. 


q8axtlogay — glosacy) Equate expressions for xy 


log, x + log, y = log, (xy) Equate exponents, since the bases are the same 


eemet Using the Product Property to Calculate Logarithms 


Given that log 2.5 ~ 0.3979 and log 3 ~ 0.4771, calculate the following logarithms 
without the use of a calculator. Then check your answers using a calculator. 


(a) log 25 
(b) log 75 
> Solution 


(a) Because we can write 25 as 2.5 X 10, and we are given an approximate value for 
log 2.5, we have 


log 25 = log(2.5 X 10) Write 25 as a product 
= log 2.5 + log 10 Use product property 
= 0.3979 + 1 = 1.3979. Substitute and simplify 
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Discover and Learn 


Tables of common logarithms con- 


tain the logarithms of numbers 
from 1 to 9.9999. How would you 
use such tables to calculate the 
common logarithms of numbers 
not in this range? (Hint: Look at 
Example 1.) 


(b) We can write 75 as 7.5 X 10. This can, in turn, be written as (3 X 2.5) X 10, since 
7.5 =3 X 2.5. Using the approximate values of log 2.5 and log 3, we have 


log 75 = log((3 X 2.5) X 10) Write 75 as a product 
= log(3 X 2.5) + log 10 Use product property twice 
= log 3 + log 2.5 + log 10 
= 0.4771 + 0.3979 + 1 = 1.8750. Substitute and simplify 


LA Check It Out 1: Using the approximate value of log 2.5 from Example 1, calculate 
log 2500 without using your calculator. Check your answer using a calculator. © 


Before the widespread use of calculators, the product property of logarithms was 
used to calculate products of large numbers. Textbooks that covered the topic of 
logarithms contained tables of logarithms in the appendix to aid in the calculation. 
Nowadays, the main purpose of presenting properties of logarithms is to impart an 
understanding of the nature of logarithms and their applications. 


Power Property of Logarithms 


We next present the power property of logarithms. 


Power Property of Logarithms 
Let x > 0, a > 0, a ¥ 1, and let k be any real number. Then 


log, x” = k log, x. 


It is important to note that the power property holds true only when x > 0. We can 
illustrate this using the case in which a = e and k = 2, so that the power property gives 
In x? = 2Inx. 

Consider the functions f(x) = In x* and g(x) = 21n.x, which are graphed in 
Figure 5.4.1. The domain of fis (—™, 0) U (0, ©), whereas the domain of g is (0, ©), 
since 2 In x is undefined if x is negative. From the graphs, we observe that these 
functions are equal only on their common domain, which is the set of all positive 
real numbers. Thus the power property, illustrated by In x” = 2 In x, holds true only 
when x > 0. 


2 


Figure 5.4.1 
yh 
5+ 
44 
3+ 
2 
l 2(x)=2 Inx 
434-1 [fas 4s? 
294: 
—34 
=f 
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[=a 2 Simplifying Logarithmic Expressions 


Simplify the following expressions, if possible, by eliminating exponents and radicals. 
Assume x, y > 0. 


(a) log(xy *) 

(b) In(3x!/2W/y) 

(c) (in x)!”? 

>Solution 

(a) We use the product property, followed by the power property. 


log(xy *?) =logx + logy ~* — Product property 
=logx — 3 logy Power property 
(b) Again we begin by applying the product property. 
In(3x!/2W/y) = In3 + In x!/? + In Vy 


Using the fact that Vy = y'/? and applying the power property, we find that 
1 1 
In(3x'/?W/y) = In 3 + gins + Giny. 


(c) We are asked to simplify (In x)!/*. Although it may look as if we could use the 
power property to do so, the power property applies only to logarithms of the form 
In x*, and the given expression is of the form (In x)*. Therefore, we cannot simplify 
(In x)!/3, Applying the power property to expressions such as this is a common 
mistake. 


[AW Check It Out 2: Simplify log(4x~!/3\/y) by eliminating exponents and radicals. 
Assume x, y > 0. 


Quotient Property of Logarithms 


We now derive another property of logarithms, known as the quotient property. Let 
x,y > 0. Then 


x 
log, — = log,(xy_!) Write ~ as xy"! 
» y 


=log,x + log,y ! Product property of logarithms 


= log, x — log, y. Power property of logarithms 


Thus we see that log, *= log, x — log, y. This is known as the quotient property of 
logarithms. . 


410 Chapter 5 = Exponential and Logarithmic Functions 


Discover and Learn 


Common errors involving logs 
Give an example to verify each 
statement. 
(a) log(x + y) does not equal 

log x + log y 
(b) log(xy) does not equal 

(log x)(log y) 
(c) (log x) does not equal k \og x 


[ema 3 Writing an Expression as a Sum or Difference of Logarithms 


Write each expression as a sum and/or difference of logarithmic expressions. Eliminate 
exponents and radicals wherever possible. 


ey VP 42 

I | XV > I al > ang Jo X > = 
(a) oe( 22 xy>O0 (bd) log @+1p)?* 
> Solution 
(a) Use the quotient property, the product property, and the power property, in that 

order. 

xP? 
oe( 22) = log(x*y?) — log 100 Quotient property 


= log x + log y’? — log 100 Product property 
=3logx + 2 logy — 2 Power property; also log 100 = 2 


(b) Use the quotient property, followed by the power property. 


Veto 
tox? = log Vx"? + 2 — log,(x + 1)? Quotient property 


1 
= — log (x? + 2) — 3 log,(x + 1) Power property; also 


2 
Ve rea(e = 2" 


Because the logarithm of a sum cannot be simplified further, we cannot eliminate 
the exponent in the expression (x” + 2). 


[A Check It Out 3: Write log [S) as a sum and/or difference of logarithmic expres- 


sions. Eliminate exponents and radicals wherever possible. Assume x > 1. © 


Combining Logarithmic Expressions 


The properties of logarithms can also be used to combine sums and differences of log- 
arithms into a single expression. This will be useful in the next section, where we solve 
exponential and logarithmic equations. 


en 4 Writing an Expression as a Single Logarithm 


Write each expression as the logarithm of a single quantity. 


1 1 
(a) log, 3 + log, 6,a >0 Wa eer, Baer! 


1 
(c) 3log5 — 1 (d) log, x + 5 log,(x” + 1) — log,3,a>0,x>0 


> Solution 


(a) Using the product property, write the sum of logarithms as the logarithm of a 
product. 


log, 3 + log, 6 = log,(3 X 6) = log, 18 
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(b) Use the power property first, and then the product property. 


i 1 

3 In 64 + Fi In x = In 64.7 + Inx!/?_— Power property 
= In 4+ Inx'? Write 64”? as 4 
= In(4x1/?) Product property 


(c) Write 1 as log 10 (so that every term is expressed as a logarithm) and then apply 
the power property, followed by the quotient property. 


3log5 — 1=31log5 — log 10 Write 1 as log 10 
= log 5° — log 10 Power property 
53 
= oe( >) Quotient property 


125 
= log 6. =1log 12.5 Simplify 


(d) Use the power property, the product property, and the quotient property, in that 
order. 


1 
log, x + . log,(x? + 1) — log, 3 = log, x + log,(x? + 1)'/? — log, 3 Power property 


= log, (x(x? + 1)'”7) — log, 3 Product 
x(x? + 1)? nae: 
= log, 3 Quotient 
property 


[A Check It Out 4: Write 3 log, x — log,(x* + 1) as the logarithm of a single expression. 
Assume x > 0. © 


Applications of Logarithms 


Logarithms occur in a variety of applications. Example 5 explores an application of 
logarithms that occurs frequently in chemistry and biology. 


[aaa 5 Measuring the pH of a Solution 


The pH of a solution is a measure of the concentration of hydrogen ions in the solu- 
tion. This concentration, which is denoted by [H* ], is given in units of moles per liter, 
where one mole is 6.02 X 10”? molecules. 

Since the concentration of hydrogen ions can vary widely (often by several powers 
of 10) from one solution to another, the pH scale was introduced to express the 
concentration in more accessible terms. The pH of a solution is defined as 


pH = —log[H*]. 


(a) Find the pH of solution A, whose hydrogen ion concentration is 10~* mole/liter. 


(b) Find the pH of solution B, whose hydrogen ion concentration is 4.1 x 1078 
mole/liter. 


(c) If a solution has a pH of 9.2, what is its concentration of hydrogen ions? 
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> Solution 
(a) Using the definition of pH, we have 


pH = —log 10° * = —(log 10 *) = —(—4 log 10) = 4 log 10 = 4(1) = 4. 
(b) Again using the definition of pH, we have 


pH = —log(4.1 x 10°*) = —(log 4.1 + log 10-5 = —(log 4.1 — 8 log 10) 
= —(log 4.1 — 8(1)) = —dog 4.1 — 8) ~ —(0.613 — 8) = —(—7.387) = 7.387. 


Note that solution B has a higher pH, but a smaller concentration of hydrogen 
ions, than solution A. As the concentration of hydrogen ions decreases in a solution, 
the solution is said to become more basic. Likewise, if the concentration of hydro- 
gen ions increases in a solution, the solution is said to become more acidic. 


(c) Here we are given the pH of a solution and must find [H* ]. We proceed as follows. 
9.2=—log[H*] Set pH to 9.2 in definition of pH 
—9.2 = log[H* ] Isolate log expression 
10°? =[H* ] Use definition of logarithm 
Thus, the concentration of hydrogen is 10°? ~ 6.310 X 10°!° mole/liter. Note 


how we used the definition of logarithm to solve the logarithmic equation 
—9,.2 = log[H"] in a single step. 


[W Check It Out 5: Find the pH of a solution whose hydrogen ion concentration is 
3.2 X 10 8 mole/liter. B 


5.4 Key Points 


In the following statements, let x, y > 0, let k be any real number, and let a> 0, 
a#A#l. 


» From the definition of logarithm, 
k=log,x implies a* =x. 
Also, 
a*=x implies k = log,x. 
» Using the definition of logarithm, 


q8a* = x, 


»log,a=1, log, 1=0 


» The product, power, and quotient properties 


log, (xy) = log, x + log, y Product property of logarithms 
log, x* = k log, x Power property of logarithms 


x 
log, , = log,x — log, y Quotient property of logarithms 


5.4 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1—4, rewrite using rational exponents. 


1.\/x 2.W2z 
3.Wx3 A.W y? 


1 
5. True or False? x7! = e 


6. True or False? es = x7y71 
x 


» Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-14, use log 2 ~ 0.3010, log 5 ~ 0.6990, and 
log 7 ~ 0.8451 to evaluate each logarithm without using a cal- 
culator. Then check your answer using a calculator. 


7. log 35 8. log 14 
9. log Z iO:t6e— 
5 7 
1l.log V2 12. log V5 
13. log 125 14. log 8 


In Exercises 15-20, use the properties of logarithms to simplify 
each expression by eliminating all exponents and radicals. Assume 
that x,y > 0. 


15. log(xy’) 16. log(x*y’) 


17. log VxVy 18. log Vv eV ye 


4 Wx 
19. log —— 20. log a 
y y 


In Exercises 21-30, write each logarithm as a sum and/or differ- 
ence of logarithmic expressions. Eliminate exponents and radicals 
and evaluate logarithms wherever possible. Assume that a, x, y, 
z>O0andaF li. 


21.loe == Hig 
oO! - 10. 
5°10 1000 
3/2 4/3 
23.In > 24.In 2 
é 
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25.1 Vx? + y Vxey + 1 
08 =< 26. log, ——j—_ 
a a 
6 5 
27. log,./—~ 28. log, \/=— 
8. yz? 8. xyt 


[43 
29. log \} sd 
Zz 


In Exercises 31-46, write each expression as a logarithm of a 
single quantity and then simplify if possible. Assume that each 
variable expression 1s defined for appropriate values of the 
variable(s). Do not use a calculator. 


31. log 6.3 — log 3 32. log 4.1 + log 3 


33. log 3 + log x + log Vy 34.Iny — In2 + In Vx 


1 
35.3 logx + > logy — logz 36.In4 —1 
37.log8 + 1 38.3 logx + 2 
1 9 2 
39.2Iny + 3 40.5 logs 8x" — logyx 


| 
41.7 logs 81y® + log; y? 42. In(x* — 9) — In (x + 3) 
43. In(x* — 1) — In(x — 1) 


1 
44. 5 [log (x? — 1) — log (x + 1)] + log x 


1 
45.5 [log (x? — 9) — log (x — 3)] — log x 


3 1 
46.5 log 16x* — a log y® 


In Exercises 47—52, let b = log k. Write each expression in terms 
of b. Assume k > 0. 


47. log 10k 48. log 100k 
49. log k? 50. log k* 

1 1 
51. log ; 52. log 73 


414 Chapter 5 = Exponential and Logarithmic Functions 


In Exercises 53-64, simplify each expression. Assume that each 
variable expression is defined for appropriate values of x. Do not 
use a calculator. 


53. log 10V? 54. log 102° 


55. In eV? 56. In e&*) 


57. 1Q!es6x) 58. gnGx* — 1) 


59. 1QlesGx+ 1) 60. ein@x+ 1) 


61. log, 8 62. logs; 625 


63.log,Va@,a>0,a# 1 64. log, Vb, b > 0,6 41 


— 


By In Exercises 65—68, use a graphing utility with a decimal 
window. 


65. Graph f(x) = log 10x and g(x) = log x on the same set of 
axes. Explain the relationship between the two graphs in 
terms of the properties of logarithms. 


66. Graph f(x) = log 0.1x and g(x) = log x on the same set 
of axes. Explain the relationship between the two graphs 
in terms of the properties of logarithms. 


67. Graph f(x) = In ex and g(x) = In x on the same set of 
coordinate axes. Explain the relationship between the 
two graphs in terms of the properties of logarithms. 


x 


68. Graph f(x) = log x — log(x 
the same set of axes. 


(a) What are the domains of the two functions? 
(b) For what values of x do these two functions agree? 


1) and g(x) = log on 


ae | 


(c) To what extent does this pair of functions exhibit the 
quotient property of logarithms? 


» Applications In this set of exercises, you will use proper- 
ties of logarithms to study real-world problems. 


Chemistry Refer to the definition of pH in Example 5 to solve 
Exercises 69-73. 


69. Suppose solution A has a pH of 5 and solution B has a 
pH of 9. What is the ratio of the concentration of hydro- 
gen ions in solution A to the concentration of hydrogen 
ions in solution B? 


70. Find the pH of a solution with [H*] = 4 x 107. 
71. Find the pH of a solution with [H*] = 6 x 107°. 


72. Find the hydrogen ion concentration of a solution with a 
pH of 7.2. 


73. Find the hydrogen ion concentration of a solution with a 
pH of 3.4. 


Noise Levels Use the following information for Exercises 74—76. 
The decibel (dB) ts a unit that is used to express the relative loud- 
ness of two sounds. One application of this is the relative value of 
the output power of an amplifier with respect to the input power. 
Since power levels can vary greatly in magnitude, the relative 
value D of power level P, with respect to power level P, is given 
(in units of dB) in terms of the logarithm of their ratio, as follows. 


D = 10log = 
= 10 log + 
Pp 


The values P, and P, are expressed in the same units, such as 
watts (W’). 


74. If P, = 20W and P, = 0.3W, find the relative value of P; 
with respect to P,, in units of dB. 


75.If an amplifier’s output power is 10 W and the input 
power is 0.5 W, what is the relative value of the output 
with respect to the input, in units of dB? 


76. Use the properties of logarithms to show that the relative 
value of one power level with respect to another, 
expressed in units of dB, is actually a difference of two 
quantities. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


77. Consider the function f(x) = 2*. 
(a) Sketch the graph of f. 
(b) What are the domain and range of f? 
(c) Graph the inverse function. 


(d) What are the domain and range of the inverse 
function? 


78. Consider the function f(x) = x’. 
(a) Sketch the graph of f. 
(b) What are the domain and range of f ? 
(c) Graph the inverse function. 


(d) What are the domain and range of the inverse 
function? 


79. Graph f(x) = e™* and g(x) = x on the same set of axes. 
(a) What are the domains of the two functions? 
(b) For what values of x do these two functions agree? 


80. Graph f(x) = In e* and g(x) = x on the same set of axes. 
(a) What are the domains of the two functions? 
(b) For what values of x do these two functions agree? 


81. Let a > 1. Can (—3, 1) lie on the graph of log, x? Why or 
why not? 


5.5 Exponential and Lo 


> Solve logarithmic equations 


> Solve applied problems 
using logarithmic equations 
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arithmic Equations 


Exponential Equations 


In Section 5.3, Example 1, we introduced logarithms by seeking a solution to an equation 
of the form 


2’ = 128. 


Equations with variables in the exponents occur quite frequently and are called 
exponential equations. In this section, we will illustrate some algebraic techniques 
for solving these types of equations by using logarithms. 

Since the exponential and logarithmic functions are inverses of each other, they are 
one-to-one functions. We will use the following one-to-one property to solve exponen- 
tial and logarithmic equations. 


Technology Note 


Intersection 


X = .6566511 


E=ae| 1 Solving an Exponential Equation 


Solve the equation 


2' = 128. 
Solution Since 128 can be written as a power of 2, we have 
2’ = 128 Original equation 
=o! Write 128 as power of 2 


t= 7 Equate exponents using the 
one-to-one property 


The solution of the equation is t = 7, which is the same solution we found in Example 1, 
Section 5.3, by using a slightly different approach. 


[A Check It Out 1: Solve the equation 2’ = 512. & 


In some cases, the two sides of an exponential equation cannot be written easily in 
the form of exponential expressions with the same base. In such cases, we take the 
logarithm of both sides with respect to a suitable base, and then use the one-to-one 
property to solve the equation. 


[=a 2 Solving an Exponential Equation 


Solve the equation 107*~! = 3°, 
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Solution We begin by taking the logarithm of both sides. Since 10 is a base of one of 
the expressions, we will take the logarithm, base 10, on each side. 


107-1 = 3% Original equation 
log 107°"! = log 3* Take common logarithm of both sides 
(2x — 1)log 10 = x log 3 Power property of logarithms 

2x —1=-x log 3 log 10 = 1 
2x —xlog3 =1 Collect like terms 
x(2 — log 3) = 1 Factor out x 

v= — = 0.6567 Divide both sides by (2 — log 3) 
2 — log 3 


You can use your calculator to verify that this is indeed the solution of the equation. 


LW Check It Out 2: Solve the equation in Example 2 by taking log, of each side in the 
second step and making other modifications as appropriate. If you solve the equation 
correctly, your answer will match that found in Example 2. 


The next example shows how to manipulate an equation before taking the logarithm 
of both sides of the equation. 


lexaal 3 Solving an Exponential Equation 


Solve the equation 3c” + 6 = 24. 
Solution To solve this equation, we first isolate the exponential term. 
3e% + 6=24 Original equation 


3c" = 18 Subtract 6 from both sides to isolate the exponential expression 
e = 6 Divide both sides by 3 


Because e is the base in the exponential expression that appears on the left-hand side 
of the equation, we will use natural logarithms. 


In e* = In 6 Take natural logarithm of both sides 
2tIne=I1n6 Power property of logarithms 
2t = In 6 Ine=1 


In 6 
t= “a = 0.8959 Divide both sides by 2 


[W Check It Out 3; Solve the equation 4c” — 10 = 26.™ 


Applications of Exponential Equations 


Exponential equations occur frequently in applications. We'll explore some of these ap- 
plications in the examples that follow. 


[Benne 4 Continuous Compound Interest 


Suppose a bank pays interest at a rate of 5%, compounded continuously, on an initial 
deposit of $1000. How long does it take for an investment of $1000 to grow to a total 
of $1200, assuming that no withdrawals or additional deposits are made? 


To check the answer to 
Example 4 with a calculator, 
first create a table of values 
listing the amount in the 
account at various times. 
The amount of $1200 will 
be reached somewhere 
between 3 and 4 years. 
Graph the functions 

Y,(x) = 1000e°°™ and 

Y,(x) = 1200 and find the 
intersection point. Use the 
table to choose a suitable 
window size, such as [0, 10] 
by [1000, 1500](100). See 
Figure 5.5.2. 


Keystroke Appendix: 
Section 9 


Figure 5.5.2 


Intersection 
0X =3.6464311.Y=12e00 . 


1000 
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Solution As stated in Section 5.2, the amount A of money in the account after t years 
with continuous compounding of interest is given by 


A = Pe" 
where P is the initial deposit and r is the interest rate. Thus we start by substituting the 
given data. 


1200 = 1000e°°* 


12= e0:05t 


A = 1200, P = 1000, r = 0.05 
Divide both sides by 1000 to isolate 
the exponential expression 


In 1.2 = 0.052 In e Take natural log of both sides 


In 1.2 = 0.05t Ine=1 
wi 23616 Bhalek 
0.05 A olve Tor 


Thus, it will take about 3.65 years for the amount of money in the account to reach 
$1200. 


[A Check It Out 4: In Example 4, how long will it take for the amount of money in the 
account to reach $1400? & 


It is fairly easy to make algebraic errors when solving exponential equations, but 
there are ways to avoid coming up with a solution that is unreasonable. For an application 
problem involving compound interest, for example, common sense can come in handy: 
you know that the number of years cannot be negative or very large. In Example 4, the 
total interest earned is $200. This is 20% of $1000, and even at 5% simple interest 
(not compounded), this amount can be reached in 4 years. Compounding continu- 
ously will lessen the time somewhat. Thus you can see that 3.65 years is a reasonable 
solution just by making estimations such as this. Using a table of values is another way 
to see if your answer makes sense. 

The following example examines a model in which the exponential function 
decreases over time. 


ere 5 Cost of Computer Disk Storage 


Computer storage and memory are calculated using a byte as a unit. A kilobyte (KB) 
is 1000 bytes and a megabyte (MB) is 1,000,000 bytes. The costs of computer storage 
and memory have decreased exponentially since the 1990s. For example, the cost of 
computer storage over time can be modeled by the exponential function 


C(t) = 10.7(0.48)' 

where ¢ is the number of years since 1997 and C(z) is the cost at time 1, given in cents 
per megabyte. (Source: www.microsoft.com) 
(a) How much did a megabyte of computer storage cost in 2002? 
(b) When did the cost of computer storage decrease to 1 cent per megabyte? 
Solution Note that the cost function is of the form y = Ka’, with a = 0.48 < 1, making 
it a decreasing function. 
(a) Because 2002 is 5 years after 1997, substitute 5 for t in the cost function. 

C(5) = 10.7(0.48)? ~ 0.273 


Thus, in 2002, one megabyte of storage cost approximately 0.273 cent. 
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(b) To compute when the cost of one megabyte of computer storage reached 1 cent, 
set the cost function equal to 1 and solve for t. 


1 = 10.7(0.48)' Set cost function equal to 1 
You can generate a table of 1 
values for the cost function to7 (0.48)' Isolate exponential expression 
in Example 5. See Figure 0. 
5.5.3. Observe that the cost 1 
log —— = tlog 0.4 T logarithm of both si 
tsfrougniy helvediedch year og 10.7 og 0.48 ake common logarithm of both sides 
since 0.48 is close to 0.5. 1 
Keystroke Appendix: log 10.7 
F t= ——_— = 3.23 Solve for t 
Section 6 log 0.48 ove Tor 
Figure 5.5.3 Therefore, computer storage cost only 1 cent per megabyte approximately 3.23 


years after 1997, or sometime in the beginning of the year 2000. 


[A Check It Out 5: Using the model in Example 5, how much will a megabyte of storage 
cost in 2006? ll 


The next example uses logarithms to find the parameters associated with a func- 
tion that models bacterial population growth. 


[ema 6 Bacterial Growth 


Suppose a colony of bacteria doubles its initial population of 10,000 in 10 hours. Assume 
the function that models this growth is given by P(2) = Pe", where t is given in hours 
and P, is the initial population. 


(a) Find the population at time t = 0. (b) Find the value of &. 
(c) What is the population at time t = 20? 
> Solution 


(a) The population at t = 0 is simply the initial population of 10,000. Thus, the function 
modeling this bacteria colony’s growth is P(t) = 10,000e”. We still have to find k, 
which is done in the next step. 


(b) To find k, we need to write an equation with 2 as the only variable. Using the fact 
that the population doubles in 10 years, we have 


10,000e*2 = 20,000 Substitute t = 10 and P(10) = 20,000 
= 2 Divide both sides by 10,000 
10k Ine=In2 Take natural logarithm of both sides 
10k = In 2 Ine=1 
In 2 


k= Fo = 0.0693 Solve for k 


(c) Using the expression for P(t) from part (a) and the value of k from part (b), we have 
P(®) = 10,000e°°**, 
Evaluating the function at t = 20 gives 
P(20) = 10,000e° 972" = 40,000. 


Note that this value is twice 20,000, the population at time t = 10. So, the population 
doubles every 10 hours. 


Technology Note 


To solve the equation 

in Example 8 with a 
calculator, graph 

Y,(x) = log 2x + log(x + 4) 
and Y.(x) = 1 and use the 
INTERSECT feature. See 
Figure 5.5.4. There are no 
extraneous solutions 
because we are directly 
solving the original equation 
rather than the quadratic 
equation obtained through 
algebra in Example 8. 


Keystroke Appendix: 
Section 9 


Figure 5.5.4 


3 


Intersection 
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[A Check It Out 6: When will the population of the bacteria colony in Example 6 reach 
50,000? Mi 


Equations Involving Logarithms 


When an equation involves logarithms, we can use the inverse relationship between 
exponents and logarithms to solve it, although this approach sometimes yields extra- 
neous solutions. Recall the following property: 


qd%a*=x,a,x >0,a#1 
Example 7 illustrates the use of this inverse relationship between exponents and 
logarithms, together with an operation known as exponentiation, to solve an equa- 
tion involving logarithms. When we exponentiate both sides of an equation, we 


choose a suitable base and then raise that base to the expression on each side of the 
equation. 


pene 7 Solving a Logarithmic Equation 


Solve the equation 4 + log; x = 6. 


Solution 
4 + log,;x = 6 Original equation 
log; x = 2 Isolate logarithmic expression 
alt = 3? Exponentiate both sides (base 3) 
x=9 Inverse property: 3'°9* = x 


The solution is x = 9. You can check this solution by substituting 9 for x in the origi- 
nal equation. 


[AW Check It Out 7: Solve the equation —2 + log,x = 3. M 


[Emel 8 Solving an Equation Containing Two Logarithmic Expressions 


Solve the equation log 2x + log(x + 4) = 1. 
> Solution 


log 2x + log(x + 4) = 1 
log 2x(x + 4) = 1 

19s 2x@+4) — 4g! 

2x(x + 4) = 10 
2x7 + 8x — 10 =0 
2(x? + 4x — 5) =0 
2(x+5)@-1)=0 


Original equation 

Combine logarithms using the product property 
Exponentiate both sides (base 10) 

Inverse property: 10'°9? = a 

Write as a quadratic equation in standard form 
Factor outa 2 

Factor completely 

Setting each factor equal to 0, we find that the only possible solutions are x = —5 


and x = 1. We check each of these possible solutions by substituting them into the 
original equation. 


Check x = —5: Since log(2(—5)) + log(—5 + 4) = log(—10) + log(—1), and loga- 
rithms of negative numbers are not defined, x = —5 is not a solution. 
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Technology Note 


Let Y;(x) = 78.05 In(x + 1) 
+ 114.3 and Y,(x) = 300. 
Use the INTERSECT feature 
of a calculator to solve the 
problem in Example 10. 

A window size of [0, 20](2) 
by [100, 400](25) was used 
in the graph in Figure 5.5.5. 
The graphical solution 

(X = 9.798) differs in the 
third decimal place from the 
answer obtained 
algebraically because we 
rounded off in the third step 
of the algebraic solution. 


Keystroke Appendix: 
Section 9 


Figure 5.5.5 


400 


Intersection 
0 X=9.7980549.Y=300 . 


100 


J 20 


Check x = 1: log(2(1)) + log(1 + 4) = log 2 + log 5 
= log(2 X 5) 
=log10=1 


Thus x = 1 satisfies the equation and is the only solution. 


[A Check It Out 8 Solve the equation log x + log(x — 3) = 1 and check your solution(s). 


A 
laeanal 9 Solving an Equation Involving a Natural Logarithm 


Solve the equation In x = 2 + In(x — 1). 
>Solution 
Inx =2+I1n(@& — 1) 
Inx — In(x- 1) =2 


n( a y= 
x= 1 


gin @/@—-D) = ¢ 


Original equation 


Gather logarithmic expressions on one side 


Quotient property of logarithms 


Exponentiate both sides (base e) 


x 


=e Inverse propert 
Eon | peepee 


We now need to solve for x. 


x = (x — 1) Clear fraction: multiply both sides by x — 1 


x— ex = —2 Gather x terms on one side 
x1 — e) = -e Factor out x 
Pe 
x= -—— — = 1.1565 Solve for x 
(=<) 


You can check this answer by substituting it into the original equation. 


LW Check It Out 9: Solve the equation In x = 1 + In(x — 2) and check your solution. 
o 


Application of Logarithmic Equations 


Logarithmic functions can be used to model phenomena for which the growth is rapid 
at first and then slows down. For instance, the total revenue from ticket sales for a 
movie will grow rapidly at first and then continue to grow, but at a slower rate. This is 
illustrated in Example 10. 


10 Box Office Revenue 


The cumulative box office revenue from the movie Finding Nemo can be modeled by 
the logarithmic function 


R(x) = 78.05 In(x + 1) + 114.3 


where x is the number of weeks since the movie opened and R(x) is given in millions of 
dollars. How many weeks after the opening of the movie was the cumulative revenue 
equal to $300 million? (Source: movies.yahoo.com) 
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Solution We set R(x) equal to 300 and solve the resulting logarithmic equation. 


300 = 78.05 In(x + 1) + 114.3 
185.7 = 78.05 In(x + 1) 
2.379 = In(x + 1) 


Original equation 
Subtract 114.3 from both sides 


Divide both sides by 78.05 and 
round the result 


eln@ +1) 


e = Exponentiate both sides 


02379 my +] Inverse property 


2.379 __ 


x~e 1 ~ 9.794 Solve for x 
Thus, by around 9.794 weeks after the opening of the movie, $300 million in total 


revenue had been generated. 


rg Check It Out 10: In Example 10, when did the cumulative revenue reach $200 million? 
B 


5.5 Key Points 


» One-to-one property: For any a > 0,a # 1, 


a =a implies x=y. 
» To solve an exponential equation, take the logarithm of both sides of the equa- 


tion and use the power property of logarithms to solve the resulting equation. 


» To solve a logarithmic equation, isolate the logarithmic term, exponentiate both 
sides of the equation, and use the inverse relationship between logarithms and 
exponents to solve the resulting equation. 


5.5 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 


review topics relevant to the remaining exercises. In Exercises 5—34, solve the exponential equation. Round to three 


1. True or False? Suppose f is a one-to-one function with decimal places, when needed. 


domain all real numbers. Then there is only one solution 5.5° = 125 6.72% = 49 
to the equation f(x) = 4. 
7. 10* = 1000 8.10* = 0.0001 
2. True or False? f(x) = 2x + 3 is not a one-to-one function. F i 
0 = 10. 6* = —— 
ay : 16 216 
3. True or False? f(x) = e* is not a one-to-one function. 
11. 4e* = 36 12. 5e* = 60 
4. True or False? f(x) = In x is a one-to-one function. 
13.27 = 14, 3* = 
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15. 3(1.3%) =5 16. 6(0.9*) = 7 
17.10% =2-**4 18.3°>*=10°**! 
19, 372*71 = 2% 20. 5xts = B-2x41 
21. 1000e°°** = 2000 22. 250e°* = 400 
23.5e° + 7 = 32 24. 4e° + 6 = 22 
25. 2(0.8%) -3 =8 26. 4(1.2%) —-4=9 
27.87! 2=3 28.5+et!=8 
29.9-e l1=2 30.10% *!-g=4 

ee 
31. i 1.729% = 3.26 

oy 
32. =—-x +3 

ce) 
33. c= 

Ge) 
34.553 e +e*=-x+4 


In Exercises 35—60, solve the logarithmic equation and eliminate 
any extraneous solutions. If there are no solutions, so state. 


35.logx =0 36.Inx = 1 


37.In@ — 1) =2 38.In(@x + 1) = 3 
39. log(x + 2) =1 40. log(x — 2) =3 


41.log3;(x + 4) =2 


42. logs(x + 3) =1 


43. log(x + 1) + log — 1) =0 


44. log(x + 3) + log — 3) =0 


45. log x + log(x + 3) = 1 


46. log x + log(2x — 1) =1 
47. log, x = 2 — log,(x — 3) 
48. log;x = 1 — logs(« — 4) 
49. In(2x) = 1 + In(& + 3) 


50. log;x = 2 + logs(x — 2) 


51.log(3x + 1) — log(x? + 1) =0 


52. log(x + 5) — log(4x* + 5) =0 


53.log(2x + 5) + log(x + 1) =1 


54. log(3x + 1) + log(x + 1) =1 


55. log,(x + 5) = log,(x) + log,(x — 3) 


56. In 2x — In(x? + 1) =In1 


EE 


57 2Inx + In(x —- 1) = 3.1 


58, @ —In x — In(x + 2) =2.5 


59. EA log |x — 2| + log |x| = 1.2 


60.--2In x = (x — 2)? 


» Applications In this set of exercises, you will use exponen- 
tial and logarithmic equations to study real-world problems. 


Banking In Exercises 61-66, determine how long it takes for the 
given investment to double if r 1s the interest rate and the interest 
is compounded continuously. Assume that no withdrawals or fur- 
ther deposits are made. 


61. Initial amount: $1500; r= 6% 
62. Initial amount: $3000; r= 4% 
63. Initial amount: $4000; r = 5.75% 
64. Initial amount: $6000; r = 6.25% 
65. Initial amount: $2700; r = 7.5% 


66. Initial amount: $3800; r = 5.8% 


Banking In Exercises 67—72, find the interest rate r if the interest 
on the initial deposit 1s compounded continuously and no with- 
drawals or further deposits are made. 


67. Initial amount: $1500; Amount in 5 years: $2000 
68. Initial amount: $3000; Amount in 3 years: $3600 
69. Initial amount: $4000; Amount in 8 years: $6000 


70. Initial amount: $6000; Amount in 10 years: $12,000 


71. 


72. 


1s 


74, 


75. 


76. 


77. 


Initial amount: $8500; Amount in 5 years: $10,000 
Initial amount: $12,000; Amount in 20 years: $25,000 


Bacterial Growth Suppose the population of a colony of 
bacteria doubles in 12 hours from an initial population of 
1 million. Find the growth constant k if the population is 
modeled by the function P(t) = Be". When will the pop- 
ulation reach 4 million? 8 million? 


Bacterial Growth Suppose the population of a colony of 
bacteria doubles in 20 hours from an initial population of 
1 million. Find the growth constant k if the population is 
modeled by the function P(t) = Pye”. When will the pop- 
ulation reach 4 million? 8 million? 


Computer Science In 1965, Gordon Moore, then director 
of Intel research, conjectured that the number of transis- 
tors that fit on a computer chip doubles every few years. 
This has come to be known as Moore’s Law. Analysis of 
data from Intel Corporation yields the following model of 
the number of transistors per chip over time: 


s(t) = 2297.1e°71 


where s() is the number of transistors per chip and t 

is the number of years since 1971. (Source: Intel Cor- 

poration) 

(a) According to this model, what was the number of 
transistors per chip in 1971? 


(b) How long did it take for the number of transistors to 
double? 


Depreciation The value of a 2003 Toyota Corolla is given 
by the function 


v(t) = 14,000(0.93)! 


where ¢ is the number of years since its purchase and 
v(t) is its value in dollars. (Source: Kelley Blue Book) 


(a) What was the Corolla’s initial purchase price? 


(b) What percent of its value does the Toyota Corolla 
lose each year? 


(c) How long will it take for the value of the Toyota 
Corolla to reach $12,000? 


Depreciation The value of a 2006 S-type Jaguar is given 
by the function 


v(t) = 43,173(0.8)' 
where ¢ is the number of years since its purchase and 
v(t) is its value in dollars. (Source: Kelley Blue Book) 


(a) What was the Jaguar’s initial purchase price? 
(b) What percentage of its value does the Jaguar S-type 
lose each year? 
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78. 


79. 
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(c) How many years will it take for the Jaguar S-type to 
reach a value of $22,227? 


Film Industry The cumulative box office revenue from 
the movie Terminator 3 can be modeled by the logarith- 
mic function 


R(x) = 26.203 In x + 90.798 


where x is the number of weeks since the movie opened 
and R(x) is given in millions of dollars. How many weeks 
after the opening of the movie did the cumulative rev- 
enue reach $140 million? (Source: movies.yahoo.com) 


Physics Plutonium is a radioactive element that has a 
half-life of 24,360 years. The half-life of a radioactive 
substance is the time it takes for half of the substance to 
decay (which means the other half will still exist after 
that length of time). Find an exponential function of the 
form f(t) = Ae that gives the amount of plutonium left 
after t years if the initial amount of plutonium is 10 
pounds. How long will it take for the plutonium to decay 
to 2 pounds? 


Chemistry Exercises 80 and 81 refer to the following. The pH of a 
solution is defined as pH = —log[H* ]. The concentration of hy- 
drogen ions, [H*], is given in moles per liter, where one mole is 
equal to 6.02 X 107? molecules. 


80. 


81. 


82. 


83. 


What is the concentration of hydrogen ions in a solution 
that has a pH of 6.2? 


What is the concentration of hydrogen ions in a solution 
that has a pH of 1.5? 


Geology The 1960 earthquake in Chile registered 9.5 on 
the Richter scale. Find the energy F (in Ergs) released 
by using the following model, which relates the energy 
in Ergs to the magnitude R of an earthquake. (Source: 
National Earthquake Information Center, U.S. Geologi- 
cal Survey) 


log E= 11.4 + (1.5)R 


Acoustics The decibel (dB) is a unit that is used to ex- 
press the relative loudness of two sounds. One applica- 
tion of decibels is the relative value of the output power 
of an amplifier with respect to the input power. Since 
power levels can vary greatly in magnitude, the relative 
value D of power level P, with respect to power level P, is 
given (in units of dB) in terms of the logarithm of their 
ratio as follows: 


P 
D= 10 log + 
P, 


where the values of P, and P, are expressed in the same 
units, such as watts (W). If R = 75 W, find the value 
of P, at which D = 0.7. 
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84. Depreciation A new car that costs $25,000 depreciates to 
80% of its value in 3 years. 


(a) Assume the depreciation is linear. What is the linear 
function that models the value of this car ¢ years 
after purchase? 


(b) Assume the value of the car is given by an 
exponential function y = Ae", where A is the initial 
price of the car. Find the value of the constant k 
and the exponential function. 

(c) Using the linear model found in part (a), find 
the value of the car 5 years after purchase. 

Do the same using the exponential model found 
in part (b). 
= 


(d) == Graph both models using a graphing utility. 
Which model do you think is more realistic, 


and why? 


85. Horticulture Pesticides decay at different rates depending 
on the pH level of the water contained in the pesticide 
solution. The pH scale measures the acidity of a solu- 
tion. The lower the pH value, the more acidic the 
solution. When produced with water that has a pH of 
6.0, the pesticide chemical known as malathion has a 
half-life of 8 days; that is, half the initial amount of 
malathion will remain after 8 days. However, if it is pro- 
duced with water that has a pH of 7.0, the half-life of 
malathion decreases to 3 days. (Source: Cooperative Ex- 
tension Program, University of Missouri) 

(a) Assume the initial amount of malathion is 
5 milligrams. Find an exponential function of the 
form A(t) = Aje™ that gives the amount of 
malathion that remains after ¢ days if it is produced 
with water that has a pH of 6.0. 

(b) Assume the initial amount of malathion is 
5 milligrams. Find an exponential function of the 
form B(t) = Boe“ that gives the amount of malathion 
that remains after t days if it is produced with water 
that has a pH of 7.0. 

(c) How long will it take for the amount of malathion in 
each of the solutions in parts (a) and (b) to decay to 
3 milligrams? 

(d) If the malathion is to be stored for a few days before 
use, which of the two solutions would be more 
effective, and why? 
rea 

(e) |= Graph the two exponential functions in the same 
viewing window and describe how the graphs 
illustrate the differing decay rates. 


Investment In Exercises 86-89, use the following table, which 
illustrates the growth over time of an amount of money deposited 
in a bank account. 


0 5000 

1 5309.18 
2 5637.48 
4 6356.25 
6 7166.65 
10 OOF 9 
12 O22 ali 


86. What is the amount of the initial deposit? 


87. From the table, approximately how long does it take for 
the initial investment to earn a total of $600 in interest? 


88. From the table, approximately how long does it take for 
the amount of money in the account to double? 


89. Assume that the amount of money in the account at time r 
(in years) is given by V(t) = Pe", where PR, is the initial 
deposit and ris the interest rate. Find the exponential func- 
tion and the value of r. 


Concepts This set of exercises will draw on the ideas pre- 

sented in this section and your general math background. 

90. Do the equations In x? = 1 and 2 In x = 1 have the same 
solutions? Explain. 


91. Explain why the equation 2e* = —1 has no solution. 


92. What is wrong with the following step? 
log x + log + 1) =0Sx(« + 1) =0 


93. What is wrong with the following step? 
2et5 = 3 y+ 5 = Ax 


In Exercises 94-97, solve using any method, and eliminate extra- 
neous solutions. 


94. In(log x) = 1 95. 8* =e 


96. logs |x — 2| = 2 97.1n |2x — 3| = 1 
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9.6 Exponential, Logistic, and Logarithmic Models 


Objectives We have examined some applications of exponential and logarithmic functions in the 
> Construct an exponential previous sections. In these applications, we were usually given the expression for the 
decay model function. In this section, we will study how an appropriate model can be selected when 
1m we are given some data about a certain problem. This is how real-world models often 

> Use curve-fitting for an Sen 


exponential model : ae : : : 
In simple cases, it is possible to come up with an appropriate model through paper- 


and-pencil work. For more complicated data sets, we will need to use technology to 
find a suitable model. We will examine both types of problems in this section. In addi- 
> Define a logistic model tion, we will investigate other functions, closely related to the exponential function, 
> Use curve-fitting for a that are useful in solving real-world applications. 

logistic model 


> Use curve-fitting for a 
logarithmic model 


Exponential Growth and Decay 


Recall the following facts from Section 5.2 about exponential functions. 


Nuet ine Time Properties of Exponential Functions 

Revie erererres of » An exponential function of the form f(x) = Ca*, where C > 0 and a> 1, 
exponential functions in mOdels exponential row th. Cec Higwe) 0:1: 

Section 5.2. Figure 5.6.1 


y 7¥ S 
y values increase 
as x increases 


F(x) = Ca*, 
GS NCS 


BY 


» An exponential function of the form f(x) = Ca*, where C > 0 and0 <a< 1, 
models exponential decay. See Figure 5.6.2. 


Figure 5.6.2 


(O2ee 
O<a< il CSO 


y values decrease 
as x increases 
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Chapter 5 


Exponential and Logarithmic Functions 


When modeling exponential growth and decay without the use of technology, it is 
more convenient to state the appropriate functions using the base e. If a > 1, we can 
write a = e*, where & is some constant such that k > 0. If a < 1, we can write a = e*, 


where & is some constant such that k < 0. We then have the following. 


The exponential function is well suited to many models in the social, life, and 
physical sciences. The following example discusses the decay rate of the radioactive 
metal strontium-90. This metal has a variety of commercial and research uses. For 
example, it is used in fireworks displays to produce the red flame color. (Source: 
Argonne National Laboratories) 


Eemis|1 Modeling Radioactive Decay 


It takes 29 years for an initial amount A) of strontium-90 to break down into half the 
initial amount, _ That is, the half-life of strontium-90 is 29 years. 


(a) Given an initial amount of Ay grams of strontium-90 at time t = 0, find an exponen- 
tial decay model, A(t) = Age", that gives the amount of strontium-90 at time 1, t = 0. 


(b) Calculate the time required for the initial amount of strontium-90 to decay to = Ao. 
>Solution 


(a) The exponential model is given by A(2) = Aye. After 29 years, the amount of 
strontium-90 is 5 Ay. Putting this information together, we have 


A(t) = Age” Given model 
1 1 
A(29) = x40 = Aye?” At t = 29, A(29) = > Ao 
1 
a = gO?) Divide both sides of equation by A, 
1 
In 2 = 29k Take natural logarithm of both sides 
In ; 
cs =k Solve for k 


= —0.02390 Approximate k to four significant 
digits 
Because this is a decay model, we know that k < 0. Thus the decay model is 
A(t) = Ape oe: 
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(b) We must calculate t such that A(t) = Ay. We proceed as follows. 


AD) = Age °-0?39 Given model 
1 1 
T0 = Ang 108800 Substitute A(t) = 10° 
1 
Ti ge 0:023208 Divide both sides of equation by Ao 
1 
In 0 = —0.02390r Take natural logarithm of both sides 
In “ 
—= Et Solve for t 
—0.02390 cial 
t ~ 96.34 Approximate t to four significant digits 


Thus, in approximately 96.34 years, one-tenth of the original amount of strontium- 
90 will remain. 


[A Check It Out 1; Radium-228 is a radioactive metal with a half-life of 6 years. Find 


an exponential decay model, A(t) = Aye”, that gives the amount of radium-228 at time 
4,t20.08 


Example 2 discusses population growth assuming an exponential model. 


lears| 2 Modeling Population Growth 


The population of the United States is expected to grow from 282 million in 2000 to 
335 million in 2020. (Source: U.S. Census Bureau) 


(a) Find a function of the form P(2) = Ce“ that models the population growth. Here, 
tis the number of years after 2000, and P(2) is the population in millions. 


(b) Use your model to predict the population of the United States in 2010. 
> Solution 


(a) If ¢ is the number of years after 2000, we have the following two data points: 
(0, 282) and (20, 335) First, we find C. 


PQ) = Ce** Given equation 
PO) = Ce = 282 Population at t = O is 282 million 
C = 282 Because Ce) = C 
Thus, the model is P(t) = 282e"’. Next, we find k. 
Pi) = 282" Given equation 
P(20) = 282e*? = 335 Population at t = 20 is 335 million 
28267% = 335 
eo 22 Isolate the exponential term 
282 P 
335 
20k = In 282 Take natural logarithm of both sides 
335 
_ 990 


= 56 = 0.00861 Solve for k and approximate to three significant digits 


Thus the function is P(t) = 282¢°°°8!", 


428 Chapter 5 © Exponential and Logarithmic Functions 


Technology Note 


Curve-fitting features are 
available under the Statistics 
option on most graphing 
calculators. 


Keystroke Appendix: 
Section 12 


(b) We substitute z = 10 into the function from part (a), since 2010 is 10 years after 2000. 
P10) = 282¢% 086109) = 307 
Thus, in 2010, the population of the United States will be about 307 million. 


[A Check It Out 2; Use the function in Example 2 to estimate the population of the 
United States in 2015. © 


Models Using Curve-Fitting 


In this section we will explore real-world problems that can be analyzed using only the 
curve-fitting, or regression, capabilities of your graphing utility. We will discuss exam- 
ples of exponential, logistic, and logarithmic models. 


lemal 3 Growth of the National Debt 


Table 5.6.1 shows the United States national debt (in billions of dollars) for selected 
years from 1975 to 2005. (Source: U.S. Department of the Treasury) 


Table 5.6.1 
0 576.6 
5) 930.2 
10 1946 
15 3233 
20 4974 
25 5674 
30 7933 


(a) Make a scatter plot of the data and find the exponential function of the form 
f(x) = Ca* that best fits this data. 


(b) From the model in part (a), what is the projected national debt for the year 2010? 
> Solution 


(a) We can use a graphing utility to graph the data points and find the best-fitting 
exponential model. Figure 5.6.3 shows a scatter plot of the data, along with the 
exponential curve. 


Figure 5.6.3 


8000 


8000 


HS 


Table 5.6.2 


4.5 5020 
O75) 10,020 
@) 1S OS) 
12 17,810 
15 20,600 


Section 5.6 = Exponential, Logistic, and Logarithmic Models 429 


The exponential function that best fits this data is given by 
d(x) = 681.2(1.093)*. 
(b) To find the projected debt in 2010, we calculate d(35): 
d(35) = 681.2(1.093)” = 15,310 


Thus the projected national debt in 2010 will be approximately $15,310 dzllion 
dollars, or $15.31 trillion dollars. 


LW Check It Out 3: Use the model in Example 3 to project the national debt in the year 
2012. & 


Ear 4 Modeling Loads ina Structure 


When designing buildings, engineers must pay careful attention to how different 
factors affect the load a structure can carry. Table 5.6.2 gives the load in pounds of 
concrete when a 1-inch-diameter anchor is used as a joint. The table summarizes the 
relation between the load and how deep the anchor is drilled into the concrete. 
(Source: Simpson Anchor Systems) 


(a) From examining the table, what is the general relationship between the depth of 
the anchor and the load? 

(b) Make a scatter plot of the data and find the natural logarithmic function that best 
fits the data. 

(c) If an anchor were drilled 10 inches deep, what is the resulting load that could be 
carried? 


(d) What is the minimum depth an anchor should be drilled in order to sustain a load 
of 9000 pounds? 


>Solution 


(a) From examining the table, we see that the deeper the anchor is drilled, the heavier 
the load that can be sustained. However, the sustainable load increases rapidly at 
first, and then increases slowly. Thus a logarithmic model seems appropriate. 

(b) We can use a graphing utility to plot the data points and find the best-fitting 
logarithmic model. Figure 5.6.4 shows a scatter plot of the data, along with the 
logarithmic curve. 


Figure 5.6.4 


22,500 


LnReg 

y = a+blnx 
= -14582.83863 
= 13086.06007 


2300 


The logarithmic function that best fits this data is given by 
L(x) = 13,086 In(x) — 14,583 


where x is the depth the anchor is drilled. 
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Figure 5.6.5 Graph of logistic 


function 


level off as x 
approaches 
infinity 


Function values 


Table 5.6.3 


10 
25 


0.0101 
0.1183 
0.6981 
1.0000 
1.3556 
1.7284 
2.5769 
2.9601 
2.9999 


RY 


Exponential and Logarithmic Functions 


(c) To find the sustainable load when an anchor is drilled 10 inches deep, we evaluate 
L(10). 


L(10) = 13,086 In(10) — 14,583 ~ 15,548 
The resulting load is approximately 15,548 pounds. We can check that this value is 
reasonable by comparing it with the data in the table. 


(d) To find the minimum depth, we set the expression for the load to 9000 and solve for x. 


13,086 In(@) — 14,583 = 9000 
13,086 In x = 23,583 Add 14,583 to both sides 
_ 23,583 
13,086 
x = e! 8071 ~ 6.0623 
Thus, the anchor must be drilled to a depth of at least 6.0623 inches to sustain a 
load of 9000 pounds. Drilling to a greater depth simply means the anchor will sus- 
tain more than 9000 pounds. 
We also could have found the solution with a graphing utility by storing the log- 
arithmic function as y, and finding its intersection with the equation y, = 9000. 
[A Check It Out 4; —2 Find the solution to part (d) of Example 4 using a graphing 
utility. © 


Set load expression equal to 9000 


In x = 1.8021 Divide both sides by 13,086 


The Logistic Model 


In the previous section, we examined population growth models by using an exponential 
function. However, it seems unrealistic that any population would simply tend to infinity 
over a long period of time. Other factors, such as the ability of the environment to sup- 
port the population, would eventually come into play and level off the population. Thus 
we need a more refined model of population growth that takes such issues into account. 

One function that models this behavior is known as a logistic function. It is 
defined as 


c 
1 + ae™ 


f(x) = 


where a, b, and c are constants determined from a given set of data. Finding these con- 
stants involves using the logistic regression feature of your graphing utility. The graph of 
the logistic function is shown in Figure 5.6.5. We can examine some properties of this 


e Table 5.6.3 lists some values for f(x). 


function by letting f(x) = T4200 


Observations: 


» As x increases, the function values approach 3. This is because 2e °* will get very 


small in magnitude as x increases to +, making the denominator of f(x), 
3 


sx, the values of f(x) will 


—0.5x a ee 
1 + 2e 5 very close to 1. Because f(x) = [aoe 


approach 3 as x increases to +0, 


» As x decreases, the function values approach 0. This is because 2e °* will get 


very large in magnitude as x decreases to —®, making the denominator of f(x), 


: ax, the values of f(x) 


1 + 2e °>*, very large in magnitude. Because f(x) = j= 


will approach 0 as x decreases to —%. 


In Example 5, a logistic function is used to analyze a set of data. 


Table 5.6.4 


1970 
1980 
1990 
2000 
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[anal 5 Logistic Population Growth 


Table 5.6.4 gives the population of South America for selected years from 1970 to 
2000. (Source: U.S. Census Bureau) 


(a) Use a graphing utility to make a scatter plot of the data and find the logistic func- 
tion of the form f(x) = 7. =e that best fits the data. Let x be the number of years 
after 1970. 


(b) Using this model, what is the projected population in 2020? How does it compare 
with the projection of 421 million given by the U.S. Census Bureau? 

>Solution 

(a) Figure 5.6.6 shows a scatter plot of the data, along with the logistic curve. The 
logistic function that best fits this data is given by 

_ 537 
1 + 1.813¢° 9%" 


p(x) 


Figure 5.6.6 


+ae(-bx)) 
.813427325 

.0399352709 

537.0236938 


gi 


(b) To find the projected population in 2020, we calculate (50): 


537 _ 
1 + 1.813¢0%O® 


p(50) = 431 
This model predicts that there will be approximately 431 million people in South 
America in 2020. The statisticians who study these types of data use a more 
sophisticated type of analysis, of which curve-fitting is only a part. The Census 
Bureau’s projection of 421 million is relatively close to the population predicted by 
our model. 


[A Check It Out 5: Using the model found in Example 5, what is the projected 
population of South America in 2040? How does it compare with the projection of 
468 million given by the U.S. Census Bureau? 


5.6 Key Points 


» An exponential function of the form f(x) = Ce**, where C > 0 and k > 0, models 
exponential growth. 

» An exponential function of the form f(x) = Ce", where C > 0 and k < 0, models 
exponential decay. 

» A logarithmic function can be used to model the growth rate of a phenomenon 
that grows rapidly at first and then more slowly. 


» A logistic function of the form f(x) = =o is used to model the growth rate 


of a phenomenon whose growth must eventually level off. 
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5.6 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. 


6. 


An exponential function of the form f(x) = Ca‘, where 
C > 0 and a> 1, models exponential 


. An exponential function of the form f(x) = Ca*, where 


C > 0 and a < 1, models exponential 


. Let f(x) = 5e*. As x > &, f(x) > —___.. 
. Let f(x) = 5e*. As x > —©, f(x) > ___.. 


Let f(x) = (3). Asx, f(x) >, 


Let f(x) = (5). As x > 00, f(x) >, 


® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-10, use f(t) = 10e’. 


7. 


8. 


9. 


10. 


Evaluate f(0). 
Evaluate f(2). 
For what value of ¢ will f() = 5? 


For what value of ¢ will f() = 2? 


In Exercises 11-14, use f() = 4e’. 


11. 


Evaluate f(1). 


12. Evaluate f(3). 


13. For what value of ¢ will f() = 8? 
14. For what value of ¢ will f() = 10? 
In Exercises 15—18, use f(x) = or. 


15. Evaluate f(0). 


17. Evaluate f(10). 


16. Evaluate f(1). 


18. Evaluate f(12). 


In Exercises 19-22, use f(x) = 3 In x — 4. 
19. Evaluate f(e). 


20. Evaluate f(1). 


21. For what value of x will f(x) = 2? 


22. For what value of x will f(x) = 3? 


In 


Exercises 23-26, match the description to one of the 


graphs (a)—(d). 


a. 


23. 
24. 
25. 


26. 


Applications In this set of exercises, you 


VA b. yA 


RY 
BY 


ay 


Exponential decay model 
Logarithmic growth model 
Logistic growth model 


Exponential growth model 


will use 


exponential, logistic, and logarithmic models to study 
real-world problems. 


27. 


28. 


Chemistry It takes 5700 years for an initial amount Ay of 

carbon-14 to break down into half the amount, Ao. 

(a) Given an initial amount of A, grams of carbon-14 at 
time t = 0, find an exponential decay model, 
A(t) = Aye", that gives the amount of carbon-14 at 
time t,t = 0. 

(b) Calculate the time required for Ay grams of carbon-14 
to decay to 5 Ap. 


Chemistry The half-life of plutonium-238 is 88 years. 

(a) Given an initial amount of Ay grams of plutonium- 
238 at time t = 0, find an exponential decay model, 
A(t) = Aye”, that gives the amount of plutonium- 
238 at time t,t = 0. 


29. 


30. 


31. 


32. 


33% 


34. 


(b) Calculate the time required for Ay grams of 
plutonium-238 to decay to 5 Ao. 


Archaeology At an excavation site, an archaeologist dis- 
covers a piece of wood that contains 70% of its initial 
amount of carbon-14. Approximate the age of the wood. 
(Refer to Exercise 27.) 


Population Growth The population of the United States is 
expected to grow from 282 million in 2000 to 335 million 
in 2020. (Source: U.S. Census Bureau) 

(a) Find a function of the form P(t) = Ce“ that models 
the population growth of the United States. Here, r 
is the number of years since 2000 and P(2) is in 
millions. 

(b) Assuming the trend in part (a) continues, in what 
year will the population of the United States be 
300 million? 


Population Growth The population of Florida grew from 
16.0 million in 2000 to 17.4 million in 2004. (Source: 
U.S. Census Bureau) 
(a) Find a function of the form P(t) = Ce* that 

models the population growth. Here, z is the 

number of years since 2000 and P(d) is in 

millions. 
(b) Use your model to predict the population of 

Florida in 2010. 


Temperature Change A frozen pizza with a temperature of 
30°F is placed in a room with a steady temperature of 
75°F. In 15 minutes, the temperature of the pizza has risen 
to 40°F. 

(a) Find an exponential model, F(t) = Ce”, that models 
the temperature of the pizza in degrees Fahrenheit, 
where ¢ is the time in minutes after the pizza is 
removed from the freezer. 

(b) How long will it take for the temperature of the pizza 
to reach 55°F? 


Housing Prices The median price of a new home in the 
United States rose from $123,000 in 1990 to $220,000 
in 2004. Find an exponential function P(t) = Ce” that 
models the growth of housing prices, where r is the num- 
ber of years since 1990. (Source: National Association of 
Home Builders) 


Economics Due to inflation, a dollar in the year 1994 is 
worth $1.28 in 2005 dollars. Find an exponential func- 
tion v(t) = Ce™ that models the value of a 1994 dollar 
t years after 1994. (Source: Inflationdata.com) 
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35. 


36. 


Dike 


38. 
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Depreciation The purchase price of a 2006 Ford F150 

longbed pickup truck is $23,024. After 1 year, the price 

of the Ford F150 is $17,160. (Source: Kelley Blue Book) 

(a) Find an exponential function, P(t) = Ce", that 
models the price of the truck, where r is the number 
of years since 2006. 

(b) What will be the value of the Ford F150 in the year 
2009? 


Health Sciences The spread of the flu in an elementary 
school can be modeled by a logistic function. The num- 
ber of children infected with the flu virus ¢ days after the 
first infection is given by 


150 
NW) = >>. 
Oy ae 
(a) How many children were initially infected with the 
flu? 
(b) How many children were infected with the flu virus 
after 5 days? after 10 days? 


Wildlife Conservation The population of white-tailed 
deer in a wildlife refuge ¢ months after their intro- 
duction into the refuge can be modeled by the logistic 
function 


ieee 0 
> Ty ae Or 
(a) How many deer were initially introduced into the 
refuge? 
(b) How many deer will be in the wildlife refuge 
10 months after introduction? 
ae 
~ = Commerce The following table gives the sales, in bil- 
lions of current dollars, for restaurants in the United 
States for selected years from 1970 to 2005. (Source: 
National Restaurant Association Fact Sheet, 2005) 


Year 1970 1985 
Sales: 42.8 173.7 


(a) Make a scatter plot of the data and find the 
exponential function of the form f(x) = Ca* that 
best fits the data. Let x be the number of years 
since 1970. 

(b) Why must a be greater than 1 in your 
model? 


1995 
2 T 


2005 
475.8 


(c) Using your model, what are the projected sales for 
restaurants in the year 2008? 

(d) Do you think this model will be accurate over the 
long term? Explain. 
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i] 


Tourism The following table shows the tourism rev- 
enue for China, in billions of dollars, for selected years 
since 1990. (Source: World Tourism Organization) 


1990 2.218 
1995 B/S) 
1996 10.200 
1998 12.602 
2000 16.231 
2002 20.385 


(a) Make a scatter plot of the data and find the expo- 
nential function of the form f(x) = Ca* that best fits 
the data. Let x be the number of years since 1990. 

(b) Using this model, what is the projected revenue 
from tourism in the year 2008? 

(c) Do you think this model will be accurate over the 
long term? Explain. 


Health Sciences The spread of a disease can be mod- 
eled by a logistic function. For example, in early 2003, 
there was an outbreak of an illness called SARS (Severe 
Acute Respiratory Syndrome) in many parts of the 
world. The following table gives the total number of cases 
in Canada for the weeks following March 20, 2003. 
(Source: World Health Organization) (Note: The total 
number of cases dropped from 149 to 140 between 
weeks 3 and 4 because some of the cases thought to be 
SARS were reclassified as other diseases.) 


foo) Sey SS ISS) RSS 
—y 
is 
S) 


(a) Explain why a logistic function would suit this data 
well. 
(b) Make a scatter plot of the data and find the logistic 
function of the form f(x) = ——*_- that best fits 
1 + ae 
the data. 


(c) What does c signify in your model? 

(d) The World Health Organization declared in July 2003 
that SARS no longer posed a threat in Canada. 
By analyzing this data, explain why that would 
be so. 


. = Car Racing The following table lists the qualifying 
speeds, in miles per hour, of the Indianapolis 500 car 
race winners for selected years from 1931 to 2005. 
(Source: www.indy500.com) 


LOB 107 
1941 121 
1951 135 
1961 145 
1971 174 
1981 200 
NOI 224 
2005 228 


(a) Explain why a logistic function would fit this data 
well. 

(b) Make a scatter plot of the data and find the logistic 
function of the form f(x) = = that best fits 
the data. Let x be the number of years since 1931. 

(c) What does c signify in your model? 

(d) Using your model, what is the projected qualifying 
speed for the winner in 2008? 


i] 


mo 


Heat Loss The following table gives the temperature, 
in degrees Celsius, of a cup of hot water sitting in a room 
with constant temperature. The data was collected over 
a period of 30 minutes. (Source: www.phys.unt.edu, 
Dr. James A. Roberts) 


0 O5) 

1 90.4 

5) 84.6 
10 13 
15 64.7 
20 59 
25 54.5 
29 51.4 


(a) Make a scatter plot of the data and find the 
exponential function of the form f(2) = Ca’ that best 
fits the data. Let t be the number of minutes the 
water has been cooling. 

(b) Using your model, what is the projected temperature 
of the water after 1 hour? 


Oil Prices The following table gives the price per bar- 
rel of crude oil for selected years from 1992 to 2006. 
(Source: www.ioga.com/special/crudeoil-Hist.htm) 


1992 OZ 
1996 20.46 
2000 27.40 
2004 37.41 
2006 58.30 


(a) Make a scatter plot of the data and find the 
exponential function of the form P(2) = Ca’ that best 
fits the data. Let rt be the number of years since 
1992. 

(b) Using your model, what is the projected price per 

barrel of crude oil in 2009? 
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= Campaign Spending The following table gives the total 
amount spent by all candidates in each presidential elec- 
tion, beginning in 1988. Each amount listed is in mil- 
lions. (Source: Federal Election Commission) 


1988 495 
1992 550 
1996 560 
2000 649.5 
2004 1,016.5 


(a) Make a scatter plot of the data and find the 
exponential function of the form P(t) = Ca’ that best 
fits the data. Let t be the number of years since 
1988. 

(b) Using your model, what is the projected total 
amount all candidates will spend during the 2012 
presidential election? 

aes 

== Environmental Science The cost of removing chemi- 

cals from drinking water depends on how much of the 
chemical can safely be left behind in the water. The fol- 
lowing table lists the annual removal costs for arsenic in 


45. 
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terms of the concentration of arsenic in the drinking 
water. (Source: Environmental Protection Agency) 


3 645 
379 

10 166 
20 65 


(a) Interpret the data in the table. What is the relation 
between the amount of arsenic left behind in the 
removal process and the annual cost? (One 
microgram is equal to 10 °° gram.) 

(b) Make a scatter plot of the data and find the ex- 
ponential function of the form C(x) = Ca* that best 
fits the data. Here, x is the arsenic concentration. 

(c) Why must a be less than 1 in your model? 


(d) Using your model, what is the annual cost to obtain 
an arsenic concentration of 12 micrograms per liter? 

(e) It would be best to have the smallest possible 
amount of arsenic in the drinking water, but the cost 
may be prohibitive. Use your model to calculate the 
annual cost of processing such that the concentra- 
tion of arsenic is only 2 micrograms per liter of 
water. Interpret your result. 

cs 

46. + Prenatal Care The following data gives the percentage 

of women who smoked during pregnancy for selected 

years from 1994 to 2002. (Source: National Center for 

Health Statistics) 


1994 14.6 
1996 13.6 
1998 Wee) 
2000 1222) 
2001 12.0 
2002 11.4 


(a) From examining the table, what is the general 
relationship between the year and the percentage of 
women smoking during pregnancy? 

(b) Let ¢ be the number of years after 1993. Here, t 
starts at 1 because In 0 is undefined. Make a scatter 
plot of the data and find the natural logarithmic 
function of the form p(t) = a ln t + 6 that best fits 
the data. Why must a be negative? 

(c) Project the percentage of women who will smoke 
during pregnancy in the year 2007. 
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Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


47. Refer to Example 1. Without solving an equation, how 
would you figure out when the amount of strontium-90 
would reach one-fourth the initial amount A)? 


c . 
. : : 1+ ae * ™ 
sometimes called the carrying capacity. Can you give a 


reason why this term is used? 


48. The value c in the logistic function f(x) = 


(1/2)t 


49. Explain why the function f() = e cannot model ex- 


ponential decay. 


50.For the logistic function f(x) = —z, show that 


c 
1 + ae 
f(x) > 0 for all x if a and c are positive. 
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Section 5.1 Inverse Functions 


Concept Illustration 


Definition of an inverse function 

Let f be a function. A function g is said to 
be the inverse function of f if the domain 
of gis equal to the range of f and, for every 
x in the domain of f and every y in the 
domain of g, 


giv) =x ifandonlyif f(x) = 


The notation for the inverse function of f is 


ae 


fx) =+ 


Composition of a function and its inverse 

If fis a function with an inverse function 

f—', then 

* for every x in the domain of f, f~'(f(x)) is 
defined and f~'( f(x)) = x. 

* for every x in the domain of f~', f(f~'(x)) 
is defined and f( f~'(x)) = x. 


One-to-one function 

A function fis one-to-one if f(a) = f(b) 
implies a = b. For a function to have an 
inverse, it must be one-to-one. 


Graph of a function and its inverse 
The graphs of a function f and its inverse -- 
function f | are symmetric with respect to 
the line y = x. 


x) =* 


The inverse of f(x) = 4x + 1 is 
=] 


Let f(x) = 4x + 1 and f71(x) = 
that f'(f(x)) = 
FFG) = 4€* 


The function f(x) = x? is one-to-one, 
whereas the function g(x) = x’ is not. 


The erapise of f(x) = 4x + 1 and 


symmetry uak the line y = x. 


4+ 
(y= 4x + 1—L 
aaa a. 


=] 
are pictured. Note the 


Study and Review 


Examples 1, 2 


Chapter 5 Review, 
Exercises 1-12 


——. Note | Examples 2, 3 


(4x +1)-1 mil Chapter 5 Review, 
4 = x. Similarly, Exercises 1—4 
*| +1=x. 


Example 4 


Chapter 5 Review, 
Exercises 5-12 


Examples 5, 6 


Chapter 5 Review, 
Exercises 13-16 
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Study and Review 


Restriction of domain to find an inverse 

Many functions that are not one-to-one can 
be restricted to an interval on which they are 
one-to-one. Their inverses are then defined 
on this restricted interval. 


Section 5.2 Exponential Functions 
Concept 


Definition of an exponential function 
An exponential function is a function of 
the form 


f(x) = Ca* 


where a and C are constants such that 
a>0,a#1,and C ¥ 0. The domain of the 
exponential function is the set of all real 
numbers. 


Properties of exponential functions 

* Ifa>1andC> 0, f(x) = Ca* > + as 
x — +0, The function is increasing on 
(—©, ©) and illustrates exponential 
growth. 

°* If0<a<landC>0, f(x) = Ca*—0 
as x — +00, The function is decreasing 
on (—°, ©) and represents exponential 
decay. 


Application: Periodic compounded interest 
Suppose an amount P is invested in an 
account that pays interest at rate r, and the 
interest is compounded 7 times a year. 
Then, after ¢ years, the amount in the 
account will be 


A(t) = aC 2 :) 
n 


The function f(x) = x’, x = 0, is one-to- 
one because the domain is restricted to 
[0, °). 


Illustration 


The functions f(x) = —15(3)* and 
e(x) = (5 “ are both examples of exponential 


functions. 


y values 
increase as 
x increases 


BY 


I(x) = Ca", 
0<a<1,C>0 


y values 
decrease as 
x increases 


An amount of $1000 invested at 7% 
compounded quarterly will yield, after 5 
years, 


0.07 
A= 1000{ 1 + a ~ 1414.78. 


Example 7 


Chapter 5 Review, 
Exercise 16 


Study and Review 


Examples 1, 2 


Chapter 5 Review, 
Exercises 17—24 


Examples 3-6 


Chapter 5 Review, 
Exercises 17-24, 95, 96 


Examples 7, 8 


Chapter 5 Review, 
Exercises 91, 92 


Continued 
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Section 5.2 Exponential Functions 
Concept 


Application: Continuous compounded interest 
Suppose an amount P is invested in an 
account that pays interest at rate r, and the 
interest is compounded continuously. Then, 
after t years, the amount in the account 
will be 

A(t) = Pe”. 
The number e is defined as the number that 
the quantity (1 + “| approaches as 1 
approaches infinity. The nonterminating, 
nonrepeating decimal representation of the 
number e is 


é = 2.7182818284.... 


Section 5.3 Logarithmic Functions 
Concept 


Definition of logarithm 
Let a>0,a#1.Ifx > 0, then the 
logarithm of x with respect to base a is 
denoted by v = log, x and defined by 
y=log,x ifandonlyif x=a”. 
Common logarithms and natural logarithms 
If the base of a logarithm is 10, the 
logarithm is a common logarithm: 


yv=logx ifandonlyif x= 10” 
If the base of a logarithm is e, the logarithm 
is a natural logarithm: 


yv=Inx ifandonlyif x=e” 
Change-of-base formula 
To write a logarithm with base a in terms of 


a logarithm with base 10 or base e, use 


logy x 
log, x = ——_ 
log;)a 
In x 
log, x = — 
Ina 


where x > 0,a>0,anda#1. 


Exponential and Logarithmic Functions 


Illustration 


An amount of $1000 invested at 7% 
compounded continuously will yield, after 5 
years, 


A = 1000¢e°°? = 1419.07. 


Illustration 


The statement 3 = log; 125 is equivalent to 
the statement 5’ = 125. Here, 5 is the base. 


* log 0.001 = —3 because 10° * = 0.001. 
* Ine =1 because ce! =e. 


The logarithm log; 15 can be written as 


In 15 
In 3 


logy) 15 
logy) 3 


Study and Review 


Examples 7, 8 


Chapter 5 Review, 
Exercises 93, 94 


Study and Review 


Examples 1-5 


Chapter 5 Review, 
Exercises 25-36 


Examples 6, 7 


Chapter 5 Review, 
Exercises 37-40 


Example 8 


Chapter 5 Review, 
Exercises 41-44 


Continued 


Section 5.3 Logarithmic Functions 


Concept 


Graphs of logarithmic functions 
f(x) = log, x,a>1 


Domain: all positive real numbers, (0, %) 
Range: all real numbers, (—, ©) 
Vertical asymptote: x = 0 (the y-axis) 
Increasing on (0, ©) 

Inverse function of y = a* 


F(x) = log,x,0<a<l 


Domain: all positive real numbers, (0, ©) 
Range: all real numbers, (—, %) 
Vertical asymptote: x = 0 (the y-axis) 
Decreasing on (0, ©) 

Inverse function of y = a 


Illustration 


f(x) =log,x,a>1 


f(x) =log,x,0<a<1 


Section 5.4 Properties of Logarithms 


Concept 


Product property of logarithms 

Let x,y > Oanda>0,a#41.Then 
log, (xy) = log, x + log, y. 

Power property of logarithms 


Let x > 0,a > 0, a ¥ 1, and let k be any 
real number. Then 


log, x" = k log, x. 


Quotient property of logarithms 
Let x,y > Oanda>0,a#41.Then 


x 
log, — = log, x — log, y. 
Bay g Say 


Illustration 


logs(35) = logs 7 + log; 5 


1/2 


1 
log 7 — log 7 
0g 2 0g 


5 
e:(2) = log, 5 — log, 7 


Chapter 5 = Summary 


Study and Review 


Examples 9-11 


Chapter 5 Review, 
Exercises 45—48 


Study and Review 


Examples 1, 4, 5 
Chapter 5 Review, 
Exercises 49-64 
Examples 2, 4, 5 


Chapter 5 Review, 
Exercises 49-64 


Examples 3, 4, 5 


Chapter 5 Review, 
Exercises 49-64 
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Exponential and Logarithmic Functions 


Section 5.5 Exponential and Logarithmic Equations 


Concept 


Illustration 


Study and Review 


One-to-one property 
For anya>0,a#41, 
a” = @ 


implies x= y. 


Solving exponential equations 

To solve an exponential equation, take the 
logarithm of both sides of the equation and 
use the power property of logarithms to 
solve the resulting equation. 


Solving logarithmic equations 

To solve a logarithmic equation, isolate the 
logarithmic term, exponentiate both sides of 
the equation, and use the inverse relationship 
between logarithms and exponents to solve 
the resulting equation. 


Use the one-to-one property to solve 
3’ = 81. 


3’ = 81 
3t = 34 
t=4 


Solve 37 = 13. 


32% = 13 
2x log 3 = log 13 
log 13 
2x = ai 
log 3 
log 13 
x= 8 & 1,167 
2 log 3 


Solve 1 + log x = 5. 


1+logx=5 
logx = 4 
x = 104 


Section 5.6 Exponential, Logistic, and Logarithmic Models 


Concept 


Exponential models 

¢ An exponential function of the form 
f(x) = Ce, where C > 0 and k > 0, 
models exponential growth. 

¢ An exponential function of the form 
f(x) = Ce, where C > 0 and k < 0, 
models exponential decay. 


Logarithmic models 

A logarithmic function can be used to 
model a phenomenon that grows rapidly at 
first and then grows more slowly. 


Logistic models 


A logistic function f(x) = =, is used 


Cc 
1 + ae 
to model a growth phenomenon that must 
eventually level off. 


Illustration 


The function f(x) = 100e°!” models 
exponential growth, whereas the function 
f(x) = 100e~°'* models exponential decay. 


The function f(x) = 100 In x + 20 models 
logarithmic growth. 


: 200 
The function f(x) = To de 03 


logistic growth. For large positive values of 
x, f(x) levels off at 200. 


models 


Example 1 


Chapter 5 Review, 
Exercises 65-67 


Examples 2-6 


Chapter 5 Review, 
Exercises 68-74 


Examples 7-10 


Chapter 5 Review, 
Exercises 75-84 


Study and Review 
Examples 1-3 


Chapter 5 Review, 
Exercises 85, 86, 100, 101 


Example 4 


Chapter 5 Review, 
Exercises 87, 88, 97, 98 


Example 5 


Chapter 5 Review, 
Exercises 89, 90, 99 


Chapter 5 
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Review Exercises 


Section 5.1 


In Exercises 1—4, verify that the functions are inverses of each other. 


x= 
1. f(x) = 2x + 73 a(x) = 


2. f(x) = —x + 33 g@) = -x +3 


3. f(x) = 8x°; g(x) = 


ls 
R 


4. f(x) = -—x? + 1,x = 0; e(x) = V1 -—x 


In Exercises 5—12, find the inverse of each one-to-one function. 


4 2 
5.f(x~) = “5% 6. g(x) = ae 


7. f(x) = —3x+ 6 

8. f(x) = —2x — ; 

9. f(y) =x +8 

10. f(x) = —2x? + 4 

11. g(x) = -—x? + 8,x=0 


12. g(x) = 3x? —5,x=0 


In Exercises 13—16, find the inverse of each one-to-one function. 
Graph the function and its inverse on the same set of axes, making 
sure the scales on both axes are the same. 


13. f(x) = —-x—-—7 14. f(x) = 2x+1 


15. f(x) = -x? +1 16. f(x) = x? — 3,x=0 


Section 5.2 


In Exercises 17-24, sketch the graph of each function. Label the 
y-intercept and a few other points (by giving their coordinates). 
Determine the domain and range and describe the behavior of the 
function as x > +, 


17. f(x) = -4 18. f(x) = —3* 

19 a ee i 20 si2 : 
g(x) = = E(x) = 5 

21. f(x) = 4e* 22.g(x) = —3e + 2 


23. g(x) =2e*+1 24. h(x) = 5e* — 3 


Section 5.3 


25. Complete the table by filling in the exponential statements 
that are equivalent to the given logarithmic statements. 


log;9 = 2 
log 0.1 = —1 
1 
log; — = —2 
C5 


26. Complete the table by filling in the logarithmic statements 
that are equivalent to the given exponential statements. 


3? = 243 
4 = W/4 
1 
gt == 
8 


In Exercises 27-36, evaluate each expression without using a 
calculator. 


1 
27. log; 625 28. log, — 
O85 O86 36 
1 
29. logy 81 30. log, 7 
31. log V10 32. In e'/? 
33. In Ve 34. In e7! 
35. log 10**? 36. In e* 


In Exercises 37—40, evaluate each expression to four decimal places 
using a calculator. 


37.4 log 2 38. —6 log 7.3 


7 
40. in(Z) 
2 


In Exercises 41—44, use the change-of-base formula to evaluate 
each expression using a calculator. Round your answers to four 
decimal places. 


41. log, 4.3 


39.In V8 


42. log, 6.52 


43. log, 0.75 44. logs 0.85 
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In Exercises 45—48, find the domain of each function. Use your 
answer to help you graph the function. Find all asymptotes and 
intercepts. 


45. f(x) = log x — 6 46. f(x) = In(x — 4) 


47. f(x) = 3 log, x 48. f(x) = log; x + 4 


Section 5.4 


In Exercises 49-52, use the following. Given that log 3 ~ 0.4771, 
log 5 ~ 0.6990, and log 7 ~ 0.8451, evaluate the following log- 
arithms without the use of a calculator. Then check your answer 
using a calculator. 


49. log 21 


51.1 (2) 
.log| = 
3 


In Exercises 53-58, write each expression as a sum andlor differ- 
ence of logarithmic expressions. Eliminate exponents and radicals 
and evaluate logarithms wherever possible. Assume that 
a,X,¥,2>0andaFAl. 


53.log Wx Vy 


x 2 

55. log, ,/— = 56.1og,4 | — 
0g, v2? 0g xy4 

3, 3:25) 

57.In4) 58. logy) —; 
10y 


In Exercises 59-64, write each expression as a logarithm of a sin- 
gle quantity and then simplify if possible. Assume that each vari- 
able expression is defined for appropriate values of the variable(s). 


59. In(x? — 3x) — In(x — 3) 


50. log 15 


52. log V3. 


54. In Wx Vy? 


60. log,(x* — 4) — log,(x + 2),a>0,a#4#1 


1 
61.7 [log(x* 1) — log(x + 1)] + 3logx 
2 1 
62. 5 log 9x? ~ | les 16y® 
be 
63.2 log; x — 5 logs Vx 
2 i 4 
64. 2 In(x* + 1) re —3lnx 


Section 5.5 


In Exercises 65—74, solve each exponential equation. 


65.5* = 625 66. 6** = 1296 


1 
67. 7° = — 68. 4e* + 6 = 38 
49 


69, 252° = 100 70. 3(1.5%) -2=9 


1 
71.4773 = 16 72. 5°*2 = 5 


73.e%°1 = 4 74,2*-'= 10 


In Exercises 75—84, solve each logarithmic equation and eliminate 
any extraneous solutions. 


75.In(2x — 1) =0 

76. log(x + 3) — log(2x — 4) =0 
77.In x!? = 2 

78.2 log; x = —4 

79.logx + log(2x — 1) =1 


80. log(x + 6) = log x” 


81.log(3x + 1) — log(x? + 1) =0 


82. log; x + log;(x + 8) = 2 


83. log, x + log,(x + 3) =1 


84. log(3x + 10) = 2 log x 


Section 5.6 


In Exercises 85-90, evaluate f(0) and f(3) for each function. 
Round your answer to four decimal places. 


85. f(x) = 4e°?* 86. f(x) = 30e!* 


87. f(x) = 20In(x + 2) +1 88. f(x) = 10In(2x +1) —2 


100 200 


89. f(x) = Lo 4-028 90. f(x) = 1 Soo 


Applications 


Banking In Exercises 91 and 92, for an initial deposit of $1500, 
find the total amount in a bank account after 6 years for the in- 
terest rates and compounding frequencies given. 


91.5% compounded quarterly 


92.8% compounded semiannually 


Banking In Exercises 93 and 94, for an initial deposit of $1500, find 
the total amount in a bank account after t years for the interest rates 
and values of t given. Assume continuous compounding of interest. 


93.8% interest; t = 4 
94. 3.5% interest; t = 5 


95. Depreciation The depreciation rate of a Ford Focus is about 
25% per year. If the Focus was purchased for $17,000, 
make a table of its values over the first 5 years after 
purchase. Find a function that gives its value t years after 
purchase, and sketch a graph of the function. (Source: 
www.edmunds.com) 


96. Tuition Savings To save for her newborn daughter’s edu- 
cation, Jennifer invests $4000 at an interest rate of 4% 
compounded monthly. What is the value of this invest- 
ment after 18 years, assuming no additional deposits or 
withdrawals are made? 


Geology The magnitude of an earthquake is measured on the 
Richter scale using the formula 


where I represents the actual intensity of the earthquake and I), is 
a baseline intensity used for comparison. 


97. If the intensity of an earthquake is 10 times the baseline 
intensity J), what is its magnitude on the Richter scale? 


98. On October 8, 2005, a devastasting earthquake affected 
areas of northern Pakistan. It registered a magnitude of 
7.6 on the Richter scale. Express its intensity in terms of 
Iy. (Source: U.S. Geological Survey) 


99. Ecology The number of trout in a pond ¢t months after 
their introduction into the pond can be modeled by the 
logistic function 


450 


N@ =———>. 
© 14+ 9e°% 


(a) How many trout were initially introduced into the 
pond? 

(b) How many trout will be in the pond 15 months 
after introduction? 

(c) Bs 


Graph this function for 0 = t = 30. What do 


you observe as t increases? 


How many months after introduction will the 
number of trout in the pond be equal to 400? 
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100. Global Economy One measure of the strength of a coun- 
try’s economy is the country’s collective purchasing 
power. In 2000, China had a purchasing power of 2.5 
trillion dollars. If the purchasing power was forecasted 
to grow at a rate of 7% per year, find a function of the 
form P(t) = Ca',a > 1, that models China’s purchas- 
ing power at time t. Here, ¢ is the number of years since 
2000. (Source: Proceedings of the National Academy of 
Sciences) 

101. = Music In the first few years following the introduc- 
tion of a popular product, the number of units sold per 
year can increase exponentially. Consider the following 
table, which shows the sales of portable MP3 players for 
the years 2000-2005. (Source: Consumer Electronics 


Association) 
2000 0.510 
2001 0.724 
2002 We/B7 
2003 32031 
2004 6.972 
2005 10.052 


(a) Make a scatter plot of the data and find the 
exponential function of the form f(x) = Ca* that 
best fits the data. Let x denote the number of years 
since 2000. 

(b) Use the function from part (a) to predict the number 
of MP3 players sold in 2007. 

(c) Use the function from part (a) to determine the 
year when the number of MP3 players sold equals 
21 million units. 
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Chapter 5 


Test 


e+ 1 


1. Verify that the functions f(x) = 3x — land g(x) = - 


are inverses of each other. 


2. Find the inverse of the one-to-one function 
f(x) = 4x? - 1. 
3. Find f~'(x) given f(x) = x? — 2, x = 0. Graph f and f7! 
on the same set of axes. 


In Exercises 4—6, sketch a graph of the function and describe its 
behavior as x > £0, 


4. f(x) = -3* + 1 

5.f@) =2*-3 

6. f(x) =e * 

7. Write in exponential form: log, an = 9; 


8. Write in logarithmic form: 2° = 32. 


In Exercises 9 and 10, evaluate the expression without using a 
calculator. 


1 
9. logs — 10. In e?? 


64 


11. Use a calculator to evaluate log, 4.91 to four decimal 
places. 


12. Sketch the graph of f(x) = In(x + 2). Find all asymp- 
totes and intercepts. 


In Exercises 13 and 14, write the expression as a sum or difference 
of logarithmic expressions. Eliminate exponents and radicals when 
possible. 


13. log Vx?y4 


In Exercises 15 and 16, write the expression as a logarithm of a 
single quantity, and simplify if possible. 


15. In(x? — 4) 2)+Inx 


14. In(e?x?y) 


In(x 


16.4 log, x!/? + 2 log, x1? 


In Exercises 17-22, solve. 


17. 


19. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


6** = 36"! 18.4* = 7.1 
4e**? -6 = 10 20. 200e°** = 800 
In(4x + 1) =0 

log x + log(x + 3) =1 


For an initial deposit of $3000, find the total amount in a 
bank account after 6 years if the interest rate is 5%, com- 
pounded quarterly. 


Find the value in 3 years of an initial investment of $4000 
at an interest rate of 7%, compounded continuously. 


The depreciation rate of a laptop computer is about 40% 
per year. If a new laptop computer was purchased for 
$900, find a function that gives its value ¢ years after pur- 
chase. 


The magnitude of an earthquake is measured on the 
Richter scale using the formula RU) = log(=), where I 
0 


represents the actual intensity of the earthquake and I) is 
a baseline intensity used for comparison. If an earth- 
quake registers 6.2 on the Richter scale, express its in- 
tensity in terms of Jp. 


The number of college students infected with a cold 


virus in a dormitory can be modeled by the logistic 


120 ; 
i430 where ¢ is the number of days 


after the breakout of the infection. 


function N(t) = 


(a) How many students were initially infected? 


(b) Approximately how many students will be infected 
after 10 days? 


The population of a small town grew from 28,000 in 
2004 to 32,000 in 2006. Find a function of the form 
PQ) = Ce™ that models this growth, where t is the num- 
ber of years since 2004. 
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6.6 


6.7, 


rigonometry is one of the most practical branches of mathematics. For instance, 
Ferris wheels and carousels travel in circular paths. Their speed and distance 
traversed can be calculated using trigonometry. See Example 1 and Exercise 102 
in Section 6.1. In addition, trigonometry can be applied in many professional 
fields including electronics, medical imaging, surveying, and acoustics. 
445 
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6.1 Angles and Their Measures 


Objectives 


> Know terminology related 
to angles 


> Know radian and degree 
measure of angles 


> Convert between radian 
measure and degree 
measure of angles 


> Find the length of an arc 
of a circle 


> Compute angular and linear 
speed 


> Measure angles in degrees, 
minutes, and seconds 


Figure 6.1.1 


Just in Time 


Review circumference 
formula in Section P7. 


Figure 6.1.2 Angle in standard 
position 


Terminal 
side 


se. Se 


Vertex Initial side 


Trigonometric functions are used to describe phenomena such as sound waves, pen- 
dulum motion, and planetary orbits. An understanding of angles and angle measure is 
helpful in studying these functions, so in this section we cover some basic material on 
angles and discuss their relationship to circular motion. 

In geometry, you studied angles and learned how to measure them using a unit of 
measure known as a degree. The measures of angles you encountered there ranged 
from 0 degrees to 360 degrees. A 360-degree angle corresponds to forming a complete 
circle and to making one complete revolution about an axis of rotation. The symbol ( ° ) 
is used to express an angle in degrees. 


Example [fl Circular Motion 7 


Example 1 in Section 6.7 builds upon this example. + 
A child takes a ride on a merry-go-round at the playground. The horse she has 
chosen is located 1 meter from the center of the merry-go-round. See Figure 6.1.1. 


(a) What is the angle swept out as the child makes half a revolution about the axis of 
the merry-go-round? 


(b) What is the distance traversed by the child as he or she makes half a revolution on 
the merry-go-round? 

>Solution 

(a) A full revolution is 360°. Thus the angle swept out in making half a revolution is 
180°. 

(b) The distance D traversed by the child in making half a revolution about the axis of 


the merry-go-round is given by half the circumference of a circle with a radius of 
1 meter. The circumference of a circle is given by 27r, where r is the radius. Thus 


1 1 
D= 3 (207) = 3 2m) = 7 meters. 


[A Check It Out 1: In Example 1, what distance is traversed by the child as he or she 
makes a quarter of a revolution about the center of the merry-go-round? 


The relationship between the angle swept out by a revolving object and the 
distance traversed by that object is one we will explore in detail later in this section. 


Angles and the xy Coordinate System 


An angle is formed by rotating a ray (or half-line) about its endpoint. The initial side 
of the angle is the starting position of the ray, and the terminal side of the angle is 
the final position, the position of the ray after the rotation. The vertex of the angle is 
the point about which the ray is rotated. Angles are usually denoted by lowercase 
Greek letters such as a (alpha), 8 (beta), and 6 (theta). 

Describing angles within the context of the xy coordinate system will simplify our 
discussion and will provide a standard way of referring to angles. An angle is said to 
be in standard position if its initial side is on the positive x-axis and its vertex is at 
the origin. The angles in Figures 6.1.2 and 6.1.3 are both in standard position. 


Figure 6.1.3 Angle in standard 
position 


Vertex Initial side 


Terminal 
side 
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The measure of an angle is determined by the amount of rotation of the ray as 
it goes from the initial side of the angle to the terminal side. Because a complete 


‘ ‘ ; 1 
revolution encompasses 360°, an angle of 1° is equivalent to a rotation of he of a com- 


plete revolution. If an angle in standard position is generated by a counterclockwise 
rotation, it is said to have positive measure; if it is generated by a clockwise rotation, 
it has negative measure. These angles are commonly referred to as positive and neg- 
ative angles, respectively. See Figure 6.1.4. 


Figure 6.1.4 
Va Vi 


Negative angle: 
130° clockwise rotation 


—35° 


Positive angle: 
counterclockwise 
rotation 


Some types of angles are given special names. An angle whose measure is greater than 
0° and less than 90° is called an acute angle. An angle whose measure is greater than 90° 
and less than 180° is called an obtuse angle. A 90° angle is called a right angle, and a 
180° angle is called a straight angle. See Figure 6.1.5. 


Figure 6.1.5 Examples of some special types of angles 


y 


Acute angle 
0° < 6< 90° Obtuse angle 


90° < @< 180° 


Straight angle 
180° 


Right angle 
90° 
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leant 2 Sketching an Angle 


Sketch each of the following angles in standard position. 


Figure 6.1.6 


Just in Time 
Review definition of 


quadrants in Section Py, 


(a) 120° 
> Solution 


(b) —45° (c) 450° 


(a) Note that 120° = 90° + 30°. Starting from the initial side, an angle of 120° consists 
of a counterclockwise rotation of 90° followed by a rotation of 30°. See Figure 6.1.6. 


(b) Starting from the initial side, an angle of —45° consists of a clockwise rotation ter- 


minating midway in the fourth quadrant, because 45° is ; of 90°. See Figure 6.1.7. 


(c) Note that 450° = 360° + 90°. Starting from the initial side, make one complete 
counterclockwise revolution followed by a 90° rotation. See Figure 6.1.8. 


yA 


120° 


Figure 


Figure 6.1.7 Figure 6.1.8 


Ma y 


450° 


45° x 


[A Check It Out 2: Sketch an angle of —135° in standard position. © 


6.1.9 shows the quadrants where the terminal sides of the angles between 


0° and 360° lie. If two angles have the same initial side and the same terminal side, they 
are said to be coterminal, as shown in Figure 6.1.10. 


Figure 6.1.9 Figure 6.1.10 Examples of coterminal angles 
Va ya ye 
315° 

Quadrant II Quadrant I 

90° < 8 < 180° 0°< 8 < 90° 120° 
< < < 675° 
5% x x 
—240° 

Quadrant III Quadrant IV | 

180° < 8 <270° | 270°< @ <360° 


[eal 3 Coterminal Angles 


For each angle, find two angles that are coterminal with it. 


(a) 135° 


(b) — 60° 
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Solution To find an angle that is coterminal with a given angle, we add an integer 
multiple of 360° to the original angle. This produces another angle that has the same 
initial and terminal sides but is generated by a different amount of rotation. 

(a) Adding 360° to 135° and adding 720° to 135° give, respectively, 135° + 360° = 
495° and 135° + 720° = 855°. Thus angles of measure 495° and 855° are cotermi- 
nal with an angle of measure 135°. See Figure 6.1.11. 

(b) Adding 360° to —60° and adding —360° to —60° give, respectively, —60° + 360° = 
300° and —60° — 360° = —420°. Thus angles of measure 300° and —420° are coter- 
minal with an angle of measure — 60°. See Figure 6.1.12. 


Figure 6.1.11 

v4 
135° 
855° 
x 

Figure 6.1.12 

y Vs 
x 
300° —60° 


[A Check It Out 3: Find two angles that are coterminal with an angle of 150°. & 


Definition of Complementary and Supplementary Angles 
» Two acute angles are called complementary if the sum of their measures is 90°. 


» Two positive angles are called supplementary if the sum of their measures is 
180°. 


Eee 4 Complementary and Supplementary Angles 


Find the following: 
(a) The angle that is complementary to an angle of 63°. 
(b) The angle that is supplementary to an angle of 105°. 
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Figure 6.1.13 


Figure 6.1.14 


Figure 6.1.15 


t= 5 radians 


>Solution 
(a) To find the angle complementary to an angle of 63°, subtract 63° from 90°. 
90° — 63° = 27° 
Thus angles of measure 27° and 63° are complementary. 
(b) To find the angle supplementary to an angle of 105°, subtract 105° from 180°. 
180° — 105° = 75° 


Thus angles of measure 75° and 105° are supplementary. 


LW Check It Out 4: Find the angles that are complementary and supplementary to an 
angle of 72°. 


Radian Measure of Angles and the Unit Circle 


In order to study trigonometry using the language of functions, it is convenient to 
employ a unit called a radian to measure angles. To define radian measure, we will use 
the circle that has radius 1 and is centered at the origin. This circle is called the unit 
circle. See Figure 6.1.13. 


Definition of a Radian 


An angle of 1 radian is an angle in standard position that is generated in the 
counterclockwise direction and cuts off an arc of length 1 on the unit circle. 
See Figure 6.1.14. 


Note There is no special symbol used for the measure of an angle in radians. 


However, the word radian is sometimes used after an angle to emphasize that it 


is in radians. 


We can apply the definition of a radian to find the measure of other angles. For ex- 
ample, one complete counterclockwise revolution of the terminal side of an angle cuts 
off the entire circumference of the unit circle, given by 


C = 2ar = 27(1) = 27. 


Thus the radian measure of an angle of 360° is 27 radians. An angle produced by half 


‘“ F : . 2 esas 
a revolution cuts off half of the circumference, which is > = 7. Similarly, a quarter 


revolution produces an angle of a = 5 and so on. See Figure 6.1.15. 


yt yt yA 


t= radians i= 3a radians t=2z radians 


ay 
BY 


zone 
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Converting Between Radian and Degree Measure 


To convert between radian and degree measure, use the fact that in any circle the 
length of arc cut off by an angle of 360° is the circumference of that circle. Because the 
circumference of the unit circle is 27(1), the definition of radian measure yields 


360° = 27 radians. 
Dividing by 27 gives 


360° ~—- 180° 
1 radian = —— = —— = 57.2906°. 
20 7 
Figure 6.1.16 Thus we have the conversion factors shown in Table 6.1.1. 
Table 6.1.1 
Quadrant | Quadrant Eas Eee 
5<O<a 0<a<F a 
D 1 ae 
egrees to radians 180° 
x 180° 
Radians to degrees = 
Quadrant III Quadrant IV 
0<0< ‘e oa <0<272 
Figure 6.1.16 shows the quadrants where the terminal sides of the angles between 
0 and 27 lie. 


[Ene 5 Converting Angles from Degrees to Radians 


Convert each angle from degrees to radians. 
(a) 225° (b) 60° (c) —135° 
Solution To convert an angle from degrees to radians, multiply it by aaa 


T 


180° 


5 
(a) 225° = 225°( = ==" yadians _ (b) 60° = co'( 


7 ‘ 
= — radians 
180° 4 3 


3 
(c) -135° = 135) = SS radians 


[AW Check It Out 5: Convert 210° from degrees to radians. © 


leat 6 Converting Angles from Radians to Degrees 


Convert each angle from radians to degrees. 
7 30 
(a) S (b) ge (c) 3 


5 : ‘ ‘ 180° 
Solution To convert an angle from radians to degrees, multiply it by —. 


7 
180° 3 3 [180° 
@ 2=2 ar") — a0 ee 2( — )- 135° 


6 6\ 7 4 #4 


180°\ 540° 
©3=3/ \- =~ 171.89° 
7 7 


[A Check It Out 6: Convert 2 from radians to degrees. © 
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Figure 6.1.17 


Arc length: 


s=ro 


/ 


ay 


Arc Length 


The length of an arc of a circle is directly proportional to the angle @ subtended by 
it—that is, the angle which cuts off that arc. If 6 is given in radians, the constant of 
proportionality is the radius r, so the are length, shown in Figure 6.1.17, is 


s=r0. 


In this formula, s is expressed in the same units of length as r. If r is in feet, s is also in 
feet; if r is in centimeters, s is also in centimeters. Even though @ must be given in radi- 
ans, we simply substitute the numerical value of @ and do not include the word radians. 


eral 7 Arc Length 


Find the length of an arc of a circle of radius 3 inches that is cut off by an angle of 
é radians. 


Solution Because s = r0,we have 


s = (3 inches) (z) 


= 5 inches = 1.571 inches. 


[A Check It Out 7; Find the length of an arc of a circle of radius 5 meters that is cut off 
by an angle of a radians. © 


Any object that revolves about a fixed axis traces out a path that is circular in shape, 
so the formula for arc length can be used to compute the distance traversed by that 
object. 


learal 8 Distance Traversed on a Circular Path 


Find the distance traversed by the tip of the second hand on a clock as it moves from 
the 0-second mark to the 20-second mark. The length of the second hand is 5 inches. 


Solution First compute 6, the angle that is swept out in going from the 0-second 
mark to the 20-second mark. Because there are 60 seconds in a minute, and the sec- 
ond hand on a clock makes a complete revolution in 1 minute, it makes one-third of 
a revolution in 20 seconds. Converting one-third of a revolution to the corresponding 
angle @ in radians, we get 


27 radians 27 . 
= radians. 


6 = — revolution - ; 
3 revolution 3 


: 2 3 
Thus the tip of the second hand sweeps out an angle of =. radians, and so 


2 
s = r@ = (5 inches) (=) 


_ 107 


mae inches ~ 10.472 inches. 


[A Check It Out 8: Rework Example 8 for the case where the tip of the second hand 
moves from the 20-second mark to the 50-second mark. ™ 


Figure 6.1.18 
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Angular Speed and Linear Speed 


An object that revolves about a fixed axis and at a fixed distance from it is said to be 
in circular motion, because it traces out a circular path as it revolves. The rate of rev- 
olution (the angle swept out per unit time) is called its angular speed, which can be 
expressed in terms of either the number of revolutions it makes per unit time or the angle 
through which it rotates per unit time. If the angular speed is constant throughout the 
motion, the object is said to be in uniform circular motion. The distance traversed 
by the object per unit time is called its linear speed. 


Definition of Linear Speed and Angular Speed 


If a point on a circle of radius r travels in uniform circular motion through an 
angle @ in time 2, its linear speed v is 


Ce 


where s is the arc length given by s = ré. 


The corresponding angular speed is 


~([sD 


where w is the Greek letter omega. 


Just as the length of an arc of a circle that is cut off by an angle 6 (in radians) is the 
product of 6 and the radius of the circle, the linear speed v of an object in circular 
motion is the product of its angular speed w (in radians per unit time) and the radius 
r of its circular path. That is, 


Linear Speed in Terms of Angular Speed 
The linear speed wv of a point that is a distance r from the axis of rotation is given by 
v= To 


where w is the angular speed in radians per unit of time. 


The linear speed v is expressed in units of distance per unit time. The unit of distance for 
v is the same as that for r, and the unit of time for v is the same as the unit of time for w. 


laxate| 9 Converting Angular Speed to Linear Speed 


A vintage vinyl record makes 45 revolutions per minute. What is the linear speed of a 
point 3 inches from the center? See Figure 6.1.18. 


Solution First, we convert the angular speed w to radians per minute: 


45 revolutions 277 radians 
@ = : . : 
minute revolution 
radians 


= 907 — ; 
minute 
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Therefore, the angular speed is 907 radians per minute. The linear speed is 


. 907 inches 
v = rw = (3 inches) - — = 2707 — . 
minute minute 


LW Check It Out 9: Rework Example 9 for a point 2 inches from the center of the record. 


Example [ 0 Converting Linear Speed to Angular Speed 


In a bicycle race, one of the bicyclists travels at a speed of 40 kilometers per hour. If the 
diameter of the bicycle wheel is 0.66 meter, find the angular speed of the wheel in 


(a) radians per hour. (b) revolutions per hour. 
>Solution 
(a) To find the angular speed, use the formula v = 7w and solve for w: 


Uv 
v=ro = wo=- 
r 


Because v is the linear speed at a point on the outside of the wheel, we have v = 40 
kilometers per hour, the speed of the bicycle. Because the diameter of the wheel is in 
meters, convert the linear speed from kilometers per hour to meters per hour: 
40 kilometers 1000 meters 40,000 meters 
hour 1 kilometer hour 


Also, the radius r is half the diameter d, and so 


d _ 0.66 meter 


= 5 5 = 0.33 meter 
Therefore, 
v 40,000 meters | 0.33 ; 40,000 meters 1 
=-= + 0.33 meter = : 
Or hour oe hour 0.33 meter 
_ 40,000 radians 


cas he ~ 121,212 radians per hour. 


(b) To find the angular speed in revolutions per hour, use the fact that there is 1 rev- 
olution for every 277 radians. 


_ 121,212 radians 1 revolution 


@ . . 
hour 27r radians 


~ 19,291 revolutions per hour. 


[A Check It Out 10: Rework Example 10 for the case where the speed of the bicycle racer 
is 35 kilometers per hour. 


Measurement Using Degrees, Minutes, and Seconds 


The degree measure of an angle is not always a whole number. One way to express a 
fractional part of a degree is to use a decimal. For example, 35.31° means 35 full degrees 


31 ‘ : : : : 
plus ae degree. For applications that arise in fields such as astronomy, mapmaking, 


and navigation, special units called minutes and seconds tend to be used instead. 
These units are defined as follows. 
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Technology Note | 


Special symbols (' and ") are used for minutes and seconds, respectively, as units 
of angle measure. For example, an angle of 27 degrees, 49 minutes, and 12 seconds 
would be expressed as 27° 49’ 12”. This notation for expressing angles is often referred 
to as DMS notation. 


Converting from Degrees, Minutes, Seconds to 
een 1 Decimal Degrees 


43°13'48" Convert 10° 15’ 30” to decimal degrees. 


10.25833333 
43.23>DMS 


Solution Using the definition of minutes and seconds, we first write the seconds in 
terms of minutes and then the minutes in terms of degrees. 


10° 15’ 30” = 10° + 15’ + 30” 


=ipieg= = iB jist 35 
60 ce) ae 60 
= 10° + 15’ + 0.5’ ae = 0.5’ 
60 
= 10° + 15.5’ 
15.5° il 15.5° 
=10°+ Because 1’ = —, 15.5’ = ae 
60 60 60 
15.5° 
= 10.258° = 0.258° 
60 


[A Check It Out 11: Convert 20° 30’ 45” to decimal degrees. © 


Converting from Decimal Degrees to Degrees, 
2 Minutes, Seconds 
Convert 43.23° to DMS notation. 


Solution Begin by taking the decimal portion of the degree measure and convert it to 
whole minutes. Then take the decimal portion of the minutes and convert it to seconds. 
43.23° = 43° + 0.23 X 1° 

= 43° + 0.23 X 60’ Because 1° = 60’ 

= 43° + 13.8’ 

= 43° + 13'+ 0.8 X 1’ 

= 43° + 13’ + 0.8 X 60” Because 1’ = 60” 

= 43° + 13’ + 48" 


[A Check It Out 12; Convert 73.84° to DMS notation. & 
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6.1 Key Points 


» Angles and their measures 
Degree measure: 1 revolution = 360° 
Radian measure: | revolution = 27 radians 


» Converting between radian measure and degree measure: 


Degrees to radians —— 


Radians to degrees — 
7 


» Arc length: The length of an arc of a circle of radius r subtended by an angle 0 is 
s =r, where @ is in radians. 


» If a point on a circle of radius r travels in uniform circular motion through an angle 
. . . rs fs Ss S : 
@ in time ¢, its linear speed v is v = > where s is the arc length given by s = r@. 
5 é 0 
The corresponding angular speed is w = = 


» At a point that is a distance r from the axis of rotation, linear speed wv is related to 
angular speed w by the formula v = rw. 


» Definition of minutes and seconds of a degree 


1 minute = 60 degree 


1 
1 second = — minute 
60 


6.1 Exercises 


» Just in Time Exercises These exercises correspond to the ® Skills This set of exercises will reinforce the skills 
Just in Time references in this section. Complete them to illustrated in this section. 


review topics relevant to the remaining exercises. : es 
aa ais In Exercises 9-20, sketch the angles in standard position. 


In Exercises 1-4, find the circumference of each circle given its 9. 135° 10. 210° 
radius or diameter. Leave your answer in terms of 7. , : 


1. radius 2 inches 11. —135° 12. —225° 
2. radius 5 inches 13. 270° 14. 450° 
3. diameter 12 inches 10 5 
15,.— 16.— 
4 3 
4. diameter 8 inches 
On 87 
In Exercises 5—8, identify the quadrant in which each point lies. 17. 4 18. 3) 
5. (23 =1) 6. (1, 5) 
On 4a 
19, -— 20. -— 


73,8) 8. (—2, 6) 4 3 


For each angle in Exercises 21-32, find two angles that are 
coterminal with it. 


21. 140° 22. 160° 
23. —55° 24. —100° 
25. 60° 26. 75° 
27. 210° 28. 240° 

7 30 
29.— 30. — 

3 4 
31.—— 32, —2= 

" 6 "4 


For each angle in Exercises 33-38, find a positive angle and a 
negative angle that are coterminal with tt. 


33. 140° 34. 270° 
35. —65° 36. —110° 
7 57 
37.—> 38.—_ 

6 3 


For each angle in Exercises 39-44, find the angle that 1s comple- 
mentary to it. 


39. 57° 40. 35° 
41. 48° 42. 33° 
43. 15° 44, 23° 


For each angle in Exercises 45—50, find the angle that is supple- 
mentary to it. 


45. 105° 46. 67° 
47. 89° 48. 112° 
49. 130° 50. 49° 


Convert each angle in Exercises 51-62 from degrees to radians. 


51. 240° 52. 210° 
53. —150° 54, —225° 
55. 270° 56. 300° 
57. —270° 58. —180° 


Section 6.1 | Angles and Their Measures 457 
59. 720° 60. 540° 


61. 390° 62. —405° 


Convert each angle in Exercises 63-68 from radians to degrees. 


51 
63.37 64. —— 
4 
ie i 
"180 “45 
27 T 
67. —— 68. -—— 
5 > 


In Exercises 69-74, convert the angle measures given in DMS 
form to decimal degrees with three decimal places. 


69. 25° 45’ 15” 70. 32° 30’ 30” 
71. 16° 24’ 45” 72. 40° 20' 30" 


73. 120° 50’ 15” 74. 150° 40’ 20” 


In Exercises 75—80, convert the angle measures given in decimal 
degrees to DMS form. Round to the nearest second. 


15.393;5" 76. 87.5° 
77. 40.25° 78. 81.75° 
79. 58.29° 80. 120.68° 


» Applications In this set of exercises, you will use degree 
and radian measure to study real-world problems. 


81. Time What is the angle swept out by the second hand of 
a clock in a 10-second interval? Express your answer in 
both degrees and radians. 


82. Time What is the angle swept out by the second hand of 
a clock in a 20-second interval? Express your answer in 
both degrees and radians. 


83. Robotics A robotic arm pinned at one end makes a com- 
plete revolution in 2 minutes. What is the angle swept out 
by the robotic arm in 1.5 minutes? Express your answer 
in both degrees and radians. 


84. Robotics A robotic arm pinned at one end makes a com- 
plete revolution in half a minute. What is the angle swept 
out by the robotic arm in 20 seconds? Express your an- 
swer in both degrees and radians. 
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85. 


86. 


87. 


88. 


Geography Earth makes one full rotation about its axis 
every 24 hours. How many degrees does Earth rotate in 
1 hour? 


Clocks Find the distance traversed by the tip of the 
minute hand on a clock between 5:12 P.M. and 6:27 P.M. 
on any given day if the length of the minute hand is 
4 inches. Express your answer in inches. 


History In the 1800s, women often carried pleated fans. 
One of the fans on display at the Smithsonian is 7 inches 
long and, when fully open, sweeps out an angle of 80°. 
How long is the trim, to the nearest tenth of an inch, on 
the curved edge of the fan? 


Landscaping Sam has a fountain in his backyard. He has 
decided to make a bed of flowers around the fountain in 
the shape of a disc with diameter 6 feet. As a border 
around the bed, he is going to place shrubs around : of 
it and a stone border around the remaining part. How many 
feet of stone border does he need? 


The latitude of a point P on the surface of Earth is defined as the 
angle formed by a ray from P to C, the center of Earth, and a ray 
from C to the equator. Latitude is measured from the equator, with 
values going north or south. 


89. 


90. 


91. 


Flight Path Earth’s radius is approximately 3900 miles. 
What distance is traversed by a low-flying bird in getting 
from a location at 40° north latitude to a location at 20° 
north latitude if the bird flies due south? Express your 
answer in miles. 


Distance Between Cities Chicago, Illinois (42° north lati- 
tude), is due north of Birmingham, Alabama (33° north 
latitude). If Earth’s radius is approximately 3900 miles, 
find the approximate distance between the two cities, to 
two decimal places. 


Pet Exercise A hamster “runs in place” on a circular 
treadmill, causing the treadmill to rotate at constant an- 
gular speed. What is the linear speed of the treadmill in 
feet per second if it makes one revolution every 3 seconds 
and has a diameter of 8 inches? 


92. 


93. 


94, 


95. 


96. 


Transportation A car with tires 24 inches in diameter travels 
at a speed of 60 mph. What is the angular speed of the tires? 
Express your answer in both degrees per second and radi- 
ans per second. 


Recreation A bicycle with tires of 18-inch radius travels at 
a speed of 20 mph. What is the angular speed of the tires? 
Express your answer in both degrees per second and 
radians per second. 


Music Box A circular music box rotates at a constant 
rate while the music is playing. What is the linear speed 
of a fly that is perched on the music box at a point 
2 inches from its center if it takes the music box 6 sec- 
onds to make one revolution? Express your answer in 
inches per second. 


Entertainment In early 2007, the singer Justin Timberlake 
toured “in the round.” This means that the stage was 
round and rotated during the performance. If the stage 
made one complete rotation every 10 minutes and 
Mr. Timberlake stood at a distance of 20 feet from the 
center of the stage during one of the songs, what was his 
linear speed in feet per minute? 


Pulleys A weight is moved upward through the use of a 
pulley 10 inches in radius. If the pulley is rotated coun- 
terclockwise through an angle of 45°, approximate the 
height, in inches, that the weight will rise. Round your 
answer to two decimal places. 


97. Pulleys Refer to the figure in the previous exercise. 


Through what angle, in degrees, should the pulley be ro- 
tated so that the weight is raised 6 inches from its posi- 
tion shown in the figure? Round your answer to two 
decimal places. 


98. 


99. 


100. 


101. 


102. 


103. 


Sewing A seamstress secures one end of a piece of 
thread to a spool. Then she uses an attachment on her 
sewing machine to cause the spool to spin around, 
which in turn causes the thread to wind around the 
spool. If the spool has a diameter of 1.6 cm and spins 
at a rate of 3 revolutions per second, what length of 
thread (in centimeters) is wound around the spool in 
1 second? 


Leisure In one of the rides at an amusement park, you 
sit in a circular “car” and cause it to rotate by turning a 
wheel in the center. The faster you turn the wheel, the 
faster the car rotates. How far from the center of the car 
are you sitting if your car makes one revolution every 
3 seconds and your linear speed is 5 feet per second? 
Express your answer in feet. 


History The first commercially successful steamboat 
was Robert Fulton’s Clermont. It had side paddles that 
were 15 feet in diameter. On its maiden voyage from 
New York, New York to Albany, New York in 1807, the 
boat traveled at an average linear speed of 5 mph. 
How many revolutions per minute were the paddles 
turning? 


Games A game played by many children involves plac- 
ing a cuff around one ankle that has a ball attached to it 
by a string 2 feet long. The ball is spun around the 
child’s leg while he or she jumps over the rope with the 
other foot. Suppose the ball is making one revolution 
per second. Calculate the linear speed of the ball in feet 
per second. 


Entertainment The first ferris wheel was 250 feet in 
diameter. It was invented by John Ferris in 1893. 
Assuming it made one revolution every 30 seconds, 
what was the angular speed of a passenger (assume 
the passenger is on the edge of the wheel) in degrees 
per minute? What was the passenger’s linear speed in 
feet per minute? 


Earth Rotation Earth rotates about an axis through its 

poles, making one revolution per day. 

(a) What is the exact angular speed of Earth about its 
axis? Express your answer in both degrees per hour 
and radians per hour. 

(b) The radius of Earth is approximately 3900 miles. 
What distance is traversed by a point on Earth’s 
surface at the equator during any 8-hour interval 
as a result of Earth’s rotation about its axis? 
Express your answer in miles. 

(c) What is the linear speed (in miles per hour) of the 
point in part (b)? 
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104. Area of a Sector Consider an angle 6 in standard posi- 
tion whose vertex coincides with the center of a circle 
of radius r. The portion of the circle bounded by the 
initial side and the terminal side of the angle 0 is called 
a sector of the circle. 


(a) If A is the area of the circle, then A, = A a 


a 
represents the area of the sector because 3, ives 
the fraction of the area covered by the sector. Show 

2 
f 0 
that the area of a sector, A,, is A, = -e Here theta 


is in radians. 
(b) Find A, if 6 = 3 and r = 12 inches. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


105. Which is the larger angle, 1° or 1 radian? Explain. 


106. What is the area of the portion of the unit circle swept 


T . 
out by an angle of . radians? 


In Exercises 107-112, find the radian measure of an angle in 
standard position that 1s generated by the specified rotation. 


107. Quarter of a full revolution clockwise 

108. Half of a full revolution counterclockwise 

109. One-third of a full revolution counterclockwise 
110. Two-thirds of a full revolution clockwise 

111. Two full revolutions clockwise 


112. Three full revolutions counterclockwise 
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6.2 Trigonometric Functions of Acute Angles 


Objectives 


> Define trigonometric 
functions using a right 
triangle 

> Find unknown sides and 
angles of a right triangle 


> Determine exact values 
of trigonometric functions 
of special angles 


> Solve applied problems 
using right triangles 


Historically, trigonometry was studied in terms of relationships between the sides and 
angles of right triangles. For example, trigonometry enables one to determine the 
height of an object by using lengths and angles that are easier to measure. The rela- 
tionships between lengths and angles can be deduced by using properties of similar 
triangles. Two triangles are similar if the angles of one of them are congruent to the 
corresponding angles of the other. The lengths of the sides of one such triangle are in 
the same ratio as the lengths of the corresponding sides of the other. 

Triangles ABC and ADE in Figure 6.2.1 are similar because their corresponding 
angles are congruent. Using properties of similar triangles, we can find length / in Fig- 
ure 6.2.1. Thus the following proportion holds: 


BO _ DE 
AB AD 


Substituting the given data and then solving for /, we have 


4 
6 =— Substitute values for lengths 
Multiply by 10 

20 


Simplify and approximate 


Figure 6.2.1 


I 6———— 


kK 10 >| 


Defining Trigonometric Functions of Acute Angles with 

Right Triangles 

From the opening discussion of this section, we see that for a fixed acute angle 0 ina 
right triangle, the ratio of the length of the side that is opposite @ to the length of the 
side that is adjacent to 0 does not depend on the size of the triangle. This is true of the 
ratios of lengths of the other pairs of sides of the triangle as well. Because these ratios 
depend only on the measure of 6, we can define them in terms of @. Each ratio of a 
pair of lengths of sides of a right triangle is given a special name. 
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Example ( Evaluating Trigonometric Functions 


Figure 6.2.3 Use the triangle in Figure 6.2.3 to find the values of the six trigonometric functions of 6. 
Solution Figure 6.2.3 gives the lengths of the hypotenuse and the side adjacent to 0. 
‘3 ; Use the Pythagorean Theorem to find the length of the other side: 
12? + oF = 13" 
al = = 144 + b = 169 
b? = 25 
b=5 


The lengths of all three sides of the triangle are 


adj = 12, opp = 5, and hyp = 13. 


The six trigonometric functions of @ are as follows: 


Opp hyp 13 
Se ae See 
Figure 6.2.4 = a 
yg — adi _ 12 y— hyp _ 13 
cos 9 = — = — sec 9 = = = — 
hyp 13 adj 12 
; pp_ 5 adj 12 
tan @ = re C= = _ 
a di 12 “opp 5 
ZA, \ [W Check It Out 1: Use the triangle in Figure 6.2.4 to find the values of the six 
4 trigonometric functions of 6. © 
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Figure 6.2.5 


[Beant 2 Using the Value of One Trigonometric Function to Find Others 


Let 6 be an acute angle such that cos @ = 0.4. Find the values of 
(a) sin 6 

(b) tan 0 

> Solution 


(a) In order to solve this problem, we need to relate the given information to an 
appropriate right triangle that has 6 as one of its acute angles. Because cos 0 = 0.4, 
we will express 0.4 as a ratio of two positive numbers, which can then be used as the 
lengths of two sides of the right triangle. Converting 0.4 to a fraction and then 
reducing it to lowest terms, we have 


ee ae 
10 5 
2 
Hence cos 0 = 5? 80 
adj 2 
(== 
cos ie 5 


We will thus let adj = 2 and hyp = 5. Because sin 0 = ae we need to determine the 


length / of the side opposite angle 0. See Figure 6.2.5. We apply the Pythagorean The- 
orem to find /: 


?+P=5? 

4+P=25 
P=25-4 

P=21 


l= V21 = 4.583 
Using this value of J, we find that 


opp /_ 4.583 
hyp 5 5 


sin 0 = 0.9166. 


(b) Because we now know the lengths of the opposite and adjacent sides of the trian- 
gle, we can find tan 0. 


opp / 4.583 
adj 2 


tan 0 = 2.2915 


[W Check It Out 2; Let 0 be an acute angle such that sin 6 = 0.7. Find cos 6. & 


The sine and the cosine are a pair of functions known as cofunctions; likewise for 
tangent and cotangent, and for secant and cosecant. If @ is an acute angle, then the 
value of any trigonometric function of @ is equal to the value of the corresponding co- 
function of 90° — @. To see this, we first sketch a right triangle and apply the defini- 
tions of the trigonometric functions. 


Figure 6.2.6 


90°- @ 


Discover and Learn 


Establish the relationship 
sec(90° — 6) = csc 0. 


Figure 6.2.7 


45° 
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From Figure 6.2.6, 
; b b 
sin 96 = — cos(90° — 6) = — 
c c 


So 
cos(90° — @) = sin 6. 


In fact, it is easy to show that all of the following relationships hold. 


Cofunction Identities 
sin(90° — 0) = cos 0 cos(90° — 6) = sin 0 
tan(90° — 6) = cot 0 cot(90° — @) = tan 0 
sec(90° — 0) = csc 0 csc(90° — 0) = sec 0 


Peer 3 Using a Cofunction Identity 


If sin 20° ~ 0.342, find cos 70° without using a calculator. 


Solution Because 70° = 90° — 20°, applying the cofunction identity for cos(90° — 6) 
gives 


cos 70° = sin 20° = 0.342. 


[A Check It Out 3; If cos 40° ~ 0.766, find sin 50° without using a calculator. 


Sines and Cosines of Special Angles 


Using geometry, we can determine the sine and cosine for angles with measures of 30°, 
45°, and 60°. We begin with the 45° angle. 


Sine and Cosine of 45° Draw a right triangle with one of the acute angles meas- 
uring 45°. Then the other acute angle also has measure 45°. See Figure 6.2.7. Recall 
from geometry that sides opposite congruent angles are equal, so a = b. 

By the Pythagorean Theorem, 


C+P=¢ Pythagorean Theorem 
C+e=¢ Use the fact that a = b 
2a = 
a 1 
ec 2 
a Va a 
= a Solve for . 
co 


: a 
sin 45° = = 


Therefore, 


2 
sin 45° = cos 45° = v2 
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Figure 6.2.8 


Figure 6.2.9 


‘60° 


Sine and Cosine of 30° and 60° To find the sines and cosines of 30° and 60° 
angles, first position 30-60-90 right triangles, ABC and DBC, side by side, as shown 
in Figure 6.2.8. This gives us a larger triangle, ACD, all of whose angles are of meas- 
ure 60°. Hence all of its sides are of equal length. Call this length a. By symmetry, 
segments AB and BD are both of length a Let b denote the length of segment BC. 


By the Pythagorean Theorem applied to triangle ABC, 
(sy : : 7 

2 
b? a = ( 


| 
Q 


Pythagorean Theorem 


<) a\2 
_ Subtract (2 
2, 2 


I 


2 2. a er 
b a ri Simplify 
2 2( 3 eer 
be =a 4 Combine like terms 
3. 
b=a 4 =<¢ i Take square root 


Now use this result and triangle ABC to determine the values of sin 60° and cos 60°. 


: ~ 
eb 2 V3 
sin 60 
a a 2, 
2 1 
cos 60° = == 
a 2} 


sin 30° = cos 60° = 


cos 30° = sin 60° = 


We can apply the procedure in Example 3 to determine the exact values of all 
trigonometric functions for angles of measure 30°, 45°, and 60°. 


Example (2 Finding the Tangent of 60° 


Find the exact value of tan 60°. 


3 
Solution ain goa ¥ 2 = PP ga, Figure 6.2.9. 
2 hyp 


First, solve for x, using the Pythagorean Theorem. 
x? + (V3)? = 2? 
7+3=4 
= 1 Subtract 3 from each side 
x=1 Take square root 


Technology Note 


When using a calculator to 
find the sine and cosine of 
an angle, make sure it is 
set in the correct mode— 
DEGREE or RADIAN. 
Figure 6.2.10 shows a 


calculator in DEGREE mode. 


Keystroke Appendix: 
Section 15 


Figure 6.2.10 


Sel Eng 

en OER 
egree 

Par Pol Seq 


Connected 
Sequential Ei 
Real ERS ial 
memee Horiz G-T 
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Therefore, 


tan 60° = 


[A Check It Out 4: Find the exact value of sec 60°. & 


Determining Sine and Cosine Using a Calculator 


You can find exact values of the sine and cosine functions for only a few special angles. 
A scientific calculator is needed to evaluate the sines and cosines for angles other than 
those few, as shown in the next example. 


econ 5 Using a Calculator to Evaluate Sines and Cosines 


Use a calculator to evaluate each of the following to four decimal places. 

(a) cos 42° 

(b) sin 67.5° 

>Solution 

(a) With your calculator in DEGREE mode, and using the key, you will find that 
cos 42° ~ 0.7431. 

(b) With your calculator in DEGREE mode, and using the key, you will find that 
sin 67.5° ~ 0.9239. 


[A Check It Out 5: Use a calculator to evaluate sin 58° to four decimal places. © 


Applications of Right Triangle Trigonometry 


The next three examples illustrate how trigonometric functions can be used in appli- 
cations involving right triangles. 

One type of angle that occurs in many applications is the angle of elevation of 
a given point with respect to a point that is at a lower elevation and at some positive 
horizontal distance from it. Another important angle is the angle of depression of 
a given point with respect to a point that is at a higher elevation and at some posi- 
tive horizontal distance from it. The angle of elevation and the angle of depression 
are acute angles and are defined to have positive measure. In Figure 6.2.11, the angle 
of elevation of Q with respect to P is 6, and the angle of depression of P with respect 
to QO is ¢, pronounced “phi.” 


Figure 6.2.11 


Angle of depression 
of P with respect to O 


Angle of elevation 
of Q with respect to P 
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Figure 6.2.12 


Technology Note 


Sill [Eme) 

Meee) 

IDegree| 
Par Pol Seq 
Connected 
Sequential ein 
aisle at+bi «rei 
fa'mee Horiz G-T 


[ema 6 Application to Surveying 


A surveyor stands 100 feet from the base of a building. The angle of elevation of the 
top of the building with respect to the location of the surveyor is 78°, as shown in 
Figure 6.2.12. Find the height of the building. 


Solution From the figure, we see that the side adjacent to the 78° angle is equal to 
100 feet. The side opposite that angle is the height / of the building, which we need to 
find. Thus, using the definition of the tangent function, we have 


Opp 


tan 78° = ag Definition of tangent function 
tan 78° = -. Substitute data 
100 
100 tan 78° =h Solve for h 
100(4.7046) =h Use calculator to find tan 78° 
470.46 = h. Simplify 


Thus the exact height of the building is 470.46 feet. 


LW Check It Out 6: A surveyor stands 120 feet from the base of a building. The angle of 
elevation of the top of the building with respect to the location of the surveyor is 60°. 
Find the height of the building. © 


lama 7 Traffic Monitoring 


A traffic helicopter hovering 500 feet above ground observes a police car on the 
ground that has an angle of depression of 25°. See Figure 6.2.14. What is the straight- 
line distance of the helicopter from the police car? 


Figure 6.2.14 


—fZ\ BS 


—. aa. 


Solution From Figure 6.2.14, 


sin 25° = ~ Definition of sine 
d sin 25° = 500 Multiply both sides of equations by d 
d= ame Solve for d 
sin 25° 
pe 1183. sin 25 ~ 0.4226 
0.4226 


Thus the straight-line distance of the helicopter from the police car is approximately 
1183 feet. 
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[A Check It Out 7: In Example 7, find the horizontal distance of the helicopter from 
the police car. 


leone 8 Application to Navigation 


An observer measures an angle of elevation of 41° for the top of a lighthouse with re- 
spect to a certain point on the ground. She then walks 15 feet closer to the lighthouse 
and measures an angle of elevation of 44°. How tall is the lighthouse? 


Solution Referring to Figure 6.2.15, we have the following relationships: 


ian 44° == 


ay 
x+15 


tan 41° = 


Figure 6.2.15 


(Figure not to scale) 


Note that we have two unknown quantities, x and y. Rewrite the equations as 
y = x tan 44° 
y = (x + 15)tan 41°. 

Setting the two expressions for y equal to each other and solving for x, we have 


x tan 44° = (x + 15)tan 41° 
x tan 44° = x tan 41° + 15 tan 41° Expand right side 


x(tan 44° — tan 41°) = 15 tan 41° Subtract x tan 41° and factor left 
side 
x= ewer Solve for x 
tan 44° — tan 41° 
x ~ 135.26. Use calculator to evaluate x 


Thus y = x tan 44° = (135.26)(0.9657), so the height of the lighthouse is about 
130.62 feet. 


[MW Check It Out 8 An observer measures an angle of elevation of 30° for the top of a tower 
with respect to a certain point on the ground. She then walks 10 feet closer to the tower 
and measures an angle of elevation of 35°. How tall is the tower? © 
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6.2 Key Points 


» Definitions of trigonometric functions for right triangles 


: ; fe) h 
Sine: sin 6 = = Cosecant: csc 0 = alls 
hyp opp 

. adj h 
Hypotenuse Opposite Cosine: cos 0 = i Secant: sec 9 = Gi 
(0) adj 
a Tangent: tan 6 = = Cotangent: cot 0 = Maud 
Adjacent adj opp 


» The following cofunction identities hold for all acute angles 0. 
sin(90° — 0) = cos 6 cos(90° — 6) = sin @ 
tan(90° — 6) = cot 0 cot(90° — @) = tan 6 
sec(90° — 0) = csc 0 csc(90° — @) = sec 8 
» Sine and cosine of 30°, 45°, 60°: 
v3 


2 1 
sine 45° = cos 45° = | sin 30° = cos 60° = 33 cos 30° = sin 60° = 3 


6.2 Exercises 


» Just in Time Exercises These exercises correspond to the > 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. ; 
In Exercises 1-6, find the missing dimension of a right triangle 
with sides a and b and hypotenuse c. 37 

la=3,b=4,c= 

2.a=6,b=8,c= 

3.a=2,b=3,¢= 

4.a=1,b=4,c= 12 

5.a=3,c=6,b= 

10. 

6.6 =4,c=10,a= =a 
Skills This set of exercises will reinforce the skills 0 
illustrated in this section. 24 
In Exercises 7-14, find the exact values of the six trigonometric 
functions of 0. 11. 12. 

7. 8. 

5 
2 
8 17 15 
0 
0 : a 
0 
6 1 
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13. Vit In Exercises 45—52, find a cofunction that has the same value as 
the given quantity. 
@ in : ° ° 
Fi 45. sin 35 46. cos 42 
47.tan 40° 48.tan 20° 
14. 
49. sec 47° 50. csc 31° 
3V5 
51. cot 67° 52. cot 72° 
0 
6 In Exercises 53-58, find the lengths of the unknown sides of each 


right triangle. Round to four decimal places. 
In Exercises 15-26, use the given value of a trigonometric func- 


tion of 0 to find the values of the other five trigonometric functions. 33. 34. 
Assume 0 is an acute angle. 
15 0= 2 16.sin 0 = = 
. COS 5 . sin 3 
45° 
3 1 
17.tan 6 =— 18.tan 6 = — 2 
2 2 60° 
7 
19. sin 6 = 0.6 20. cos 6 = 0.8 
21.cot 6 = 1.5 22. cos 0 = 0.7 35. 7 
23.csc 0 =2 24. sec 0 = 3 
ee) CT 
25.cot 0 = 4 26.tan 0 =5 "2 
In Exercises 27-34, find the exact value of each trigonometric 56. 
function. 
27. cos 30° 28. sin 45° 
29. sec 30° 30. csc 45° 
50° 
31. tan 60° 32. cot 45° 10 
33. csc 60° 34. tan 30° 
7. 15° 
In Exercises 35-44, use a scientific calculator to evaluate the 
trigonometric functions. Make sure the calculator is in DEGREE 12 
mode. Round to four decimal places. 
35. sin 38° 36. cos 57° 
58. 
37. tan 65° 38. tan 17° 
39. cos 83° 40. sin 78° 10 
41.sec 15° 42. csc 36° 
43. cot 67° 44, cot 34° al 
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In Exercises 59-66, find the measure of the acute angle 0 for 
which the sine or cosine is given. 


59. 


61. 


63. 


65. 


66. 


1 3 
sin 6 = > ewe= 
2 
VA 
6 =—_— 62. sin 9 = — 
cos 5 sin 5 
2 1 
sing = ¥2 64. cos 6 = = 
2 2 
Let a be an acute angle with sin a = a. Find csc a and 


cos(90° — qa) in terms of a. 


Let B be an acute angle with cos B = b. Find sec B and 
sin(90° — B) in terms of b. 


Applications In this set of exercises, you will use right 
triangle trigonometry to study real-world problems. Unless 
otherwise indicated, round answers to four decimal places. 


67. 


68. 


69. 


70. 


71. 


72. 


Construction A 20-foot-long piece of wire is attached to 
the top of a pole at one end and nailed to the ground at 
the other end. If the wire makes an angle of 30° with the 
ground, find the height of the pole. 


Construction A pole 10 feet high is supported by a taut 
wire staked to the ground at a 35° angle. How long is the 
wire? 


Ballooning From the basket of a hot-air balloon 100 feet 
above the ground, the angle of depression of a point A on 
the ground is 10.5°. What is the distance from point A to 
the basket of the balloon? 


Navigation The angle of depression of a small boat near 
the coast with respect to the top of a lighthouse is 8°. If 
the lighthouse is 120 feet high, what is the distance 
from the top of the lighthouse to the boat? 


Surveying The angle of elevation of the top of a tower 
with respect to a certain point on the ground is 38°. 
From a point 15 feet closer to the tower, the angle of el- 
evation is 42°. Find the height of the tower. 


Surveying From a certain point on a 10-foot-high plat- 
form, the angle of depression of the base of a building is 
15°, and the angle of elevation of the top of the building 
is 55°. How high is the building? 


74 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


. Ladders A 16-foot-long ladder leans against a vertical wall. 


The base of the ladder makes an angle of 68° with the lawn 
on which the foot of the ladder rests. How high above the 
surface of the lawn is the top of the ladder? 


. Design A 30-foot-long driveway slopes downward at an 


angle of 8° with respect to the adjacent street. How far 
below the street is the lowest point of the driveway? 


Ballooning The angles of depression of two points on the 
ground with respect to a hot-air balloon 2 miles up in the 
air are 14° and 32°. How far apart are the two points if 
they lie on a straight line that passes through the point on 
the ground that is directly below the balloon? 


Surveying The angle of elevation of the top of a hill with 
respect to a certain point on the surrounding level ground 
is 10°. If the hill is 9 feet high, what is the horizontal dis- 
tance of the top of the hill from that point? 


Design A ramp makes an angle of 15° with the ground. If 
the top of the ramp is 4 feet above the ground, how long 
is the ramp? 


Building Code In Milwaukee, Wisconsin, the building 
code states that for a ramp to qualify as handicapped acces- 
sible, it can rise only 1 foot for every 8 feet of horizontal 
length. What is the degree of incline for the ramp to the 
nearest thousandth of a degree? (Source: www.mkedcd.org) 


Quilting Sara wants to make a quilt square by using right 
triangles of varying colors. The triangles need to have an 
hypotenuse of length 10 centimeters. If the triangles are 
isosceles right triangles, what is the length of each side of 
the triangle to the nearest hundredth of a centimeter? 


Surveying When the Eiffel Tower was dedicated in 1889, its 
height (including the flagpole on top) was 324 meters. If 
the angle of elevation of the top of the tower from a certain 
point from the ground is 50°, how far is the point from the 
center of the base? (Source: www.tour-eiffel.fr/teiffel/uk/) 


Distance From the south rim of the Grand Canyon near 
Grand Canyon Village, the vertical distance to the 
canyon floor is approximately 5000 feet. Standing at 
this point, you can see Phantom Ranch by looking 
down at an angle of depression of 30°. Find the distance 
to the camp, to the nearest foot, from the point at the 
base of the rim directly under where you stand. (Source: 
www.nps.gov/grca/) 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


Surveillance A security camera is mounted on the wall at a 
height of 10 feet. At what angle of depression should the 
camera be set if the camera is to be pointed at a door 50 
feet from the point on the floor directly under the camera? 


Statue Height During a hike in Mexico, Sam discovered a 
large stone statue. To estimate the height of the object, he 
stood 20 feet from the statue and measured the angle of 
elevation to the top of the statue to be 70°. What is the 
height of the statue to the nearest foot? 


Surfing Jake has a Surftech Softop surfboard. When he 
stands it up in the sand, it casts a shadow that is 
84 inches long. If the angle of elevation of the sun is 45°, 
how long is the board? 


Ancient Buildings The Great Pyramid of Giza in Egypt 
is 481 feet high. The distance from the point directly 
under the highest point to the edge of the pyramid is 
375.5 feet. What is the angle of elevation of the sides of 
the pyramid? 


Physics A force F can be decomposed into its horizontal 
component F, and its vertical component F,. The ratio of 
F, to F, is given by tan 0, where 0 is the angle whose ini- 
tial side is the positive x-axis and whose terminal side is 
oriented in the direction of F. Find the value of that ratio 
if 0 = 36°. 


BY 


Sewing A piece of fabric that will serve as the back- 
ground for a monogram on a sweater is to be cut in the 
form of a right triangle. What is the ratio of the lengths of 
the two shortest edges of the piece of fabric if one of the 
shortest edges is 3.5 inches long and the angle opposite 
that edge is 45°? 


Surveying A surveyor stands 180 feet from the base of a 
building. The angle of elevation of the top of the building 
with respect to the location of the surveyor is 57°. Find 
the height of the building. 
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89. 


90. 


91. 


92. 


Swimming The angle of depression of a certain point on 
the surface of the water in a swimming pool with respect 
to the end of the diving board is 25°. That point is at a 
horizontal distance of 15 feet from the end of the diving 
board. A 6-foot-tall swimmer aims for the point in ques- 
tion and makes a straight-line dive, head first. If the top 
of his head makes contact with the water at that point, 
find the distance d traversed by his feet between the time 
they left the end of the diving board and the time his 
head hit the water. 


Monuments The Washington Monument in Washington, 
DC, is 555 feet high. If the angle of elevation of the top 
of the monument from a certain point on the ground is 
60°, how far is that point from the center of the base? 
Consider the base of the monument to be on the ground. 


Leisure A 45-foot-long hill makes an angle of 20° with 
the level ground at the bottom of it. After a big snowfall, 
people like to sled down the hill. How high above the 
surrounding level ground do they begin their descent? 


Illumination A light pole is located next to a house. The 
light rays that graze the top of the roof as shown in the 
figure make an angle of 27° with respect to the front 
lawn. If the top of the pole is 25 feet above the lawn, how 
great a distance is traversed by the light rays between the 
time they are emitted and the time they reach the surface 
of the lawn? 
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93. 


94, 


95. 


Gardening A garden consists of four sections of equal 
dimensions. Each section is in the shape of a right trian- 
gle. One of the acute angles in each triangle measures 
24°, and the side adjacent to that angle is 16 feet long. 


(a) Find the length of the hypotenuse. 
(b) Find the length of the side opposite the 24° angle. 


(c) Compute the total area of the garden (all four 
sections combined). 


Surveying The known dimensions of a parcel of land ad- 
jacent to a road are shown in the figure. Find the lengths 
of the missing sides L and H. Round your answers to two 
decimal places. 


Geometry Compute the area of the shaded triangle in the 
figure. Round your answer to two decimal places. 


60° 


‘ 
[ 


10 in. 


96. Geometry The perimeter of a right triangle is 30 inches, 


and one of the angles has a measure of 35°. 
(a) Find the lengths of all the sides of the triangle. 
Round your answer to two decimal places. 


(b) Find the area of the triangle. Round your answer to 
two decimal places. 


. Photography A photograph is 8 inches wide and 10 inches 


high. It must be trimmed for publication in a magazine. 
A 3-inch-wide horizontal strip is to be trimmed from the 
top and a vertical strip is cut from the right. Let x be the 
width of the vertical strip that is to be trimmed from 
the right side of the photo. What is the value of x if the 
point that is to be in the upper right corner of the trimmed 
photograph lies along the line that makes an angle of 60° 
with the top edge of the original (untrimmed) photo- 
graph? The vertex of the 60° angle is at the upper-right 
corner of the original photo. 


kK 8 in. > 


in. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


98. Show that tan(90° — 6) = cot @. 
99. Show that csc(90° — @) = sec 0. 
100. Can a right triangle be used to define sin 90°? 


101. Before the widespread use of calculators, values of the 


sine and cosine for selected angles in the interval 
[0°, 45°] were given in tables. Why was there no need to 
list the sine and cosine for angles in the interval 
(45°, 90°)? 


ieaek tae 
unctions 
> Use a calculator to find val- 
ues of trigonometric 
functions 


> Relate trigonometric func- 
tions through Pythagorean 
Theorem 


Figure 6.3.1 


(x, y) 


Ss 


Discover and Learn 


1 
Show that csc 6 = ——. 
sin @ 
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6.3 Trigonometric Functions of Any Angle Using Right Triangles 


Because many applications involve angles that are not acute, we need to extend the 
definition of the trigonometric functions to include these types of angles. To do so, we 
consider any angle 6 in standard position and use a point (x, y) on its terminal side to 
construct a triangle. See Figure 6.3.1. We then use this triangle to define the six 
trigonometric functions of the angle 0. 


Because the trigonometric functions are defined as ratios, the definitions hold re- 
gardless of which value of (x, y) is chosen. 

It is useful to define the reciprocal functions, secant, cosecant, and cotangent, in 
terms of cosine, sine, and tangent, as follows. 


Eel 1 Evaluating Trigonometric Functions 


In Figures 6.3.2 and 6.3.3, find the exact values of all the trigonometric functions of 0. 


(a) Figure 6.3.2 (b) Figure 6.3.3 
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>Solution 


(a) To evaluate the trigonometric functions of 6, first compute r. 
re Ve ae 
= V(-3) + 4 =V25=5 


Using the definitions of the trigonometric functions, 


9 =3 in 8 4 
cos § = — = — sin 8 =—-=— 
) 5 
4 = 
tan@=~= = cot@=~= a 
x —3 y 4 4 
9 r 5 5 9 r 5 
sec SES TT ESE TT Cc =>->— 
e <8 3 te ae 


(b) First compute r. 
r=Vx2 + x? 
= V(-2)? + (-2)? = V8 = 2V2 


Using the definitions of the trigonometric functions, 


—2 V2 ; y =2 V2 


2V2 2 r GA/o 2 
ey ee eae ee 
an SSS SS co SS —=_ 

x -—2 y —2 


sec 0 =— = = ala cc 9 === = ay 3B 


[A Check It Out 1: Let (x, y) = (4, —3). Find the exact values of all the trigonometric 
functions of 6. © 


The quadrant in which the terminal side of the angle @ lies will tell us whether 
the values of the trigonometric functions are positive or negative. Because r > 0, the 
signs of the trigonometric functions will depend only on the signs of x and y. See Fig- 


ure 6.3.4. 
Figure 6.3.4 
v4 
Quadrant II Quadrant I 
sine and all functions 
cosecant positive 
positive 
x 
Quadrant III Quadrant IV 
tangent and cosine and secant 
cotangent positive 
positive 


Section 6.3 © Trigonometric Functions of Any Angle Using Right Triangles 475 


Ee uPLe | 2 Determining the Quadrant in Which an Angle Lies 


Suppose sec 9 < 0 and sin 6 > OQ. In what quadrant does the terminal side of 0 lie? 


. 1 
Solution Because sec 6 <0 and sec 6 = cong? £08 6 <0. Because cos 6 < 0 and 


sin 9 > 0, the terminal side of 6 must lie in Quadrant II. 


[A Check It Out 2: Suppose cos 8 > 0 and csc 6 < 0. In what quadrant does the ter- 
minal side of 0 lie? © 


Quadrantal Angles 


When the terminal side of an angle lies on either the horizontal or vertical axis, the 
angle is referred to as a quadrantal angle. The values of the trigonometric functions 
of these angles can still be calculated using the given definition, but some values may 
be undefined. 


Examece | 3 Trigonometric Functions of 0 = 90° and @ = 180° 


Find the exact values of all six trigonometric functions of the following angles. 
(a) 6 = 90° (b) 8 = 180° 
>Solution 


(a) The terminal side of 6 = 90° lies along the positive y-axis. Choose (0, 2) as a point 
on this axis. Then x = 0 and r = 2. Using the definitions of the trigonometric func- 


tions, 
0 2 
cosdé=—-—=—-=0 sing =2=2=1 
2 r 2 
2 0 
tan 6 = a — is undefined cotd=—=0 
x 0 2 
2 2 
sec 9 = — = ~ is undefined acp=—=— =i 
x O y 2 


The values of the trigonometric functions will remain the same regardless of which 
point on the positive y-axis is chosen. 
(b) The terminal side of 6 = 180° lies along the negative x-axis. Choose (—2, 0) as a 


point on this axis. Then x = —2 andr = 2. Using the definitions of the trigonomet- 
ric functions, 


cos ane sin ae as 
—2 
tan 06 = — = =0 cot 6 = —— is undefined 
x —2 0) 
2 =2 
ed Se ecth=—=— jeundetned 
x =2 y 0) 


The values of the trigonometric functions will remain the same regardless of which 
point on the negative x-axis is chosen. 


[Wf Check It Out 3: Find the exact values of the sine and cosine of @ = 270°. @ 
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Table 6.3.1 gives the sines and cosines of all the angles whose terminal sides lie on 
the x- or y-axis. You should become familiar with the data given in the table, since these 
angles come up often in trigonometry. 


Table 6.3.1 


Exact Values of Sine and Cosine of Quadrantal Angles 


3 
Sieemianey 0° (0) 90° (z) 180° (m) 270° (2) 360° (277) 
cos 0 1 0 ll 0 Il 
sin 0 0 1 0 =Il 0 


Trigonometric Functions of Special Angles in Other Quadrants 


In Section 6.2, we computed the values of the trigonometric functions of acute angles. 
These angles have their terminal sides in the first quadrant. To calculate the trigono- 
metric function values of angles whose terminal sides lie in the other quadrants, we 
apply the concept of a reference angle, defined as follows. 


Reference Angle 


For an angle @ in standard position whose terminal side lies in one of the four 
quadrants, the reference angle for 0 is the acute angle that the terminal side of 0 
makes with the x-axis. See Figure 6.3.5. 


Figure 6.3.5 


Reference 
angle 


Reference 
angle 


Terminal side 
in Quadrant II in Quadrant III 


Terminal side 


x 
Reference 
angle 


Terminal side 
in Quadrant IV 


IS rls & 
bo roi 3 
5 Se 
we 1S’) 


a 


fon 


0° 
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Exameue [2 Reference Angles 


Find the reference angle for each of the following angles. 
(a) 6 = 135° (b) 6 = —110° 
> Solution 


(a) Because 135° is a positive angle, we measure it in the counterclockwise direction 
from the positive x-axis and find that its terminal side makes an acute angle of 45° 
with the horizontal axis. Thus, the reference angle is 45°. See Figure 6.3.6. 


Figure 6.3.6 


Reference 
angle 45° 


Terminal side 
in Quadrant II 


(b) Because —110° is a negative angle, we measure it in the clockwise direction from the 
positive x-axis and find that its terminal side makes an acute angle of 70° with the 
horizontal axis. Thus, the reference angle is 70°. See Figure 6.3.7. 


Figure 6.3.7 


Reference 
angle 70° 


Terminal side 
in Quadrant III 


[W Check It Out 4; Find the reference angle for 9 = 330°. & 


A reference angle can be used to find the values of the trigonometric functions in 
other quadrants. Recall that the values of the trigonometric functions of 30°, 45°, and 
60° are as shown in Table 6.3.2. 

These values will aid us in calculating the trigonometric functions of angles whose 
terminal sides lie in other quadrants. 
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Figure 6.3.8 


225° 


Reference 
angle 45° 


Terminal side Terminal side 
in Quadrant III in Quadrant II 


Trigonometric Function Values of Special Angles in Other 
 Examete | 5 Quadrants 


Find the exact values of the following. 


(a) cos 225° (b) sin “2 (c) tan(—45°) 


> Solution 


(a) The terminal side of 225° lies in the third quadrant, so cos 225° will be negative. The 
reference angle for 225° is 45°. See Figure 6.3.8. Therefore, the cosine of 225° will 


have the same magnitude as cos 45° = = but will differ in sign. Hence, 


ce 
cos 225° = er 


(b) The terminal side of =, or 150°, lies in the second quadrant, so sin = will be pos- 
itive. The reference angle for ” is 30°, or - See Figure 6.3.9. Therefore, the sine 


5 é : : 1 ; ‘ ; F 
of = will have the same magnitude as sin Z = but will differ in sign. Hence, 


507 1 


sin — = —-. 
6 


(c) The terminal side of —45° lies in the fourth quadrant, so tan(—45°) will be nega- 
tive. The reference angle for —45° is 45°. See Figure 6.3.10. Therefore, the tangent 
of —45° will have the same magnitude as tan 45° = 1, but will differ in sign. Hence, 


tan(—45°) = —1. 


Figure 6.3.9 Figure 6.3.10 


vA Yt ~~ Terminal side 
in Quadrant IV 


[A Check It Out 5: Find sin( 3) and cos( -=2), & 


Trigonometric Functions of Coterminal Angles 


Coterminal angles share the same terminal side and thus they have the same reference 
angles. We can use this fact to calculate the values of trigonometric functions of angles 
whose magnitudes are greater than 360°. 


Just In Time 


Review coterminal angles in 


Section 6.7. 


/ 


/ 
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 Examete | 6 Trigonometric Functions of Coterminal Angles 


Find the exact value of the following. 
(a) sin 480° (b) cos(—90°) 
> Solution 


(a) Because the terminal sides of 480° and 120° are the same, the reference angle is 
60°. See Figure 6.3.11. Thus 


3 
sin 480° = sin 120° = = 


Figure 6.3.11 


ys 


Reference 


angle 60° = 


Terminal side 
in Quadrant II 


(b) Because the terminal sides of —90° and 270° are the same, 
cos(—90°) = cos 270° = 0. 
See Figure 6.3.12. 


Figure 6.3.12 


Terminal side on 
negative y-axis 


LW Check It Out 6: Find the exact value of cos 495°. & 


Relating the Trigonometric Functions 


Given the value of a single trigonometric function of 0, we can determine the values 
of the other related trigonometric functions of 6 by applying the Pythagorean Theo- 
rem. This technique is shown in the following example. 
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Just In Time 


Review the Pythagorean 
Theorem in Section ey, 


 Examete | 7 Evaluating Trigonometric Functions 


Suppose that sin 6 = -5 and that the terminal side of @ lies in the fourth quadrant. 
Find cos @ and tan 0. 


Figure 6.3.13 


Solution Because sin 6 = -5 = *y = —1 andr = 3. See Figure 6.3.13. Note that r 


must always be positive. Now, find x using the Pythagorean Theorem: 


ey? = pS OP + (HK 1Y = 2. 
Solving for x” gives 
x? = 8. 


So x = +2V2. Since the terminal side of 6 lies in the fourth quadrant, choose 
x = 2V2. Thus 
y cl V2 


and tang=~—= = 
x 


ao 40 


LA Check It Out 7: Suppose that sin 9 = a and that the terminal side of 6 lies in the third 
quadrant. Find cos 6 and tan 0. © 


x 2V2 
3 


cos 6 = — 
r 


Evaluating Trigonometric Functions Using a Calculator 


Only the trigonometric functions of special angles can be calculated exactly. For other 
angles, scientific calculator is needed to calculate the values of the trigonometric 
functions. 


 Examete | 8 Using a Calculator to Evaluate Trigonometric Functions 


Use a calculator to find the following. Round your answers to four decimal places. 
(a) sin 242° (b) cot 318° 

>Solution 

(a) Setting the calculator to DEGREE mode, we find that 


sin 242° =~ —0.8829. 
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(b) Calculators generally do not have a key for the cotangent function. Therefore we 


use the fact that cot x = ~ and use the key for the tangent function. Thus 
1 
t 318° = ———— = —1,1106. 
o tan 318° 


[A Check It Out 8: Use a calculator to find cos 197° and sec 197°. Round your answers 
to four decimal places. 


6.3 Key Points 


» Trigonometric functions of any angle: Let (x,y) be a point and let @ be the 
angle in standard position whose terminal side is the ray starting at the origin and 
passing through (x, y). Let r= Vx? + y?. Then 


x 
cos 0 = — sin 9 =~ 
r Yr 
x 
mee cot 0 = — 
x y 
Yr r 
sec 9 =— csc 9 = — 
x ¥ 


» Reciprocal functions: 


sec 0 = csc 0 = — cot 0 = 


cos 0 sin 0 tan 0 


» The reference angle for an angle @ in standard position is the acute angle that the 
terminal side of 9 makes with the x-axis. 


» Coterminal angles share the same terminal side and so have the same reference 


angle. 

6.3 Exercises 
» Just in Time Exercises These exercises correspond to the In Exercises 5 and 6, use the Pythagorean Theorem to find the 
Just in Time references in this section. Complete them to value of the missing leg, a or b, or the hypotenuse c. 
review topics relevant to the remaining exercises. 5.a=1,b=4,c= 
In Exercises 1—4, find at least two angles, one positive and one neg- 
ative, that are coterminal with the given angle. Answers may vary. 6.a=2,b= ,c=5 

1.50° 2. 130° 


3. 250° 4, 320° 
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® Skills This set of exercises will reinforce the skills illus- 11. 


va 
trated in this section. 
In Exercises 7-14, find the exact values of all the trigonometric ("1, 2) 0 
functions for each value of 0. 
x 
Va 
6 
Fé x 


a: yh 


& 


(V3, . 
: 13, 


14. yh 


10. yA 


In Exercises 15-20, for each angle 0 in standard position, deter- 
mine the quadrant in which the terminal side of 0 les. 


15. cos 6 > 0 and sin 6 < 0 


16. sin 6 > 0 and cos 0 < 0 


17. sec 9 < 0 and tan 6 > 0 


Section 6.3 
18. csc 6 << 0 and tan@ <0 
19. cot 6 > 0 and csc 8 > 0 
20. cot 6 < 0 and sin 6 > 0 


In Exercises 21-32, find the reference angle for each of the given 
angles. 


21. 120° 22. 150° 

23. 240° 24. 290° 

25. —105° 26. —210° 

27. 400° 28. 530° 

ee sae 
“4 “3 

a so 
i 3 . 3 


In Exercises 33—60, find the exact values of the given trigonomet- 
ric functions. If a certain value is undefined, so state. 


33. sin 150° 34. cos 240° 
35. sin 225° 36. sin 135° 
37. cos 120° 38. sin 330° 
39. sin an 40. cos lus 

3 6 
41. tan 225° 42. cot 315° 
43. tan 330° 44. tan 270° 
45. sec 150° 46. csc 210° 
47. cot = 48. cot 7 
49. tan 420° 50. tan 450° 
51. cos(—210°) 52. sin(— 60°) 
53. tan(—45°) 54. tan(— 150°) 


55. sec(— 135°) 56. csc(—210°) 
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57. csc 180° 58. sec 540° 


59. sec 27 60. csc 377 


In Exercises 61—76, find the exact value of each expression. 
Simplify your answers. 


61. cos 45° + sin 30° 62. sin 45° — cos 30° 


63. cos 120° — sin 210° 64. sin 45° + cos 135° 
65. tan 120° + cot 135° 66. cot 45° + tan 120° 


67. cot 210° — tan 330° 68. tan 180° + cot 90° 


_ 0 27 
69. sec 180° + csc 270° 70. sin 3 + cos — 


3 


72.t alu np 
tall ——='¢ = 
4. "4 


. 39 

71. cos 7 + sin — 
2 

73. cos 45° cos 30° + sin 45° sin 30° 

74. sin 45° cos 30° + cos 60° sin 45° 

75. sin 60° cos 45° — cos 45° sin 60° 


76. cos 30° cos 45° — sin 30° sin 45° 


In Exercises 77-86, find the exact value of the indicated trigono- 
metric function, using the given information. 


3 
77. sin 0 if cos 8 = 5 terminal side of 0 in Quadrant IV 


4 
78. cos 0 if sin 9 = 3 terminal side of 0 in Quadrant III 
ae 5 . . . 
79. sec 6 if sin 6 = "p terminal side of 6 in 


Quadrant II 


12 
80. csc 0 if cos 0 = Ty terminal side of @ in Quadrant I 


1 
81. tan 0 if cos 8 = ~3 terminal side of 6 in Quadrant III 


2 
82. cot 0 if sin 6 = 5 terminal side of 0 in Quadrant II 
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1 
83. cos 6 if sin 0 = —5? terminal side of @ in Quadrant IV 
: 2 : ; : 
84. tan 0 if cos 0 = ~3? terminal side of 8 in Quadrant II 
85. sec 0 if sin 6 = —0.8, terminal side of 0 in 
Quadrant IV 
86. csc 6 if cos 6 = —0.6, terminal side of 6 in 


Quadrant II 


In Exercises 87-96, evaluate the trigonometric function using a 
calculator. Round your answers to four decimal places. 


87. sin 157° 88. cos 234° 


89. cos 435.4° 90. sin 385.7° 


91. tan 125° 92. tan 192° 


93. cot 214° 94. sec 143° 


95. csc 315.4° 96. cot 167.9° 


» Applications In this set of exercises, you will use 
trigonometric functions of any angle to study real-world 
problems. 


97. Distance In the given illustration, find the distance 
from the top of the pole to Point A, directly below it. 


98. Navigation A ship starts at point O, the origin, and 
travels 50 miles in a straight line path that makes an 
angle of 120° with the horizontal. Find the exact value 
of the distance d shown in the illustration. 


99. Maps Three locations on a map are shown. Find the 
distance from Lakecrest to Woodbrook. 


Cedar 
Lakecrest 210° Knol 


Woodbrook 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


100. Why do sin 90° and sin 450° have the same value? 
101. Explain why sec 270° is undefined. 


102. Let (3, —4) and (6, —8) be two points on the 
terminal side of an angle 6. Compute sin @ using 
each pair of coordinates and show that you get the 
same answer. 


103. Let (x, y) and (kx, ky), k > 0, be two points on the 
terminal side of an angle 6. Compute cos 6 using 
each pair of coordinates and show that you get the 
same answer. 
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In Example 1 of Section 6.1, we discussed the motion of a child riding on a merry-go- 
round. Suppose we want to determine the position of the child at any point on the merry- 
go-round as it rotates. To do so, we could define functions that give the x- and y-coordinates 
of the child’s position as a function of the angle swept out by the merry-go-round. 

Recall that in Section 6.2, we defined the trigonometric functions only for acute angles. 
However, it will be useful to extend the definitions of the trigonometric functions for any 
angle. To do so, we represent the angles with reference to a unit circle. This will allow us to 
define a relationship between the location of the angle and the values of its trigonometric 
functions. 


> Find exact values of trigono- 
metric functions of certain 
special angles 

> Use reference angles to find 
values of trigonometric 
functions 


In the following example, we will use these definitions to find the values of the sines 
and cosines of some special angles. 


Example [i Sine and Cosine of 0 and 22 


Find the sine and cosine of the following angles. 


(a)t=0 == 


> Solution 


(a) The terminal side of the angle t = 0 in standard position intersects the unit circle 
at (x, vy) = (1, 0). Thus cos 0 = x = 1 and sin0 = y = O. See Figure 6.4.2. 


Figure 6.4.2 


(1, 0) = (cos 0, sin 0) 
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37. ae : te 
“ga standard position intersects the unit circle 
x 


at (x, y) = (0, —1). Thus cos = =x = 0 and sin = = y= —1. See Figure 6.4.3. 


(b) The terminal side of the angle t = 


Figure 6.4.3 


sy 


(0, -1) = (cos 32) sin 3 ) 


[A Check It Out 1: Find the sine and cosine of t = 


ola 


Table 6.4.1 


7 ‘ur 7 T fl 3a 
6 4 3 2} 2) 


30en 45en OOmn eO0me lSOnn B2702n N56" 


27 


Table 6.4.2 gives the sines and cosines of all the angles whose terminal side lies 
on the x- or y-axis. These angles are known as quadrantal angles. You should be 
familiar with the data given in the table, because these angles come up often in 
trigonometry. Also see Figure 6.4.4 as a guide to recalling these values quickly. 


Say 


7 oe Qa 
GEO) | C7) | Gao) 


= 0 1 
0 = 0 
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Figure 6.4.4 
Va 
(cos 5, sin z) = (0, 1) 
(cos 7, sin 77) = (1, 0) (cos 0, sin 0) = (1, 0) 


x 


(cos 4, sin 37) = (0, -1) 


Before evaluating sines and cosines of more special angles, we define some additional 
trigonometric functions. 


Definitions of Other Trigonometric Functions 


You can define other ratios in terms of the sine and cosine functions. These ratios give 
rise to four additional trigonometric functions, defined as follows. 


Because these functions involve quotients and reciprocals, they are undefined when- 
ever the denominator is zero. Calculating these quantities is straightforward once you 
know the sine and cosine of an angle. 


Ears! 2 Calculating Values of Trigonometric Functions 


Calculate the exact value of the following, if defined. 
3 
(a) tan 0 (b) csc a (c) cot 7 


Solution Refer to Table 6.4.2 and Figure 6.4.4 for the values of sine and cosine of 


these angles. 
sin 0 0 


(a) Using the definition of tangent, tan 0 = or 0. 
: a 3a 1 1 3m . : 
(b) Using the definition of cosecant, csc = ia hee 1. Note that > in radi- 
sin — 
ans corresponds to 270°. 7 
F ae cos 7 =1 : F 
(c) Using the definition of cotangent, cot 7 = ca Because there is a zero in 


the denominator, cot 7 is undefined. Note that 7 radians correspond to 180°. 


[A Check It Qut 2: Calculate the exact value of sec a, if defined. © 


488 Chapter 6 © Trigonometric Functions 


Later in this section, we will calculate the sine and cosine of angles besides the 
quadrantal angles. Using the definition, we will also then be able to calculate the 
secant, cosecant, tangent, and cotangent of these angles. 

Note that cot ¢ is the reciprocal of tan ¢. Similar relationships exist between sin t and 
csc t, and between cos ¢ and sec t. Thus we have the following reciprocal identities. 


Sines and Cosines of Special Angles in the First Quadrant 
We can use geometry to find the exact values of the sine and cosine of some special 
angles in the first quadrant. To find the sine and cosine of z recall that an angle of Z 


radians has measure 45°. Thus both of the acute angles in the right triangle in Fig- 
T 


ure 6.4.5 are of measure 45°. Note that x = cos — and y = sin ma Combining this with 


4 
the results from Section 6.2, we have 
7 Va 
= = 45° = —— 
x = COS A cos 73 
2 
pedn ovina 1 
4 2 
Figure 6.4.5 
VA 
(x,y) 45° 
A 
X 45° x 


: a : 7 7 
Exact values of the sine and cosine and cosine of G and 3 can also be found, as shown 
in the following example. 


eepal 3 Exact Values of cos z and sin 2 


. T * 7 
Find the exact values of cos e and sin é 


Solution On the coordinate plane, draw the unit circle and then draw the angle 3 in 


standard position. Because a 30°, the right triangle within the circle has acute 


angles of 30° and 60°. See Figure 6.4.6. 


Section 6.4 © Trigonometric Functions of Any Angle Using the Unit Circle 489 


Figure 6.4.6 


(x,y) 60° 


Let (x, y) be the point on the unit circle that intersects the terminal side of the angle. 
From the triangle in Figure 6.4.6, cos 30° = - =x andy = sin 30° = ; = y. Combin- 
ing this with the results from Section 6.2, we have 


V3 


pe 30° 
xX = COS — = COS SSS 
6 2 


7 1 
= sin — = sin 30° = —. 
y = sin 6 sin 5 


[A Check It Qut3: Find the exact values of cos 7 and sin zi |_| 


Table 6.4.3 summarizes the exact values of the sine and cosine of zs a and zi Also 
see Figure 6.4.7. 


Sway 


DS 
fe} 
<i) 


1 
2) 
V3 
2 
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Sines and Cosines of Special Angles in Other Quadrants 


What about special angles in other quadrants? To calculate their sines and cosines, 
we need to understand and apply the concept of reference angle, which is defined 
as follows. 


Definition of Reference Angle 


For an angle ¢ in standard position whose terminal side lies in one of the four 
quadrants, the reference angle for ¢ is the acute angle that the terminal side of 
t makes with the x-axis. See Figure 6.4.8. 


Figure 6.4.8 
yA Va 
Reference 
angle 
x x 
Reference 
Terminal side angle Terminal side 
in Quadrant II in Quadrant III 
YA 
x 
Reference 
angle 
Terminal side 
in Quadrant IV 


Example (2 Reference Angles : 


Find the reference angle for each of the following angles. 


51 An 
@e= b) t= - 


> Solution 


51 Tw 57. by sae, va 
(a) Note that t = ~~ + Because 7 is a positive angle, we measure it in the 


counterclockwise direction from the positive x-axis and find that its terminal side 
T 
re 
radians is the same as 225°, the reference angle in 


makes an acute angle of : with the horizontal axis. Thus the reference angle is 
5 


See Figure 6.4.9. Because Fl 


degrees is 45°. 
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Figure 6.4.9 
VA 
x 
Reference 
angle 
ua Terminal side 
4 in Quadrant III 
4a 7 4. : ‘ 
(b) Note that t = aes + 3): Because — is a negative angle, we measure it 


in the clockwise direction from the positive x-axis and find that its terminal side makes 
. . . 6-1) ade 
an acute angle of a with the horizontal axis. Thus the reference angle is qs See 
: 4 4 180° 
Figure 6.4.10. Note that 7=-<. = 


3 3 
60° in degree measure. 


240°. Thus the reference angle is 


Figure 6.4.10 


Terminal side Va 
in Quadrant II 


Reference 


angle 
a 


3 


ay 


[W Check It Out 4: Find the reference angle for t = “2. | 


Er] 5 Sines and Cosines of Special Angles in Other Quadrants 


Find 
2 
(a) sina (b) cos (c) cos(—30°) 


Solution Before studying these examples, refer to Table 6.4.2 of sines and cosines of 
special angles in the first quadrant. 


(a) The terminal side of lies in the third quadrant, so sin ae will be negative. The 


ay 


57. 7 : 57. , 
reference angle for 7 87: Therefore, the sine of an will have the same magnitude 


as the sine of - but will differ in sign. See Figure 6.4.11. Hence 


51r V2 
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Figure 6.4.12 


Reference 
angle 


yy Terminal side 
in Quadrant II 


| Trigonometric Functions 


(b) The terminal side of = lies in the second quadrant, so cos 2 will be negative. The 
reference angle for S is zi Therefore, the cosine of S will have the same magnitude 
as the cosine of 5 but will differ in sign. See Figure 6.4.12. Hence 


27 1 


(c) The terminal side of —30° lies in the fourth quadrant, so cos(—30°) will be posi- 
tive. The reference angle for —30° is 30°. Therefore, the cosine of —30° will have 
the same magnitude and sign as the cosine of 30°. See Figure 6.4.13. Hence 


cos(—30°) = cos 30° = 


Figure 6.4.13 


Terminal side 
in Quadrant IV 


RY 


Reference 


angle 
—30° 
Because —30° = = radians, we also have 
cos{|——] = —. 
6 2 


[A Check It Out 5: Find sin(-*2) and cos(—=2). fl 


Figure 6.4.14 shows the signs of the sine and cosine functions in each of the four quad- 
rants. The signs for sin ¢ and cos t agree with the signs of x- and y-coordinates, respectively, 
of a point on the unit circle in that quadrant. The exact values of sine and cosine of all spe- 
cial angles in the interval [0, 277) are shown in Figure 6.4.15 and Figure 6.4.16. 


Figure 6.4.14 
a 

Quadrant II Quadrant I 
cos t<0 cos t>0 
sin t>0 sin t>0 

x 

cos t<0 cos t>0 
sint<0 sint<0 

Quadrant III Quadrant IV 
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Figure 6.4.15 


(cos - , sin 22 
Figure 6.4.16 
VA 
(cos x, sin 22) =( i ¥) 1 (5, 3) =(cos q, sin z) 


| Note You can use the equivalence between radian and degree measure to find 


the values of gine and cosine for any angle, regardless of the unit of measure. 


Other Trigonometric Functions 


Now we find the values of the other trigonometric functions for each of the special angles. 


lEeanpt | 6 Exact Values of the Other Trigonometric Functions 


Find the values of the trigonometric functions of z to complete Table 6.4.4. 


Table 6.4.4 
7 ere 1 7 7 
cos sin tan cot sec csc 
3 3 
a NE 
2 2 
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Technology Note 


When using a calculator 

to find the sine and cosine 
of an angle, make sure it 

is set in the correct mode— 
RADIAN or DEGREE. 
Figure 6.4.17 shows a 


calculator in RADIAN mode. 


Keystroke Appendix: 
Section 15 


Figure 6.4.17 


rer di 
Gill 


Solution Using the definitions of the other trigonometric functions, we have the 
following: 


- (5) CA) s)_ ws 
rey Feyeye* 


7 1 1 7 1 


la) Gwe) 


This gives us Table 6.4.5. 


tan 


Table 6.4.5 
aT; + we 7 7 a; 7 
cos sin tan cot sec csc 
3 3 3 
ee ee ee |) oe, |e 
2 2 3} iS) 


[AW Check It Out 6: Find the values of the trigonometric functions of Z to complete 
Table 6.4.6. 


Table 6.4.6 
c is sin ils tan is cot sec fi csc & 
Bue 6 6 
Va} i 
2) 2, 


Values of Trigonometric Functions Using a Calculator 


You can find exact values of the trigonometric functions for only a few special angles. 
For all others, a scientific calculator is needed to evaluate trigonometric function 
values, as shown in the next example. 


earl 7 Using a Calculator to Approximate Trigonometric Functions 


Use a calculator to approximate each of the following to three decimal places. 
(a) sin 4 (b) cote (c) cos 147° 


> Solution 


(a) Because the 4 is not followed by a degree symbol, the angle is assumed to be in 
radians. With your calculator in RADIAN mode, and using the key, you will 
find that sin 4 ~ —0.757. 

(b) Here, too, the angle is assumed to be in radians. There is no key for the cotan- 


gent function on your calculator, so you must input 1/ (7/8). This gives 
cot 5 ~ 2.414. 


Discover and Learn 


Set your calculator in RADIAN 
mode and calculate cos 90°. 

Why is the correct answer of 0 not 
displayed? How would you get the 
correct answer for cos 90°? 
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(c) The angle here is in degrees. With your calculator in DEGREE mode, and using 
the key, you will find that cos 147° = —0.839. 


[W Check It Out 7: Use a calculator to approximate each of the following to three decimal 
places. 


(a) sin(—1.3) (b) tan 205° is 


Note The key on your calculator is not the cosecant function, the 


key on your calculator is not the secant function, and the key on your 
calculator is not the cotangent function. To evaluate these functions in the 


calculator, you must use the reciprocal identities with sine, cosine, and tangent, 


respectively. 


Pythagorean Identities 


We can use the Pythagorean Theorem to establish the so-called Pythagorean identities. 
To do this, we make some important observations about points on the unit circle. 


Observations: Let (x, y) = (cos t, sin 2) be a point on the unit circle. 


» The values of x and y are between —1 and 1, so cos ¢ and sin tlie between —1 and 
1 for all values of t. 


> By the Pythagorean Theorem, x” + y* = 1. From this it follows that 
(cos 1)? + (sin)? = 1. 
Because the equation (cos 2)” + (sint)? =1 follows from the Pythagorean 
Theorem, it is known as a Pythagorean identity. It is conventional to write (sin 1)? 
as sin* t and (cos 2)” as cos* t. Thus this Pythagorean identity is usually written as 
cos*t + sin? = 1. 
We can use this identity to derive two additional Pythagorean identities, both of 
which involve trigonometric functions other than sine and cosine. 
1+ tan?t=sec?t and 1+ cot?t=csc’t 

To derive the first of these two identities, start with the original Pythagorean iden- 
tity and use algebraic manipulation. 

sin? t + cos*t= 1 Original Pythagorean identity 


sin*t cos*t 1 oe 5 
+ = Divide each term by cos” t 


cos*t  cos*t cost 


sin ¢t \? 1 \ 
+1= Rewrite each term 
cos t cos t 


2 2 ’ sin t 
tan°t + 1 =sec*t Substitute 
cos t 


1 
= tan t and —— = sect 
cos t 


The identity 1 + cot? t = csc” z can be derived in a similar manner. 


The Pythagorean Identities 
cos?t + sin?t = 1 
1 + tan?z = sec*t 


1 + cot? 2 = csc’t 
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Figure 6.4.18 


va 


R: (cos ¢, sin f) 


ay 


S: (cos (-t), sin (—1)) 
= (cos ¢, —sin f) 


Finding Values of Trigonometric Functions Using 
Pythagorean Identities 


We now show how values of other trigonometric functions can be found when the 
value of just one of the functions is given. The following example will tie together the 
various topics discussed in this section. 


eee 8 Using Pythagorean Identities to Find Function Values 


. 2 : : coer 
Given than tan t = — and that the terminal side of ¢ lies in Quadrant II, find cos t. 


Solution We apply one of the Pythagorean identities as follows: 


1 + tan?z = sec?t Pythagorean identity 
2\ 5 2 
1+ |-=] =sec*t Substitute tan t = —— 
3 5 
4 2 
1+ 9 =sec*t Simplify 
13 2 
—=sec*t 
9 
13 
sect = = BR Take square root of both sides 


The terminal side of ¢ lies in Quadrant II, so sec t = cos 7 18 Negative because cos f is 
negative. Thus 


V13 


Because cos t = ‘ 
sec ft 


1 381 
V13 V13 13° 


3 


cos ft = 


[A Check It Out 8: Given that cot t = : and that the terminal side of t lies in Quadrant IT], 
find sin z. © 


Odd and Even Trigonometric Functions 


We can establish relationships among sin £, cos t, sin(—12), and cos(—1) by examining 
corresponding points on the unit circle. From Figure 6.4.18, the coordinates of points 
Rand S are 


R: (cos t, sin t) S: (cos(—2), sin(—2)). 


In Figure 6.4.18, note that the x-coordinates of R and S are the same. Because 
x = COS t, we have 


cos t = cos(—2). 
The y-coordinate of S is the negative of the y-coordinate of R. Because y = sin t, we have 


sin(—t) = —sin t. 
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From these facts and the definitions of the other trigonometric functions, we obtain 
the following relationships, which are sometimes referred to as negative-angle 
identities. 


Recall that a function is even if f( = f(—2d and is odd if f(—2) = —f(). Thus the 
cosine and secant functions are even, whereas the sine, tangent, cotangent, and cose- 
cant functions are odd. These properties of the trigonometric functions will be quite 
useful in sketching graphs in Sections 6.5 and 6.6. 


ata 9 Applying the Negative-Angle Identities 


Use the negative-angle identities to find the exact values of the following. 


3a 7 
(a) cos ( 4) (b) tan ( -2) 


>Solution 


(a) Because cos t = cos(—1), 


es oe 30 we 
cos rs = COS 4 a 


(b) Because tan(—1t) = —tan 4, 


tn( -2) Z -tn( 2) ans 


[AW Check It Out 9: Find the exact value of sin(—72). im 


Repetitive Behavior of Sine, Cosine, and Tangent 


Ift € [0, 27r), then any integer multiple of 277 added to t produces a coterminal angle. 
Therefore, the terminal sides of t and t + 2n7, n an integer, intersect the same point 
on the unit circle and so must have the same values of sine and cosine. 


The tangent function also repeats, but it does so by an integer multiple of 77. 
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10 Finding Sine and Cosine of Angles of the Form t + 2n7 


Determine the exact value of each of the following. 


On 137 
(a) cos (2) (b) tan( 22) 


> Solution 
(a) The terminal side of ae lies in Quadrant I, as shown in Figure 6.4.19. Because 


CL 87 


7 
+ = 4 am 


4 4 4 
On 7 iy T ve 
cos - = cos z qr) = cos ri = 5 


by the repetitive behavior of cosine. 


(b) The terminal side of — lies in Quadrant IV, as shown in Figure 6.4.20. Because 
137 l27v et 4 
3 3° «3 a 


tn BF) — an| ; tn) = an z) - V3 


by the repetitive behavior of tangent. 


Figure 6.4.19 Figure 6.4.20 


¥4 Terminal side 
in Quadrant IV 


Reference 
angle 
T 


4 


ay 
y 


Terminal side 


in Quadrant I 


[A Check It Out 10: Determine the exact value of sin (47). Oo 


6.4 Key Points 


» Definitions of trigonometric functions using the unit circle 


Let (x, y) be the point where the terminal side of an angle of t radians in standard 
(x, ») = (cos ¢, sin 2) position intersects the unit circle. 

The value of the cosine function at zt, abbreviated as cos 2, is defined as cos t = x. 

The value of the sine function at t, abbreviated as sin t, is defined as sin t = y. 


» Definitions of the other trigonometric functions 


BY 


sin t os t 

Tangent: tan t = Cotangent: cot t = — 
cos t sin t 

1 1 


Secant: sec t = Cosecant: csc t = 


Section 6.4 © Trigonometric Functions of Any Angle Using the Unit Circle 


» Exact values of sine and cosine values of t in [0, 277) 


Terminal side of t along one of the coordinate axes: 


1 0 =1 0 1 
0 =1 0 


7 3 
0 = 7 — 2a 
BD 2 
a @) | @O) | GS) | Cro) | Gee») 
| 


Measure of t is an integer multiple of 7 


7 37 517 77 
4 4 4 4 
GE) | (as) | @25) | Gils) 
“cose Ro ye) a Re 
2} 2 2 2 
Vi ee ee 
2 2 2, 2 
Measure of t is an integer multiple of a 
7 a Nur yar Wor 4a 577 il age 
6 3 3 6 6 3 3 6 
GO) | GO) | G2) | Ase) | @l@) | @20) | Goo) | Ga0>) 


el 1 1 V3 V3 1 1 V3 
2 2 2 D 2 2 2 2 
1 nl a 1 1 V3 V3 1 
2 2 2 3 2 2 2 2 


» The Pythagorean identities 


cos?t + sin?t = 1, 1 + tan?t = sec? zt, and 
1 + cot?t = csc’ t 


» Repetitive behavior of sine, cosine, and tangent 
Let ¢ be a real number and let 7 be an integer. Then 


sin(t + 2n7) = sin t, cos(t + 2n7r) = cos t, and 
tan(t + nz) = tant 


» Negative-angle identities 


sin(—12) = —sin t csc(—1) = —csct 
cos(—t) = cos t sec(—1) = sect 


tan(—1t) = —tant cot(—t) = —cott 
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6.4 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1-4, determine whether the given points lie on the 
unit circle. That 1s, determine whether they satisfy the equation 
vty =1, 


1. (0, —1) 2. (0.5, 0.5) 
3. (-0.3, 0.7) 4, (3 ) 
2 2 


In Exercises 4—8, determine the quadrant where the terminal side 
of the given angle lies. 


pel ed 
"3 "4 
7. 310° 8. 75° 


® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 9-22, find the reference angle for each of the angles 
given. 


77 lla 
9.— 10.— 
6 4 

7 
11,.-— a2 
6 4 
30 40 
13,.— 14.— 
4 3 
7 
ise" 16,.-— 
6 4 
17. 225° 18, —150° 
19. 300° 20. 160° 
21. 210° 22. -135° 


In Exercises 23-38, find the exact values of all the trigonometric 
functions for the given values of t. If a certain value is undefined, 
state so. Do not use a calculator. 


23.t = 517 24.t = 67 


3a 


25.t= —37 26.t = —— 
2 


7 7 
27.t = -— 28.t= -— 
3 6 
7 30 
29.t = -—— 30.t = —— 
4 4 
ees $2,052 
: r : ri 
137 157 
33.t = — 34.t = ——_ 
6 4 
35.25% 36.1= 2% 
: - ; ri 
107 147 
31,¢= =—— 38.t = ——— 
3 3 


In Exercises 39-60, use a scientific calculator to evaluate the given 
trigonometric functions to four decimal places. 


39. cos 3 40. sin 1 
41. sin(—3) 42. cos(—1.5) 
0 7 
43. sin — 44. cos = 
12 5 
45.tan 2 46.tan(—1) 
47. tan em 48. cot on 

2; 12 

49. tan(—0.5) 50. tan(— 1.5) 
10 Aq 
51. csc — 52.sec — 

5 5 
53.sec(3.2) 54. cot(2.7) 
55. cot 215° 56. sin 107° 
57.tan(—38°) 58. cot(—217°) 


59. sec(410°) 60. csc(440°) 


Section 6.4 


For Exercises 61—72, fill in the given table with the missing infor- 
mation. Approximate all nonexact answers to four decimal places. 


Quadrant sin¢ cost tant 
61. I : 


2 
62 IV : 
- 2 
63. ran 1 
64. ra =i 
1 
65. ra - 
66. ra 22 
2D 
ae IV ~0.6 
68. Ill ~0.8 
5 
69. ra -2 
ile 
70. IV = 
ial IV = 
72. 1 


For Exercises 73—78, use the negative-angle identities to compute 
the exact value of each of the given trigonometric functions. 


10 
77. tan{ ——— 


In Exercises 79-90, find the exact value of each expression 
without using a calculator. 


. 39 T 
80. sin a + cos — 


_ 7 
79. sin — + cos 7 
2 2 


_ T 
82.2 sin — — cos — 


Hein” Be ee 
é aT ROS A 3 


Pes 7 
83. sin — cos — 
4 4 


0 7 
84. sin — cos — 
3 6 


85. tan — sec — 86. cot — csc — 
eg a ee ee ae 
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7 T 
Shee On 88.3 tan 7 + 5 sec 7 


7 7 0 7 
89. tan — — cos — 90. sin — + cot — 
i) 6 6 6 


In Exercises 91-96, find the sine and cosine of the angle t in 
[0, 27), in standard position, whose terminal side intersects the 
unit circle at the given point. 


91. (-1, 0) 92. (0, 1) 


94. (0.8, —0.6) 


12 1 
95.| -—, aoe 96. | --, v3 
13° 13 2 2 
In Exercises 97-100, find an angle s such thats ~ t,0 =s < 27, 
and cos s = cos t. 


T 
97.t = — 
4 


4a 
i ee 100. t = — 


In Exercises 101-104, find an angle s such thats ~ t,0 =s < 27, 
and sin s = sin t. 


57 

10l.c=7 102. t = — 
4 

27 30 

103.¢t = — 104. t = — 
3 4 


In Exercises 105—108, find exact values of cos 3t and cos(5) for 
the given values of t. 


7 
105.t=0 10 


T 
107.t = “a 108.t = —7 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


109. Does the equation sin(¢ + 7) = sin zt + sin 7 hold for 
all ¢? Explain. 


110. Does the equation cos(5) = SS" hold for all 2? Explain. 


2 


111. Find all values of ¢ in [0, 277) such that sin t = cos t. 
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112. Find all values of t in [0, 277) such that cos t = -. 


113.Suppose ¢ is in (0, 7). Express cos(t + 7) in terms of 


cos t. (Hint: It is helpful to sketch a figure.) 


T 


114. Suppose t is in (0, P 


} Express sin(t oF 2) in terms of 


sin t. (Hint: It is helpful to sketch a figure.) 


115.Show that the points (cost, sin 7) and (cos( 


sin( 


2 


. T 
for t in 0, 4): 


T 
2 * 


= i)) are symmetric with respect to the line y = x 


116. Derive the Pythagorean identity 1 + cot*t = csc*t. 


6.5 Graphs of Sine and Cosine Functions 


Objectives 


> Sketch the graphs of the 
basic sine and cosine 
functions 


> Know the properties of the 


sine and cosine functions 


> Sketch transformations of 
the graphs of sine and 
cosine functions 


In Section 6.4, we used the properties of the unit circle to define the sines and cosines 
of all real numbers. We now consider the graphs of these functions. 

For any real number 1, let sin t and cos 1 be the values of the sine and cosine of the 
angle of measure t. We can thus construct the graphs of the sine and cosine functions. 
A useful way to start is to construct a table (Table 6.5.1) of values of sin z for selected 


values of t from 0 to 27. 


Table 6.5.1 


a) 


37 51 30r 11 
ae | we acl sale 
4 4 ” 4 
No A V2 é V2 
2) 2) 2 


27 


Connecting the points with a smooth curve, we have the graph of sin t on [0, 277], as 


shown in Figure 6.5.1. 


Figure 6.5.1 


Graph of sin t on [0, 27] 


Because the sine function is defined for all values of t, the complete graph of sin t ex- 
tends horizontally to infinity in both directions. Moreover, because the values of sin t 
repeat after every integer multiple of 27 units in the variable 1, the graph of the sine 
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function on the interval [0, 277] repeats itself on successive intervals of length 277 in 
both directions, as shown in Figure 6.5.2. 


Figure 6.5.2 


Graph of sin t 


If we take the same approach for the cosine function, we get the following table 
(Table 6.5.2) of values and the corresponding graph of cos t on [0, 277], as shown in 


Figure 6.5.3. 
Table 6.5.2 
a) 212) || Sr | ele | 
4 2 4 4 2 4 
V2 ND V2 WP 
1 0) 1 0 = 1 
2) 2 2 2 


The complete graph of cos t also extends horizontally to infinity in both directions, 
and the graph of cos t on the interval [0, 27] repeats itself on successive intervals of 
length 27 in both directions, as shown in Figure 6.5.4. 


Figure 6.5.3 Figure 6.5.4 


Graph of cos t 


Graph of cos t on [0, 27] 
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Discover and Learn 


For the graph of the cosine func- 
tion, indicate where the maximum 
and minimum values occur on 

(0, 277]. Indicate the period and 
amplitude on the graph. 


Just In Time 


Review transformations in 
Section 2.3. 


Note So far, we have used the variable t to represent the independent variable 


of the trigonometric functions, to avoid confusion with the variables x, y used for 


the coordinates of points on the unit circle. But the independent variable of a 


function can be denoted by any letter or symbol, so the cosine function can also be 


referred to as cos x or cos @. In what follows, we will use cos x and gin x to refer to 


the cosine and sine functions, which is common ugage in calculus. 


Because the values of the sine and cosine functions repeat at successive intervals, 
they belong to a class of functions known as periodic functions. 


Definition of Period 

A function f that repeats its values at regular intervals is called periodic. For any 
periodic function, the length of the shortest interval over which the function re- 
peats itself is known as the period, p. In function notation, this means 


f(x + p) =f). 


The function is said to go through one cycle between every pair of repetitions. 


We summarize the properties of the sine and cosine functions as follows. 


Properties of the Sine and Cosine Functions 
1. Sine function f(x) = sin x 
>» Domain: all real numbers, (—®, ©) 
> Range: [—1, 1] 
2. Cosine function f(x) = cos x 
» Domain: all real numbers, (—, ©) 
> Range: [—1, 1] 


Observations: 


» The functions sin x and cos x oscillate between —1 and 1, so they are said to have 
amplitude 1. 


» The period of sin x is 27, as is the period of cos x. At the beginning of a cycle, the 


a * . Ff i T 
value of sin x is 0 (at, say, x = 0); it then increases until it reaches 1 (at x= |, 


2 
ia. 8 3 

decreases until it gets to —1 (at x= =), and finally returns to 0 (at x = 277). See 

Figure 6.5.5. 
» The zeros of f(x) = sin x are x = n7r, where 7 is an integer. The zeros of f(x) = cos x 

(2n + 1)7r ‘ A 

are x = “> where 7 is an integer. 

» From the negative-angle identities in Section 6.4, we have sin(—x) = —sin x. Thus 


f(x) = sin x is an odd function. 


» From the negative-angle identities in Section 6.4, we have cos(—x) = cos x. Thus 
f(x) = cos x is an even function. 


_Technology Note | 
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Graph of sin t 


I< Period >| 


Shifts of the Graphs of the Sine and Cosine Functions 


The facts about transformations in Chapter 2 play an important role in the graphs of 
the trigonometric functions. In addition, we will also need the values of x in [0, 27] 
where sin x and cos x equal 1, 0, or —1. The function sinx has the values 1, 0, —1, and 


Oatx = Bi TT, =, and 277, respectively. The function cos x has the values 1, 0, —1, and 
Oatx=0, = q, and =, respectively. See Figures 6.5.2 and 6.5.4. These values of x 


will be referred to as key values of x. 


The next two examples illustrate how the basic graphs of the sine and cosine func- 
tions can be transformed by applying a vertical or horizontal shift (also known as a ver- 
tical or horizontal translation). 


een Vertical Shift of a Cosine Graph 


Sketch the graph of f(x) = cos x — 2. 


Solution The graph of the function f(x) = cos x — 2 is obtained by taking the graph 
of cos x and applying a vertical shift of 2 units downward.To help graph the function, 
first create a table of values of cos x for key values of x from 0 to 27. These are the 
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values of x where cos x attains a maximum, minimum, or zero. Refer to Table 6.5.3. 
Then enter the values of cos x — 2 in a separate row of the table. 

Using the table of values for f(x) = cos x — 2, sketch the graph of f on the interval 
[0, 277]. Because the cosine function is periodic, the rest of the graph is obtained by 
repeating the cycle. The effect of the vertical shift is illustrated in Figure 6.5.7. 


Figure 6.5.7 
yh 
0 a 7 an 27r 
A A 
1 @© | =i 0 1 < Compute cos x 
1 2 3 2 1 < and subtract 2 


Shift down 
by 2 units 


f(x) =cos x-2 


[W Check It Out 1: Sketch the graph of f(x) = sinx + 1. & 


emma 2 Horizontal Shifts of Sine and Cosine Graphs 


Use transformations to graph the following functions. 


(a) f(x) = cos(x — > 


(b) g(x) = sin (= ii =) 


> Solution 

(a) To graph this function, first create a table of key values of cos x for x from 0 to 27. 
Refer to Table 6.5.2. Now, the graph of the function f(x) = cos (x = 2) is obtained 
by taking the graph of cos x and applying a horizontal shift of - units to the right. 


Therefore, the values of cos x for x from 0 to 27 will coincide with the values of 


cos(x a z) for x from : to - See Table 6.5.4 and Table 6.5.5. 

Table 6.5.4 Table 6.5.5 
7 37 7 37 51 
0) 


ok 
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Using the data from Table 6.5.5, sketch the graph on the interval [z. 7). Then 


use the repeating behavior of the cosine function to extend the graph a little on 
each side. (See Figure 6.5.8.) Observe that the graph of cos(x a <) looks 
exactly like the graph of sin x, a fact that will be proved in Chapter 7. 


Figure 6.5.8 


yh 


Shift right 
by F units 


f(x) =cos (x - z) 


(b) First, we make a table of key values of sin x for x from 0 to 27. The graph of 
g(x) = sin(x + 2) is obtained by taking the graph of sin x and applying a horizon- 
tal shift of : units to the left. Therefore, the values of sin x for x from 0 to 277 will co- 
incide with the values of sin(x + 2) for x from “5 to 7. See Tables 6.5.6 and 6.5.7. 

Using the data from Table 6.5.7, sketch the graph of the function g on the 
interval [-2, 7), and then extend it a little on each side. The effect of the horizon- 


tal shift is illustrated in Figure 6.5.9. 


Figure 6.5.9 
Shor yt 
— | 2 
2; c 1 
ee 0.75 


Shift left 
by # units 


f(x) = sin x 


g(x) =sin (x + 4) 
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Table 6.5.8 


we ly 


27 


[A Check It Out 2: Sketch the graph of f(x) = sin (x + 7). B 


Stretches and Compressions 


In the previous two examples of transformations, where the functions cos x and sin x 
shifted vertically or horizontally, neither the amplitude nor the period of the functions 
changed. However, when the graphs of sine and cosine functions are transformed by ap- 
plying horizontal and vertical stretches and compressions, the period of the function and/or 
the amplitude of the function will change. This is illustrated in the following two examples. 


er 3 Graph of asin x ; 


Use a transformation to sketch the graph of g(x) = 3 sin x. 


Solution The graph of g(x) = 3 sin x is obtained by taking the graph of sin x and 
applying a vertical stretch of a factor of 3. Thus the amplitude is 3. This is seen from 
Table 6.5.8 of values of sin x and 3 sin x at the key values of x, and from the resulting 
graph of the function g(x) = 3 sin x, which is shown in Figure 6.5.10. 


Figure 6.5.10 


g(x) =3 sinx 


From Table 6.5.8 and Figure 6.5.10, the period of g(x) = 3 sin x is 277, the same as 
that of sin x. 


[W Check It Out 3; Use a transformation to sketch the graph of g(x) = 2 cos x. © 
Aside from vertical and horizontal shifts and vertical stretches and compressions, 


the graphs of sine and cosine functions can be transformed through horizontal 
stretches and compressions. 


Example (2 Graph of cos bx _ 


Sketch the graph of f(x) = cos 2x. 


Table 6.5.9 

7 30r 

=| @w | —| 2a 

2 2 

@}=—l] © 1 
mo | ar | de 
=| => /—/a 
4) | 2 4 
@Qf=—l]}] 1 


Technology Note 


Use a trigonometric 
graphing window to graph 
f(x) = cos 2x, as shown in 
Figure 6.5.12. Make sure 
the calculator is in RADIAN 
mode. 


Keystroke Appendix: 
Section 15 


Figure 6.5.12 


6.28 6.28 
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Solution Start by tabulating values of cos x at key values of x in the interval [0, 27], 
as shown in Table 6.5.9. Then tabulate values of cos 2x (Table 6.5.10). Note that when 
we evaluate this function, we first multiply the value of x by 2 and then take the co- 
sine. Thus we need only generate values of cos 2x at key values of x in the interval 


. . T 
[0, zr]. The key x values are now in increments of - 


The graphs of both cos x and cos 2x are given in Figure 6.5.11. The period of 
f(x) = cos 2x is 7. Thus we see that the graph of cos 2x can be obtained from the 


graph of cos x by applying a horizontal compression of a factor of . 
Figure 6.5.11 


F(x) = cos 2x yh Horizontally compressed 


by factor of + 


f(x) = cos x 


[W Check It Out 4; Sketch the graph of sin 2x. © 


Functions of the Form Asin(Bx — C) + D and Acos(Bx — C) + D 


We now study general functions of the form f(x) = A sin(Bx — C) + D or f(x) = 
A cos(Bx — C) + D, where A, B, and C are constants such that A is nonzero and B is 
positive. We can study these functions as a transformation of the functions A sin Bx 
and A cos Bx, respectively. 

Now, 


f(x) = A sin(Bx —-C) + D=A sin a(x = <)) TY, 


Thus the graph of fis the graph of A sin Bx shifted horizontally by < units and verti- 
cally by |D| units. Similarly for f(x) = A cos(Bx — C) + D. Note that A sin Bx and 
A cos Bx both have a period of a Because the shifts do not affect the period or am- 
plitude of the function, f(x) = A sin(Bx — C) + D and f(x) = A cos(Bx — C) + D 
both have period = and amplitude |A|. 


eer . 1 
The reciprocal of the period is known as the frequency and is equal to 5—. Thus 


B 
the frequency is just the number of cycles in an interval of length 1 and is not neces- 
sarily an integer. These properties are summarized as follows. 
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Trigonometric Functions 


Functions of the Form f(x) = A sin(Bx — C) + Dand 
f(x) = A cos(Bx — C) + D 


Assume that A is nonzero and B > 0. We then have the following properties of f. 
: an, 20 B 
Amplitude: |A| JResaloele —— Frequency: —— 
B 20 


The graphs of these functions are found by applying the following transformations 
to the graphs of the functions sinx and cos, respectively. 


1 
Horizontal stretch by a factor of B ifB<1 


1 
Horizontal compression by a factor of 3 ifB>1 


Vertical stretch by a factor of |A| if |A| > il 
Vertical compression by a factor of |A| if |A| < Il 


Reflection across the x-axis if A < 0 


¢ 
Horizontal shift of size Ia to the right if C > 0 
to the left if C < 0 


Vertical shift of size [D|: upward if D > 0 
downward if D < 0 


eomel 5 Graph of —3 cos 3x 


Find the amplitude and period of f(x) = —3 cos 5% and sketch the graph of f. 


Solution The amplitude of this function is |A| = |-3| = 3. The period of this func- 
tion is 
207 
P= a = 47 
2 


1 é « ee ‘ 
so the graph of —3 cos 3% repeats itself every 47 units. Because this is a horizontal 


stretching of the graph of the cos x function, 0, 7, 277, 377, 477, the key values of x in 
Table 6.5.11 are by a factor of 2. 


Table 6.5.11 


Using these points gives the graph in Figure 6.5.13. We can then extend the graph on 
either side because the function is periodic. See Figure 6.5.14. 


Figure 6.5.13 
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Figure 6.5.14 


Technology Note 


[AW Check It Out 5: Find the amplitude and period of f(x) = —sin 5% and sketch the 
graph of f © 


[Beant 6 Amplitude, Period, Frequency, and Horizontal Shift 


Find the amplitude, period, and frequency of the function f(x) = 4 sin(% + ), Sketch 
the graph of f. 


Solution Note that 


7 


fa =4 sin(* + =) =4 sin(% a (-2)). 
Thus we have 


Amplitude: |A| = |4| =4 


27 2a 
Period: — = — = 67 
erio B ; 
3 
> 
B 3 1 
Frequency: — = — = —, 
20 On (6m 


Note that this function will repeat only every 67 units, because its graph has been 
horizontally stretched from sin x by a factor of 3. 
Now we write the function as 


“ane 


so that we can use transformations to graph the function. That is, we graph the follow- 
ing series of functions. 


: seinl 2 sAdiel hed gg 
sin x > sin| 3x sin| 5x sin| 5{x + 5 
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Step 1 The transformation sinx — sin(}x) 
This transformation horizontally stretches the graph of sinx by a factor of 3. 
Thus the period is 677, so we make a table (Table 6.5.12) of values of sin(>x} by 
using key values of x in the interval [0, 67]. The graph is given in Figure 6.5.17. 


Table 6.5.12 Figure 6.5.17 
3 9 yt : ft 
= 30 = 67 Al sin x—> sin( x) oe 
1 @ |=] © 


Step 2 The transformation sin(}.) —>4 sin(}.) 


This transformation vertically stretches the graph of sin(}.x) by a factor of 4, as 
shown in Figure 6.5.18. 


Figure 6.5.18 


> 


x 


Step 3 The transformation 4 sin(>x) >4 sin(5 (x + =") 


This horizontally shifts the graph of 4 sin(}x) to the left by 2 units, as shown in 
Figure 6.5.19. 


a 


ae) 


on 
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Figure 6.5.19 


a In 32 4n, 5x 62 In 


[AW Check It Out 6: Find the amplitude, period, and frequency of the function 
f(x) = 3 sin(2x — mw), and state the size and direction of the horizontal shift of its 
graph. Sketch the graph of f © 


Graphing utilities can be quite useful in graphing sine and cosine functions. 
However, using them requires some care, as shown in Example 7. 


lee 7 Graphing a Sine Function with a Graphing Utility 


Use a graphing utility to graph at least two periods of f(x) = sin (207x). 


Solution Using a standard trigonometric window, we get the graph in Figure 6.5.20. It 
looks like a set of squiggly lines and doesn’t give much information. We need to modify 


the window size to get a better graph. The period of the function f(x) = sin(207x) is 
ae = 0.1. Thus the graph completes one cycle in a length of just 0.1. 

One possible setting is to adjust the window size to XMin = —0.1, XMax = 0.1, 
and XScl = 0.01. Because the amplitude is 1, we can set YMin = —1.5, YMax = 1.5, 
and YScl = 1. See Figure 6.5.21. Now we clearly see two periods of the graph. 
Understanding the role of period and amplitude is essential to getting reasonable 


graphs of sine and cosine functions with a graphing utility. 


Figure 6.5.20 Figure 6.5.21 


-6.15 6.15 


-4 


LAW Check It Out 7: Use a graphing utility to graph at least two periods of 
F(x) = cos(107x). & 


An Application of the Sine Function 


The periodic properties of the sine and cosine functions make them attractive to 
model a variety of physical phenomena exhibiting repetitive behavior. Consider a block 
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attached to the end of a spring that is suspended from the ceiling. Once it is pulled 
downward, it begins to bob up and down in a pattern known as simple harmonic 
motion, which we next analyze. 


lana 8 Simple Harmonic Motion 


The position d of a block attached to a spring is given by the formula d(t) = 4 sin ats 
where f¢ is in seconds and d is in centimeters. 


(a) Find the period of the motion and interpret it. 

(b) Find the frequency of the motion and interpret it. 

(c) What is the maximum distance of the block from its equilibrium position (the po- 
sition at which d = 0)? 

>Solution 

(a) The function is of the form A sin Bz, with B = a The period is 


ee 
Bo 
3 


Therefore, in 6 seconds, the distance function completes one complete cycle, and 
the block is at its starting point. 


(b) The frequency is the reciprocal of the period and so is equal to -. In terms of this 
problem, the distance function completes : of a cycle in 1 second. Frequency is 
usually given in the unit sec !, which may be read “per second.” 


(c) Because the amplitude of the distance function is 
4|=4|=4 


the maximum distance that the block travels from its equilibrium position is 
4 centimeters. 


[AW Check It Out 8: Rework Example 8 for the case where d(t) = 6 sin ah a 


6.5 Key Points 


» Sine function f(x) = sin x 
Domain: all real numbers, (—%, ©) 
Range: [—1, 1] 

» Cosine function f(x) = cos x 
Domain: all real numbers, (—%, ©) 
Range: [—1, 1] 


» Transformations of sine and cosine graphs The graphs of f(x) = 
A sin(Bx — C) + D and f(x) = A cos(Bx — C) + D, B>0 have the following 
properties and can be graphed using transformations. 


IC| 


2 
Amplitude: |A| _— Period: Horizontal shift: a Vertical shift: |D| 


Frequency: = 
7 


6.5 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1-4, fill in the blank with one of the following: 
upward, downward, to the left, to the right. 


1. The graph of f(x) + 3 is obtained by shifting the graph 
of f(x) by 3 units. 


2. The graph of f(x) — 2 is obtained by shifting the graph 
of f(x) by 2 units. 


3. The graph of f(x + 1) is obtained by shifting the graph 
of f(x) by 1 unit. 


4. The graph of f(x — 4) is obtained by shifting the graph 
of f(x) by 4 units. 


In Exercises 4-8, fill in the blank with one of the following: hori- 
zontal, vertical. 


5. The graph of 2f(x) is obtained by a stretch of 
the graph of f(x) by a factor of 2. 
6. The graph of f(3x) is obtained by a compres- 


sion of the graph of f(x) by a factor of > 


7.The graph of f( x) is obtained by a 
stretch of the graph of f(x) by a factor of 2. 


8.The graph of 7A) is obtained by a 


compression of the graph of f(x) by a factor of ‘ 


» Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 9-12, use your knowledge of vertical translations to 
graph at least two cycles of the given functions. 


9. f(x) =cosx + 3 10. f(x) = sin x — 2 
1 ; 3 
11. g@) = cos x — > 12. a) = sine + 


In Exercises 13—16, use your knowledge of horizontal translations 
to graph at least two cycles of the given functions. 


13.f(x~) = cos( x = =) 


15. g(x) = cos( 27 + :) 


14. f(x) = sin(x + 7) 


16. g(x) = sin( 32 + :) 
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In Exercises 17—20, use your knowledge of vertical stretches and 
compressions to graph at least two cycles of the given functions. 


17. f(x) = —2 sin x 18. f(x) = —3 cos x 


3 1 
19. g(x) = 5 cos x 20. g(x) = ae sin x 


In Exercises 21-26, use your knowledge of horizontal stretches and 
compressions to graph at least two cycles of the given functions. 


21. f(x) = sin(3x) 22. f(x) = cos(4x) 
_ [1 1 

23.f(x) = sin( $s) 24. f(x) = cos( $x] 

25. g(x) = cos(3x) 26. g(x) = sin(4x) 

In Exercises 27-36, graph at least two cycles of the given functions. 

27.f(x) = ~2sin(x = =) 28. f(x) = 3.cos| x + =) 

: 4 , 2 

1, 3 

29. g(x) = 3 sin(2x — 7) 30. g(x) = 3 costax + 7) 

31. h(x) = —3 sin(4x — 7m) + 2 


32. h(x) = 2 cos(2 4s =) = 


33. r(x) = —cos(27x) + 2 34. r(x) = sin(47rx) — 1 


be 


36. EES] 


35. 4 h(x) = 2|sin(2x)| + 1 h(x) = 2|cos(3x)|— 1 


In Exercises 37—42, graph the given pair of functions on the same 
set of axes. Are the graphs of f and g identical or not? 


37. f(x) = sin(3x); g(x) = 3 sin(x) 
38. f(x) = sin + 77); g(x) = —sin x 


39. f(x) = cos(x + 77); g(x) = cos(x) + cos 7 


40. f(x) = cos(x + 77); g(x) = —cos(x) 


41. f(x) = sin(3x); g(x) = sin( 4) 


42. f(x) = cos( 4x) g(x) = cos(2x) 
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In Exercises 43-46, for each graph, find its corresponding expres- 
sion of the form sin(x — A) + B, where A, B are any real number. 


43, a 


3% 


| 
NY 
i 
ly 
Ny 
i) 


44. er 


vig t 
N 
I$ 


we 
N 
I 
st 
| 
vig t 
Nig t 
i) 


In Exercises 47—54, for each graph, find tts corresponding expres- 
sion of the form A sin Bx or A cos Bx, B> 0. 


47. ya 


51. 
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In Exercises 55—60, match each given set of properties with the 
appropriate function from the following list. 


(a) h(x) = 2 cos(2 x r) 2 


(b) We = 3 cos(2 2) + 3 


. [3 7 
(f) A(x) 3 sin( 2x + 3 


55. 


56. 


57. 


58. 


59. 


60. 


2 


Amplitude: 2; vertical shift: 2 units downward; horizon- 


tal shift: : units to the right; period: 7 


Amplitude: 3; vertical shift: 2 units upward; horizontal 


shift: 7 units to the left; period: 7 


Amplitude: 2; vertical shift: 2 units downward; horizontal 
shift: = units to the left; period: a 


Amplitude: 3; vertical shift: 3 units upward; horizontal 
shift: in units to the left; period: 37 


Amplitude: 3; vertical shift: 3 units upward; horizontal 
shift: 3 units to the right; period: = 


Amplitude: 2; vertical shift: 3 units downward; horizon- 
. : ; : 2 
tal shift: 3 units to the right; period: = 


Applications In this set of exercises, you will use sine 
and cosine functions to study real-world problems. 


61. 


62. 


Simple Harmonic Motion The position d of a block that is 
attached to a spring is given by the formula d = 7 cos a6 


a . 1 
where ¢ is in seconds. Find d when t = - and when t = 4. 


Simple Harmonic Motion The position d of a block that is 
attached to a spring is given by the formula d = 5 sin ab 


where ¢ is in seconds. What is the maximum distance of 
the block from its equilibrium position (the position at 
which d = 0)? Find the period of the motion. 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 


Trigonometric Functions 


Sales Toy sales at a department store t months after the 
month of December can be modeled by the function 


s(t) = 210 + 150 cos ahs where s is in thousands of dol - 


lars. What is the value of s(4), and what does it represent? 
Find the period of this function. 


Radio Waves Find the frequency of an AM radio station 
whose wave form is given by f() = A sin(1.2 X 10°72), 
where A is some positive constant. 


Electricity The voltage in an electrical circuit is given by 


V(t) = sin{ 3x — 2 
(t) = sin| 3¢ a)" 


What is the smallest non-negative value of t at which the 
voltage is equal to 0? 


the function 


Circuit Theory The charge on an electrical capacitor is 
given by the function 


T 
qo=Q cos( 3 + =), 


where Q is a constant. What is the smallest positive value 
of t at which the charge is equal to qg(0)? 


Sound Wave The form of a sound wave is given by the 
function 


F(x) = 25 sin(4x + 77). 


Find the amplitude, period, and frequency of the wave. 


Light Wave The form of a light wave is given by the func- 


tion 
f@ =3 cos(5 - =) +4, 


What are the minimum and maximum values of this 
function, and what is the smallest positive value of x at 
which the function attains its minimum value? 


Flight Path A plane approaching an airport is told to 
maintain a holding pattern before being given clearance 
to land. The formula 


d(t) = 80 sin(0.752) + 200 


can be used to determine the distance of the plane in 
miles from the airport at time rt. To what maximum dis- 
tance from the airport does the plane travel while it is in 
the holding pattern? 


70. Leisure The formula 


71. 


h(t) = 125 sin( 20 = =) + 125 


represents the height in feet above the ground at time ¢, in 
minutes, of a person who is riding the original ferris wheel. 


(a) What is the period of the function? What does it 
mean? 


(b) What is the diameter of the ferris wheel? 
Biorhythm The function 
_ 20 
PQ) = 50 sin — t+ 50 
23 


is used in biorhythm theory to predict an individual’s 
physical potential (as a percentage of the maximum) on 
a particular day, with t = 0 corresponding to birth. 


(a) What is the period of the function? 


(b) What is an individual’s physical potential on her or 
his third birthday (day 1095)? 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


72. How can you show graphically that cos(= - x) = sin x? 


2 


73. Using appropriate graphs, show that cos(—x) = cos x. 


74. Using appropriate graphs, show that sin(-x) = —sin x. 
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6.6 Graphs of Other Trigonometric Functions 


Objectives 


> Sketch the graphs of the 
basic tangent and cotangent 
functions 


> Sketch the graphs of the 
basic secant and cosecant 
functions 


> Know the properties of the 
tangent, cotangent, secant, 
and cosecant functions 


> Sketch transformations of 
the graphs of tangent, 
cotangent, secant, and 
cosecant functions 


In this section we will construct the graphs of the tangent, cotangent, secant, and cose- 
cant functions. Because these functions are defined as quotients, we can expect that 
there will be breaks in the graphs at places where the denominator is zero. 


Graph of the Tangent Function 
Recall that the tangent function is defined as tan x = — Using this fact, we tabulate 


values of sin x and cos x for specific values of x in the interval [0, 277] and then com- 
pute the values of tanx. Note that the tangent function is undefined whenever the 
value of cos x is 0. This is denoted by a dash (—) in Table 6.6.1. 


Table 6.6.1 
7 37 5 ir 39mr 117 
= = 7 20 
2, 4 4 2 4 
? V2 Ve ; V2 é 
2 2 ® 
; V2 ; V2 A v2 : 
D 2 2 
— =11 0 1 — =I 0 


a T 7 
To see what happens to the tangent function between x = a and x = 35> we can use 


a scientific calculator to compute values of tan x for additional values of x. What we find 
. T 
is that as x gets close to - through values of x that are less than pp tan x approaches +0, 


. . T T 
Similarly, as x gets close to 5 through values of x that are greater than > tan x ap- 


proaches —©. Thus the graph of the tangent function has a vertical asymptote at 


7 ‘ ‘ a ; s 30 
x = 5) as shown in Figure 6.6.1. Similarly, a vertical asymptote exists at x = me 


Figure 6.6.1 


f(x) = tan x 


Moreover, we see that the graph of the tangent function on the interval [o, 2) looks 


‘ P 3 2 é . 
exactly like that on the interval [7 ="), likewise, the graph of tan x on the interval 


520 Chapter 6 © Trigonometric Functions 


7 bes 8 ; - 3 i : 
(Z, a is identical to that on the interval (=, 2nr]. In fact, the tangent function is 


| periodic and has period 7. Because tan x is defined at every point at which the value 


_ Technology Note 


of cos x is not equal to 0, the graph of tan x extends horizontally in both directions and 
has a vertical asymptote at every odd-integer multiple of _ See Figure 6.6.2. 


Figure 6.6.2 


f(x) = tan x 


erat Graph of tan(x — c) ; 


Sketch the graph of at least two full cycles of the function f(x) = tan (x _ 7), 
Solution The graph of f(x) = tan(x - 2) is obtained by horizontally shifting the 
graph of f(x) = tan x by a units to the right. First, tabulate values of tan x for key val- 
ues of x from = to 3 and then tabulate values of tan (x - 2) for key values of x from 


- to . The values of x in Table 6.6.3 were obtained by adding rm to each of the val- 
ues of x in Table 6.6.2. Thus the values of tan (x _ 2) in Table 6.6.3 are the same as the 


values of tan x (for corresponding values of x) in Table 6.6.2. 


Table 6.6.2 
7 7 7 7 0 7 si T ai 
2 3 4 6 Ga. | ead eee) 
3 3 
V3 1 ue 0 “ 1 | we | = 
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Table 6.6.3 
_a 7 0 7 7 51r 7 117 3r 
4 12 i 4 12 2 12 4 
3 3 
V3 «1 Me 0 “ 1) 735 |) 


The effect of the horizontal shift is illustrated in Figure 6.6.4, where the graph of 
f(x) = tan (x _ 7) is shown. 


Figure 6.6.4 


f(x) = tan (x - 2) 


[W Check It Out 1; Sketch the graph of at least two full cycles of the function 
tan(x + : | 


— 


Graph of the Cotangent Function 

Because cot x is defined as the ratio aaa the properties of the function cot x are very 
similar to those of tan x. Just as for the tangent function, we first tabulate values of cos x 
and sin x for specific values of x. See Table 6.6.4. Note that the points at which the 
cotangent function is undefined are different from those at which the tangent function 
is undefined. 


Table 6.6.4 
7 
0 7 us 3a pe a0 ayy oli ae 
4 2 4 4 ” 4 
; Wo 3 V2 A V2 ‘ V2 ‘ 
2 2) D 2 
2 2 2) p) 
0 v2 1 v2 0 v2 1 v2 0 
2 2 2 2 
— 1 0 =Il — il 0 =Il — 
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Technology Note 

To graph f(x) = cot 3x 

ona graphing calculator, 
you must enter it as 

Y, = 1/tan(3x). See 

Figure 6.6.7. Make sure 

you use the DOT mode 
when graphing. See 

Figure 6.6.8. Do not use the 
tan-' function, because that 
refers to the inverse tangent 
function, which is discussed 
later in this chapter. 


Keystroke Appendix: 
Sections 8 and 15 


Figure 6.6.7 


Plot! Plot2 Plot3 
\Y, Bl/tan(3X) 
Ya 
\Y3 


\Yy 
\Ys5 
\Y5 
\Y7 


Figure 6.6.8 


10 


Properties of cot x Figure 6.6.5 


>» Domain: All real numbers except n7, n an 
integer 

> Range: (—°, ©) 

> Period: 7 


> Vertical asymptotes: x = n7, n an integer 


See Figure 6.6.5 for the graph of the 
cotangent function. 


[ema 2 Graph of cot(ax) 


Sketch the graph of at least two full cycles of the function f(x) = cot 3x. 


Solution The graph of f(x) = cot 3x is obtained by horizontally compressing the graph 
of f(x) = cot x by a factor of > Thus the period of cot 3x is i First, make a table of val- 
ues (Table 6.6.5) of cot x for key values of x from 0 to 77, and then, in a separate table 


(Table 6.6.6), give the values of cot 3x for the corresponding values of x from 0 to - 


Table 6.6.5 Table 6.6.6 
ow | wo | Sar 7 a | Sar 
mi Vel alone [es OF ia Ie (are ||-a 
comme — tl 0-1 — cot3x — 1 Qj) =I) | == 


The values of x in the second table were obtained by divding each of the values of x in 
the first table by 3. Thus the values of cot 3x in the second table are the same as the 
values of cot x (for corresponding values of x) in the first table. The graph of cot 3x is 
shown in Figure 6.6.6. 


Figure 6.6.6 


F(x) = cot 3x 


ay 


al 
To ig t 
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[A Check It Out 2: Sketch the graph of at least two full cycles of the function 
F@) = cor(Z). 


Graphs of the Secant and Cosecant Functions 


Recall that the secant and cosecant functions are defined in terms of the cosine and 
sine functions, respectively, as follows: 


1 
sec x = 
cos x 
1 
csc x = — 
sin x 


The secant function is undefined for values of x such that cos x = 0. We can therefore 
expect the graph of sec x to have vertical asymptotes at these values of x. Similarly, the 
cosecant function is undefined for values of x such that sin x = 0. We can expect the 
graph of csc x to have vertical asymptotes at these values of x. 

To sketch the graph of sec x, first make a table of values (Table 6.6.7) of cos x. 
Then take their reciprocals, and use those points to sketch the graph,, which is shown 
in Figure 6.6.9. The graph of the cosine function is also given for reference. 

Because the cosine function is periodic and has period 27, the secant function also 
has period 27r. See Figure 6.6.10 for a graph of sec x over two full cycles. 


Table 6.6.7 
7 37 51r Sor | thar 
= = 7 = —= | == 27 
2; 4 4 D, 4 
7) ee Va 2G 
D 2 2 
SS a eal 
Figure 6.6.9 Figure 6.6.10 
yt I 
ew 
24 | 
1 f(x) = sec x 


f(x) = cos x 


sy 


3% -4 _& zZ qn 32 
0 + + + + -—> 2 2_j1 2 2 
a a 3a a sa f3n Tn OX 
4 2 4 a 
a4 ; —2 
} 
I =3+ 
=o4 | 
I 
—47 
34 I 
3 I 
I 
} 
I 
I 
I 
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Technology Note 


The secant and cosecant 
functions must be graphed 
in DOT mode, as shown 
in the following graph of 
the cosecant function. 
See Figure 6.6.11. The 
function must be entered 
as Y; = 1/sin(x). Do not 
use the sin | function, 
because that refers to the 
inverse sine function, 
which is discussed later 
in the chapter. 


Keystroke Appendix: 
Sections 8 and 15 


Figure 6.6.11 


Discover and Learn 


Make a table of values for 


f(x) = cscx and use it to sketch 


its graph. 


| Trigonometric Functions 


Properties of sec x 
(2n + 1)a 


>» Domain: All real numbers except 5 


» where 7 is an integer 


> Range: (—®, —1] U [1, ©) 
> Period: 277 
Qa se yar 


> Vertical asymptotes: 5 


, where n is an integer 


The graph of the cosecant function, shown in Figure 6.6.12, can be obtained in a man- 
ner similar to the one used for the secant function. The details are left as a Discover 
and Learn exercise. Because the sine function is periodic and has period 27, the 
cosecant function also has period 27. 


Figure 6.6.12 


Properties of csc x 
» Domain: All real numbers except uz, where 7 is an integer 
> Range: (—%, —1] U [1, ©) 
> Period: 27 


> Vertical asymptotes: x = nz, where 7 is an integer 


amma 3 Graph of a sec(x — c) 


Sketch the graph of one full period of the function f(x) = —2 sec(x = z). 


Solution Viewing the graph of f as a series of transformations of the graph of sec x, 


we have the following: 
7 
—2 sec x > =2 see(» = =) 


horizontal shift 
to the right by A 


sec x — 
vertical stretch by a 
factor of 2 and 
reflection across x-axis 


Figure 6.6.13 


y=secx 


Section 6.6 


These steps are graphed in Figure 6.6.13. 


Nig 


20 


y ry 
44+ 
Bia: 
ie 
1+ 
> 0 
x 
Horizontal shift to a+ 
right by = units 
> -2+ 
a3 
=4+ 
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vig t 


f(x) =—2sec (x - 


a 3a 20 


a 


2 


) 


> 
x 


The period of the function is 277, because the transformation does not contain any 
horizontal stretching or compression. 


LW Check It Out 3: Sketch the graph of one full period of the function 
T 
f(x) = 3sec (x " “), | 


[ears 4 Graph of csc(ax) +c. 


Sketch the graph of two full periods of the function f(x) = csc(2x) — 1. 


Solution Viewing the graph of f as a series of transformations of the graph of csc x, 


we have the following: 


CSC Xx 


by a factor of ; 


> 
horizontal compression 


csc 2x 


—_> 
vertical shift 


of 1 unit downward 


These steps are graphed in Figure 6.6.14. 


function csc x, so the period of f(x) = csc(2x) — 1 is 7. 


4 z 3a Qn x 
afl 2 2 
pat 

Vertical stretch by 

—37 2 and reflection 
4+ across x-axis 
Figure 6.6.14 

y 4 

4+ 

3 ches 

2+ 

y=cese x 

1 + 

Ts ont 
fee 2 
= 2+ 
=37 by factor of 2 
—4+ 


Horizontal compression 


y ! I 
} I 
44 | } 
| } 
3 a 
| | 
4 | } 
2 } | 
} | 
1 I | 
y=csc 2x 
0 
z a 3a 
2 2 


—4+ 


> 


x 
Vertical shift 
downward by 1 unit 


esc(2x) — 1 


The horizontal compression in the first step has halved the period of the original 


ae lg t+ 


1 2 
f(x) = ese ame 


[A Check It Out 4; Sketch the graph of two full cycles of the function f(x) = csc(x) + 5. 
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6.6 Key Points 


» Tangent function f(x) = tan x 


Domain: All real numbers except 


(2n + 1)a7 


5 , 2 an integer 


Range: (—%, ©); Period: 7 


Vertical asymptotes: x = 


(2n + 1) 


5 , 1 an integer 


» Cotangent function f(x) = cot x 
Domain: All real numbers except 17, 1 an integer 
Range: (—©, ©); Period: 7 
Vertical asymptotes: x = n7, n an integer 


» Secant function f(x) = sec x 


Domain: All real numbers except 


(2n + 1)a . 
————., n an integer 


Range: (—®, —1] U [1, ©) 


Period: 277 


Vertical asymptotes: 


(2n + 1)a7 


, 1 an integer 


» Cosecant function f(x) = csc x 
Domain: All real numbers except 7, n an integer 
Range: (—%, —1] U [1, ©) 


Period: 277 


Vertical asymptotes: x = nz, n an integer 


6.6 Exercises 


Skills This set of exercises will reinforce the skills 
illustrated in this section. 


In Exercises 1-6, use your knowledge of vertical translations to 
graph at least two cycles of the given functions. 


1. f() = tan x — 3 2. f(x) = tanx + 2 


3. f(x) =secx +1 4. f(x) =cscx— 2 


3 1 
5. a(x) = cote +5 6. a(x) = ese x — 5 


In Exercises 7-12, use your knowledge of horizontal translations 
to graph at least two cycles of the given functions. 


7.4%) = can(x + r) 8. f(x) = tan(x - 2) 


10. f(x) = ce(» + =) 


9. f(x) = se(» = z) 3 


2 


30 T 
ll. g(x) = cor( 2 =P :) 12. g(x) = see(Z + :) 


In Exercises 13-18, use your knowledge of vertical stretches to 
graph at least two cycles of the given functions. 


13. f(x) = 4 tan x 14. f(x) = —3 tan x 
15. f(x) = 2 csc x 16. f(x) = 3 sec x 


17. g(x) = —2 cot x 18. g(x) = —3 csc x 


In Exercises 19-24, use your knowledge of horizontal stretches and 
compressions to graph at least two cycles of the given functions. 


19. f(x) = tan(2x) 20. f(x) = tan(0.5x) 
21. f(x) = csc(2x) 22. f(x) = sec(3x) 


23. g(x) = ese( 2] 24. g(x) = cor( 2] 


In Exercises 25-34, graph at least two cycles of the given functions. 


25.f(x) = tan(x + =) +1 


26. f(x) tan( x =) 1 


27. f(x) = 2 se(» + =) 28. f(x) = —3 ee(» = =) 


29. g(x) = cot(2x) 30. g(x) = ; sec(3x) 
31. h(x) = —3 csc(x — m) + 2 


32. h(x) = 2 cor(» + =) =i 
27 
33. r(x) = -see( +2 


34. r(x) = cot( =x} — 1 
. r(x) = cot a 


In Exercises 35-38, find an expression of the form A tan Bx or 
A cot Bx corresponding to each of the given graphs. 


35. 


Aly 
ey 
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37. 


38. 


=| In Exercises 39-44, graph the given pair of functions in the 
same window. Graph at least two cycles of each function, and 
describe the similarities and differences between the graphs. 


39. f(x) = tan(x); f(x) = —tan(x) 
40. f(x) = tan(3x); f(x) = 3 tan(x) 


41. f(x) = sec(2x); f(x) = 2 sec(x) 


42. f(x) = ; esc(x); f(x) = cse(s) 
43. f(x) = cot(37x); f(x) = cor( 2) 


44. f(x) = see{ Ex) 709 = sec(27x) 
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» Applications In this set of exercises, you will use trigono- 
metric functions to study real-world problems. 


45. 


46. 


47. 


Construction The base of a railing for a staircase makes 
an angle of x degrees with the horizontal. Let d(x) be the 
horizontal distance between the two ends of the base of 
the railing. If point L on the railing is 5 feet higher than 
point M, find the positive number A such that 
d(x) = A cot x. Then use your function to find the length 
of the base of the railing if x = 35°. 


Base of 
railing 


iS d(x) > 


Playground Construction A triangular-shaped playground 
with vertices at points P, Q, and R is to be enlarged to 
form a triangle with vertices P, R, and a new point, S (see 
the figure). Segment PQ is twice as long as segment RQ, 
and the length of segment PR is 45 feet. Let d(x) be the 
length of segment PS, where x is the measure of angle 
QPS in radians. Find constants A and C such that A is 
positive, O <x < es and d(x) = Asec(x + C). Use your 


: ‘ A 2 
function to determine the length of segment PS if x = 7 


AS ft 


Sailing A triangular sail is to be constructed for a sailboat. 
The sail, with vertices at points P, Q, and R, is to be 
strengthened by two thin strips of heavy-duty material: 
one from point P to point S, the other from point Q to 
point S (see the figure). The length of segment PT is to be 
equal to that of segment ST, where point T is the midpoint 
of the base of the sail. The base is 16 feet long. Let h(x) be 


48. 


the height of the sail, where x is the measure of angle RPS 
in radians. Find constants A and C such that A is positive, 


O0<x< = and h(x) = Atan(x + C). Use your function 


to determine the height of the sail if x = 27. 


Fishing An angler is standing on the wharf and sees a fish 
in the water. Let /(x) be the length of fishing line that 
would have to be let out in order to catch the fish, where 
x (in radians) is the angle of depression of the location of 
the fish with respect to the tip of the fishing rod. If the 
horizontal distance of the fish from the tip of the rod is 
12 feet, find constants A and C such that 0 < C < wand 
lx) = Acsc(C — x). Use your function to determine the 
length of fishing line that would have to be let out if 
x= a (Hint: First express /(x) as a product of a constant 


and a trigonometric function of just x.) 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


49. 


What are the domain and range of the function 
f(x) =csc 2x + 3? 


50. What are the domain and range of the function 


io} & 


f(x) =sec 3x — 1? 


What are the vertical asymptotes of the graph of 
f(x) =tan x + cot x? 
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6.7 Inverse Trigonometric Functions 


Objectives 


> Know the properties of the 
arcsine, arccosine, and 
arctangent functions 


> Sketch the graphs of the 
inverse trigonometric 
functions 


> Calculate exact values of 
inverse trigonometric 
functions 


> Know how to evaluate the 
composite of a trigonomet- 
ric function with the inverse 
of a trigonometric function 


> Use inverse trigonometric 
functions to solve applied 
problems 


Figure 6.7.1 


Just in Time 


Review inverse of functions 
in Section 5.7. / 


Figure 6.7.2 


yh 


f(x) = sin x 


In many situations, we are given the value of the sine of an angle and/or the value of its co- 
sine, and we are asked to find the angle. The following example illustrates such an instance. 


leeeprel i Using Values of Trigonometric Functions to Find Angles 


§-- This example builds on Example in Section 6.1. 


A child takes a ride on a carousel. The horse the child has chosen is located 1 meter 
from the center of rotation of the carousel. Denote this starting point as (1, 0), 


which is on the unit circle. Five seconds later, the child is at the point (2 5): See Fig- 


ure 6.7.1. At that time, what angle @ does the line from the center of the carousel to 
the child and horse make with the line from the center of the carousel to their starting 
point? 


Solution Because the child is traveling “on the unit circle,” his or her coordinates at 
any given time are the values of the uae the cosine of the angle swept out by the 
‘ ‘ 3 1 : ‘ , 
carousel since it started to rotate. Thus ae and 3 are the cosine and sine, respectively, 
of the angle swept out in the first 5 seconds. To solve this problem, we work backwards— 


that is, we must find an angle @ such that cos 0 = ~ and sin @ = a See Figure 6.7.1. 


V3 , 1 V31\,._. 
Because cos@ = ic and sind = -, and (S >) lies in the first quadrant, we conclude 


2 
T 
that 9 = =~ 


[A Check It Out 1: Suppose that 10 seconds after starting, the child from Example 1 is 
at the point with coordinates (>. \3) At that time, what angle does the line from the 


center of the carousel to the child and horse make with the line from the center of the 
carousel to their starting point? & 


Inverse of Sine, Cosine, and Tangent 


Recall from Chapter 5 that working backwards from a given value of a function 
involves finding the inverse of that function. However, inverses are defined only for 
functions that are one-to-one, a property that the sine, cosine, and tangent 
functions lack. Graphically, these functions fail the horizontal line test, as shown 
in Figure 6.7.2. 
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To define an inverse for any of these functions, we must temporarily restrict the 
domain of the original function to an interval on which it is one-to-one and then 
define the domain of the inverse function as the set of values assumed by the restricted 
version of the original function. 

By convention, the sine function is restricted to the interval [-3: <I. This interval 


is chosen not only because the sine function is one-to-one on this interval but also 
because this is an interval on which it takes on all the values in its range, [—1, 1], as 
shown in Figure 6.7.3. Similarly, the domain of the cosine function is restricted to the 
interval [0, z], as illustrated in Figure 6.7.4. 


Figure 6.7.3 Figure 6.7.4 


f(x) = sin x f(x) = cos x 


ay 


The inverse of the sine function is referred to as the arcsine function, and the 
inverse of the cosine function is referred to as the arccosine function. These inverse 
functions are defined as follows. 


The Arcsine Function 
The arcsine function, f(x) = arcsinx, is defined by 
arcsin x = y if and only if x = sin y. 
>» The domain of arcsin x is [—1, 1]. 


T WW 


» The range of arcsin x is “EG 


See Figure 6.7.5 for a graph of the arcsine function. The arcsine function is also 


denoted as sin! x. 


Figure 6.7.5 


F(x) = aresin x 


NS BIN Oly 


Is |S 


i) 
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The Arccosine Function 


The arccosine function, f(x) = arcsinx, is defined by 
arccos x = y if and only if x = cos y. 
» The domain of arccos x is [—1, 1]. 
» The range of arccos x is [0, 7]. 


See Figure 6.7.6 for a graph of the arccosine function. The arccosine function is 


also denoted as cos ! x. 


Figure 6.7.6 


f(x) = arecos x 


sy 


Note The arcsinx function is also denoted by sin |x, to show that it is an 
1 
inverse function. It is not to be confused with cnx. Similarly, the arccos x 
= 1 
function can also be denoted by cos”'|x and is not to be confused with asx. To 


avoid this contusion, we will use arcgin x and arccos x in our initial discussion of 


these functions. However, because the gin | and cos | notation is so common and 


is used on all scientific calculators, we will use this notation later in this section. 


The range of the arcsine function and that of the arccosine function with reference 
to the unit circle are given in Figure 6.7.7. 


Figure 6.7.7 
VA Ma 
x x 
Range of arcsine Range of arccosine 
22 2 [0, 7] 
2° 2 
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You can use the 

or the keys on your 
calculator to approximate 
the inverse sine and cosine 
functions. See Figure 6.7.8. 


Keystroke Appendix: 
Section 15 


Figure 6.7.8 


(V(2)}/2) 
7853981634 

sin "(V(3)/2) 
-1.047197551 


cos "(-V(2)/2) 
2.356194u49 


[ema 2 Evaluating Inverse Sine and Cosine Functions 


Find the exact values of the following: 
1 V3 V2 
(a) arccos 3 (b) aresin( —*?) (c) arceos( 2) 


> Solution 


: 1 ; i 
(a) To determine arccos 32 we must find the angle or number in the interval [0, 77] whose 
‘ ll - 7 7 1 
cosine is 5. That number is = because cos — Thus 


1 7 
arccos — = —. 
2° 3 


(b) To determine arcsin(—*2), we must find the angle or number in the interval 
V3 


[-3 Z| hose sine i 23 Becaus inf =) = nd —=i in| 3.3 
5? 9 | Whos s ——;-. Because s - ‘. 3 iS 573 


arcsin{ ——— }] = ——. 
2 3 


(c) To determine arecos(—*2), we must find the angle or number in the interval [0, 7] 
V2 


sce WD 30 37. 
whose cosine is api Because cos rie a) and 7 isin [0, 7], 


V2 37 
rccos| ——— ] = —. 
arcco 5 a 


LW Check It Out 2: Find arcsin 7 ia 


The inverse of the tangent function is called the arctangent function. It is defined by 
=, ). The restriction 
of the domain will give rise to a one-to-one function. The range of the tangent function 
on (-3 z) is (—%, ©), the same as that of the unrestricted tangent function. Thus the 
T 7 


domain of the arctangent function will be (—, 9), and its range will be (-3, 7), 


restricting the domain of the tangent function to the interval ( 


The Arctangent Function 


The arctangent function, f(x) = arcsinx, is _ Figure 6.7.9 
defined by 


yh 
arctan x = y if and only if x = tan y. cal 
2 
>» The domain of x is (—®, 0). St f(x) = arctan x 
: a WE zy 
> The range of arctan x is | ——, — ]. : 
Dy PD zy 


The graph of the arctangent function is 
given in Figure 6.7.9. The arctangent 
function is also denoted as tan ' x. 
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Figure 6.7.10 The range of the arctangent function with reference to the unit circle is given in 
Range of arctangent Figure 6.7.10. 


Va 
Be Lt 
(-23) 
[=e 3 Evaluation of Arctangent Function 


Find the exact value of 


? (a) arctan V3 
(b) arctan(— 1) 
>Solution 
(a) To evaluate arctan Wee we must find the number in the interval (-3, 3 whose 


tangent is 3. That number is 3 Thus 


7 
arctan V3 = —. 


3 
(b) The number (-2, z) whose tangent is —1 is =F Thus 
7 
tan(—1) = ——. 
arctan(— 1) r 


[W Check It Out 3; Evaluate arctan 1. & 


Composition of Functions 


From our work with functions and their inverses, we know that fe f !(x) = x for all x 
in the domain of f-!. Also, f-!° f(x) = x for all x in the domain of f£. When you 
compose a sine, cosine, or tangent function with an inverse trigonometric function, or 
vice versa, you must give careful consideration to the domain of definition of the inverse 
trigonometric function and take great care in evaluating the composite function. The 
functions that are constructed by composing the sine, cosine, and tangent functions 
with their respective inverses are summarized below. 


The following example illustrates the rules for composing trigonometric functions. 
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[ema 4 Composition of Functions 


Find the following: 


5 2 
(a) sresn( sn 2) (b) aceos( co 2) (b) aresin( eo 2) 


Solution In all these parts of the problem, the final answer will be the angle whose 
sine or cosine is given. 


0 1 
(a) Because sin em we have 
es _ 1 
arcsin| sin = arcsin — = 
6 2 


Another way to see this is from the definition. Because z is in [-3. I, 
_. 


is . T 
arcsin| sin — 6° 


6 
50 V2 
(b) Because cos qa we have 


5a) _ _NV2\ _ 3a 
arCccoOs| COS ‘" arccos 2 ri < 


571r\ . 51 5. Z 
Note that arccos (cos | is not equal to re because 7 3s not in the range of the 
arccosine function (which is the interval [0, 77]). 


27 1 
(c) Because cos = = —3> we have 


3 
: 27 ; 1 T 
arcsin| cos —— ] = arcsin| —— ] = ——. 
3 2 6 


[A Check It Out 4: Find arecos( cos =), | 


leona 5 Finding Values of Trigonometric Functions 


Find the following: 


. [3 : 12 
(a) cos (scsi (2) (b) sin (arceo ( -2) 


> Solution 


3 Be oe ls 7 F 
(a) Because 5 > 0, arcsin 5 isin (0, z), We must now find the cosine of the angle whose 


Figure 6.7.11 sine is >. Let ¢ = arcsin =. Thus sin t= =. See Figure 6.7.11. From one of the 
‘ Pythagorean identities, 
4 
sin? t + cos?t = 1 
(cos ft, sin ft) 
= (cos ¢, 2) 2) eeatiees| oe re 
5 5 
9 3\? 9 
2 
> f= 1 — 
* = 25 (2) 25 
16 
2 
cos t = — 
25 
cos t= 48 
+5 


Figure 6.7.12 
vA 
(cos t, sin f) 
= (-3. sin ‘) 
Figure 6.7.13 
—— 
ge \ 
ke 10 ft > 


ay 
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oe T 7 aie 
Because f is in (0, ), the value of cos t is positive. Thus 


2 ; 4 

cos| arcsin — }] = =—. 

Os| arcs 5 cos 5 
2 


12 12) 5-3 T 1 12 
(b) Because ~a5 <0, arccos( —+5) is in (Z, nm). Lett = arecos( —+=). Thus cos t= —7. 


See Figure 6.7.12. To find sin t, use the same Pythagorean identity as before: 


sin?t + cos*t = 1 


24 12\? i : 12 
sin —-—] = = -— 
13 i 13 
5 144 12\? 144 
sin’ t= 1 — = 
169 13 169 
aoe 25 
sin* t = —— 
169 
5 
sin t= +—. 
13 


eo 8 7 a A oe, 
Because ¢ is in (Z, ), the value of sin ¢ is positive. Thus 


a) eee 
sin|{ arccos 13 sin 13° 


LW Check It Out 5: Find sin(arccos(—3)). ia 


Applications of Inverse Trigonometric Functions 


Ears! 6 Application: Slope of a Ramp 


A ramp is to be constructed with a slope of =. See Figure 6.7.13. Find the acute 


angle that the ramp makes with the horizontal. Express the angle in degrees. 


Solution Let @ denote the acute angle that the ramp makes with the horizontal. The 


slope of the ramp is given by aa The slope can also be expressed as tan 6. Thus 


tan 9 = cs Using the tan! key on a scientific calculator (with the calculator in DEGREE 


10° 
6=tan! es = 5.71° 
10 ame 


mode) gives 
[A Check It Out 6: Rework Example 6 for the case where the slope of the ramp is =. a 


ers! 7 Application: Firing Angle of a Projectile 


When a projectile is fired with an initial velocity v) and at an acute angle 0, the horizon- 
tal range is given by 


_ vp sin 20 
& 
where g is the gravitational constant, 9.8 meters per second per second (m/sec?). If a 


projectile is fired with an initial velocity of 80 meters per second, at what angle must it 
be fired in order to have a horizontal range of 500 meters? Express the angle in degrees. 
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Solution Substituting v, = 80, R = 500, and g = 9.8 into the equation for R gives 


ii (80) sin 20 
9.8 , 


Isolating the quantity sin 26 yields 


500(9.8) = (80)? sin 20 


500(9.8) . 
~ (80)? = sin 20 


0.765625 = sin 20. 
Using the sin“! on a scientific calculator (with the calculator in DEGREE mode) gives 
20 = sin 1(0.765625) ~ 49.96° 
0 = 24.98°. 


Thus the projectile must be fired at an angle of 24.98° to have a horizontal range of 
500 meters. 


[A Check It Out 7: Rework Example 7 for the case where the projectile is to have a hor- 
izontal range of 550 meters. 


Other Inverse Trigonometric Functions 


The inverse cotangent, cosecant, and secant functions are defined in Table 6.7.1. 


Table 6.7.1 


cot 1x (—00, 00) |-2. 0) U (0 Z| 
- T T 
CSCias (Sea, = 1] W) [Ll ©) |-z 0) U (0 z| 


sec x (—%, —1] U [1, ©) . =) U (3 “| 


These definitions are motivated by examining the graphs of the cotangent, cosecant, 
and secant functions, respectively. For instance, the graph of sec x is one-to-one on the 


interval [o, 2) U (, a Thus the definition for sec 'x can be made with |x| = 1 as the 


domain and [0, ) U (, | as the range. 


[smal 8 Finding the Exact Value of an Inverse Secant Function 


Finding the exact value of sec! 2. 


Solution Let y = sec"! 2. We look for y € [o, o 
equivalent to finding y © [o, =) U (Z, | such that cos y = a From our work with 


exact values of cosine in Section 6.4, we know that the only value of y © [0, =) U (, | 


U (4, z| such that sec y = 2. This is 
2 


, 1. = 7 
with cos y = 5 is y = 3. Thus sec aa 


Section 6.7 © Inverse Trigonometric Functions 537 


[A Check It Qut 8: Find the exact value of csc7!2. & 


Calculators do not have keys for the inverse secant, cosecant, and cotangent 
functions, so you must use their equivalent relationships to inverse cosine, sine, and 
tangent, respectively. 


The following example illustrates how to evaluate these inverse functions. 


Calculator Approximation of Inverse, Cosecant, 
Ear| 9 and Cotangent Functions 


Use a calculator to approximate the following in radians to four decimal places. 


(a) ese'(2) 


(b) cot !(—3) 
>Solution 
(a) Let y = ese™'(3), This is equivalent to finding y = sin”'(?). Thus 


3 2 
cse(3) = sr(2) = 0.7297. 


The last step was performed using a calculator in RADIAN mode. 
(b) Let y = cot '(—3). This is equivalent to finding y = _ — tan~! (—3). Thus 


cot (—3) = 7 — tan7!(—3) ~ 2.8198. 


The last step was performed using a calculator in RADIAN mode. 


[A Check It Qut9: Approximate csc7!3. 


6.7 Key Points 


» The inverse sine function is denoted by arcsin x or sin !x. 

» The inverse cosine function is denoted by arccos x or cos! x. 

» The inverse tangent function is denoted by arctan x or tan ‘x. 

» The inverse cotangent function is denoted by arccot x or cot !x. 


» The inverse secant function is denoted by arcsec x or sec !x. 
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» The inverse cosecant function is denoted by arccsc x or csc ! x. 


» The properties of the inverse trigonometric functions are as follows. 


6.7 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


For Exercises 1—4, use the definition of f(x) as given by the following 
table. 


=2 5 
=1 3) 
1 =2 
4 = 


1. Find f~!(—2). 2. Find f~!(-1). 


3. Find (f° f~')(4). 4. Find (f~' ° f)(4). 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 5-16, find exact values of the given trigonometric 
functions without the use of a calculator. 


5.arcsin 1 6.arccos 1 


7. arccos(—1) 8. arcsin 0 


10. arctan 1 


1 
12; acsin( -1) 
2 


9. arctan 0 


1 
11. arccos = 
2 


15. tan” !(—V3) 


In Exercises 17-28, use a calculator to evaluate each trigonomet- 
ric function. Make sure that the calculator is in RADIAN mode. 


1 1 
lie in{ —— 18. == 
arcsin( i] aceos( :) 


19. arccos 0.75 20. arcsin 0.15 
21.arctan 5 22. arctan(—0.7) 
23,cos *G,125 24. sin’ 0.8 
25.cos '(—0.95) 26. sin’ '(—0.05) 


1 
27. tan '(—5) 28. tan !| —— 
3 


In Exercises 29-38, evaluate each trigonometric function without 
the use of a calculator. 


7 
29. arceos(cos( -2)) 


31. sin(arcsin(0.3)) 


30. arcsin(sin(577)) 


32. cos(arccos(0.8)) 


33. tan(arctan(4)) 34. tan(arctan(—5)) 


35.1 cd 36 i = 
. sin| arccos 3 . cos| arcsin 5 

é 12 ; 4 

37. cos| arcsin| ——— 38. sin| arccos| —— 


In Exercises 39-44, sketch the graph of each of the given expressions. 


39. f(x) = arctan x — a 40. g(x) = arcsin x + 7 


41. f(x) = 2 arccos x 42. f(x) = —3 arcsin x 


43. g(x) = arcsin 2x — 7 44. g(x) = arceos( 2) + 7 


In Exercises 45-48, explain why each of the given expressions is 
undefined. 


45. arccos 4 46. arcsin —3 


47. sin(arcsin(5)) 48. cos(arccos(— 6)) 


In Exercises 49-56, find the exact values of the given expressions 
in radian measure. 


2V3 

49. csc! V2 50.<3¢°1 293 
2V3 

si.see™(—-2¥3) 52. sec 1(-V2) 

53. csc 1(—2) 54. sec !(—2) 

55. cot 'V3 56. cot !(—1) 


In Exercises 57-64, evaluate the given expressions to four decimal 
places with a calculator. 


57. sec! 2.5 58.csc 15 


59. csc !(—3.6) 60. sec 1(—4.2) 
61. cot 12.4 62. cot !3.6 


63. cot 1(—3.2) 64. cot !(—1.8) 
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» Applications In this set of exercises, you will use inverse 
trigonometric functions to study real-world problems. 
Round all answers to four decimal places. 


65. Surveying A surveyor finds that tan 0 = 2, where @ is the 


angle that a straight line from the ground makes with the 
top of a platform. Find 6 in degrees. 


66. Design A ramp makes an acute angle 6 with respect to 
the horizontal. Any two points along either edge of the 
ramp that are 10 feet apart differ in their horizontal po- 
sitions by 9.5 feet. Give the value of 0 in degrees. 


yok 


Pee 
a _| 


67. Construction A 15-foot pole is to be stabilized by two 
wires of equal length, one on each side of the pole. One 
end of each wire is to be attached to the top of the pole; 
the other end is to be staked to the ground at an acute 
angle @ with respect to the horizontal. Because of consid- 
erations, the ratio of the length of either wire to the 


height of the pole is to be no more than =. What is the 


limiting value of 6 in degrees? Is this limiting value a 
maximum value of 0 or a minimum value of 0? Explain. 


68. Robotics A robotic arm is hinged at one end. The acute 

angle that the robotic arm makes with the horizontal is 
ES 
the end of the arm from the horizontal. Find 6 in radians 
when a = 1 and when a = 2. 


given by 6 = arcsin =, where a is the vertical distance of 
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69. Roofing A smokestack cut from a al circular cylinder Concepts This set of exercises will draw on the ideas pre- 
is to be attached to a roof of slope 5- At what acute angle sented in this section and your general math background. 
to the horizontal should the cylinder be cut so that it 
matches the angle of the roof? Express your answer in de- 
grees. 


In Exercises 74—77, use the accompanying graph of sinx on the 


interval [-3 % Z| to approximate the given expressions. 


2 


f(x) = sin x 


a 3a x: 
4° 8 
— a 
70. Construction The pitch of a roof is its slope, which is 
given as —~“. If the pitch of a roof is = = what acute angle 
does it make with the horizontal? Express your answer in 
radians. 
74. arcsin 0.6 75. arcsin(—0.2) 
7 76. sin 10.4 77. sin” '(—0.8) 
y it i 
5 _ In Exercises 78-81, use the accompanying graph of tanx on the 
interval (- es 2) to approximate the given expressions. 
71.Physics The position of a block that is attached to one yt 


end of a spring oscillates according to the formula 


“I. Express ¢ as a f(x) = tan x 


d=5 sin 2t for t in the interval [- Z ri 
function of d, and state the domain of your function. 


72. Sound Waves A sound wave has the form y = 2 cos(3x — 2) 


x 


0.39 0.79 1.18 


5a 
oe =a). Express x as a function of y, 


and state the domain of your function. 


for x in the interval [= 


73.Physics The horizontal range of a projectile that is fired 
with an initial velocity vp at an acute angle 0 with respect 
to the horizontal is given by 


5 a 
R= (o)" sin 20 78. arctan 2 79. arctan 4 
& 


-1y =i 
where g is the gravitational constant, 9.8 meters per sec- SD ae 3) 81, tan" 6 


ond per second (m/sec”). If vy = 30 meters per second, 
find the angle at which the projectile must be fired if it is 
to have a horizontal range of 80 meters. Express your an- 
swers in degrees. 


Chapter 6 Summary 


Section 6.1 Angles and Their Measures 


Concept 


Angles and their measures 

Degree measure: 1 revolution = 360° 
Radian measure: 1 revolution = 27 radians 
Converting between radian and degree 
measure: 


Degrees to — 

radians 180 

Radians to 180° 

degrees 7 
Arc length 


The length of an arc of a circle of 
radius r subtended by an angle 0 is s = ré, 
where @ is in radians. 


Linear and angular speed 

If a point on a circle of radius r travels in 
uniform circular motion through an angle 0 
in time 1, its linear speed v is v = > where s 
is the arc length given by s = rd. 


The corresponding angular speed is w = 2. 


At a point that is a distance r from the axis 
of rotation, linear speed v is related to 
angular speed w by the formula v = rw. 


Minutes and seconds of a degree 
Definition of minutes and seconds of a degree 


. 1 
1 minute = 1’ = — degree 
60 


1 
1 second = 1” = —~ minute 
60 


Illustration 


In degrees: 
1 : 1 
— revolution = — (360°) = 180° 
2 2 
In radians: 
z lution = # (27) = 
3 revolution = 5 (2m 7 


Converting degrees to radians: 


270° = 270° au 
180° 2 
Converting radians to degrees: 
2a 27 180° 5 
. 120 


3 3 


For a circle of radius 2, the length of the arc 
subtended by 0 = z is 


If a point on a circle of radius 3 inches 
7. . 
traverses an angle of qin 2 seconds, its 


linear speed is 


ai = 
s 0 4 37 inches 


v ; 
t t 2 8 second 
Its angular speed is 
a 
0 4 aq radians 
o=- = >= . 
t 2 8 second 


0.5° is the same as 30’. 


10°45’ is the same as 10.75°. 


Chapter 6 


Study and Review 


Examples 1-6 


Chapter 6 Review, 
Exercises 1-16 


Examples 7, 8 


Chapter 6 Review, 
Exercise 68 


Examples 9, 10 


Chapter 6 Review, 
Exercise 68 


Examples 11, 12 


Chapter 6 Review, 
Exercises 17—20 
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Section 6.2 Trigonometric Functions of Acute Angles 


Concept 


Illustration 


Study and Review 


Definitions of trigonometric functions using 
right triangles 


oO 

Sine: sin 0 = = 

hyp 

; adj 

Cosine: cos 9 = —— 

hyp 

Tangent: tan 0 = OPP 

adj 
h 

Cosecant: csc 0 = ae 

opp 
h 

Secant: sec 0 = anid 

adj 

adj 

Cotangent: cot 0 = ay 

opp 

Hypotenuse Opposite 
ZN Oy 
Adjacent 


Cofunction identities 

The following cofunction identities hold for 
all acute angles. 

sin(90° — 0) = cos 8 cos(90° — 6) = sin 6 
tan(90° — 6) = cot 8 cot(90° — @) = tan @ 
sec(90° — 0) = csc 8 csc(90° — 6) = sec 0 


From the given right triangle, we have 


opp 3 hyp 5 
sin 90 = —=— csc 0 = —— => 
hyp 5 opp 3 
adj 4 hyp 5 
6=—=2 = = 
— hyp 5 . adj 4 
3 dj 4 
tan 9 = PP = cot 9 = == 
adj 4 opp 3 

5 

3 
0 
4 


If cos 40° ~ 0.7660, then sin 50° ~ 0.7660. 


Examples 1, 2, 4, 5 


Chapter 6 Review, 
Exercises 21-26 


Example 3 


Chapter 6 Review, 
Exercises 21-26 


Chapter 6 = Summary 


Section 6.3 Trigonometric Functions of Any Angle Using Right Triangles 


Concept 


Trigonometric functions of any angle 

Let (x, y) be a point and let 6 be the angle 
in standard position whose terminal side is 
the ray starting at the origin and passing 


through (x, y). Let r= Vx? + y?. Then 


x 
cos § = — ot 
r r 
wages cot 6 =~ 
x Jy 
r r 
sec 9 = — csc 9 = — 
x y 


Reference angle 

The reference angle for an angle 0 in 
standard position is the acute angle that the 
terminal side of 9 makes with the x-axis. 


Trigonometric functions of special angles 

A reference angle can aid in finding the 
trigonometric functions of an angle that is 
not acute. 


Illustration 


Let (5, —12) be a point on the terminal side 
V5? + (-12)? = 13. 


of an angle 0. Sor 


Thus 
5 . 12 
cos @ = -— = — sin 9 ==> = —— 
13 13 
t pata p= = 
a oe | ee ee 
13 13 
sec 9 = —- = — csc 9 = — = —— 
5 12 


The reference angle for 135° is 45°. 


ye 


Reference 
angle 45° 


Terminal side 
in Quadrant II 


To find cos (135°), use the fact that the 
terminal side of 135° is in the second 
quadrant to note that cos 135° < 0. The 
reference angle is 45°. Thus 


cos 135° = —cos 45° = — 


Study and Review 


Examples 1, 2, 3 


Chapter 6 Review, 
Exercises 27—30 


Examples 4, 5 


Chapter 6 Review, 
Exercises 31-34 


Examples 5, 6 


Chapter 6 Review, 
Exercises 31-34 
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Section 6.4 Trigonometric Functions of Any Angle Using the Unit Circle 


Concept 


Trigonometric functions using the unit circle 
Let (x, y) be the point where the terminal 
side of an angle of ¢ radians in standard 
position intersects the unit circle. 


The value of the cosine function at 1, 
abbreviated as cos t, is defined as cost = x. 


The value of the sine function at t, 
abbreviated as sin t, is defined as sint = y. 


Definitions of the other trigonometric functions 


sin t 
Tangent: tan t = 
cos t 
cos t 
Cotangent: cot t = — 
sin t 
Secant: sec t = 
cos t 
1 
Cosecant: csc t = = 
sin t 


Pythagorean identities 
For any real number 2, the Pythagorean 
identities are 

cos*t + sin?r = 1 


1 + tan*t = sect 


1 + cot?t = csc7z. 


Illustration 


(x, v) = (cos ¢, sin t) 


BY 


T 
Ift= 3? 


V3 


1 : 
B= cost and y= sin t= 


Note that x? + y? = 1. 


If sin t = and cos t = — then 
snt il V3 
cos t V3 3 


1 
csc t = — =2 
sin t 


tan r= 


Study and Review 


Examples 1, 3-5 


Chapter 6 Review, 
Exercises 27—30 


Examples 2, 6, 7 


Chapter 6 Review, 
Exercises 31-34 


Example 8 


Chapter 6 Review, 
Exercises 35-38 


Continued 


Section 6.4 Trigonometric Functions of Any Angle Using the Unit Circle 


Concept 


Negative angle identities 
For any real number ¢, 


sin(—t) = —sint csc(—t) = —csct 
cos(—t) = cost sec(—1t) = sect 
tan(—1t) = —tant cot(—1) = —cot t. 


Repetitive behavior of sine, cosine, and tangent 
Let ¢ be a real number and let 7 be an 
integer. Then 


sin(t + 2n7) = sin t 


cos(t + 2n7) = cos t 


tan(¢ + na) = tan t. 


Illustration 


Section 6.5 Graphs of Sine and Cosine Functions 


Concept 


Illustration 
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Study and Review 


Example 9 


Chapter 6 Review, 
Exercises 39, 40 


Example 10 


Chapter 6 Review, 
Exercises 31—33 


Study and Review 


Properties of sine and cosine functions 
1. Sine function f(x) = sin x 


¢ Domain: all real numbers, (—, ©) 
¢ Range: [—1, 1] 

2. Cosine function f(x) = cos x 
¢ Domain: all real numbers, (—%, ©) 
¢ Range: [—1, 1] 


Graph of sin t 


Graph of cos t 


Examples 1, 2 


Chapter 6 Review, 
Exercises 41-46 


Continued 
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Section 6.5 Graphs of Sine and Cosine Functions 


Concept 


Transformations of sine and cosine graphs 
The graphs of f(x) = A sin(Bx — C) and 
f(x) = A cos(Bx — C) have the following 
properties and can be graphed using 
transformations. 


2 
Amplitude: |A|_ Period: ils 


B 
Horizontal shift: ic 


B 
Frequency: — 
27 


Illustration 
The function f(x) = 3 sin(2x — 7) can be 
written as f(x) = 3 sin(2(.x = z)). Its graph 


has amplitude 3, period 7, and horizontal 
shift 5. 


Section 6.6 Graphs of Other Trigonometric Functions 


Concept 


Properties of tan x 

¢ Domain: All real numbers except an 
n an integer 

¢ Range: (—%, 0%) 


¢ Period: 7 
(2n + 1)7 


E 5 nan 


¢ Vertical asymptotes: x = 
integer 


Properties of cot x 

¢ Domain: All real numbers except n7r, n an 
integer 

¢ Range: (—%, 9%) 

¢ Period: 7 

¢ Vertical asymptotes: x = n7, n an integer 


Illustration 


Jf(x) = cot x 


Examples 1-7 


Study and Review 


Example 1 


Chapter 6 Review, 
Exercises 47, 51 


Example 2 


Chapter 6 Review, 
Exercises 49, 52 


Study and Review 


Chapter 6 Review, 
Exercises 41-46 


Continued 


Section 6.6 Graphs of Other Trigonometric Functions 


Concept 
Properties of sec x 
¢ Domain: All real numbers except ote, 


n an integer 
* Range: (—%, —1] U [1, ©) 
¢ Period: 27 


p 2n + 1)a 
¢ Vertical asymptotes: eee 


5 man integer 


Properties of csc x 

¢ Domain: All real numbers except n7r, n an 
integer 

¢ Range: (—%, —1] U [1, ©) 

¢ Period: 27 

¢ Vertical asymptotes: x = 77, n an integer 


Illustration 
I 
I 
I 
I 
I 
I 
I 
I I 
F(x) =sec x 
32 —q _8 x m 3n * 
2 2_y1 2 2 
24 
ag 
44 
| | 4 | I 
I 2 I 
I 4 I 
| | 4 l | 
| } l I 
I 37 I 
! 
| 2 I 
I I 
I ly I 
fQ@)=esex | 
Qn 3a =] x 7 32 If x 


Section 6.7 Inverse Trigonometric Functions 


Concept 


The arcsine function 
The arcsine function, f(x) = arcsinx, is 
defined by 


arcsin x = y if and only if x = sin y. 
¢ The domain of arcsin x is [—1, 1]. 


¢ The range of arcsin x is [-3 <I. 


Illustration 


: 7 [a 
arcsin(1) = 3 because sn(2) =1 


arcsin(0.5) = 7 because sin( 2) = 0.5 


Chapter 6 © Summary 


Study and Review 


Example 3 


Chapter 6 Review, 
Exercise 50 


Example 4 


Chapter 6 Review, 
Exercise 48 


Study and Review 


Examples 2, 4—7 


Chapter 6 Review, 
Exercises 53, 54, 57-66 
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Section 6.7 Inverse Trigonometric Functions 


Concept 


The arccosine function 
The arccosine function, f(x) = arccos x, is 
defined by 


arccos x = y if and only if x = cos y. 


¢ The domain of arccos x is [—1, 1]. 
¢ The range of arccos x is [0, 7]. 


The arctangent function 
The arctangent function, f(x) = arctan x, 
is defined by 


arctan x = y if and only if x = tan y. 


¢ The domain of arctan x is (—®, ©), 
¢ The range of arctan x is (-2, ), 


The other inverse trigonometric functions 
The inverse cotangent, cosecant, and secant 
functions are defined as follows. 


* The domain of cot! x is (—%, &%) and the 
range is [-3. 0) U (0, ZI. 

* The domain of csc 'x is 
(—%, —1] U [1, ©) and the range is 


[Sou (0.3 


¢ The domain of sec”! x is 
(—0, —1] U [1, ©) and the range is 


[0 5) ¥ (5 7} 


Evaluating the other inverse trigonometric 
functions 


-1 aif 2 
sec x = cos xper? 


= ee ee 
csc “x = sin xp*7 9 


Illustration 
arccos(—1) = 7 because cos(77) = —1 


7 7 
arccos(0.5) = a because cos (z) = 0.5 


7 7 
arctan(1) = a because wn() =] 


arctan(0) = 0 because tan 0 = 0 


=4 7 T 
cot l= z because cot ri =1 


sec-! 2 = = because sec (= | = 2 
3 3 


-1 al 
sec _2=cos ~-—-=— 
a. 3 
cot!0.5 = 5 — tan7!0.5 ~ 1.1071, 


using a calculator 


Study and Review 


Examples 2, 4—7 


Chapter 6 Review, 
Exercises 53, 54, 57-66 


Examples 3, 4—7 


Chapter 6 Review, 
Exercises 47-54 


Example 8 


Chapter 6 Review, 
Exercises 55, 56 


Example 9 


Chapter 6 Review, 
Exercises 55, 56 
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Review Exercises 


Section 6.1 


In Exercises 1—6, sketch the given angles in standard position. 


1..225° 2. —60° 
37 

3. 120° 4, — 
4 

5 om lla 

“4 a) 


In Exercises 7 and 8, find the complementary angle and the sup- 
plementary angle for each angle given. 


7 eacyoy 8. 47° 


In Exercises 9-12, convert the given degree measure to radians. 


9. 240° 10. 210° 


11. —150° 12. —225° 


In Exercises 13-16, convert the given radian measure to degrees. 


57 37 

13,— 14, ——- 

6 5 
5. ie 
“90 “5 


In Exercises 17 and 18, convert to decimal degrees. Round to the 
nearest hundredth. 


17. 35° 15’ 18. 63° 47’ 


In Exercises 19 and 20, convert to DMS notation. Round to the 
nearest second. 


19. 14.32° 20. 77.38° 


Section 6.2 


In Exercises 21-24, you are given one of the values of a trigono- 
metric function of 0. Find the values of the other five trigonomet- 
ric functions. Assume 0 is an acute angle. 


21.cos 6 = 0.2 22.sin 8d = 0.3 


23.tan 0d = 2 24. cot 0d = 0.7 


In Exercises 25 and 26, find the lengths of the unknown sides in 
the right triangle. 


25. 26. 


50° 


62° 


Section 6.3 


In Exercises 27-30, a point (x, y) on the terminal side of an angle 
0 is given. Find the exact value of the indicated trigonometric 
function. 


27. (—12, 5); cos 6 28. (—4, —3); sin 0 


29. (3, —3); tan 0 30. (1, —2); sec 0 


In Exercises 31-34, find the reference angle and the exact value of 
the indicated trigonometric function for each of the given angles. 


31.0 = 315°; cos 0 32.0 = 150°; tan 0 


33.0 = —120° sec 0 34. 0 = 420°; sin 0 


Section 6.4 


In Exercises 35—38, find the reference angle corresponding to each 
of the given angles. 


4a lla 
35.— 36. =—— 

3 

51 7 
37. a 33. ——= 


In Exercises 39-42, find the exact values of sint, cost, and tant 
for the given values of t. 


sog= 2" ie" 
: 5 : 6 

17 57 

41.t = — 42.t = —— 
3 6 
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In Exercises 43-46, fill in the given table with the missing 
information. 


eee eee ee 
43, I aN 


2, 
44. IV 2x2 
2 
45. IV =i 
46 mI a 
i 2, 


In Exercises 47 and 48, use the negative angle identities to evalu- 


ate the given functions. 
48. cos( 2) 
4 


7 
47. can( 2) 
4 
Section 6.5 
In Exercises 49-54, graph at least two periods of each of the given 
functions. 


49. f(x) =3sinx—-1 


50. f(x) = —2 cos x + 3 


51. f(x) = cos 2x — 1 52. f(x) = sin( =) £3 


53. g(x) =2 sin(. + =) 54. g(x) = cos(2x — m) — 3 


Section 6.6 


In Exercises 55—60, graph at least one period of each of the given 
functions. 


55.f(x) =2tanx+ 1 56. f(x) = —csc x 


57. f(x) = —cot 2x 58. f(x) = see(» = =) 


59. f(x) = 2 tan(x + 77) 


60. f(x) cr» 7) Eg 


Section 6.7 


In Exercises 61—64, evaluate the given functions without the use 
of a calculator. 


61. arcsin(— 1) 62. arccos 0 


63. cot 10 64. csc 1(—2) 


In Exercises 65—72, evaluate the given functions without the use 
of a calculator. 


7 
65. aceos(cos( -2)) 


67. tan(arctan(7)) 


66. arcsin(sin(377)) 


68. tan(arctan(—3)) 


69. sin(arcsin(0.4)) 


‘ 12 {4 
71.sin| arccos{| ——— 72. cos| arcsin| — 
13 5 


In Exercises 73 and 74, sketch a graph of each of the given functions. 


70. cos(arccos(0.7)) 


73.f(x) = —3 arccos x 74. g(x) = arcsin x — a 


Applications 


75. Robotics A robotic arm pinned at one end makes a com- 
plete revolution in 1.5 minutes. What is the angle swept 
out in 1 minute by the robotic arm rotating counter- 
clockwise? Express your answer in both degrees and ra- 
dians. Assume that the robotic arm starts in the standard 
position. 


76. Robotics A robotic arm with radius 2 feet and pinned at 
one end makes a complete revolution in 3 minutes. 
(a) Find its angular speed in radians per minute, 
assuming it is constant. 


(b) Find the distance traveled by the tip in 1 minute. 


77. Surveying A surveyor stands 150 feet from the base of a 
tower. The angle of elevation to the top of the building is 
63°. Find the height of the tower to the nearest foot. 


78. Surveying An observer measures an angle of elevation of 
35° from a certain point on the ground to the top of a tower. 
She then walks 12 feet closer to the lighthouse and meas- 
ures an angle of elevation of 38° to the top of the tower. 
How tall is the tower to the nearest foot? 


79. Aviation A plane takes off at an angle of 16° with respect 
to the horizontal. How many miles has it traveled by the 
time it reaches an altitude of 5,000 feet? Round your an- 
swer to the nearest tenth of a mile. 


80. Manufacturing A conveyor belt transports merchandise 
up an incline that makes an angle of 22° with respect to 
the horizontal. If the merchandise traverses a total dis- 
tance of 30 feet while on the incline, how much higher is 
the top of the incline than its base? Round your answer 
to the nearest foot. 


81. Geography Earth rotates about an axis through its poles, 
making one revolution per day. Earth’s radius is approx- 
imately 3900 miles. What is the length of the circular path 
traced out each day by a point on Earth’s surface at 25° 
south latitude (i.e., the distance traversed by that point 
each day as a result of Earth’s rotation)? Express your 
answer to the nearest mile. (Hint: First find the radius of 
the path.) 


82. Physics A spring with a mass attached to its end moves a 
distance d from the origin according to the formula 


3 7 . . . . 
d= 10 sin 3b where ¢ is in seconds. What is the maxi- 


mum distance from the origin that the spring travels? 
Find the period of the motion. 


83. Roofing The roof of a house makes an angle @ with the 


horizontal such that tan 0 = -. Find 6 in degrees to four 
decimal places. 
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84. Physics If a projectile is fired with an initial velocity 
70 meters per second and at an angle 6, the horizontal 
range is given by 

70? sin 20 

& 


R= 


where g is the gravitational constant of 9.8 meters per 
second per second. Find an angle that a projectile must 
be fired at 70 meters per second to cover a horizontal 
range of 400 meters. Express your answer to the nearest 
tenth of a degree. 


Test 


In Exercises 1—4, sketch each angle in standard position. 


1. —135° 2. 450° 
g28 4.88 
7 = 


In Exercises 5 and 6, convert the given degree measure to radians. 


5. 75° 6. —315° 


In Exercises 7 and 8, convert the given radian measure to degrees. 


4. es 
“18 * 30 
In Exercises 9 and 10, given one of the values of a trigonometric 
function of 0, find the exact values of the other five trigonometric 
functions. Assume 0 is an acute angle. 
: 2 
a a 10. tan 6 = 3 
11. Find the exact values of the lengths of the unknown sides 
in the right triangle. 


60° 


12. Given the point (—1, 3) on the terminal side of an angle 
9, compute the exact value of cos 6 and csc 0. 


13. Find the reference angle corresponding to 240° and com- 
pute the exact values of sin 240° and sec 240°. 


In Exercises 14 and 15, find the reference angle corresponding to 
each angle. 


5 87 
14. -— 15 = 
6 3 
In Exercises 16-18, graph at least two periods of each function. 


16. f(x) = —sin 2x + 1 


17. f(x) = 3 sin( a =) 


18. f(x) = cos(2x + 7) 


In Exercises 19-21, graph at least one period of each function. 


19. f(x) = tan 2x + 1 
20. f(x) = sel» + z) 


21.f(x) = —3 cot x 
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In Exercises 22-24, evaluate without the use of a calculator. 


22. 


24. 


25. 


26 


21. 


23. tan(arctan(8)) 


wx es(22)) 
in eco(*)) 


Sketch a graph of f(x) = 2 arcsin x + 7. 


.A ferris wheel 200 feet in diameter makes one revolution 


every 2 minutes. What is the angular speed of a passenger 
(assume the passenger is on the edge of the wheel) in 
degrees per minute? What is the passenger’s linear speed in 
feet per minute? 


A wire of length 30 feet is attached to the roof of a build- 
ing and to a stake 10 feet from the building. Find the 
angle the wire makes with the side of the building. 


28. 


29. 


Find the dimensions of the square screen of a 20-inch tel- 
evision. Note: 20 inches refers to the length of the diagonal 
of the screen. 


The function 
2 
P@ = 50 sin 2 + 50 
33 


is used in biorhythm theory to predict an individual’s 

intellectual potential as a percentage of the maximum, on 

a particular day, with t = 0 corresponding to birth. 

(a) What is the period of the function? 

(b) What percentage of an individual’s intellectual 
potential is being met on his third birthday (day 
1095)? 


Chapter 


Irigonometric Identities 


he number of daylight hours varies during different times of the year and can 

be modeled by a trigonometric function. You can solve a related trigonometric 

equation to calculate the time of year when you have a specified number of 

daylight hours at a particular location. See Exercises 98 and 99 in Section 7.4. 
In this chapter, we will study relations between the different trigonometric functions by 
establishing identities and using them to solve equations. 
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| Trigonometric Identities and Equations 


7.1 Verifying Identities 


Objectives 


> Know basic identities 


> Apply various strategies for 


verifying identities 


Discover and Learn 


Does the equation cos(x + 7) = 
cos x + cos 7 hold true for all x? 


Technology Note 
For Example 1(b), you can 


graph Y, = tan(x)/tan(x) and 


it looks as though you get 
the line y = 1. This holds 
only for values of x where 
tan x is defined and not 
equal to zero—that is, for 


nw 
x#F om 
calculator graph is not of 
high enough resolution to 
show that Y, is defined 
only at these values of x. 


See Figure 7.1.1. 


, an integer. The 


Keystroke Appendix: 
Section 15 


Figure 7.1.1 


In order to work with trigonometric functions in applications and in later courses, it is 
important to know how to transform expressions containing these functions into an 


. ‘ 1 
equivalent form. For example, you already know that you can write csc x as cae 


This is just one example of an identity—that is, an equation that holds true for al/ the 
values of the variable for which every term in the equation is defined. In the case 


1 7 ; , 1 
of csc x = aaa) the value of csc x will be identical to the value for ae for that same x. 


We exclude the values of x that would make sin x = 0. 

The process of demonstrating that an equation holds true for all values of a variable 
for which the terms of the equation are defined is called verifying an identity. The 
process is also referred to as establishing or proving an identity. 


Basic Identities 


First, in Table 7.1.1, we summarize some familiar trigonometric identities. 


Table 7.1.1 
sin x cos x 
tan x = CO lee 
cos x sin x 
I 1 
eee = Ae 2=5 COL of = 
cos x sin x tan x 


cos*x + sin?x=1 1+ tan?x=sec?x 1+ cot? x =csc’x 


cos(—x) = cos x sin(—x) = —sinx  tan(—x) = —tan x 


In the following example, we investigate whether the equations given are identities. 
To show that an equation is not an identity, try to determine values of x for which the 
terms of the equation are defined, but for which the equation will not hold true. To 
show that an equation 7s an identity, we must be able to show that the equation is true 
for all values of the variable for which the expressions are defined. 


Ee Deciding Whether an Equation Is an Identity 


Determine which of the following are identities. For those that are not identities, give 
a value of x for which every term in the equation is defined but the equation does not 
hold. For those that are identities, verify the identity. 


(a) sin x = 1 
(b) cot x tan x = 1 
> Solution 


(a) If x = 0, the term sin x is defined. But the equation sin x = 1 does not hold true 
since sin x = 0 # 1, and so the equation sin x = 1 is nor an identity. 


(b) To determine whether cot x tan x = 1 for all x, we can use the basic identities listed 
in Table 7.1.1 to rewrite the left-hand side of the equation: 


cos x sin x 


cot x tanx = — 
sin x COS Xx 
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Dividing out the factors cos x and sin x, we have 
cot x tan x = 1, 


for all x for which cot x tan x is defined. 


[A Check It Qut 1: Show that sin x csc x = 1 for allx. & 


The object of this section is to determine whether certain trigonometric equations 
presented are identities. In verifying identities, there is no one-size-fits-all method that 
can be applied. You may have observed this in Example 1. Instead, there are several 
different techniques that can be used. 

In general, there are two basic approaches to take when verifying identities: 


» Approach 1 (One Side of the Equation) Focus on the expression on just one side 
of the equation, and transform it until it is identical to the expression on the other 
side of the equation. 


» Approach 2 (Both Sides of the Equation) Transform the expressions on both sides 
of the equation until the expressions on both sides of the equation are identical. 


You will notice, as you work to verify identities, that you will always employ one of 
these two methods. 

In addition to these two general approaches, we will also use some specific strate- 
gies to verify identities. One of the simplest ways to prove an identity is to write a given 
expression in terms of sine and/or cosine. 


Strategy 1 Write in Terms of Sine and/or Cosine 


Write a given expression in terms of sine and/or cosine, and then simplify the 
resulting expression if necessary. 


Eos | 2 Verify an Identity by Reducing to Sine and Cosine Functions 


Verify the following identity: 
(csc x tan x)(sec x) = sec? x 


>Solution 


(csc x tan x)(sec x) 


1 sin x 1 1 sin x 1 
=r : Use csc x = ——, tanx = ,» and sec x = 
sinx cosx/\cos x sin x cos x cos x 


1 1 
= ( )( Simplify inside parentheses 


cos x/ \ cos x 
1 2 . . 
= 2 = sec’ x Simplify 
cos* x 


[AW Check It Out 2: Simplify this expression by writing it in terms of sin x and cos x only. 


(sec x cot x)(sin? x) 
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Bante 3 Verify an Identity by Reducing to Sine and Cosine Functions 


Verify the following identity. 
(sec x + tan x)(1 — sin x) = cos x 
Solution We begin with the left-hand side of the equation: 


(sec x + tan x)(1 — sin x) 


1 sin x : 1 sin x 
= ( + Jo sin x) Use sec x = and tan x = 
cos x 


cosx  cosx cos x 
1 + sinx : : o> . 
= | ———— ](1 - sin x) Add expressions with like denominators 
cos x 
1 — sin? x ' 
= Multiply 
cos x 
cos” x a ‘ 
= = Cos x Use 1 — sin” x = cos* x 
cos x 


[A Check It Out 3: Verify the following identity. 


(csc x + cot x)(1 — cos x) = sinx © 


Note You cannot verify an identity by substituting just a few numbers and 
noting that the equation holds for those numbers. The identity must be verified 
for all values of x in the domain of definition, and this has to be done 


algebraically. 
Just in Time Algebraic Methods for Verifying Identities 
Review factoring techniques Another useful strategy for verifying identities is to factor an expression in order to 
in Section P85. if simplify it. 


“ 


Strategy 2 Factor 


Apply a factoring technique, if possible, to a given expression. 


Bante 4 Factoring to Help Verify an Identity 


Verify the following identities. 
(a) cos? x sin x — cos* x sin x = cos? x sin? x 


(b) tan? x = tan x sec? x — tan x 


> Solution 
(a) Starting with the left side, 
cos’ x sin x — cos* x sin x = cos” x sin x(1 — cos? x) Factor out cos* x sin x 
= cos’ x sin x(sin? x) Use 1 — cos* x = sin? x 


= cos” x sin? x. Multiply 
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(b) Starting with the right side, 


tan x sec? x — tan x = tan x(sec? x — 1) Factor out tan x 
= tan x tan? x Use sec? x — 1 = tan*x 
= tan’ x. Multiply 


LW Check It Out 4: Verify that csc? x = csc x cot? x + csc x. 


The next strategy consists of transforming the numerator and denominator of a 
fraction. 


[zonal 5 Obtaining a Difference of Squares 


Verify the identity 


cosx 1 — sin x 
1+ sinx cosx 


Solution The expressions are already written in terms of sine and cosine. Because 
1 — sin’ x = cos’ x, multiply the numerator and denominator of the expression on the 
left side by 1 — sin x. 


cos x cos x 1 — sinx 


1+sinx 1 + sinx 1 — sin x 
_ cos x(1 — sin x) 
(1 + sin x)(1 — sin x) 


Write as one fraction 


cos x(1 — sin x) bie! 
SS —, uITI 
1 — sin? x ne 


cos x(1 — sin x) 3 5 
= — a = = Use 1 — sin“ x = cos*x 
cos’ x 


1 — sin x 
= —— Simplify 
cos x 


[AW Check It Out 5: Verify the identity 


tan x secx — 1 
= | 


secx + 1 tan x 


The next example illustrates Approach 2—working with the expression on each 
side of the proposed identity separately, until the two sides have been transformed into 
the same (third) expression. 


558 Chapter 7 © Trigonometric Identities and Equations 


[ema 6 Working with Both Sides of the Equation 


Verify the identity 


cos x 
sec x + tan x = ————_. 
1 — sin x 
Solution We will work with both sides of the equation in this example. Write the left 
side in terms of sine and cosine. 


1 sin x 
+ 


sec x + tanx = 
cos x cos x 


_ 1+ sinx 
cos x 
Now transform the right side. 
cosx — cosx (1 + sin x) 


l1-—sinx 1-sinx (1+ sinx) 


_ cos x(1 + sin x) 


a) Write as one fraction 
1 — sin“ x 


cos x(1 + sin x) au : 
= Use 1 — sin“ x = cos*x 


cos? x 
1 + sin x 


= —_—— Simplify 
COS Xx 


; 1 + sinx ‘ ae ‘ 
Because both sides are equal to eas | the identity is verified. 


[AW Check It Out 6: Verify the identity 


1 — cost tan? t 


cost 1+secr 


You may be able to use several different ways to correctly verify an identity, as long 
as each step is valid and you proceed logically from one step to another. When verify- 
ing an identity, it is important to remember that you cannot proceed as though equal- 
ity holds; you must prove that it holds. You cannot simply move terms from one side of 
the proposed equation to the other just because you see an equals sign! 


7.1 Key Points 


To verify a trigonometric identity: 
» Write in terms of sine and cosine. 
» Factor expressions when possible. 


» Multiply the numerator and denominator of a fraction to obtain a difference of 
squares. 


» Work both sides of an equation separately until they equal the same quantity. 


7.1 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercise 1-4, completely factor each expression. 


1. 4x? — 9 2.07 + 4x + 4 


3. 9x? — 81 4. 2x” — 16x + 32 


In Exercises 5—8, completely simplify each expression. 


a ,.2 4 
“l+x« 1l-x “x-2 x+2 
5 3 7 4 

7. + 8. 
s= 1 I} 96 x= 2 2; 9% 


» Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 9-14, show that the given equations are not identities. 


9.cos x = 0.5 
10.tan x = 1 


1l.sin(x + 7) = sin x + sin 7 


7 7 
12. cos| x cos x — cos 
2 2 


13. sin 2x = 2 sin x 
14. cos 2x = 2 cos x 


In Exercises 15-20, write each expression in terms of sin x and/or 
cos x only. 


15. cot x csc x 16. csc? x 
tan? x 

Vie 18. sec x cot x 
sin x 


19. sec? x — 1 20.1 — tanx 


In Exercises 21-26, factor the given trigonometric expressions 
completely. 


21.sin x + sin x cos x 22. tan? x — sec x tan x 


23.1 — sin? x 24. sec? x — tan? x 
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25. sin? x — cos? x 26.sin* x — 1 


In Exercises 27-80, verify the given identities. 
27.tan x csc x = sec x 28. cot x sec x = csc x 
29.sin x + cosx cotx =cscx 30.cosx+tanxsin x=secx 


31.sec? x(1 — sin? x) = 1 32. csc? x(1 — cos” x) = 1 


33. sin?(—x) + cos?(—x) =1 34. sin?(—x) + cos? x = 1 


35. (sec? x — 1)cot?x = 1 36. (csc? x — 1)tan? x = 1 
cot x tan x . 

31. = cos x 38. = sin x 
csc x sec x 


39. sin? x sec x = sec x — cos x 
40. cos? x csc x = csc x — sinx 
41. (cos x + sin x)? — 2 sinx cos x = 1 


42. (cos x — sin x)? + 2 sinx cos x = 1 


1+ sin x 
43.sec x + tan x = ———— 
cos x 
sin x 
44. csc x + cot x = ————_ 
1 — cosx 


45. cos’ x = cos x — cos x sin” x 
46. sin’ x = sin x — sin x cos? x 


47.sec x cos? x = 1 — sin’ x 


3 1 + tan? x 
48. sec? x = ———_ 
cos x 
1 1 5 
49, = 2 csc’ x 
1 + cos x 1 — cosx 
1 1 e 
50. 2 csc” x COS x 
1 + cos x 1 — cos x 


sin x — sin(— x) 
D1, 5 = 2cscx 
1 — cos* x 
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cos x + cos(—x) 71. cot x + tan x = sec? x cot x 
52. a = 2secx 
1 = sine ¥ 
: sin x cos x 
2 2 72.sin x + cos x + sec x + csc x 
53 sec’ x sec” x — sec x tan x cot x tan x 
“1+ sinx cos? x 
sec?x—1  secx esc?x—1  cscx 
5 2 71356 = 7A. = 
54 csc x — CSC’ xX ~ CSC X cot x tan x CSC Xx cot x sec x 
“1+ cos x sin’ x 
sin x cosx—sinx cotx—1 
2 a) a) 1). 1+ cosx 76. % 
55.cos* x — sin* x = 1 — 2 sin* x csc x — cot x cosx+sinx cotx+l1 
56.sec? x + tan?’ x = 1 + 2 tan? x 77.acsc? x(1 + cos x)(1 — cosx) =a 
57.tan x + cot x = sec x csc x 78. b(sec x — tan x)(sec x + tanx) =) 
58.tan x — cot x = sec x csc x — 2 cos x csc x 79. 1n |tan x| = —In |cot x| 
59. cos* x — sin* x = cos” x — sin? x 80. In |sec x| = —In |cos x| 


60. cot® x — tan’ x = csc? x — sec? x In Exercises 81-86, use a graphing utility to graph each side 


of the equation and decide whether the equation is an identity. You 


tan? x — 1 : need not verify the ones that are identities. 
61.—_—__,.— = 2 sin? x — 1 
1 + tan” x 8l.sin(x + 7) =sinx + 7 82. cos 2x = 2 cosx 
2 
62 cot er ee 83. cos 2x = 1 — 2 sin? x 84. sin 2x = 2 sin x cos x 
“1+ cot? x 
85. sin(x — 77) = sin x 86. cos(x + 7) = —cos x 


63. csc? x + sec? x = csc? x sec? x 


Concepts This set of exercises will draw on the ideas pre- 


64.1 — tan* x = sec? x(1 — tan? x) : : : 
sented in this section and your general math background. 


65. sec’ x — tan? x = sec? x + tan? x 87. Explain why sin x = V1 — cos” x is not an identity. 
66.1 — sin? x = cos” x + cos? x sin? x 88. What values of x satisfy the equation sin x = cos x? 
1 2 89. Does the identity tan x cos x = sin x hold for x = =? Why 
67. = Csc" x= Cot x csc x 2 
1 + cos x or why not? 
1 of 90. Does the identity csc x sin x = 1 hold for all real values of 
68. : sec” x + tan x sec x 
1 — sin x x? Why or why not? 
a) 
>» . 1—cosx Use a graphing utility to find an equivalent expression 
69. (csc x — cot x)* = —————_ 2 
1 + cos x for cos (x = 7). 
1 — sinx 


70. (sec x — tan x)? = - 
+ sin x 
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7.2 Sum and Difference Identities 


Objectives 


> Know sum and difference 
identities for sine, cosine, 
and tangent 

> Use sum and difference 
identities to find exact 


values of trigonometric 
functions 


> Use sum and difference 
identities to derive other 
identities 


Discover and Learn 


Compute cos( a + <) and 

cosa + cos (7), Are they equal? 
Is it true that cos(x + y) = 
cos x + cos y for all real 
numbers x, y? 


Technology Note 


We can confirm the result 
of Example 1 by seeing that 
the graphs of the functions 
Y, = cos(x + 7) and 

Y> = —cos x are identical. 
See Figure 7.2.1. 


Keystroke Appendix: 
Section 15 


Figure 7.2.1 
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Some of the most important identities give the relationships between the sine, cosine, 
or tangent of a sum (or difference) of a pair of real numbers and certain trigonometric 
functions of those numbers. These identities are in turn used to derive other identities, 
as seen in later sections. 

The sum and difference identities are stated as follows. 


Sum and Difference Identities 
sin(a + b) = sinacosb+ cosasinb 
sin(a — b) = sinacos b — cosasinb 
cos(a + b) = cosacos 6 — sina sin b 


cos(a — b) = cosacosb + sina sin b 


tana + tan b 


t + b) = 
ane ) 1 — tan atanb 


tan a — tan b 
1 + tan atan b 


tan(a — b) = 


These identities are proved at the end of this section using techniques in analytic 
geometry. Our focus now is on using the identities in various contexts. 


Note The sum and difference identities for sine and cosine are important 


enough to commit to memory. You may have noticed that sin(a + b) is written 


as a sum of two quantities, whereas cos(a + b) is written as a difference of two 


quantities. A memory aid that is useful in preventing confusion between the 


two is “sine keeps the sign.” 


[eel 1 Rewriting cos(x + 7) _ 


Write cos(x + 7) in terms of only cos x. 


Solution Using the addition identity, with a = x and b = 7, we have 


cos(x + 7) = cos x cos 7 — sin x sin 7 
= (cos x)(—1) — (sin x)(0) Substitute cos 7 = —1and sina =O 
= —CcOs x. Simplify 


LW Check It Out 1: Write sin(x — 7) in terms of sin x. © 


The sum and difference identities can be used to compute the exact values of 
the sine and cosine of an angle that can be written in the form a + b or a — b, where 
a and b are numbers such that the exact values of sin a, sin b, cos a, and cos b 
are known. 
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Just in Time [eee 2 Finding Exact Values of Sine and Cosine (Radians) 


2 ; ee ee 7 
Review the cosine and Use the sum identities to find the exact values of sin() and cos(~2). 
sine of special angles in 
, : 2 2 3 
Sections 6.2 and 6.4. af Solution Write io as a sum of two quantities, io - z and a1 = me whose exact values 


of sine and cosine are known. 


iq 47 37 WT 


=—+ 
12 12 12 3 4 


Apply the sum identities for sine and cosine, with a = 3 and b= - 


_ (77 _ {aw 7 1t WT 
sin = sin + —_— = — + — 
12 3 4 12 Ke] 4 
= Sin cos ~ 4 cds sin Sum identify for si 
sin 3 cos Fi cos 3 sin ri um identify for sine 
V3\ (V2 1\(V2 
= + Substitute values for sine and cosine 
2 2 2 2 
V3-V2 V2 
= ——_ + — Multiply and add 
4 4 
V2(V3 + 1 
= te Factor out V2 
17 _ 7 i 7 
cos 7 cos 3 A 
= 7 in — sin — Sum identity f i 
cos 3 cos 4 sin 3 sin q um identity for cosine 
Le V3 Vv2 
= Substitute values for sine and cosine 
2 2 2 2 
V2-V3-V2 
= rl Multiply and add 
Vel V3 
= a Factor out V2 


[A Check It Qut 2: Find the exact value of tan =. | 


leaial 3 Finding Exact Values of Cosine and Tangent (Degrees) 


Find the exact values of cos 15° and tan 15°. 
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Solution Write 15° as 
15° = 45° — 30°. 
Apply the difference identity for cosine with a = 45° and b = 30°. 


cos 15° = cos(45° — 30°) 


= cos 45° cos 30° + sin 45° sin 30° Difference identity for cosine 
2 3 2\/1 
-_ v2\ (V3 7 v2 Substitute values for sine 
2 2 2 2 ; 
and cosine 

V6 V2 

= — + — Multiply and add 
4 4 
V6 + V2 


Combine terms 


Using the subtraction identity for tangent, 
tan 15° = tan(45° — 30°) 


__ tan 45° — tan 30° 
1 + tan 45° tan 30° 


Difference identity for tangent 


3 V3 
= Use tan 45° = 1 and tan 30° = “3 


[AW Check It Out 3: Find the exact value of sin 15°. & 


The next example shows how to find the sine and cosine of the sum of two angles 
a and b when a and b are not given explicitly. 


lame 4 Finding Exact Values of Sine and Tangent 


Given a, b in Quadrant III with sin a = -5 and cos b = -3, find the exact value of 
each of the following. 

(a) sin(a + b) 

(b) tan(a + 6) 
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>Solution 


(a) From the sum identity, 
sin(a + b) = sinacosb+ cosasin 6. 
Now determine cos a and sin 6. Using the Pythagorean identity, we find that 


cos? a+ sin? a= 1 


‘ 1/7 1 
cos*a+|—--] = Use sina = —— 
3 3 
2 1 ctl 
cos’ a + 9 =1 Simplify 
2 1 F 
cos’ a = 5 Subtract 5 eam both sides 
8 2V2 
cosa= + =e Take square root 
9 3 
Because a lies in Quadrant III, as seen in Figure 7.2.2, cosa< 0, and so 
cos a = ove 
3 
Figure 7.2.2 
vt 
an 
x 
(cos a, sin a) 
=(cos a, -%) 
Similarly, 
cos? b + sin? b = 1 Pythagorean identity 
Figure 7.2.3 
2) + sin? b= 1 U b : 
= > sin* b = =-—= 
ya 5 Se COS 5 
9 \2 
on) sin’ b = 1 Simplify 
b 16 
ans sin? b = — cube 
x 25 25 
: 4 
sin b = —= Take square root 
(cos b, sin b) 5 
=(—-3. si : : Mss : Z 
=i) We chose the negative sign because b lies in Quadrant III, as seen in Figure 7.2.3. 
We now have all the values necessary to calculate sin(a + 0). 
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sin(a + b) = sinacosb+ cosasinb Sum identity for sine 


1 3 a2 4 
= i “5 + os 5 Substitute values for sine and cosine 


Simplify 


+ tan b 
(b) tan(a + 6) = 


1 — tan atanb 


Now, 
od 
: ina 3 1 V2 
ana = = a a 
cos a 2/2 ano 4 
3 
and 
_4 
sin b 5} 4 
tan b 
cos b _— 3 
5 
So 
tana+tanb 
tan(a + b) = Sum identity for tangent 
1 — tan atanb 
v2.4 
. e Substitut I for t: dtanb 
ubstitute values for tan a and tan 
,_(¥2)\(4 
4 3 
3V2 + 16 
= Simplify t 
SS <=. Impil numeravor 
,_ (v2 : 
3 
3V2 + 16 
y Simplify d inat 
SS So Impil enominavor 
3-V2 j 
3 
3V/2 + 16 3 eee aie 
= . ewrive division aS Multiplication 
i, gaye 
3V2 + 16 
= ———_.. Simplify 
4(3 - V2) 


LW Check It Out 4: For a, 6 given in Example 4, find cos(a + b). & 
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Cofunction Identities 


The sum and difference identities can be used to establish the following cofunction 
identities. 


We show that sin(2 — a) = cosa. The other cofunction identities are proved simi- 


larly and are left as exercises. Using the difference identity, 


_ (7 _ 0 T , 
sin| — — a} = sin—cos a — cos— sin a 
2 2 2 


= (1)(cos a) — (0)(sin a) Substitute sin =1and cos =O 


= cos a Simplify 


lel 5 Verifying an Identity 


Verify the identity 
in{ x — — 
sin| x 5 


; = —cotx. 
sin x 
Solution Writing x — - as -( = x), we have 
: 7 . 7 
sin| x — —] = sin| -|-—— x 
(a 
= -sin( 2 = :) Use sin(—u) = —sinu 
= —COSs x. Cofunction identity 
Thus 
( *) 
sin| x — — 
2 cos x 
= - = —cotx. 
sin x sin x 
LW Check It Out 5: Verify the identity 
7 
csc| —— x 
2 2 
————— = sec’ x. 


COs x 


Technology Note 


You can graph both 
functions in Example 6 and 
see that they are identical. 
Change the line marker for 
the second graph so that a 
small circle traces nicely 
over the first graph. See 
Figures 7.2.4 and 7.2.5. 


Keystroke Appendix: 
Section 15 
Figure 7.2.4 


Plotl Plot2 Plot3 
\Y, BO.5sin(X)+(V 
(3)/2)cos(X) 


=aplls} 6.15 


-4 
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Sums of Sines and Cosines 


The sum and difference identities can be used to rewrite an expression involving 
cosine and sine functions as an expression involving just the sine function, as illus- 
trated in the next example. 


[ere 6 A Sum of Sine and Cosine Terms 


Let f(x) = 5sin x + 3 cos x. Find 6 in the interval [0, 27r) such that f(x) can be writ- 


ten in the form 
f(x) = sin(x + 6). 


Solution Use the sum identity 
sin(x + 0) = sin x cos 6 + cos x sin 6. 


Equating this expression for sin(x + @) with the expression for f(x), we have 
; Ly 
sin x cos 8 + cos x sin # = soe + — x. 


We must find the value of 6 in the interval [0, 27r) that satisfies this equation. Equat- 
ing coefficients of sin x gives 


9 1 
cos 6 = —. 
2 
Equating coefficients of cos x gives 
V3 
sin 9 = —. 
2 


The value of @ in [0, 27) that satisfies both of these conditions is 9 = x Thus the 


function sin(x + 2) is identical to the function f(x) = 3 Sin x + — cos x. 


[A Check It Out 6: Rework Example 6 for the case where f(x) = — sin x x2 cos x. 
The technique in Example 6 can be generalized to any expression of the form 
Asin x + Boos x. Start by writing 


Asinx + Bcosx = virB 


sin x 


A B 
SST + —=—_- cos x ]. 
VA + B? VA* + B? 


Next, determine @ such that 


B 
sin 0 = —=———.. 
VAP + B? 


and 


A 
cos 6 = ———— 
WAP + BP 


Because |—--— y + [a _ A __ Be 

VA? + B VA + B VA + B? VA? + B? 
unit circle and thus correspond to the cosine and sine of some angle 6, so 6 can always 
be determined. Therefore, we have 


A B 
Asinx + Bcosx = VA? + B?| ————— + —=—— cos x 
= VA’ + B? (cos 6 sin x + sin 6 cos x) 
= VA’? + B*sin(x + 6). 


y = 1, the coordinates ( lie on the 


sin x 
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This result is summarized as follows. 


leant 7 Writing as a Sum of Sine and Cosine 


Write the function f(x) = sin x — 5 cos x in the form C sin(x + 0), where 6 € [0, 27). 


Solution By the preceding identity for the sum of sines and cosines, 


C=VETE 


wis (4)- tS 


ey : = . 
CG fV5\ V5 
(“F) 
1 
»-28 ts. 
sin = cay Vs 
2 


Because cos 6 > 0 and sin 6 < 0, 6 is in Quadrant IV. Using a calculator, we find that 
1 

sin“'(—Z5] = —0.4636, in radians. Note that the inverse sine gives the angle in the 

fourth quadrant. Because @ € [0, 27), we have 0 = 27 — 0.4636 ~ 5.820. Thus 


f@) = NS six + 5.820). 


[A Check It Out 7; Write the function f(x) = sinx + cosx in the form Csin(x + 6), 
where 6 € [0, 277). 


A Calculus Application 


f(x + 


In calculus, the quantity fee ate for any real-valued function f and any number 


h # 0, is known as a difference quotient. It measures the average rate of change on the 
interval |x, x + h], which is one of the fundamental quantities studied in calculus. The 
sum identity can be used to simplify this quantity when / is a trigonometric function. 
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[anal 8 Calculus Application _ 


Let f(x) = cos x and h # 0. Express S#=9 —L@) 
and h. 


in terms of sin x, cos x, sin h, cos h, 


Solution Using the sum identity, we have f(x + h) = cos(x + h) = cos x cosh — 
sin x sin h. Therefore, 


f(x + h) — f(x) _ cosx cosh — sinx sinh — cos x 


h h 
cos x(cosh — 1) — sin x sinh 
~ h 
cosx(cosh—- 1) sinxsinh 
~ h h 


[A Check It Out 8: Rework Example 8 for the case where f(x) = sin x. Ml 


Proof of Sum and Difference Identities 


We now prove the sum and difference identities for sine and cosine. We first verify the 
difference identity for cosine. 


Figure 7.2.6 


VA 
PO y= 
(cos a, sin a) Ox), y) = 
(cos b, sin b) 


ay 


Difference Identity for Cosine By inspection of Figure 7.2.6 and application of the 
distance formula, we find that the distance PQ is 


PQ = V(x, - x)" + =a 


= V (cos a — cos b)? + (sin a — sin b)?. Use (x, y,) = (cos b, sin b), 
(Xz Yo) = (cos a, sin a) 


Now 

(cos a — cos 6)? = cos? a — 2 cos acos b + cos” b 
and 

(sin a — sin b)? = sin? a — 2 sinasinb + sin’ b. 


Substituting these results into the expression for PQ and then rearranging terms, we have 


PQ = V (cos? a — 2 cos acos b + cos” b) + (sin? a — 2 sina sin b + sin’ d) 


= V(cos? a + sin? a) — 2 cosacos b — 2 sinasin b + (cos? b + sin’ b). 
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Substituting cos” a + sin? a = 1 and cos? 6 + sin? b = 1 and then simplifying further, 
we obtain 


PQ =V1—-2cosacosb — 2sinasinb+ 1 
= V2 — 2(cos acos b + sin asin b). 


We can rotate the circle so that point Q is at (1, 0). The distance PQ will be the same, 
and P will be the point (cos(a — b), sin(a — b)). See Figure 7.2.7. 


Figure 7.2.7 


VA 
P(cos(a — b), sin(a — b)) 


Now we will be able to obtain an expression for cos(a — b). Letting t = a — b, we have 


PO = V(cost — 1)? + (sint — 0)? 
= Vcos?t— 2cost+ 1+ sin?t 
= V2 -—2 cost. Use sin? t + cos? t = 1 
Equating the two expressions for PQ gives 


V2 —2cost= V2 — 2(cosacos b + sina sin 6). 


Squaring both sides of this equation yields 
2—2cost=2— 2(cosacos b + sin a sin b) 


—2 cost = —2(cosacos 6 + sin asin b) 


Dividing by —2 and using the fact that t = a — b, we obtain the difference identity 
for cosine: 
cos(a — b) = cosacos b+ sin asin b 


Sum Identity for Cosine The sum identity for cosine follows by writing a + 6 as 
a — (6) and using the difference identity for cosine. 


cos(a + b) = cos(a — (—d)) 


= cos acos(—b) + sin a sin(—)) Apply difference identity for cosine 
= cos acos b + sin a(—sin b) Use cos(—b) = cos band 

sin(—b) = —sinb 
=cosacos 6 — sina sin b Simplify 


Sum Identity for Sine We next prove the sum identity for sine. We start from the co- 


function identity 
. 7 
sin u = cos| — — u 
2 
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which follows easily from the difference identity for cosine. Letting u = a + b, we get 


sin(a + b) = coo(Z —(at ») = coo(Z a ) = cos(( a) i). 


Then we use the difference identity for cosine, which gives 


cos( (3 a) ) = cos(Z a) cos b + sn(Z _ a) sin b 
(3 | 
cos| — — a] = sina, 
2 


which we obtain by letting wu = a in the cofunction identity sin u = cos(2 - u) that we 


Now 


used as the starting point for this proof. Letting u = 5 ain that same cofunction 
identity, we get 


[7 _ 7 7 _ T < = 
sin 5 a cos 5 5 a cos 5 5 a cos a. 


Substituting these results, we obtain the sum identity for sine: 


sin(a + b) = sinacosb+ cos asin 6. 


Difference Identity for Cosine Writing a — b = a + (—8), we also get the difference 
identity for sine: 


sin(a — b) = sinacos 6 — cosasin b 


The details of the latter proof are left as an exercise at the end of this section. 


7.2 Key Points 


» Sum and difference identities 
sin(a + b) = sinacos 6+ cos asin b 
sin(a — b) = sinacos b — cosasinb 
cos(a + b) = cosacos 6 — sin asin b 
cos(a — b) = cosacos 6+ sin asin b 


tan a + tan b 


t +b) = 
ant? ) 1 — tan atan b 


tan a — tan b 
1 + tan atan b 


tan(a — b) = 


» Cofunction identities 
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7.2 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1—6, find the exact value of each expression. 


_ 0 7 
1. sin — 2. tan — 
6 3 
57 . 17 
3. cos| ——— 4. sin} ——— 
4 3 
5. cos 330° 6. cos 240° 


® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-20, find the exact value of each of the given 
expressions. 


T ., T . 7 
7. cos — sin — 8. cos — sin — 
3 6 6 3 
: . 7 7 7 
9. sin 7 sin — 10. cos — cos — 
3 2 6 
. w\ . 7 7 7 
11.sin| —— } sin — 12. cos{| —— } cos — 
3 3 6 4 
13. sin(45°) sin(30°) 14. cos(45°) cos(30°) 
15. sin(—45°) cos(30°) 16. cos(—30°) sin(45°) 


7 . oo _ 7 _ 7 
ECOSOC 5 a SUE SIN 18. cos a, an 


19. sin(30°) cos(45°) — cos(30°) sin(45°) 
20. sin(45°) cos(30°) + cos(90°) sin(90°) 


In Exercises 21—38, find the exact values of the sine, cosine, and 
tangent of the given angles. 


llqv 27 @ 57 TT 7 

2D er erm Ce 22,—- =—4+— 

12 3 4 12 4 6 
7 T 7 5a Ww 27 
23.=—— ES FS SS 24, -—— = — —- — 
12 4 3 12 4 3 
30 7 Aq 7 
25.— = 7 - — 26.-——— = ar HS SS 
4 4 3 3 


137 77 
21> 28.— 

12 6 

77 197 
29, —— 30.— 

12 12 
31. 240° 32,—-135° 
33. 75° 34. —210° 
35. 105° 36. —165° 
37. -195° 38. —75° 


In Exercises 39-42, verify the given cofunction identities. 


7 . 7 
39. cos” = a) = sina 20.10n(3 a 2) = cota 


7 7 
4l. se( 2 = 2) =csca 42. ese(Z = a) = seca 


In Exercises 43-48, given a, b in Quadrant IV with sin a = -: 
and cos b = a find the exact values of each. 


43.cos(a + b) 44. sin(a + b) 


45.tan(a + b) 46. cot(a + b) 


7 7 
47.cos| a+ — 48. csc| b — — 
2 2 


In Exercises 49-54, given a, b in Quadrant II with sin a = : and 


cos 6 = 1 find the exact values of each. 
49. cos(a — b) 50. sin(a — 6) 
51.tan(a — b) 52. cot(a — b) 


: 7 7 
53.sin| a + — 54.sec| b — — 
2 2 


In Exercises 55-62, write the given functions in the form 
C(sin(x + 6)), where 0 € [0, 27). 


2 2 
55. f(x) = Re sin x + =a 808 x 


3 1 
56. f(x) 5 sin x + 7B COs x 


57.f(x) =3sinx — 4cosx 58.f(x) = 5 sinx + 12 cos x 


59. f(x) = —sin x + cos x 60. f(x) = —2 sin x — 2 cos x 


61. f(x) = sin x — V3 cos x 


62. f(x) = V2 sinx + V7 cos x 


In Exercises 63-68, write in terms of a single trigonometric function 


of just x. 
30 
64. cos| x + rc 


65.sin(x + n7r), n odd 66. cos(x + n7r), m even 


7 7 
67. tan| x + — 68. tan| x — — 
2 2 


In Exercises 69-82, prove the given identities. 


63. sin(x — 77) 


69. cos(x + x) = cos? x — sin? x 
70. sin(x + x) = 2 sin x cos x 
71.tan(a7 — x) = —tan x 


72.tan(a7 + x) = tan x 


T tanx + 1 
73.tan| x 4 = 


1 — tan x 


75. COs 


74.1an(Z — x) 
( 


76. sin 


77. sin 


7 7 
78. cos x cos| x 


79. cos(x + y) + cos(x« — y) 


2 cos x cos y 
80. sin(x + y) + sin(x — y) = 2 sin x cos y 
81. sin(x + y) sin(x — y) = sin’ x cos” y — cos? x sin? y 


82. cos(x — y) cos(x + y) = cos? x cos? y — sin? x sin? y 
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In Exercises 83-88, find the exact value of each expression. 


1 1 
83. sin( cos 0 — sin™! i) 84. cos( sin 0+ cos! i) 


85. cos| sin”! 2 + Bus 86. sin| cos! = ames 
: 5 2 : 5 2 


7 4 ee, 7 
87.tan{| — + cos © = 88. tan| sin“ = — — 
4 5 5 4 


» Applications In this set of exercises, you will use sum 
and difference identities to study real-world problems. 


89. Simple Harmonic Motion The displacement of a mass 
suspended on a spring, at time ¢, is given by g(t) = 
a sin t + 3 cos t. Find c in the interval [0, 27r) such that 


g(t) can be written in the form g() = sin(z + c). 


90. Simple Harmonic Motion When a mass is suspended on 
a spring, its displacement at time ¢ is given by 
g(t) =} sin t — cos t. Find c in the interval [0, 277) such 
that g() can be written in the form g(a) = sin(t + c). 


91.Radio Waves The wave form for a radio device is 
fwo= sin(3007x + 7), Find A, B, C, and D such that 
f(x) =A sin Bx + C cos Dx. 


92.Radio Waves The wave form for a radio device is 
f@ = sin(200zx + ). Find A, B, C, and D such that 
f(x) =A sin Bx + C cos Dx. 


93.Calculus Let f(x) = cos 2x 
fa +h) — f® 
h 


and h#0. 


in terms of sin 2x, cos 2x, sin 2h, cos 2h, 


Express 


and h. 


94.Calculus Let f(x) =sin2x and 
fe +h) ~ f® 

h 

and h. 


h#0. 


in terms of sin 2x, cos 2x, sin 2h, cos 2h, 


Express 


95. Circuit Theory When current in an electrical circuit is in 
the form of a sine or cosine wave, it is called alternating 
current. Two alternating current waves, with wave forms 
(x) = 10 sin(507x) and y,(x) = 10 cos(507x), respec- 
tively, interfere with each other to produce a third 
wave whose wave form is y(x) = 4,(x) + 3(x). Find 
the exact value of the positive number A and the number 
cin [0, 277) such that y(x) = A sin(507x + c). 
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96. Circuit Theory In an electrical circuit, voltages are in the 
form of a sine or cosine wave. Two voltages, 
Vi@® = 100 sin(1107t) and V4(2) = 150 cos(110772), are 
applied to the same electrical circuit. Find the positive 
number A and the number c in [0, 27) such that 
VQ =VUYO + YO =A sin(1107t + oc). 


97. Physics An object is thrown upward at an acute angle @ 
with respect to the horizontal. The object leaves the 
thrower’s hand at a speed of 64 feet per second. Its hor- 
izontal coordinate x is given by x = (64 cos 0)t, where x 
is in feet and ¢ is the time (in seconds) since the object 
was thrown. If x = 64/3 when t= 2V3, and the ex- 
pression for x can be written as x = (64 sin(@ — c))t for 
some c that 0° < @ — c < 90°, find the values of 6 and c 
(in degrees). 


98. Shadows One side of a 30-foot-high building (segment CD) 
casts a shadow over a region that depends on the height of 
the sun in the sky, which varies over the course of a day. At 
a certain time of day, the shadow encompasses the triangu- 
lar region ACD. At another time, when the sun is higher in 
the sky, the shadow covers only the smaller triangular re- 
gion BCD. As viewed from A and B, the angles subtended 
by side CD of the building are a anda + 8, respectively. If 
the distance from the base of the building (point C) to 
points A and B are 80 feet and 30 feet, respectively, what 
are the measures of angles a and B (in radians)? 


Ix 80 ft 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


99. Using a = b = x, find a formula for sin 2x. 
100. Using a = b = x, find a formula for cos 2x. 
101. Simplify: sin(a + 6) — sin(a — b) 

102. Simplify: cos(a + b) — cos(a — b) 


103. Using the identity for sin(a + b), verify that 


sin(a — 6) = sinacos b — cos asin b. 


104.Using the identities for sin(a + b) and cos(a + 6), 
verify that 


tana + tan b 


t + 6 . 
ane ) 1 — tan atan b 


105.Using the identities for sin(a — b) and cos(a — 6), 
verify that 


tan a — tan b 
1+tanatanb 


tan(a — b) 


7.3 Multiple-Angle Identities; Sum and Product Identities 


Objectives 

> Know and use double-angle 
identities 

> Know and use 
power-reducing identities 

> Know and use half-angle 
identities 

> Know and use identities 
relating products and sums 


sin 2x = 2 sin x cos x 


One of the most important applications of the sum identities from the previous section 
is the derivation of formulas for expressions such as sin 2x and cos 2x. These are called 
double-angle identities. We begin by showing how the identity for sin 2x is derived. 
First write sin 2x as sin(x + x). Applying the sum identity, we have 


sin 2x = sin(x + x) = sin x cos x + cos x sin x = 2 sin x cos x. 


A similar approach will yield identities for cos 2x and tan 2x. 


Double-Angle Identities 


: 2 tan x 
cos 2x = cos” x — sin? x tan 2x = 


; 1 — tan? x 
1 — 2sin? x 


=2cos?x — 1 


Figure 7.3.1 


Yt 


a 
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Note From the double-angle identities, we see that sin 2x # 2 sin x. Also, 


COS 2x # 2 cos x and tan 2x ¥ 2 tan x. 


(cos ¢, sin ft) 
1 
=(cosz, =7) 


ai 


eee 1 Calculating sin 2t 


. i sags 1 30 
Find sin 22 if sin t = - anda7w<t< ot 


Solution First, locate t on the unit circle as shown in Figure 7.3.1. Using the double 
angle identity, we have 


sin 2t = 2 sin t cos t. 


Next, determine cos ¢ using the Pythagorean identity cos? t= 1 — sin’ ¢: 


cos?t = 1 — sin? t Pythagorean identity 
1\ 1 
=1-{-— Substitute sin t = —— 
4 4 
x 1 15 
7 =1 Simplify 


16 16 
V5 


4 


cost=+ Solve for cos t 


30 ‘ : 
Because 7 <t< 32 COs tis negative, so 


4 
Therefore, 
sin 2t = 2 sin t cost Double-angle identity for sin 2t 

1 V15 

=2 Substitute values 
4 4 

V15 ee 
= Simplify 


[A Check It Out 1: Rework Example 1 for cos 2x. & 


Power-Reducing Identities 
Earlier, we stated the double-angle identity cos 2x = 1 — 2 sin? x. Solving for sin? x 
gives 


1.39 1 — cos 2x 
sin* x = ———— 

2 
Because this identity expresses a sine function raised to the second power in terms of 
a cosine function raised to the first power, it is called a power-reducing identity. 
Similarly, we can derive power-reducing identities for cos? x and tan? x. 
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Discover and Learn Power-Reducing Identities 
Derive the power-reducing identity an 1 — cos 2x 5 a COSH 3 a Il = GOS Dee 
for cos” x. eal 2 Soeetes D = 1 + cos 2x 


Note The power-reducing identities come up quite often in calculus, 0 you 
should commit them to memory. 


ears 2 Power-Reducing Identity for cos* x 


Express f(x) = cos*x in terms of constants and cosine functions raised to the first 
power. 


Solution Writing cos* x as (cos? x)(cos” x) and applying the power-reducing identity, 
we get 


f(x) = cos* x = (cos? x)(cos? x) 


1 + cos 2x \/ 1 + cos 2x Apply power-reducing identity 
= 2 2 to each factor 


_ 1 + 2 cos 2x + cas" 2x 
Z . 


Multiply and simplify 


Because we want each cosine function in the result to be raised only to the first power, 
we apply the power-reducing identity to the function cos” 2x. 


1 + cos(2(2x)) _ 1 + cos 4x 
2 2 


cos? 2x = 


Substituting this result into the expression for f(x) yields 


1 
1 + 2 cos ane SK + cos 4x) 


f(x) = 4 


1 1 1 
=a + 7 998 2x + a + cos 4x) Separate terms 


1 1 1 1 
— + 3 008 2x + a a 3 cos 4x Distribute 
+ 2x + : 4 Combine like t 
= > + >cos 2x + cos 4x. mbine li rm 
a5 : ombine like terms 


[A Check It Out 2: Express f(x) = sin’ x in terms of constants and cosine functions 
raised to the first power. 
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Half-Angle Identities 


The power-reducing identities can be used to derive another set of identities known as 
the half-angle identities. For example, 


oe 1 — cos 2u . 1 — cos 2u 
sin CS 5 : 


If we let 2u = x, then u = 5 Thus 


. #¥ /1 —cosx 
sin- = : 
2 2 
% 1 + cos 2u 1 + cos 2u 
cos a = > cosu= + — 5 ; 


If we let 2u = x, then u = * Thus 


x /1 + cosx 
cos- = : 
2 2 


x 


2 


Also, 


We can derive a similar identity for tan 


( x 
= Multiply numerator and denominator by 2 cos . 
64 x 
cos — 
( *) ( 


2 cos — 
2 
. % 
sin 2 (=) 
=—— Use double-angle identity for sine 
2 cos? — 
2 
sin x 
= Use power-reducing identity for cosine 
1+ cos x 
2 
sin x Simplify 
= m 
1 + cos x ae 


In the second step of the preceding derivation, if we instead multiply the numerator and 


‘ . x ‘ : x 1 — cos x 
denominator by 2 sin > We get the identity tan oe 


578 Chapter 7 © Trigonometric Identities and Equations 


_ 


Discover and Learn 


Derive the identity 


ee = dee casey 
2) 


= —=4 


eal 3 Using Half-Angle Identities to Find Exact Values 


Use the half-angle identity to find the exact value of 


177 
75° in —— 
(a) cos 75 (b) sin 2 


>Solution 
(a) Because 75° = ie 50°), use the half-angle identity for cosine with x = 150°. We next 


choose the appropriate sign in front of the radical. The angle 75° lies in the first quad- 
rant, where cosine is positive. Using the positive sign in front of the radical, we find that 


1 
cos 75° = cos( 4.150 
ee Gees 
2 


Ke} 
cos 150° = 2 


Combine terms in numerator 


= Divide 
= Simplify radical 
(b) Because — = (=), use the half-angle identity for sine with x = — The 


: 3 VAG cate . é : r 
terminal side of 2 lies in the third quadrant, so sine is negative. Thus 
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Now 


17 V3 
Substitute cos —— = ——_— 
6 2 
2 
== 3 Combine terms in numerator 
2+V3 
= —\/ —— Divide 
4 
V2+ 
= V2 4 V5. Simplify radical 


[W Check It Out 3: Find the exact value of sin =. |_| 


Identities Relating Products and Sums 


In some applications of trigonometric functions, it is convenient to write a product of 
trigonometric functions as a sum. In other applications, it is desirable to write a sum of 
trigonometric functions as a product. Thus, we introduce the product-to-sum identities 
and the sum-to-product identities. 

We first derive the product-to-sum identity for sin a cos b. To do this, we write the 
sum and difference identities for sine and then add them: 


sin(a + b) = sinacos 6+ cosasin b 


sin(a — b) = sinacos b — cosasinb 


sin(a + b) + sin(a — b) = 2 sin acos b 


Solving for sin a cos 6, we have 


1 
sin acos b= 7 sin + b) + sin(a — b)). 


We can derive identities for cos a sin b, cos a cos b, and sin a sin b similarly. 
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Technology Note 


In Example 4, graph 
Y, = sin 2x cos 3x and 


Yn = s(sin 5x — sin x) to see 
that they are identical. 
Change the line marker for 
the second graph so that a 
small circle traces nicely 
over the first graph. See 
Figure 7.3.2. 


Keystroke Appendix: 
Section 15 


Figure 7.3.2 


[== 4 Writing as a Sum of Sine and Cosine 


Write sin 2x cos 3x in terms of sine functions only. 


Solution Using the product-to-sum identity with a = 2x and b = 3x, we get 


1 
sin 2x cos 3x = 3 (sin(2x + 3x) + sin(2x — 3x)) 
i : 
= 3 ain 5x + sin(—.x)) 


1 
= 3 (sin 5x — sin x). Use sin(—x) = —sinx 


[A Check It Out 4; Write sin 3x sin 2x in terms of cosine functions only. 


[ema 5 Verifying an Identity 


Verify the identity 
1 
cos 4x cos 2x = 3 (cos 6x + cos 2x). 


Solution Using the product-to-sum identity for cos a cos 6, with a = 4x and b = 2x, 
we find that 


1 
cos 4x cos 2x = 3 (eos(4x + 2x) + cos(4x — 2x)) 


1 
= 3 (eos 6x + cos 2x). 


LW Check It Out 5: Verify the identity 


1 
sin 3x cos x = 3 (sin 4x + sin 2x). © 


We can also derive identities that express a sum of trigonometric functions as a prod- 
uct. These are called sum-to-product identities. To obtain the sum-to-product iden- 
tity for cos a + cos b, we start with the product-to-sum identity for cosine as follows: 


cos(x + y) + cos(x — y) = 2 cos x cosy 


Next, we make a careful choice of x and y in terms of a and b so that the left-hand side 
can be written as cos a + cos b. Let 


_atb a-—b 


x 5 and y= 5 


Then 


a+b a-b (a+b)+(a-b) at+bt+a-b 
xty= + = = =a 
2 2 2 2 
at+b GF 8 OPW 8) eT ae Py 


2 2 2 2 
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Substituting these results, we get 


at+b a-—b 
cos a + cos b = 2 cos 5 cos 3 . 


We can derive other sum-to-product identities in a similar manner. 


peer 6 Writing as a Product of Cosine and Sine 


Write cos 2x — cos 3x as a product of two trigonometric functions. 


Solution Using the sum-to-product identity for cosine, with a = 2x and b = 3x, 


we get 
2x + 3 243 
cos 2x — cos 3x = —2 sin bs : sin a ss 
2 2 
5x =x 
=.=9 Radin) Veep (peanut 
sin 3 sin 3 


-sa(S)a) sala 


[A Check It Out 6; Write sin 3x + sin 2x asa product of two trigonometric functions. 


7.3 Key Points 


» Double-angle identities 
sin 2x = 2 sin x cos x 
cos 2x = cos” x — sin? x 
=1-2sin’x 
=2cos*x — 1 


2tanx 
tan 2x = ——_,— 
1 — tan’ x 
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» Power-reducing identities 


ae 1 — cos 2x 

sin? x = ————_ 
2 

2 1 + cos 2x 

cos* x = ————_ 
2 

5 1 — cos 2x 

tan’ x = ————_ 

1 + cos 2x 


» Half-angle identities 


_ Xx /1 —cosx 
sin- = 
2 2 


x sin x 1 —cosx 
tan = 


2 1 + cosx sin x 


» Product-to-sum identities 


1 
sin a cos 6 = 3 (sin(a + 6) + sin(a — b)) 
: on : 
cos asin 6 = 3 (sin(a + 6) — sin(a — b)) 


1 
cos acos b = 3 (cos(a + b) + cos(a — b)) 


1 
sin asin b = 5 (cos(a — 6) — cos(a + b)) 


» Sum-to-product identities 


. F _fatb a-—b 
sin a + sin b = 2 sin cos 
2 2 


cosa + cos b= 2 eos( 


. ; at+b\ .fa-—b 
sin a — sin b = 2 cos sin{ ——— 
2 2 
b b 


cosa — cosb= —2 sn 


g 
+ 
i> 
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7.3 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1-8, let x be the angle (in radians) that satisfies the 


18 7 , 1 Z 
conditions O<x< 5 and sin x = 3" Find the exact value of 


each function. 
1. cos x 2. tan x 
3. sin 2x 4. cos 2x 
5. tan 2x 6. csc 2x 
7. sec 2x 8. cot 2x 


In Exercises 9-16, for the angle x (in radians) that satisfies the 
given conditions, use double-angle identities to find the exact val- 
ues of sin 2x, cos 2x, and tan 2x. 


9 agen 
‘COS X= >= — ahd WT x — 
5 2 


: 5 7 
10.sinx = — and—<x<7 
13 2 


1 
1ll.sin x = dee” 
2 2 
il 30 
12.cosx =— and —<x< 27 
4 2 
7 
13.secx—3and0<*%< > 
> 37r 
14.cscx = -—~ and — <x< 27 
3 2 
6 37 
15.sec x = —— and 7 < x < — 
5 2 


9 7 
16.csex = =and0<x<— 
7 2 


In Exercises 17—24, express the given functions in terms of constants 
and sine and/or cosine functions to the first power. 


17. cos? x 18. sin? x 


19. sin x cos? x 20. cos x sin? x 


21. sin? x cos? x 22. cos? x sin? x 


tan? x 


23. 24. sin x + cos? x 


sec? x 


In Exercises 25-32, use the half-angle identities to find the exact 
values of the given functions. 


7 oo 
25. cos — 26. sin — 
12 8 
137 . lla 
27. cos —— 28. sin —— 
12 
; 30 7 
29. sin| ——— 30. cos| ——— 
8 12 
51 
31.tan — 32. tan 7 


In Exercises 33-38, let 0 be the angle (in radians) that satisfies 
the conditions sin 0 = 2 and0 <60< ss and find the value of 


5 

each. 
. 0 6 
33. sin = 34. cos = 
2 2 
35:4 : 360 a 
. tan = C8e— 
2 2 
0 0 
37. cot = 38. sec = 
2 2 


In Exercises 39-44, let 0 be the angle (in radians) that satisfies 


the conditions cos 8 = -3 anda <@0< =, and find the value 
of each. 
. 0 0 
39. sin — 40. cos — 
2 2 
0 0 
41.tan — 42. csc — 
2 2 
0 0 
43. cot — 44. sec — 
2 2 
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In Exercises 45—50, write each expression as a sum of two trigono- 
metric functions. 


45.sin 4x cos 3x 46. cos 5x sin 2x 


47. sin 2x sin 6x 48. cos 6x cos x 
49. sin x sin 3x 50. cos 3x cos 5x 


In Exercises 51-56, write the given expressions as a product of two 
trigonometric functions. 


51.sin 2x — sin 3x 52.cos 4x + cos 3x 


53.cos 3x — cos 5x 54. sin 2x + sinx 
55.cos 5x — cos 2x 56. cos x + cos 3x 
In Exercises 57—76, verify the given identities. 


2 2 


57. sec? x = Ts coeee 58. csc? x = 
cos 2x 


1 — cos 2x 
59.2 cos? 2x = 1 + cos 4x 60. 2 sin? 2x = 1 — cos 4x 


2 2 


61. sec? 2x = senate 62. csc? 2x = 
cos 4x 


1 — cos 4x 
63. cos 6x = 1 — 2 sin? 3x 64. cos 8x = 2 cos? 4x — 1 
65. sin 6x = 2 sin 3x cos 3x 66. sin 8x = 2 sin 4x cos 4x 


67. sin(2x + 7) = —2 sin x cos x 
T ‘i 
68. cos(2 a =) = 2 sin x cos x 


69. cos 4x = 1 — 8 sin’ x + 8 sin’ x 
70. sin 4x = 4 sin x cos x(1 — 2 sin? x) 
71. sin 3x = sin x(4 cos” x — 1) 

72. cos 3x = cos x(1 — 4 sin? x) 

73.4 cos’ x — 2. cos x = cos 3x + cos x 


74.4 sin x cos? x = sin 3x + sin x 


75.tan( ~2) = cot x — csc x 


x 
76. cor(3) = cot x + csc x 


In Exercises 77-84, find the exact value of each expression. 


38 ; 2a 

77.cos| 2 cos * = 78. sin| 2 cos * = 
5 > 

a Ie eel seal 

79. sin{ 2 sin © — 80. cos|{ 2 sin © — 
2 2 

1 1 
82. cos?{ — cos”! = 
2 2 


1 V3 
84. tan?| — cos! — 
2 2 


» Applications In this set of exercises, you will use 
trigonometric identities to study real-world problems. 


85. Physics The horizontal range of a projectile fired with an 
initial velocity of 40 meters per second at an angle 0 is 

40 sin 26 
9.8 

known that sin 6 = 0.3 and @ is in the first quadrant. 


given by R= . Find R to four decimal places if it is 


86. Traveling Waves The expression sin(x + ct) + sin(x — ct) 
represents a traveling wave that is moving at speed c. 


(a) Write the expression in terms of a product of 
functions. 


Es 


(b) —) The function f(x, 2) = sin(x — 2 is a function of 
two variables, x and z, where x stands for position and 
t represents time. For a fixed value of ¢, sin(x — 2) isa 
function of x alone. For each of three fixed values 

of t (¢ = 0, t = 1, and t = 2), graph this function. 
What happens to the graph as t increases? 


87. Geometry Consider the triangle ABC shown in the figure. 
Sides AB and AC are both of length s, a is the angle be- 
tween them, b is the base of the triangle, and h is the height. 


(a) Express b in terms of s and sin(£). 


(b) Express / in terms of s and cos(S). 


(c) Use your answers to parts (a) and (b) to express the 
area of the triangle in terms of s and a product of 


. . . a 
two trigonometric functions of the angle (2). 


88. 


89. 
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(d) Use your answer to part (c) to express the area of 
the triangle in terms of s and sin a. 


(e) Use your answer to part (d) to find the exact value 


s 4 
of the area if s = 6 and tana = = 


Pendulum Motion A wooden bob is suspended from a 
piece of string of length L to create a pendulum. The 
accompanying figure shows two orientations of the pen- 
dulum (AC and AD) as it rocks from side to side. 
Another orientation of the pendulum, AE, shows the po- 
sition of the bob if the pendulum were completely still 
and the bob hung vertically. We can draw a horizontal 
line segment CD that connects the corresponding posi- 
tions of the bob. Point B is the midpoint of CD. Another 
vertical line segment, AB, can be drawn to show that AC 
and AD are mirror images with respect to AB. The angle 
between the two orientations of the pendulum is 0, and 
h represents the height of the bob above the vertical 
position it would assume (point £) if the pendulum hung 
vertically. (Note: The figure shows what /, the height of 
the bob, looks like when the bob is in position D.) 


(a) Express cos(s] in terms of L and h. (Hint: Use an 
appropriate right triangle.) 
(b) Express / in terms of cos(5) and L. 


(c) Use your answer to part (b) to find the value of if 
L = 6, sin 6 = 0.25, and @ is in the first quadrant. 


Electrical Engineering The wave forms for two waves with 
the same amplitude A and frequencies f, and f, are y,(t) = 
A sin(27f,t) and y,(t) = A sin(277f,2), respectively. If these 
waves travel through the same region, they interfere with 
each other to produce a third wave whose wave form is 
VO =NO + nO. 

(a) Express y(2) as the product of a constant B and a 
function g(t) such that g(4) is the product of a sine 
function and a cosine function. How does B 
compare to A? 
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(b) Use your answer to part (a) to give the wave form 
for the third wave in the case where A = 5, f, = 3, 
and f, = 9. 

(c) Using your answer to part (b), and the values of A, 
fi, and f, given there, find the exact value of y(5). 
Using the same values of A, f;, and f,, and the 
original expressions for y,(2) and (2), find the exact 


values of »x(;) and yal5). How does y(5) compare 


to.sn(5) + ax(5)? 


90. Construction Michelle and Rick Bonneau are building a 


patio along the back wall of their home. The patio is de- 
signed in such a way that its outer border is an arc of a cir- 
cle with center at point A and radius r, as shown in the 
aerial view in the accompanying figure. The angle a is be- 
tween radii AC and AD, point B is the midpoint of CD 
(which is of length 7), and BE (which is of length w) is 
perpendicular to CD. 


(a) Express sin(£) in terms of r and /. (Hint: Use an 
appropriate right triangle.) 
(b) Express r in terms of sin! A and I. 


(c) Use your answer to part (b) to find the value of r if 
1= 50, cos a = —0.4, and a is in the second 
quadrant. 

Qa 

2 

appropriate right triangle.) 


(d) Express cos( ) in terms of r and w. (Hint: Use an 


(e) Express r in terms of cos(¥) and w. 


(f) Use your answer to part (e) to find the value of r if 
w= 15, tana = 12, and a is in the first quadrant. 

(g) What is the value of a (in radians) if / = 40 and the 
distance from point A to point B is 20? 
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Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


91.Determine the constant A such that sin(7 + x) = 


A sin(a@ — x) is an identity. 


A cos(7 — x) is an identity. 


92.Determine the constant A such that cos(7 + x) = ats a—b 
sina — sinb= 2 cos( sin( 


93. Derive the following product-to-sum identity. 


1 
cos acos b = 3 (costa + b) + cos(a — 6)) 


94. Derive the following sum-to-product identity. 


2 


7.4 Trigonometric Equations 


Objectives 


> Solve basic trigonometric 
equations exactly 


> Find approximate solutions 
of trigonometric equations 


> Use identities to solve 
trigonometric equations 


> Use substitution to solve 
trigonometric equations 


> Solve applied problems 
involving trigonometric 
equations 


> Solve a trigonometric equa- 
tion using a graphing utility 


Figure 7.4.1 


h 10 in. 


In this section, we solve equations that contain one or more trigonometric functions. 
To see how such an equation might occur, we first examine an area problem involving 
a triangle. 


eral 1 An Area Problem 


Example 7 in Section 7.4 builds upon this example. + 


A metal plate is in the shape of a right triangle with a hypotenuse of 10 inches, as 
shown in Figure 7.4.1. Find an equation for the area of the triangle in terms of 0 if the 
area of the triangle is 20 square inches. 


Solution Use the area formula for a triangle, A = 5 bh. From the figure, we have 


b 
CORO ee COSY 


h 
sin 6 = —~=—>h= 10sin 0. 
10 
The area of the triangle is then given by 
1 1 
A= aon = ave cos 9)(10 sin 8) = 50 cos @ sin @. 


Because the area is 20 square inches, we have the following equation: 


50 cos 6 sin 6 = 20 


[A Check It Out 1: Rework Example 1 if the hypotenuse of the triangle is 12 inches and 
the area is 18 square inches. 


This section will introduce methods to solve equations such as the one given in 
Example 1. Solutions to trigonometric equations have properties that are not shared 
by many of the algebraic equations you have solved so far. Unless you are looking for 
a solution in a specific interval, a trigonometric equation usually has an infinite num- 
ber of solutions, because the trigonometric functions are periodic. Figure 7.4.2 shows 


1 ‘ ; 
the graphs of y = cos x and y = a The x values of the intersection of the two graphs 


, . 1 
are the solutions of the equation cos x = 5 


Technology Note 
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You can apply familiar algebraic techniques such as factoring and substitution, 
together with your knowledge of trigonometric functions and their identities, to solve 
trigonometric equations. 


Figure 7.4.2 


yh 


lea | 2 Solving a Basic Equation Involving Cosine 


Find all solutions of the equation 2 cos t — V3 = 0. 
Solution Solve for cos ¢ as follows: 
2 cost — V3 =0 Original equation 
2cost = V3 Add V3 to each side 


3 
cos t= a Divide each side by 2 


V3. 
We next find all values of t such that cos t = es Because 0 < cost < 1, we see that t 


must lie in the first quadrant or the fourth quadrant. Moreover, the equation cos t = os 
will have exactly one solution in the interval (0, 2) and exactly one solution in the 


interval (=, 2m). See Figure 7.4.4. 


Figure 7.4.4 


cos t= 3 


vla 


BY 


3 


wl 


cos t= 
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Figure 7.4.5 


Tv. : 7 V3 
In the first quadrant, t = @ sa solution, because cos a a In the fourth quadrant, 


ll7. ‘ 
t=——isa solution, because 


Because the cosine function is periodic with period 27, there are infinitely many 
solutions. Thus, the solutions of the equation 2 cos t — V3 = 0 can be summarized as 


7 ll7 
t=—+2nm7 and t=—+ 2n7 
6 6 


where 7 is an integer. You should check that these are solutions of the equation. 


[W Check It Out 2: Find all solutions of the equation 2 sint-1=0. © 


eit 3 Solving a Basic Equation Involving Tangent 


Find all solutions of the equation tant + 2 = —tant. 


Solution First use algebraic manipulation to get the two tan r terms on the same side 
of the equation, and then isolate tan t. 


tant + 2=-—tant Original equation 
tant +tanr+2=0 Add tan t to each side 
2tant+2=0 Combine like terms 
2tant= —2 Subtract 2 from each side 
tant = —1 Divide each side by 2 


Because tan t < 0, we see that ¢ must lie in the second quadrant or the fourth quadrant. 


: 3 7 j 
See Figure 7.4.5. Thus t = = and t= = are solutions. The tangent function has pe- 
riod 77, so the general solution can be written as 
30 
t=—+nT 


: r TH 3 : ‘ 
where 7 is an integer. Note that t = re included in the general solution because 


7 3 . : 
ra = = + a. You should check that these are solutions of the equation. 


[AW Check It Out 3: Find all solutions of the equation 2 cscx -4=0. © 


The exact values of trigonometric functions are known for only a handful of angles 
in any finite interval. In many cases, you will need to use a scientific calculator to find 
a solution. This is illustrated in the following example. 


leant 4 Solving an Equation with Multiple Angles 


Find all solutions of the equation 2 sin 3x — 1 = 0. 
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Solution First isolate the sin 3x term and then solve for sin 3x. 


2 sin 3x = 1 Given equation 


sin 3x = Divide by 2 


sin u = Substitute u = 3x 


5a 


6 


NIK ple ple 


‘ 3 5 7 F 1 : 
One value of u that satisfies sin u = = is u = z Also, sin — = ~ Because the sine 


function is periodic with period 277, we have 
7 51 ‘ 
u=3x= Ps + 2n7, u=3x= os + 2n7, nan integer. 
Solving for x, we get 


Tee aT 4 20m 
x= = 
18 3° 


n an integer. 


[A Check It Out 4; Find all solutions of the equation cos 2x + 1=0. 


eer 5 Solving an Equation with Approximate Solutions 


Find all solutions of the equation 3 sin t = 1. 


Solution Isolating the sin t term by dividing both sides by 3 gives 


ae, 1 
sint =. 
3 


The value of ¢ can be found only by using the key on a scientific calculator: 
t ~ 0.3398 In radians 


Technology Note 


The sine function is periodic with period 27, so for every integer n, t ~ 0.3398 + 2n7 


. : 1 
satisfies sin t = = 


There are still other solutions. Because sin(77 — t) = sin t, one of these is found by 
evaluating the expression 7 — t for t ~ 0.3398. See Figure 7.4.6. 


Figure 7.4.6 


(x5, 0.3398) (x;, 0.3398) 


el 


> 
x 


Intersection 
X = 2.8017557 LY = 1 


7 —t~ 7 — 0.3398 ~ 2.802 
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. ‘ P : : 1 
Thus for every integer 1, t ~ 2.802 + 2n7 is a solution of the equation sin t = - 


so the solutions of the equation 3 sin t = 1 can be summarized as 
t ~ 0.3398 + 2n7, t~ 2.802 + 2n7, nan integer. 


You should check that these are solutions of the equation. 


[W Check It Out 5: Find all solutions of the equation 3 cost= 1. © 


Note Example 5 shows that you must be careful when using the key 
on your calculator. The calculator will produce only the answer within the range of 


the inverse function. Other solutions, if they exist, must be found by locating 


angles in other quadrants. 


Using Identities and Factoring to Solve Equations 


We next illustrate the use of trigonometric identities to solve equations. 


[ema 6 Using a Double-Angle Identity to Solve an Equation 


Find the solutions of the equation 
sin 2x + cos x = 0 


that lie in the interval [0, 277). 


Technology Note ; 
> Solution 
For Example 6, the graph of 
Y, = sin 2x + cos x shows sin 2x + cos x = 0 Original equation 
that there are four zeros in 2 sin x cosx + cosx = 0 Use the identity sin 2x = 2 sin x cos x 
[0, 27). They can be found : 
using the ZERO feature. In cos x(2 sinx + 1) =0 Factor out cos x 
Figure 7.4.8, the zero at _ Using the zero product rule, we get 
is shown. : _ 3m 
Keystroke Appendix: cos x = 0=>x = 2? 2 
Sections 9 and 15 
d si iat . 1 Ta ila 
Figure 7.4.8 een he eS Be eG 
Thus the solutions of the equation sin 2x + cos x = 0 that lie in the interval [0, 277) 
are x = = 5 2, = You should check that these are solutions of the equation. 


[AW Check It Out 6: Find the solutions of the equation 


sin 2x — sinx = 0 


that lie in the interval [0, 277). © 


Figure 7.4.9 


10 in. 


Technology Note 


Zero 
X = 3.1415938 LY =0 
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[eal 7 Solution of the Area Problem 


¢-- This example builds on Example 1 in Section 7.4. 
Solve the equation 

50 sin 6 cos 0 = 20 
where 0 < 6 < 90°. 


Solution Recall from Example | that the solution of this equation yields a value of 6 
such that the triangle in Figure 7.4.9 has an area of 20 square inches. 


50 sin 6 cos @ = 20 Original equation 
25(2 sin 6 cos @) = 20 Rewrite to apply double-angle identity 
25 sin 20 = 20 Substitute sin 20 = 2 sin 0 cos 0 
4 
sin 20 = 5 Divide both sides of equation by 25 


20 = 53.13° Use key on calculator in degree mode 
0 = 26.565° Solve for 0 


[A Check It Out 7; Solve the equation 
72 sin 0 cos 6 = 18 
where 0 <6 < 90°. © 


If the given equation is in the form of a quadratic equation, use an appropriate 
substitution to solve it, as shown in the following example. 


eerie 8 Using Factoring to Solve an Equation 


Find all solutions of the equation 
sec? x + 3secx+2=0. 


Solution Note that this equation is in the form u* + 3u + 2 = 0, where u = sec x. 
Thus we first solve the equation uw” + 3u + 2 =0. 
w+3u+2=0 
(u+ 2)(u+1)=0 Factor 
u+2=0>3u=-2 Set each factor 
u+1=0>54u=-—-!1 equal to O 


1 1 
If u = —2, the sec x = —2. Because sec x = cae ee have = —2 => cos x = a 


COs Xx 


* ‘ : 20 
The solutions of the equation cos x= 5 can be summarized as ar + 2n77, 


4a n 2 
x= + 2n7r, where n is an integer. 


If u = —1, then sec x = —1. Thus 


= -1=>S cosx=—-l. 
cos x 
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Just in Time 


Review Pythagorean 
identities in Section 6.4. / 
_f 


Technology Note 


For Example 9, use the 
INTERSECT feature with 

Y, =2cosx + sin?x and 
Y = —2 to find the solution 
X = 7 in [0, 27). Limited 
resolution makes it look 
as though the intersection 
is along a line segment. 
However, there is only 
one point of intersection in 
[0, 277). See Figure 7.4.11. 


Keystroke Appendix: 
Sections 9 and 15 


Figure 7.4.11 


Intersection 


The general solution of the equation cos x = —1 is x = 7 + 2n7, where 7 is an 
integer. Accordingly, the solutions of the equation sec* x + 3 sec x + 2 = 0 can be 
summarized as 


27 


Aq 
By te te sala gL x= 7+ 2ntr 


where 7 is an integer. You should check that these are solutions of the equation. 


[W Check It Out 8: Find all solutions of the equation cos” x — cosx —- 2=0. Bf 


The next example illustrates the use of a Pythagorean identity to write an equation 
in terms of just one function. 


lena 9 Using a Pythagorean Identity to Solve an Equation 


Find the solutions of the equation 2 cos t + sin? t = —2 that lie in the interval [0, 27). 
>Solution 
2cost + sin? t= —2 
2 cost + (1 — cos?) = —2 
2cost + (1 — cos*2) +2=0 
—cos*t+2cost+3=0 


cos*t— 2cost -3=0 


Original equation 
Use sin?t = 1 — cos*t 
Add 2 to both sides 
Simplify 
Multiply by —1 
Let u = cos t. We then have the equation u*? — 2u — 3 = 0. Solving this equation yields 
ue — 2u-—3=0 
(u— 3)\u+1)=0. Factor 
Setting each factor to 0, we get 
u-3=0>9u=3 
uwt+1=0>94u=-1. 
In terms of cos t, we have 
cos t = 3 => no solution, because cos t cannot be greater than 1 


cost = -1=St=7. 


Thus t = 7 is the only solution of the equation 2 cos t + sin? t = —2 that lies in the 
interval [0, 277). You should check that this is a solution of the equation. 


LW Check It Out 9: Find the solutions of the equation sin t — cos? t = 1 that lie in the 
interval [0, 277). & 


The next example illustrates how a half-angle identity can be used to solve an 
equation. 


[ema 1 0 Using a Half-Angle Identity to Solve an Equation 


Find all solutions in the interval [0, 277) for the equation tan 5 = sin x. 
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Solution Substitute tan ~ = ——~— in the equation to get 
2 1 + cos x 
sin x : x sin x 
——_—— = Sin & tan = 
1+ cosx 2 1+ cosx 
sin x : 
sin x = 0 Subtract sin x from both sides 
1 + cos x 
. 1 
sin x{ 1 — ————— ] = Factor out sin x 
1+ cos x 
. 1 
sinx=0O or 1 ——-=0. Use the Zero Product Rule 
1 + cos x 


For the equation sin x = 0, the only solutions in [0, 277) are x = 0, 7. Solve the second 
equation as follows: 


1 


1- 7 ace: =0 Given equation 


(1+ cosx)-1 _ 


0) Combine terms with common denominator 
1 + cos x 
cos x Simplify 2 
——_ = implify numerator 
1 + cos x P 
cos x = 0 Set numerator to zero to solve. 
Tw 30 : . ; 
SS Find solutions in [O, 277) 
2 2 
7 30r ‘ ; : x 5 
Therefore, we have x = 0, 32 TM > as four possible solutions to the equation tan 3 = Sin x. 
. 7 . 
However, x = 7 cannot be a solution because tan = is undefined. The other three x 


2 
values satisfy the equation. Thus the solutions of the equation that lie in [0, 277) are 
a 30 
= 0; > 3° 


[W Check It Out 10: Find all solutions in the interval [0, 277) for the equation 
cot 5 =cscx. M 


Using a Graphing Utility to Solve Equations 


Thus far, the equations discussed could be solved by algebraic methods. However, 
many equations involving trigonometric functions can be solved only by using a graph- 
ing utility. 


Beant 1 1 Solving a Trigonometric Equation with a Graphing Utility 


Solve cos x = x” + 2x with a graphing utility. 
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Solution Graphing Y, 


cos x and Y, = x? + 2x in the same window and using the 


INTERSECT feature to find their intersections gives two solutions: x ~ —1.8507 and 
x ~ 0.3877. See Figure 7.4.12. 


Figure 7.4.12 


Intersection 
X = .38772ele2 | Y = .92577268 


Intersection 
X=-1.850717 LY =-.2762798 


-4 


The graphs intersect in only two places, because the graph of the cosine function 
simply oscillates between 1 and —1 while the graph of Y, = x? + 2x extends upwards 
to +0, Thus there are only two solutions to the equation cos x = x? + 2x. 


[AW Check It Out 11: Solve cos x = x with a graphing utility. © 


7.4 Key Points 


Some techniques for solving trigonometric equations: 


» Solve basic trigonometric equations exactly. 


» Find approximate solutions for trigonometric equations with a scientific calculator. 


» Use identities to solve trigonometric equations. 


» Use factoring to solve trigonometric equations. 


» Use a graphing utility to solve trigonometric equations. 


7.4 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1-4, complete each Pythagorean identity. 


2.sin?x = 1 —- 


1. + cos? x = 1 


= csc? x 


Il 
_ 


3. sec? x — 4.1+ 


In Exercises 5—8, solve each equation by factoring. 


5.x? — 3x -4=0 6.2x7 -x-1=0 


7.4x7 + 4x = -1 8.3x7 +x-2=0 


® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 9-22, find the exact solutions of the given equations, 
in radians. 


9.2sinx = —1 10. —2 cos x = V3 
ll.tanx —1=0 12.sec x = —V2 
13.csc xx = 2 14. cot x — V3 =0 
15. sin? x = 1 16. cos? x = 1 

1 
17. sin 2x = . 18. cos 2x = me 


19.cos4x + 1=0 20.sin 4x + 2 = 3 


21.tan 2x = -1 22.tan 3x = 1 


In Exercises 23-30, use a scientific calculator to find the solutions 
of the given equations, in radians. 


23.4 cos x = —3 24.3 sinx = 2 


3 
25.2 tanx = tanx + 3 SOSSECa TS 


27.12 + 3cscx =7 28. cot x — 2 = 2cotx 


29.4cscx-5=1 30.6 cotx +5 =0 


In Exercises 31-66, find the exact solutions of the given equations, 
in radians, that lie in the interval (0, 277). 


31.sin? x — sinx = 0 32. cos? x + cosx =0 


33. sin’ x = sin x 34. cos? x + cosx =0 


1 
35.sin? x = cosx + 1 36. cos? x = 3 


37.cos x — secx = 0 38.sin x — csc x = 0 


‘ T 7 
39. sin{| x — —] = 40.cos| x +—]=1 
4 4 


‘ T T 
11 sin( 2 + =) +1=0 12, c03( 3» _ 2) —-1=0 


43. sin? x + 2cosx = 1 44. sin x + cos?x = 1 
45.cos x = sec x 46.sin x — cscx = 0 
47.sin 2x = 2 cos x 48.2 sin x = sin 2x 


49.cos 2x + 3cosx-—1=0 50.cos2x —5 cosx —-2=0 


51.sec? x = 2 tan? x 52. csc? x = 2 cot? x 

53.tan?x + secx = —1 54. sec? x — tanx = 1 

55. cos 2x = —sin? x 56. cos? x — sin? x = 0 
x x 1 

57.tan| — ] = csc x 58.tan| — ] = —cscx 
2 2 2 


59.2 cos*x-—3cosx+1=0 60.4sin’?x+4sinx+1=0 


6l.tan?x — 2tanx+1=0 
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62.sec?x + 4secx+4=0 

63. sec? x — secx = 2 

64. csc? x + csc x = 2 

65. cot? x + cot x — V3 cotx — V3 =0 


V2 
66. sin? x + sin x 5 sin x 5 =0 


In Exercises 67-82, use a scientific calculator to find the solutions 
of the given equations, in radians, that lie in the interval (0, 27). 


67.4 tan? x = 1 68.3 sec? x =7 

69.3 sin? x — 5 sinx —-2=0 70.5cos?x+4cosx—1=0 
71.3 cos?x+cosx—-2=0 72.4sin?x —7sinx+3=0 
73.2 sin 2x + cosx = 0 74.3 sin 2x — 2 cosx = 0 
75.sin 2x = sin? x 76. cos 2x = cos? x 
77.csc? x — csc x = 20 78.sec?x — secx = 6 


79.4 tan? x — 4tanx = 3 80.5 cot? x — 3 cotx = 2 


81. sin’ x — cos’ x = 3 


82.10 tant x — 7 sec'x + 23 =0 


In Exercises 83—90, use a graphing utility to find the solutions 
of the given equations, in radians, that lie in the interval [0, 27). 


83. cos 2x = —x? 84.sin 2x =1-x 


85.tanx=x+2 86.secx = -—x + 1 


87.sin 2x = cos 2x 88. —sin x + x = cosx 


89. cos? x = sin x 90. sin? x = cos x 


» Applications In this set of exercises, you will use trigono- 

metric equations to study real-world problems. 

91. Physics The horizontal range of a projectile fired with an 
initial velocity of 70 meters per second at an angle 0 is 
given by 

70? sin @ cos 0 

4.9 


where R is in meters. At what acute angle must the 
projectile be fired so that the range is 300 meters? 


R= 
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92. 


93. 


94, 


95. 


96. 


Trigonometric Identities and Equations 


Air Travel A plane approaching Reagan International 
Airport is instructed to maintain a holding pattern before 
being given clearance to land. The formula 


d(t) = 80 sin(0.752) + 200 


can be used to determine the distance of the plane from 
the airport at time ¢ in minutes. To the nearest minute, 
how many minutes does it take for the plane to be 280 
miles away from the airport? 


Biorhythm The function 
2 
PQ) = 50 sin 1 + 50 
23 


is used in biorhythm theory to predict an individual’s 
physical potential, as a percentage of the maximum, on a 
particular day with t = 0 corresponding to birth. Find 
the day of greatest potential after the person’s 21st 
birthday (day 7670). 


Leisure The formula 
7 
h(t) = 125 sin( 20 = =) + 125 


represents the height above the ground at time z, in min- 
utes, of a person who is riding a ferris wheel. During the 
first turn, how much time does a passenger spend at or 
above a height of 200 feet? 


_ =| Navigation According to a report recently issued by the 
Army Corps of Engineers, on a particular day the function 


d(t) =4.5 sin( 2 ) +7 


where ¢ is in hours, t = 0 corresponds to 2:00 A.M., and 
d(Q) is in feet, may be used to predict the height of the 
Cape Fear river at one point near its mouth. If your boat 
needs at least a river height of 5 feet, find the first time in- 
terval in which it is unsafe for you to navigate that part of 
the river. 


Geometry A parallelogram has one side of length 10 
inches and a perimeter of 32 inches. 


> 


al 


lk 10 in. >| 


(a) Find the lengths of the other three sides of the 
parallelogram. 


97. 


98. 


99. 


(b) Write an expression for the area of the parallelogram 
in terms of the angle 0 which is formed by any pair 
of adjacent sides of the parallelogram and has a 
measure of at most 90°. 

(c) Show that for @ = 90°, the expression you found in 
part (b) for the area of the parallelogram is the formula 
for the area of a rectangle. 

(d) For what angle @ does the parallelogram have an 
area of 48 square inches? 


Geometry Consider a right triangle with a hypotenuse of 
6 inches. 


Hy 


(a) Show that the area of the right triangle is given by 
A(0) = 18 sin 6 cos 0. 

(b) For what value of 6 is A(@) = 8 square inches? 

(c) Without using a graphing utility, find the angle 0 
for which A(6@) is maximized. If your calculator is 
in RADIAN mode, convert your final answer to 
degrees. 


Daylight Hours The number of hours of daylight in 
Anchorage, Alaska, can be approximated by the function 


d(x) = —7.1 cos(0.0172x) + 12.27 


where x is the number of days since January 1. (Source: 
www.mathdemos.org) 


(a) For what value(s) of x will Anchorage have 18 hours 
of daylight? 
=) 


(b) == For what value(s) of x will the number of hours 
of daylight in Miami reach a maximum? 


Daylight Hours The number of hours of daylight in 
Miami, Florida, can be approximated by the function 


d(x) = —2.2 cos(0.0175x) + 12.27 


where x is the number of days since January 1. (Source: 
www.mathdemos.org) 
(a) For what value(s) of x will Miami have 13 hours of 
daylight? 
Ee) 
(b) ==) For what value(s) of x will the number of hours 
of daylight in Miami reach a maximum? 


100. Mechanics The amount of work done on an object by a 
force F when it causes the object to move in a straight 
line through a distance dis W = Fd cos 0, where @ is the 
angle between the direction of the force and the direc- 
tion of motion of the object. If F is given in pounds and 
d is given in feet, then Wis in foot-pounds. 

(a) If F = 10 pounds and d = 5 feet, for what 
acute angle 6 will the amount of work be 
40 foot-pounds? 

(b) If d > 0 and F > 0, for what value(s) of @ in 
[0, 277) is |W”| maximized? 

(c) Ifd > 0 and F > 0, for what value(s) of @ in 
[0, 277) is |W”| minimized? 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


101. Can you find the solution of sin x cos x = 1 by setting 
sin x = 1 and cos x = 1? Explain. 
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102. By sketching a graph, decide whether the equation 
sin x = x has an infinite number of solutions. 


= 


103. Use a graphing utility to find all the solutions of the 


equation cos x = x. 


104. What is the smallest nonnegative angle x (in radians) 


such that cos(* + *) =-—I1? 


105. Find all the values of x (in radians) that satisfy both of 
the equations 


2 7) x 
cos“ x — sin*x = —1 and tan() =-] 


106. Does the equation tan* x — sec*x = 0 have any solutions? 
Why or why not? 


Chapter 7 Summary 


Section 7.1 Verifying Identities 


Concept Illustration Study and Review 
Basic identities To verify Examples 1, 2 
Identities as ratios Aheateu= ce 
: Chapter 7 Review, 
tan x = = *. cot x = = as use the ratio and reciprocal identities: Exercises 1-4 
cos x sin x 
. . . cos x 1 
Reciprocal identities cot x sec x= — : 
sinx cosx 
1 
sec x = 3 csc x = 3 cotx = =— 
cos x sin x tan x sin x 
Pythagorean identities = CSC X 
cos’ x + sin? x = 1; 1 + tan? x = sec? x; 
1 + cot? x = csc? x 
Negative-angle identities 
cos(—x) = cos x; sin(—x) = —sin x; 
tan(—x) = —tan x 
Summary of strategies for verifying identities To verify Examples 3-6 
1. Write in terms of sine and cosine east a sin' + = cost eS Sine ; 
: : Chapter 7 Review, 
2. Factor expressions when possible ‘ 
; F factor to get Exercises 5-14 
3. Multiply the numerator and denominator 
of a fraction to obtain a difference of cos? x — sin* x 
squares: = (cos? x + sin? x)(cos” x — sin? x) 
4. Work both sides of an equation separately = (1)(cos? x — sin? x) 
until they equal the same quantity 
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Section 7.2 Sum and Difference Identities 


Concept 


Illustration 


Study and Review 


Sum and difference identities 
The following sum and difference identities 
are very important and should be 


sin(75°) 


memorized. 
sin(a + b) = sinacosb+ cosasin 6 
sin(a — b) = sinacos b — cosasin b 
cos(a + 6) = cosacos b — sin asin b 


cos(a — 6) = cosacos 6 + sinasin b 


tana + tan b 


tan(a + b) 


1 — tan atan b 


tan a — tan b 


tan(a — b) 


1+ tanatanb 
Cofunction identities 
The following cofunction identities are 


quickly derived from the sum and difference 
identities. 


- (| 7 T , 

sin} — — a] =cosa cos|——a]=sina 
2 2 
7 7 

tan| — — a] =cota cot{|~—a]=tana 
2 2 

se = a) =csca ce = a) = seca 


wis 
wla 


Section 7.3 Multiple-Angle Identities; Sum 


Concept 


Illustration 


sin(45° + 30°) 

sin 45° cos 30° + cos 45° sin 30° 
VA\IV3\ of V2\f 1 

CAYCE) AG) 

_V6+ V2 

4 


Examples 1-4, 6-8 


Chapter 7 Review, 
Exercises 15-28 


Example 5 


and Product Identities 


Study and Review 


Double-angle identities 
These can be quickly derived from the 
respective sum identities. 


sin 2x = 2 sin x cos x 
cos 2x = cos’ x — sin? x 
=1-—-2sin’x 
=2cos*x—-1 
2 tan x 
tan 2x = ———,— 
1 — tan* x 


: 7 _ 7 7 
sin 2 = 2 sin — cos 
( 6 6 6 


Example 1 


Chapter 7 Review, 
Exercises 29-32 


Continued 
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Section 7.3 Multiple-Angle Identities; Sum and Product Identities 


Concept Illustration Study and Review 


To write sin? x + cos x in terms of first 


Power-reducing identities j . Example 2 
These identities are extremely useful in powers of the cosine function: 
calculus and should be memorized. 1 — cos 2x Chapter 7 Review, 
3 + cos x Exercises 33, 34 
2 1 — cos 2x 
= oe) _ 1—cos 2x + 2 cos x 
2 1 + cos 2x 2 
cos’ x = ———_——_ 
2 
2 1 — cos 2x 
tan” x = ———_ 
1 + cos 2x 


Half-angle identities . 1 + cos 30° Example 3 
cos 15 5 
sin a= zy] a= eee Chapter 7 Review, 
2 2 


Exercises 35-38 


wea NS. 


rs 


x sin x 1 — cos x = 
tan — = = , 2 
2 1 + cos x sin x 
We chose the positive sign because 15° is in 
the first quadrant. 
Product-to-sum identities cos x cos 2x Examples 4, 5 
1 
‘ = ; : = 1 
sin a cos b = 3 (sin(a + b) + sin(a — d)) = (cos(x + 2x) + cos(x — 2x)) Chapter 7 Review, 
l Exercises 39, 40 
ee F ; 1 
cos asin 6 = 5 (sin(a + 6) — sin(a — 6)) = . (cos 3x + cos(—x)) 
1 
cos acos b = 5 (cos(a + 6) + cos(a — 6)) = 1 (cos 3x + cos(x)) 
2 
1 
sin a sin b 5 (cos(a — b) — cos(a + b)) because cos(—x) = cos x. 
Sum-to-product identities sin 3x — sin x Example 6 


Q 


. : : a-—b = 
sina + sin b=2 sin( co( 5 = 2 cos (2 + *) sin(2 :) Chapter 7 Review, 
2 2 Exercises 41, 42 


= 2 cos 2x sin x 


cosa+cosb=2 co 


Q 


Q 
N+ wl+ WN] + 
= 
— ™ 
. Q 
° 
7 
ire a 
Q 
WO] | 
= 
So 


sina — sinb=2 cos( 


_fatb\ . fa-b 
cos a — cos b 2 sin sin 
2 2 
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Section 7.4 Trigonometric Equations 


Concept Illustration Study and Review 
Techniques for solving trigonometric equations | To solve the equation Examples 1-11 
1. Solve basic trigonometric equations (Seite th 
exactly 2 Chapter 7 Review, 
2. Find approximate solutions for isolate the sine term to get Exercises 43-58 
trigonometric equations with a scientific en 
calculator 


3. Use identities to solve trigonometric The solutions are 


equations 7 
4. Use substitution to solve trigonometric 2 2 + 2nr, n an integer. 


equations 


5. Use a graphing utility to solve 
trigonometric equations 


Chapter? Review Exercises 


Section 7.1 sec x + tan x 
. : . . . . 14. = —csc x 
In Exercises 1-4, write the given expressions in terms of sin x cos x — tan x — sec x 


and/or cos x only. 


1. sec? x cos x 2. tan x cos x Section 7.2 


In Exercises 15—18, write each expression as the sine or cosine of 
1 a single angle. 


3 5 4. cot x sec x 
csc” x ; ‘ 
15. sin 45° cos 30° + cos 45° sin 30° 


In Exercises 5—14, verify the given identities. 
sin? x 16. cos 150° cos 45° — sin 150° sin 45° 


5.1 + cos x = ———_ 
1 — cosx 


T 7 ek eee 
17. cos — cos — + sin — sin 
3 4 3 


6. sec’ x — tan’ x = sec” x + tan? x 


. 0 T To. 
18. sin — cos cos — sin 
6 4 6 4 


7. sin’ x = 1 — 2 cos*x + cos’ x 


8. sin? x cos” x = sin? x — sin* x ’ ; . . 
In Exercises 19-22, find the exact values of the sine, cosine, and tan- 


. . ent of the given angles. 
9. cos? x — sin'x = 1 — 2 sin’? x & f & e 


19. —105° 20. 195° 
10 : + : 2 csc” 
: csc” x 
= 1 
1+cosx 1-—cosx 21. at. 22. 3a 
12 12 
2 
11. ae eer COR Fees In Exercises 23-28, given a, b in Quadrant III with cos a = = 
1 — cos? x 1 — cos x . 5. , . 2 
and sin b = = find the exact values of the given functions. 
iv mew + corn = 1 + cos x 23. cos(a + b) 24. sin(a + 6) 
sin x 
25.tan(a + b) 26. cot(a + b) 
tan? x 
13, =secx-—1 


secx + 1 27. sin(a — b) 28. cos(b — a) 


Section 7.3 
In Exercises 29-32, let0<x< ; and let cos x = =. Find the 


exact value of each of the given functions. 


29.sin x 30. tan x 


31. sin 2x 32.cos 2x 


In Exercises 33 and 34, express each expression in terms of con- 
stants and the first powers of the sine and/or cosine functions. 


33. sin? x cos” x 34. sin? x cos” x 


In Exercises 35—38, use the half-angle identities to find the exact 
values of the given functions. 


30 36 7 
. COs | —— 
12 8 


35. cos — 


37. cos 15° 38. sin 75° 


In Exercises 39 and 40, write each expression as a sum of two 
trigonometric functions. 


39. sin 4x cos 2x 40. sin x sin 2x 


In Exercises 41 and 42, write each expression as a product of two 
trigonometric functions. 


41.cos 2x + cos 3x 
42.sin 5x + sin 2x 


Section 7.4 


In Exercises 43—46, find the exact solutions of the given equations, 
in radians. 


43.2cosx —-1=0 44.tan?x -1=0 


45.secx = —2 46. sin x + sin? x + cos? x =1 


In Exercises 47-50, find the approximate solutions of the given 
equations, in radians, using a scientific calculator. 


47.3cosx = —2 48.5 sinx = 4 
3 
49.2 secx = secx + 2.5 a ae 


In Exercises 51-54, find the exact solutions of the given equations, 
in radians, in the interval [0, 27). 


51.2 sin? x = 1 52.sin?x + 2sinx =0 


53.cos?x — 2cosx =0 54.csc?x + 3cscxt+2=0 


In Exercises 55 and 56, use a scientific calculator to find the so- 


lutions of each equation that lies in the interval (0, 277). 


3 
55. sin? x = 5 56.tan? x — tanx = 6 


Chapter 7 = Review Exercises 601 


In Exercises 57 and 58, solve each equation using a graphing 
utility. 


57.2x + cosx = 0 58.x? — 2x = sinx 


Applications 


59. Mechanics The displacement of a mass suspended on a 


spring is given by g(x) = ae sin 2x — 3 cos 2x. Find c in 
the interval [0, 277) such that g(x) can be written in the 


form f(x) = sin(2x + c). 


60. Electricity A wave form for an electromagnetic wave is of 
the form f(x) = sin(1000 Tx — 2), Write f(x) as asum of 


a sine and a cosine function, each of which has no phase 
shift. 


61. Physics The horizontal range of a projectile fired with an 
initial velocity of 60 meters per second at an angle @ is 
given by 

607 sin 6 cos 6 

4.9 


where R is in meters. At what acute angle must the 
projectile be fired so that the range is 280 meters? 


R= 


=I 


62. Physics The horizontal range of a projectile fired 
with an initial velocity of 75 meters per second at an 
angle 0 is given by 
757 sin 0 cos 0 

4.9 


where R is in meters. At what acute angle must the 
projectile be fired so that the horizontal range is 
maximized? 


R= 


63. Optics A light ray travels through a vacuum and strikes a 
flat piece of glass at an acute angle a with respect to an 
imaginary line L perpendicular to the surface of the glass 
at the point of contact. On passing through the glass, the 
ray is refracted (bent). The relationship between the 
direction of the incoming ray and the direction of the 
refracted ray is given by sin a = n sin B, where B is the 
acute angle made by the refracted ray with respect to L at 
the point of contact, and 7 is a quantity known as the 
index of refraction, which varies from one type of glass to 
another. Find the value of 8 (in degrees) for each of the 
following sets of conditions. Round to four decimal places. 


6 

(jn = anda = 40° 
6 

(b) n = = and a = 30° 


7 
(c) = and a = 30° 
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64. Geometry A rectangle of horizontal dimension 8 cm and 
vertical dimension 6 cm is inscribed in a circle of radius 
rand center at point O, as shown in the figure. 


(a) What is the value of r? 
(b) What is the value of cos(%], where @ is the angle 


shown in the figure? 
(c) What is the value of 9 in degrees? 


Chapter 7 


Test 


In Exercises 1—4, verify each identity. 


cot? x 


cos x 
: =cscx-— 1 . ————_ = sec x + tan x 
csc x + 1 — sinx 
1 1 
s + = 2 cot x csc x 
secx + 1 secx— 1 


. 7 
4. sin(» + =) = cos x 


5. Write as the sine or cosine of a single angle: 


. 7 T Tt . 
sin cos + cos Siti; 
4 6 6 4 


In Exercises 6-8, find the exact value of each expression. 


lla 
6. cos| ——— 7. cos 165° 
12 
8. tan 255° 
In Exercises 9-11, given a, b in Quadrant II with cos a = 3 and 


sin b = = find the exact value of each of the following. 


9. sin(a + b) 10. tan(a — d) 
11. cos(a + 6d) 
In Exercises 12-14, lees <x < 7 and let cosx = -3. Find the 


exact value of each of the following. 


12. sin 2x 13. cos 5 


14. tan 2x 


15. Express in terms of constants and the first powers of 
sin 2x and/or cos 2x: sin’ x cos x. 


16. Write as a sum of two trigonometric functions: 
sin 3x cos 2x. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


25 


26. 


Write as a product of two trigonometric functions: 
cos 3x + cos 4x. 


Find exact values of all solutions of the equation 
2sinx—1=0. 


Find exact values of all solutions of the equation 
tan 2x + V3 =0. 


Find exact values of the solutions, in [0, 277), of the equa- 
tion 4 cos? x — 1 = 0. 


Find exact values of the solutions, in [0, 277), of the equa- 
tion sec? x — 3secx + 2=0 


Use a scientific calculator to find solutions, in [0, 27), of 
the equation 3 cosx + 1=0. Round your answer to 
three decimal places. 


Use a scientific calculator to find solutions in [0, 277), of 
the equation tan (5) = 2. Round your answer to three 
decimal places. 

aes 

*Use a graphing calculator to find solutions, in 
(—27, 27), of the equation —3x = 2 cos x. Round your 
answer to three decimal places. 


. The form of a signal wave is given by the function 


f@) = 2 cos (>: - =) + 3. 


Find the first positive value of x when the signal wave 
reaches its minimum value of 1. 


The function 
2 
P() = 50 sin 7 + 50 
33 


is used in biorhythm theory to predict an individual’s in- 
tellectual potential, as a percentage of the maximum, on 
a particular day, with t = 0 corresponding to birth. Find 
the first day of 100% potential after the person’s birth. 


Chapter 


Additional Topics In 


here are many classic games that can be analyzed using concepts of 

mathematics. In particular, many of the shots performed in billiards and pool 

can be interpreted by applying the laws of trigonometry. See Exercise 46 in 

Section 8.1. In this chapter, we will explore additional methods for solving 
triangles, investigate vectors, and look at alternative ways to represent complex numbers 
using trigonometric form, and to represent points in the plane using polar form. 
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8.1 The Law of Sines 


> Solve applied problems 
using the Law of Sines 


Figure 8.1.1 
Cc 
b a 
A e B 
Figure 8.1.2 
Cc 
b a 
A e B 


In Chapter 6 you learned how to use right triangles to solve a variety of problems. 
Many interesting problems involve triangles that do not contain a right angle. These 
are known as oblique triangles. In this section and the next, you will learn techniques 
for solving oblique triangles—that is, for finding the measures of all their angles and 
the lengths of all their sides. Throughout these two sections, we will use the standard 
notation for triangles: The angles are labeled A, B, and C, and the sides opposite those 
angles are labeled a, b, and c, respectively, as shown in Figure 8.1.1. 
The Law of Sines relates the sines of the angles to the sides as follows. 


Proof of Law of Sines Case 1: A is acute. Referring to Figure 8.1.2, we have 


sin A -f=>h= bsin A 


sin B= > h = asin B. 


Equating these two expressions for h, we find that 
bsinA = asin B. 
Dividing by (sin A)(sin B), we have 


b a 
sinB  sinA’ 


(1) 


Note that sin A and sin B are both always nonzero, because the angles of a triangle are 
greater than 0° and less than 180°. 
Next, referring to Figure 8.1.2, we have 


, , 


sin B = 3 a= 5 


Solving each of these equations for /’ and then equating the two expressions for h' gives 


c b 


sinC sinB’ 


csin B = bsinC —> 
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Figure 8.1.3 Combining this result with Equation (1) gives 


a b _ 6 
snA sinB- sinC’ 


Case 2: A is obtuse. Referring to Figure 8.1.3, we have 


sin(180° — A) = 


sin B = 


Q[s F/> 


Using the difference identity for sine, sin(180° — A) = sin A. Thus, 
h h 
sinA =—;sinB=-—. 
b a 
Following the same procedure as in Case 1 gives 


b _ a 
sinB  sinA’ 


(2) 


Next, referring to Figure 8.1.3, we have 


! / 
sin B = —; sinC = —. 
c b 
As in Case 1, we have 


co b 
sinC sinB’ 


Combining this result with Equation (2) gives 


a b Cc 


snA sinB- sinC 


To solve an oblique triangle, you will need to have some information about the an- 
gles and sides. When given either of the following sets of information, you can use the 
Law of Sines to solve the triangle. 

» ASA and AAS: Two angles and any side (abbreviated ASA when the known side 
is the side common to the two known angles (Figure 8.1.4), and abbreviated 
AAS when the known side is the side opposite one of the two known angles (Fig- 
ure 8.1.5)) 


» SSA: Two sides and the angle opposite one of them (Figure 8.1.6) 


Figure 8.1.4 Figure 8.1.5 Figure 8.1.6 
70° 50 
100 a : 2 
30 7 
AAS ° 
30° ae 120 
ASA SSA 


Oblique triangles can also be solved if the following is known. 
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Figure 8.1.7a » SAS: Two sides and the included angle—the angle formed from the two known 
sides (Figure 8.1.7a) 
/| » SSS: All three sides (Figure 8.1.7b) 
Figure 8.1.7b 
16 
14 
12 
5 
SAS 
10 
sss 
To apply SAS or SSS to solve a triangle, we will use the Law of Cosines, which is dis- 
cussed in Section 8.2. 

Throughout this section, we will use degree measure for angles, because that is cus- 
tomary when solving triangles. We now give examples of the different cases that arise 
in applying the Law of Sines. 
lscaral 1 Given Two Angles and the Side Common to Them: ASA 

Figure 8.1.8 Solve the triangle in Figure 8.1.8. 
Cc Solution We are given two angles (A and B) and the side common to them (c). Be- 
fore we can apply the Law of Sines to find a or b, we must find C: 
a 
de an C = 180° — (40° + 30°) 
A c=20 B = 110° 


Because c is known, use it to find a: 


a c 
= Li f Si 
sinA  sinC ee 
a 20 


ee Substitute A = 40°, C = 110°, and c = 20 
sin40° sin 110° peer eae 


20 . ae 
a= (25) asin 40 ) = 13.68 
Similarly, use c to find 6: 
& .  € 
snB  sinC 


b 20 


Se Substitute B = 30°, C = 110°, and c = 20 
sin 30° sin 110° eens ure 


20 on 
b= sai] (sin 30 ) = 10.64 


All the angles and sides are known, so the triangle has been solved. 


Law of Sines 


[AW Check It Out 1: Solve the triangle ABC with A = 20°, B = 40°, andc = 10. © 


Figure 8.1.9 


Discover and Learn 


Use a ruler and protractor to find 
a set of SSA data corresponding to 
each of the three possibilities for 
the number of solutions. 
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lana 2. Given Two Angles and the Side Opposite One of Them: AAS 


Solve the triangle in Figure 8.1.9. 


Solution We are given two angles (B and C) and the side opposite one of them (6). We 
will find A and then apply the Law of Sines to find a. 


A = 180° — (60° + 50°) = 70° 


Because b is known, use it to find a: 


Be Law of Si 
sinA sinB sii 
a | 


Substitute A = 70°, B = 60°, and b=5 


sin 70° sin 60° 


5 . Bes 
a= (5) sin 70° ~ 5.425 


Similarly, use 6 to find c: 


Co b 
sinC sinB 


c 5 
; =— Substitute C = 50°, B = 60°, and b= 5 
sin50° sin 60° 


5 : — 
c= (= sin 50° = 4.423 


All the angles and sides are known, so the triangle has been solved. 


Law of Sines 


[WA Check It Out 2: Solve the triangle ABC with C = 40°, B= 70°, andb=8. © 


For both types of information that we have been given thus far to solve a triangle 
(ASA and AAS), there is just one solution. In the case of SSA, however, there can be 
one solution, two solutions, or no solution, depending on the given data. For this 
reason, SSA is known as the ambiguous case. An example of each of the three possibili- 
ties for the number of solutions is illustrated in Figure 8.1.10. 


Figure 8.1.10 Possibilities for SSA 


One Solution 
Given SSA for which 
only one triangle exists 


No Solution 
Given SSA for which 
no triangle exists 


Two Solutions 
Given SSA for which 
two triangles exist 
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Figure 8.1.11 


60° 


Just in Time 


Review sum and difference 
identities in Section 7s J 


The following three examples explore the ambiguous case (SSA). When solving 
triangles with SSA, we will use the following identity to determine the number of 
solutions: 


sin(180° — @) = sin @ 


[sana 3 One-Solution Case of SSA 


Solve the triangle ABC with A = 60°, a = 6, and 6 = 3. 


Solution Here, we are given two sides and the angle opposite one of them, so we have 
the ambiguous case. Tentatively sketch the triangle as shown in Figure 8.1.11. Our 
calculations will reveal the number of solutions, if any, for this problem. First, use a 
and 6 to find B: 


sinB  sinA 


Law of Sines 


b a 
sinB _ sin 60° 3 

3 = 6 Substitute b = 3, a = 6, and A = GO 

in 60° 
sin B = (22) (3) 
6 
sin B = 0.4330 Approximate sin B 
B= 25.66° Use key on calculator 


Thus we have at least one solution. To determine whether another solution exists, use 
the identity sin(180° — 0) =sin 6. Then, sin(180° — 25.66°) = sin 154.34° = 0.4330. 
We see, however, that there is no triangle with B ~ 154.34°, because that would give 


A+ Bx 60° + 154.34° = 214.34° > 180° 


which contradicts the fact that the sum of all three angles of the triangle must equal 
180°. Thus the only solution for B is B ~ 25.66°. Using this, we determine C: 


C = 180° — (60° + 25.66°) = 94.34° 
We need only find c to finish solving the triangle. Using a and c, we obtain 


c a 
sinC sinA 


Law of Sines 


Cc 6 Substitute C = 94.34°, a = 6, 


sin 94.34° sin 60° and A = 60° 


6 
c={[- = } (sin 94.34°) ~ 6.908. 
sin 60 


[AW Check It Out 3: Solve the triangle ABC with A = 70°, a= 8, andb=3. © 


ee4 Two-Solution Case of SSA 


Find angle C in the triangle ABC with A = 40°, c= 10, anda = 8. 


Figure 8.1.12 
B 
8 10 
40° 
Cc b 
B 
10 
8 
Gas 
Cc A 
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Solution First, we find that we can sketch two possible triangles, as shown in 
Figure 8.1.12. Next, we proceed with the calculations, to determine which—if 
any—of the sketches are valid. We use a and c to find C: 


sinC sind 
c a 


Law of Sines 


sinC _ sin 40° 


Substitute c = 10, a = 8, and A = 40° 


10 8 
. sin 40° 
sin C = (2 )a0 
8 
sin C ~ 0.8035 Approximate sin C 
C = 53.47° Use key on calculator 


Thus one solution for C is the acute angle C ~ 53.47°. The other possibility for C is 
the obtuse angle whose sine is 0.8035, which is 180° — 53.47° = 126.53°. Because 


A+ C# 40° + 126.53° = 166.53° < 180° 


this solution works as well. Thus there are two values of C. Either C ~ 53.47° or 
C = 126.53°. Hence there are two different triangles that satisfy the given information. 


[AW Check It Out 4: Solve the triangle ABC with A = 50°,a=9,andc=11. © 


Enel 5 No-Solution Case of SSA 


Show that there is no triangle ABC with a = 10, b = 15, and A = 75°. 


Solution If you use the given information to try to sketch a triangle, you will find that 
it is impossible. To see why, use a and 0b to find B. 


sinB  sinA 


Law of Sines 


b a 
ao Substitute b = 15, A = 75°, and 10 
— = A a ,an = 
5 10 ubstitute anda 
; sin 75 
sin B= 15 i = 1.449 


The sine of an angle cannot be greater than 1, so there is no triangle with a = 10, 
b = 15, and A = 75°. 


[AW Check It Out 5: Show that there is no triangle ABC with a= 9, 6=15, and 
A = 80°. & 


Applications of the Law of Sines 


The Law of Sines is useful in many problems that involve surveying and measurement, 
as seen in the next example. 
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[seal 6 Finding Height of Tree 


The angles of elevation of the top of a palm tree with respect to points A and B are 
Figure 8.1.13 80° and 60°, respectively. See Figure 8.1.13. Points A and B are 15 feet apart and at 
equal elevations, and the base of the tree lies on the line between them. Find the height 
of the tree. 


Cc 


Solution From Figure 8.1.13, we see that 
h 
ra = sin A = sin80°. 


Neither a nor 6 is known, so we first have to determine C: 
C = 180° — (80° + 60°) = 40° 


Then we use c to find b: 


b Cc 
_ I f Si 
sinB  sinC ila leas 
b 15 


= Substitute B = 60°, c = 15, and C = 40° 
sin 60° sin 40° ree : an 


15 or 
b= (35) (sin 60 ) 
b ~ 20.21 


Substituting this result into our original equation, we have 


snes h o oeeee. 
sin 80° = 20.21 => h = 20.21(sin 80°) ~ 19.90. 


Thus the height of the tree is approximately 19.90 feet. 


[A Check It Out 6: Rework Example 6 for the case where A = 75°. © 


In navigation, the direction traveled by a ship or boat is given in degrees relative 
to the northerly or southerly direction, followed by east or west. For instance, a ship 
traveling S40°W (which is read as “south 40° west”) relative to a location is illus- 
trated in Figure 8.1.14. A ship traveling N20°E relative to a location is given in Fig- 
ure 8.1.15. The following problem illustrates an application of the Law of Sines in 


navigation. 
Figure 8.1.14 Figure 8.1.15 
Nt Nt N20°E 
20° 
Ww E Ww E 
40° 
S 40° W 
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ly 5 7 Navigation 


A tour boat travels 10 miles due north from its starting point and then travels in the 
direction S40°W on its second leg of the tour. If the boat is currently 15 miles from its 
starting point, how far has it traveled on the second leg? Round your final answer to 
two decimal places. 


Solution Begin the problem by sketching a figure. Denote the starting point as P, and 
draw a line pointing north. Then draw the second leg of the tour in the direction S40°W. 


Figure 8.1.16 Write in all the given information. See Figure 8.1.16. 
First, use the Law of Sines to find the measure of angle B. 
snB _ sin 40 ieee 
i0 5 aw of Sines 
; sin 40 
sin B = 5 10 Multiply both sides of equation by 10 
sin B ~ 0.428525 Evaluate right-hand side 


B= sin’! 0.428525 = 25.3740° Approximate B 


The only other possible solution for B is 180° — 25.3740° = 154.626°. But this can- 
not happen; it would make the sum of the angles in the triangle exceed 180°. Because 
the sum of angles in a triangle equals 180°, the angle with vertex P has measure 
180° — 40° — 25.3740° = 114.626°. Applying the Law of Sines again, we have 


d 15 Ss 
sin 114.626° sin 40° aw of Sines 


15 
d = (sin 114.626° 
Gin (2 =) 


d= 21.21. Simplify 


Thus the boat has traveled about 21.21 miles on the second leg of its tour. 


[A Check It Out 7; Rework Example 7 if the boat travels in the direction S50°E on its 
second leg of the tour. Assume all other information stays the same. Ml 


8.1 Key Points 


» The Law of Sines: Let ABC be a triangle with sides a, 6, c. Then the following ra- 
tios hold: 


a 6b  ¢ 
snA sinB sinC 


The ratios can also be written as 


sin A _ sin B = sin C 
a b Cc 


» The Law of Sines can be used whenever the following information about the trian- 
gle is given. 


ASA and AAS: Two angles and any side 
SSA: Two sides and the angle opposite one of them 


612 Chapter 8 © Additional Topics in Trigonometry 


» In the case of SSA, there can be no solutions, one solution, or two solutions for a 


given problem. 


8.1 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. Show that sin(180° — 6) = sin @. 


2. True or False: sin 40° = sin 140° 
In Exercises 3—6, find two angles 0,0 < @ < 180°, satisfying the 


given condition. 


A/3 


1 
3.sin@ = — 4. sin 9 = —— 
2 2 


5. sin @ = 0.8 (Use a calculator and round to two decimal 
places.) 


6. sin 0 = 0.4 (Use a calculator and round to two decimal 
places.) 


® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-10, solve the given triangles. Round all answers to 
four decimal places. 


Te B 8.4 
i 
il 32° 10 
‘a A 
120° 
DV 497% 
Cc B 
9.C B10 B 
45° 
7 105° 
110° 48 
25° 
A @ A 


In Exercises 11-22, solve the given triangles. The standard nota- 
tion for labeling of triangles is used. Round all answers to four dec- 
imal places. 


11.A = 42°, B= 64°,b = 6 


12. B = 65°, C = 37°, a= 10 


13.A = 110°, B= 20°, c= 15 
14. B = 120°, C = 35°,a = 12 
15.A = 80°, B = 60°, a= 13 
16. B = 75°, C = 50°, b = 25 
17.C = 40°, A = 80°, c = 35 
18.C = 120°, A = 25°,c = 14 
19.A = 130.5°, C = 20°, a = 20 
20. B = 63.7°, C = 48°, b = 33 
21.C = 52.1°, A = 73°,a = 15 


22.A = 87.4°, B= 61°, b= 19 


In Exercises 23—28, if at least one triangle with the given charac- 
teristics exists, solve the triangle; otherwise, state that there 1s no 
solution. If there are two solutions, give both of them. The standard 
notation for labeling of triangles 1s used. 


23.A = 35°,a=7,b=5 24.A = 25°,a=7,b=9 


25.4 = 40°,a=6,b=5 26.4 = 50°,a=10,b=8 


27.B=70°,6 =10,c=25 28.C = 48°,c=7,b= 12 


In Exercises 29—32, find the missing length h in each of the given 
triangles. Round your final answer to the nearest tenth. 


29. QO 
8 ae 
92° 
40° 


|<—h—+| 
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31, bed C is 45° (see the figure). If the radii of the beds are 
2 feet, 3 feet, and 5 feet, respectively, find the distance 
between the centers of beds A and C. 


32, <1 


» Applications In this set of exercises, you will use the Law 
of Sines to study real-world problems. Unless otherwise 
stated, round answers to four decimal places. 


33.Engineering The angles of elevation of the top of a 
tower with respect to points A and B are 15° and 60°, 
respectively. Points A and B are 100 feet apart and at 
equal elevations, and the base of the tower lies on the 
line between them. Find the height of the tower. 


36. Construction A homeowner constructs a wooden border 
for a triangular flower bed. One edge of the bed lies along 
a north-south line and is 12 feet long. A second edge 
begins at the southern tip of the first edge and is oriented 
65° west of south. If the length of the third edge is 18 feet, 
what is the perimeter of the flower bed? 


37. Hiking A group of people go hiking. On the first leg, they 
hike 2.5 miles due north. The direction of the second and 
final leg is N36°E. If they end up at a place that is 5.8 miles 
from their starting point, how great a distance did they 
traverse? Sketch a figure first. 


34. Distance The locations of point C on a small island off 


the mainland and points A and B on the shoreline of the 38. Distance A squirrel runs from Point A to Point B along an 
mainland are shown below. If A = 63° and B = 76°, and above-ground power line and notices a peanut on the 
A and B are 5 miles apart, find the shortest straight-line ground. The angles of depression of the peanut with re- 
distance from point C to the mainland shoreline. spect to Point A and Point B are 39° and 54°, respec- 


tively. If those points are 9.1 feet apart and the peanut is 
directly below the power line, how far above the ground 
is the squirrel? 


35. Gardening Three small circular flower beds, A, B, and C, 
are arranged so that the angle made by the line segment 
connecting the center of bed A with the center of bed B 
and the line segment connecting the center of bed A with 
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39. 


40. 


41. 


42. 


43. 


Archery An archer shoots two arrows at a target. The 
angle formed by the lines that connect the center of the 
target to the points at which the arrows hit the target is 
109°. If those points are 15 inches apart and one of them 
is 7.3 inches from the center, how far from the center is 
the other point? 


Construction The roof truss represented in the figure is a 
type of truss that can be used for a cathedral ceiling in 
a house. Find the lengths of the missing sides b and c. 
Round your final answer to the nearest tenth of a foot. 


Geometry Marisa has a triangular sign made with her last 
name on it. She has the sign attached to her lamppost so 
that visitors can easily identify her house. The lengths of 
two edges of the sign are 10 inches and 7 inches, and the 
angle opposite the 10-inch edge is 75°. What is the length 
of the third edge? 


Construction A flagpole is mounted on a wall in such a way 
that it makes an angle of 40° with the wall. One end of a 
brace to support the pole is mounted on the same wall, 
2 feet below the point where the pole is mounted, and the 
other end of the brace is attached to the top of the pole. If 
the brace makes an angle of 20° with the wall, find the 
length of the brace. 


Navigation A ferry shuttles passengers across a river that 
runs east and west. The ferry traverses a straight-line path 
on each crossing. For the south-to-north crossing, which 
is 250 feet long and in the direction N25°E, passengers 
embark at point A and disembark at point B. For the 
north-to-south crossing, which is 230 feet long and ori- 
ented in a certain direction west of south, they embark 
at point B and disembark at point C. What is the width w 


of the river, and what is the distance d between points A 
and C? Round answers to the nearest foot. 


44, Leisure Tanya, Chris, and Melody engage in a two- 


dimensional tug-of-war. After knotting the ends of a rope 
together, they position themselves at different points of 
the rope; then they each grip the rope and pull on it. They 
continually adjust their positions to take up the slack in 
the rope. At a certain moment, the points at which Tanya 
and Chris are gripping the rope are 7 feet apart, and the 
measures of the angles between the corresponding 7-foot 
segment of the rope and the other two segments are 56° 
and 78°. What is the length of the rope? 


45. Leisure Malik, Keisha, and Brian get together for a game of 


pitch and catch. At a certain moment, Brian is 11 feet 
away from Malik and 9 feet away from Keisha, and the 
lines from Keisha to Malik and from Keisha to Brian form 
an angle of 62°. How far apart are Malik and Keisha? 


46. Games A billiard ball traverses a distance of 26 inches on 


a straight-line path, and then it collides with another ball, 
changes direction, and traverses a distance of 18 inches on 
a different straight-line path before coming to a stop. If an 
angle of 37° is formed from the lines that connect the ini- 
tial location of the ball to the final location of the ball and 
to the point of the collision, what are the two possible val- 
ues of the distance d between the initial and final locations 
of the ball? Sketch a figure first. 


47. Forestry Several years ago the tallest coastal redwood tree 


was found. The tree was located on a slight incline of 2°. If 
the angle of elevation of the sun was 75°, and the redwood’s 
shadow was 100 feet long, how tall is the redwood, to the 
nearest foot? (Source: Davidson, Keay; San Francisco Chron- 
icle, April 26, 2004) 


48. 


49, 


50. 


51. 


Utilities A telephone pole is positioned beside a road that 
has a slope of 10° from the horizontal. When the angle of 
elevation of the sun is 65°, the telephone pole casts a 
shadow that is 20.6 feet long. How tall is the telephone 
pole? 


Tourist Sites The leaning tower of Pisa was originally 
184.5 feet tall when it was perpendicular to the ground. It 
now leans at an angle of 6 from the perpendicular. When 
the top of the tower is viewed at a distance of 125 feet 
from the base of the tower, the angle of elevation is 59.7°. 
Approximate @ to the nearest tenth of a degree. 


le 125 ft >| 


History While making a survey of the Maryland— 
Pennsylvania border, Charles Mason and Jeremiah Dixon 
indicated in their journal that they measured the distance 
across the Susquehanna River as follows: They first meas- 
ured the line BC on the west side of the river, and then 
they measured the angles made by line BC with the lines 
from points B and C to point A on the east side of the 
river, as shown below (Source: Surveyors Historical Soci- 
ety at www.surveyhistory.org). Find the distance between 
points A and B. 


Construction A triangular portion of a wooden truss is 
shown. One edge of the truss is 4 feet long. Find the 
lengths of the pieces of wood used for the other two edges. 


Z\ iN 
| 4 ft >| 


52.Geometry A piece of metal is to be cut in the shape of 


a parallelogram. The lengths of side AD and diagonal AC 
are 6.4 cm and 8.2 cm, respectively, and the angle be- 


53. 


54. 


55. 


56. 
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tween side AB and diagonal AC is 48°. Find the area of 
the parallelogram. 


8.2 cm 


2 6.4cm e 


Surveying A surveyor has determined the dimensions 
shown in the illustration for a parcel of land. Find the 
lengths of the missing sides AD and BC. Round your 
final answer to the nearest tenth of a yard. 


A 


18 yd 


B 


Sewing Pieces of material for the border of a bedspread 
are cut out in the shape of a triangle. The pieces all have 
the same size and shape. Each piece has two equal angles, 
of measure 51° each, and the edge opposite one of the 
equal angles is 4 inches long. What are the lengths of the 
other two edges of each piece? 


Geometry The quadrilateral illustrated has been divided 
into two triangles with the angles as indicated. The length 
of one side of the quadrilateral is 10 inches. Find the lengths 
of the other three sides. 


Sweepstakes Patrons of a nationwide fast-food chain are 
given a ticket that gives them a chance of winning a million 
dollars. The ticket shows a triangle ABC with the lengths of 
two sides marked as a = 6.1 cm and 6 = 5.4 cm, and the 
measure of angle A marked as 72.5°. The winning ticket will 
be chosen from all the entries that correctly state the value 
of c rounded to the nearest tenth of a centimeter and the 
measures of angles B and C rounded to the nearest tenth of 
a degree. To be eligible for the prize, what should you sub- 
mit as the values of c, B, and C? 
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Concepts This set of exercises will draw on the ideas pre- Then find the set of positive values of a for which exactly 
sented in this section and your general math background. two such triangles ABC exist, and the set of positive values 


of a for which no such triangle exists. 


57. Derive the Law of Sines for right triangles. 


60. Explain why you cannot use the Law of Sines to solve an 


58. Explain how you can use the Law of Sines to solve a right oblique triangle if you are given only the three sides of the 
triangle. Is this the best way to solve a right triangle? triangle (SSS) and no two of them are of equal length. 
Explain. 

61. Can you use the Law of Sines to solve an oblique trian- 

59. Determine the set of positive values of a for which there is gle if you are given only two of the sides and the included 
exactly one triangle ABC with A = 60° and 6 = 10, where angle (SAS) and the two given sides are not of equal 
aand db are the sides opposite angles A and B, respectively. length? Explain. 


8.2 The Law of Cosines 


Objectives 


> Solve an oblique triangle 
using the Law of Cosines 


> Solve applied problems 
using the Law of Cosines 


> Know and use alternative 
formulas for the area of 


a triangle 
Figure 8.2.1 
C 
b a 
A c 


In this section we continue our discussion of the solution of oblique triangles. As in 
Section 8.1, the angles are labeled A, B, and C, and the sides opposite those angles are 
labeled a, b, and c, respectively, as shown in Figure 8.2.1. 

When we are given either of the following sets of information, we cannot apply the 
Law of Sines to solve a triangle, because there is insufficient information to compute 
the ratios that occur in the Law of Sines. 


» Two sides and the included angle (abbreviated SAS) 
» All three sides (abbreviated SSS) 


For these cases, the Law of Cosines is used. 


Law of Cosines 
Let ABC be a triangle with sides a, b, c. (See Figure 8.2.1.) Then 


7=06?+ 2 — 2becosA 
b? = a + c — 2accosB 
=a’ + b* — 2abcosC. 


Proof of Law of Cosines ‘To prove the first equation, position triangle ABC on the xy- 
coordinate plane as shown in Figure 8.2.2. We assume that all three angles of the 


Figure 8.2.2 


y 4 
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triangle are acute. (The case where one of the angles is obtuse is left as an exercise.) 
The coordinates of vertices A, B, and C are (0, 0), (c, 0), and (x, y), respectively. 


a = Distance from vertex B to vertex C 


a= V(x —c)? + (y — 07 Distance formula 

a=V(bcosA — c)* + (bsin.A — 0)? Substitute x = bcos A and 
y=bsinA 

a = (bcosA — c)? + (bsin A)” Square both sides 

a’ = b’cos*A — 2becos A + c* + b’sin*A Expand 

a’ = b?(cos?A + sin?A) + c? — 2becos A Rearrange terms and factor out b” 

a=? +c — 2bccosA Pythagorean identity 


cos*A + sin*7A =1 


Relabeling the vertices and repeating the proof gives the other two equations. We illus- 
trate the use of the Law of Cosines in the next two examples. 


Emre 1 Given All Three Sides of the Triangle: SSS 


Figure 8.2.3 The sides of triangle ABC in Figure 8.2.3 are a= 4, b = 2, and c= 5. Find the 
angles of the triangle. 


Cc 
Solution We first use the Law of Cosines to find A: 
2 4 
?=b? + 2 — 2becosA 
A 5 B 4? = 2? + 57 — 2(2)(5) cos A Substitute a = 4,b = 2,andc = 5 
16 =4 + 25 — 20cosA Simplify 
—-13 = —20cosA Isolate cos A term 
ya = A Solve f A 
20 cos olve for cos 
A -i/ 2 49.46° Find A 
= cos |—] = 49. 
20 = 


We next use the Law of Cosines to find B: 

b =a? 4+ c — 2accosB 
16 + 25 — 2(4)(5) cos B 
—37 = —40cosB 


I 


Thus 
7 
cos B = a B= 22.33°. 
40 


To find C, subtract the sum of A and B from 180°: 


C ~ 180° — (49.46° + 22.33°) 
C = 108.21° 


LW Check It Out 1: The sides of triangle ABC are a = 7, b = 4, and c = 6. Find the 
angles of the triangle. © 
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EM 2 Given Two Sides and the Included Angle: SAS 


Find the length of the unknown side of the triangle in Figure 8.2.4. Also, find the 
measures of all the angles. 


Figure 8.2.4 


120° 


Solution First, we use the Law of Cosines to find a: 


7?=0b? + c — 2becosA 


a’ = (10)? + (15)? — 2(10)(15) cos 120° Substitute b = 10, c = 15, and A = 120° 
1 1 

a = 100 + 225 — 300(~3) Use cos 120° = 2 

a = 325 + 150 = 475 


Thus a = V 475 = 21.79. 
To find the measure of angle B, we can apply the Law of Sines because we are al- 
ready given the measure of one of the angles and we have the lengths of all the sides. 


sinB sind 
= Law of Sines 
b a 
sinB sin 120° 
= Substitute b = 10, A = 120°, a = V 475 
10 V 475 
sin 120° 
sin B = | ——— ]}10 = 0.39736 Solve for sin B 
( V475 
B~ 23.41° Calculate sin~' 0.39736 


To find C, we can subtract the sum of the two known angles from 180°. 


C = 180° — 120° — 23.41° = 36.59° 


[A Check It Out 2: Find the length of the unknown side of triangle ABC if b = 9, 
c=12,and A= 105°. @ 


The Law of Cosines has applications in surveying and navigation, as well as in many 
engineering problems. The next example shows how to calculate the distance between 
a pair of moving boats. The notation for indicating direction, such as N30°W, was dis- 
cussed in Section 8.1. 


Example 3 Application to Navigation 


Two motorboats start from the same point. One of them travels in the direction 
N30°W at 45 miles per hour, and the other heads due east at 35 miles per hour. How 
far apart are the boats after 1 hour? 


Figure 8.2.5 
N -, 
a 
45 mi 
120° 
L\ ‘ 
W A 35 mi E 
Sy 
Figure 8.2.6 
B 
h 

oc P A" 
Figure 8.2.7 

B 

| 

| 

lh 

| 
j 4 

I. (_— -| 
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Solution First, draw a diagram of the situation, as shown in Figure 8.2.5. 
In 1 hour, the first boat has traveled 45 miles and the second boat 35 miles. Be- 
cause we want to determine a, we use the Law of Cosines to get 


@=0b? 4+ Cc — 2bccosA 


a’ = (45)? + (35)? — 2(45)(35) cos 120° Substitute b = 45, c = 35, and A = 120° 


a’ = 2025 + 1225 — 3150(—0.5) Use cos 120° = —0.5 
a = 3250 + 1575 = 4825 
a ~ 69.46. 


Thus the two motorboats are approximately 69.46 miles apart after 1 hour. 


[A Check It Out 3; Rework Example 3 for the case where one boat travels in the direc- 
tion N45°W at 30 miles per hour and the other heads due east at 40 miles per hour. 
Round your answer to two decimal places. & 


Area of a Triangle: SAS 


As you know from geometry, the formula for the area of a triangle is 
Area = : bh 
ca= > 


where 0b is the base of the triangle and h is the height. This formula can be used when- 
ever both the base and the height of a triangle are known. We now use that formula in 
conjunction with some basic facts from trigonometry to derive a different formula for 
the area of a triangle—a formula that can be applied whenever any two sides of a tri- 
angle and the included angle (SAS) are known, even if the height of the triangle is not 
known. 

We first treat the case where sides a and b and their included angle (angle C) are 
known and C is acute. From Figure 8.2.6, we see that 


h 
sinC = — 
a 


from which it follows that h = asin C. Substituting this expression into the formula 
given earlier for the area of a triangle, we obtain 


1 1 1 
Area(ABC) = — bh = — b(asin C) = = absin C. 
2 2 2 
The same formula holds if C is obtuse, because 
: . h 
sin C = sin(180° — C) = 7 


from which it again follows that h = asin C. (See Figure 8.2.7.) The proof that the for- 
mula also holds for the area of a right triangle is left as an exercise. This formula for 
the area of a triangle can be applied to any two sides and their included angle. (This 
can be confirmed by relabeling the vertices and repeating the proof.) Thus 


1 1 1 
Area(ABC) = ri ab sin C = > be sin A = 7 ac sin B. 
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Example 4 Finding Area of Triangle: SAS 


Find the area of a triangle if the lengths of two of its sides are 12 and 7 and their in- 
cluded angle is 65°. 


Solution Letting a = 12, b = 7, and C = 65° in the formula just established, we obtain 


1 1 
Area = >ab sin C = 5(12)(7) sin 65° = 42 sin 65° ~ 38.06. 


[AW Check It Out 4; Find the area of a triangle if the lengths of two of its sides are 15 
and 22 and their included angle is 108°. Round your answer to two decimal places. 
a 


Area of a Triangle: SSS (Heron’s Formula) 


The formula just established for the area of a triangle can be used in conjunction with 
the Law of Cosines and one of the Pythagorean identities to obtain still another for- 
mula for the area of a triangle. This third formula, which is known as Heron’s formula, 
can be applied whenever the lengths of all three sides of the triangle are known (SSS), 
even if neither the height of the triangle nor the measure of any of its angles is known. 


The proof of this formula is somewhat technical and has been omitted. 


Beane 5 Finding Area of Triangle: SSS 


Find the area of a triangle that has sides of lengths 8, 5, and 9. 


Solution Apply Heron’s formula. Letting a = 8, 6 =5, and c= 9, compute the 
value of s. 


1 1 1 
=-(atb+o ==(8+5+9) ==(22)=11 
S 5 (a b+c) ae 5 + 9) 3 ) 
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Now substitute the values of a, b, c, and s into Heron’s formula to find the area of the 
triangle: 


Area = Vs(s — a)(s — b)(s — c) = V11(11 — 8)(11 — 5)(11 — 9) 
= V(11)(3)(6)(2) = V396 ~ 19.90 


[W Check It Out 5: Find the area of a triangle that has sides of lengths 11, 6, and 7. & 


8.2 Key Points 
» The Law of Cosines is given as follows. Let ABC be a triangle with sides a, b, c. 
Then 
a = b? + c? — 2becosA 
b? = a’ + c? — 2accosB 
c = a’ + b* — 2abcosC. 
» The Law of Cosines is used when the following information about a triangle is known. 


» Two sides and the included angle (abbreviated SAS) 
» All three sides (abbreviated SSS) 


» The Law of Cosines can be combined with the Law of Sines to solve a triangle. 
» Area of a triangle 
Let ABC be a triangle with sides of lengths a, b, and c. 
If two of the sides and the included angle are known, then use the following formula: 


1 1 1 
Area(ABC) = a ab sin C = a bcsin A = 3 acsin B 


If three sides are known, then use Heron’s formula: 


Area(ABC) = Vs(s — a)(s — b)(s — ©) 


where 
: (a+ b+ 0c) 
s=-(a c 
2 
8.2 Exercises 
»® Skills This set of exercises will reinforce the skills illus- In Exercises 7—22, solve the given triangles. The standard notation 
trated in this section. for labeling of triangles is used. Round answers to four decimal 
laces. 
In Exercises 1—6, use the Law of Cosines to find the unknown side p 
of each of the given triangles. The standard notation for labeling 10] 106= a= 50° 
of triangles is used. Round answers to four decimal places. 
L@=7,6=10,C=80 2.6=8c=4,4=75° a i ee 
3,0=12,¢=8,R = 56° 4.4 =10,b= 5, C= 102 9.a = 15, b= 18, C = 37.5° 


5.b=8,c=4,A = 75° 6.a=12,c=8, B= 115° 10.6 = 14, c = 20, A = 78.4° 
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11. 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


a=5,b=7,c= 10 


a= 10.6, b= 8.5,c = 11.3 


a= 15,c = 21, B= 100° 


a = 30, b = 20, C = 87° 


b = 32, ¢ = 25, A = 98° 


c= 27,a= 18, B= 64° 


c= 15.2, b = 15.2, A = 169° 


a=6,c=16,B=111° 


In Exercises 23—32, find the area of each of the given triangles. 
Round answers to four decimal places. 


23. 


25. 


21. 


24. /\ 


48° 


13 26. 
oe 19 


co 


30. 
10.2 
6.8 
5.4 
31. 1 
9 cs : 
32. <\ 
19.5 
15.7 


» Applications In this set of exercises, you will use the Law 
of Cosines and area formulas to study real-world problems. 
Round answers to four decimal places, unless otherwise 
stated. 


33.Engineering A triangular truss is to be constructed as 
shown. Find the length of the wood needed for the third 
side to the nearest hundredth of a foot. 


|x 10 ft >| 


34. Landscaping A landscaper wants to fence in the triangu- 
lar region as shown. What length of fencing material is 


needed to completely enclose the region, assuming that 38. 
none of the fencing goes to waste? 


Ss 


35. Design A kite is shown. If C = 110°, find c, the horizontal 
dimension of the kite at its widest point. 


36. Geometry A store has had a triangular sign made with its 
name on it. The edges of the sign are 11 inches, 14 inches, 42 
and 8 inches in length. Find the measure of the angle op- 
posite each edge. 


37. Sports Modern optical technology can be used to make 
very accurate measurements in sports competitions. For 43 
example, a discus is thrown from point M to point Z. A 
measuring station is set up at point A. The equipment 
measures the distances AM and AZ and the angle A, as 
shown in the figure, and then calculates the distance ZM. 
(Source: Leica Instruments) 

(a) How would the equipment’s built-in computer 
calculate the distance ZM? 

(b) Find the distance, ZM, to the nearest hundredth of a 
meter. 


39. 


40. 


41. 


44, 
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Flight Path A helicopter has two aid shipments to drop at 
points A and C, as illustrated. It starts at its base, B, and 
first flies to A. If the second drop point is at C, find the 
distance from A to C, to the nearest mile. 


Gardening A walkway around a flower bed in a park is 
made up of three straight sections that form the sides of 
a triangle. If the lengths of the sides are 26 feet, 24 feet, 
and 21 feet, what is the angle opposite the longest side? 


Design The lengths of the two sections of a hospital bed 
are 3 feet and 4 feet. What is the angle between the two sec- 
tions of the bed when one section is raised up so that the 
tip of the head of the bed is 6 feet from the tip of the foot? 


Geometry The lengths of two edges of a triangular band- 
age are 8 inches and 5 inches, and the angle formed by 
those two edges is 85°. How long is the third edge of the 
bandage, and what is the area of the bandage? 


. Shopping A gift shop sells figurines of famous people. 


Each figurine is mounted on a triangular base. The 
lengths of the edges of the base are 4, 5, and 6.5 inches. 
Find the area of the base. 


. Ship Wreckage The crews of two salvage boats have lo- 


cated the wreckage of an old pirate ship. The distances be- 
tween the boats and the wreckage are indicated. Determine 
the depth of the wreckage below the surface of the water. 


Boat 1 Boat 2 


Leisure A billiard ball traverses a distance of 15 inches on 
a straight-line path, and then it collides with another ball, 
changes direction, and traverses a distance of 8 inches on 
a different straight-line path before coming to a stop. If 
the distance between the initial and final locations of the 
ball is 9 inches, find the measure of the angle formed by 
the lines that connect the initial location of the ball to the 
final location of the ball and to the point of the collision. 
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45. Computer Graphics Many computer-graphics packages 
allow the user to input precise measurements for a draw- 
ing. Suppose a graphic artist wants to finish the following 
drawing of a triangle. In the dialog box shown, what 
should she input for the length of the third side of the 
triangle (shown as a dashed line)? What should she input 
for the angle A? 


14cm 


46. Measurement Use the measurement given in the illustra- 
tion to find the length of the pond. 


47. Utilities The distance from the top of a utility pole to a 
certain point P on the surrounding level ground is 20 
feet, and the angle of elevation of the top of the pole with 
respect to point P is 38°. What is the distance from the 
top of the pole to a point on the ground that is 10 feet 
farther away from the base of the pole than P? 


48. Hiking Sarah and Joycelynn go for a hike. On the first leg, 
they walk 3.2 miles in the direction E13°S. On the sec- 
ond and final leg, they walk 2.7 miles in the direction 
E56°S. At the end of the hike, how far are they from their 
starting point? 


49.Geometry A square is inscribed in a circle of radius 
15 inches. Find the area of the square. 


50. Area of Polygon The area of a polygonal region is often 
found by subdividing the region into triangles. Find, to the 
nearest square foot, the area of the lot shown in the figure. 


110 ft 


51. Quilting A quilt square is to be pieced together of four tri- 
angles as illustrated. Determine the lengths AF, BE, and 
DE to the nearest hundredth of an inch. 


kk. 2 in. ——+}+-1 in. >| 
A B 


D Gc 


52. Engineering The surface of a ramp in a department store 
warehouse is initially oriented at an angle of 15° with the 
horizontal. See the figure. After a load of merchandise is 
placed on it, the ramp is rotated clockwise about an axis 
through the lower edge of the ramp until the surface 
makes an angle of 5° with the horizontal. If the final po- 
sition of the upper edge of the ramp is at a distance of 
3 feet from its initial position as a result of the rotation, 
what is the length / of the ramp to the nearest tenth of 
a foot? 


Initial position 
of upper edge 


a Lower a7 Final position 
edge of upper edge 


53.Archery An archer shoots two arrows at a target. The 
second arrow lands twice as far from the center of the 
target as the first arrow. The points at which the arrows 
hit the target are 6.5 inches apart, and an angle of 76° is 
formed by the line segments that connect the center of 
the target to those two points. How far from the center 
of the target does each of the arrows land? 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


54. 
55. 


56. 


57. 


58. 


3. 


Prove that the Law of Cosines holds for a triangle that 
has an obtuse angle. 


Show that the Law of Cosines applied to a right triangle 
yields the Pythagorean Theorem. 


Explain why you cannot use the Law of Cosines directly to 
solve an oblique triangle if you are given only the measures 
of two angles and one side of the triangle (either AAS or 
ASA) and no two of the angles of the triangle are of equal 
measure. 


Can you use the Law of Cosines directly to solve an 
oblique triangle if you are given only two of the sides and 
the angle opposite one of them (SSA) and the two given 
sides are not of equal length? Explain. 


Is it possible for a triangle to have sides a = 3, b = 2, and 
c= 5? (Hint: What happens if you apply the Law of 
Cosines to this triangle?) 


3 Polar Coordinates 


59. 


60. 


61. 


62. 


63. 
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If you are given all three sides of a triangle (SSS), how 
can you tell whether it has a right angle? 


If you are given all three sides of a triangle (SSS), how 
can you tell whether it has an obtuse angle? 


If you are given two sides of a triangle and the included 
angle (SAS), how can you tell whether the triangle has a 
right angle if the included angle is acute? 


If you are given two sides of a triangle and the included 
angle (SAS), how can you tell whether the triangle has an 
obtuse angle if the included angle is acute? 


Show that the formula Area(ABC) = + ab sin C holds if 
ABC is a right triangle. 


Objectives 
> Graph points in the polar 


> Find several pairs of polar 


> Convert from polar to 


coordinate system in two 
dimensions 


coordinates for a given 
point in two dimensions 


rectangular coordinates, 
and vice versa 


Consider the motion of a carousel horse revolving about a fixed center point. Its motion 
is circular, and at any given instant, its location can be defined as coordinates (x, y) in 
the xy-plane such that x* + y” = r’, where r is the constant distance from the center to 
the horse. This description uses the rectangular, or Cartesian, coordinate system. How- 
ever, circular motion occurs in many applications, and it is simpler to describe with a dif- 
ferent coordinate system known as the polar coordinate system. 

In two dimensions, the framework for the polar coordinate system consists of a 
point called the pole and a ray with endpoint at the pole; this ray is known as the polar 
axis. The pole coincides with the origin of the rectangular coordinate system, and the 
direction of the polar axis coincides with the direction of the positive x axis, as shown 


in Figure 8.3.1. We next show how to represent a point in polar coordinates. 


> Convert equations from 


rectangular form to polar 
form, and vice versa 


Figure 8.3.1 
a 
2 
Pole 
\ Polar axis 
a e > 
O 


| 
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Polar Coordinates of a Point 


In two dimensions, a set of polar coordinates has the form (r, 0), where r is a real 
number and @ is an angle in standard position. Let O denote the pole. 

» Ifr > 0, the polar coordinates (r, 0) represent the point that is at distance|r| 
from O and lies on the ray that has its endpoint at the pole and is directed 
along the terminal side of 0. See Figure 8.3.2. 

» If r < 0, the polar coordinates (r, 0) represent the point that is at distance|r| 
from O and lies on the ray that has its endpoint at the pole and is directed 
opposite the terminal side of 0. See Figure 8.3.3. 


» If 0 is any angle, the polar coordinates (0, 0) represent the pole. 


Figure 8.3.2 Figure 8.3.3 


ly 
NI 


(r, 4) 


The angle @ is usually expressed in radians. 


Note When graphing in polar coordinates, it is helpful to use graph paper with 


a polar grid. A polar grid consists of a set of concentric circles, each of which 
corresponds to a specific value of |r|, and a set of rays emanating from the pole, 


each of which represents a specific value of 0. 


Just in Time penned 1 Plotting Points on a Polar Grid 


Review angles in standard Plot the following points on a polar grid. 
position in Section 6.1. = 


> Solution 
(a) To plot (3, ), first find the circle of radius 3 on the polar grid. Then, starting at 


the polar axis, traverse this circle in the counterclockwise direction (because 3 Is 


positive) until you intersect the terminal side of the angle 5 See Figure 8.3.4. 
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Figure 8.3.4 


(b) To plot (-4, >7), first locate the terminal side of the angle =F Because r < 0, locate 
the point that is 4 units from the pole and lies on the ray that has its endpoint at the 
pole and is directed opposite the terminal side of the angle = See Figure 8.3.5. 


Figure 8.3.5 
z 
Qn 2 z 
3 3 
5a z 
6 6 
@ eas ie 
5a 
az) 
i ix 
6 6 
4n saz 
3 


: on the polar grid. Then, starting at 


3 F : 
(c) To plot (>,-2), first find the circle of radius a 
the polar axis, traverse this circle in the clockwise direction (because —— is nega- 


tive) until you intersect the terminal side of the angle od See Figure 8.3.6. 


Figure 8.3.6 


LW Check It Out 1: Plot (- 1, ~) on a polar grid. & 
4 


628 Chapter 8 © Additional Topics in Trigonometry 


Discover and Learn 
Plot (2, =) and (-2, 2). What do 


you observe? 


Figure 8.3.7 


(3, 0) = @, 27) = (-3, 7) etc. 


Non-uniqueness of Polar Coordinates of a Point 


In the rectangular coordinate system, every point has just one pair of coordinates. This 
is not the case in the polar coordinate system. For instance, (r, 0) = (3,0) and 
(r, 0) = (3, 277) represent the same point, because 0 and 277 are coterminal angles. The 
point (3, 0) can also be represented by (—3, 7) or (—3, 377). See Figure 8.3.7. 

For any integer 7, the angles 0 and 6 + 2n7 are coterminal. Thus the polar coordi- 
nates (r, 9) and (r, 9 + 2n7) represent the same point. In addition, for any integer n, 
the terminal sides of the angles 6 and 6 + (2n + 1)7 are directly opposite each other, 
so the coordinates (r, 9) and (—r, 8 + (2m + 1)7) represent the same point. 


Multiple Representations of Polar Coordinates of a Point 


The point (7, 0) can also be represented as 
G4 @) se 2a) Oe (His ae Cn sr lan) 


where 7 is an integer. 


[anal 2 Finding Additional Pairs of Polar Coordinates of a Point 


For the point with polar coordinates (5, -*2), find four additional pairs of polar 
coordinates (r, 9), two with r > 0 and two with r < 0. 


. : : : : 3 
Solution For every pair of polar coordinates (r, 0) representing the point (5, -=7), 


with r>0, the value of r must be 5. To get additional pairs with r= 5, let 


30 i 
§@ = —— + 2nm7, n an integer. 


4 
37r 37 Bar 57 
, 6) = (5, -—+4+2 = [5, + = (5, . 
(7.8) ( ; r) ( : 2) 6.22) 


Ifn=1, 
30 lla 
> = = 2 S rane fC 
(48) (; : *] (s ) 


For every pair of polar coordinates (r, 6) representing the point (5, -=2), with 


Ifn=-l, 


r<0, the value of r must be —5. To get additional pairs with r= —5, let 
G= 2 + (2n + 1)z, 1 an integer. 
Ifn = 0, 


(r, 8) ( 5, °F +) = 5,2) 


See Figure 8.3.8. 


Section 8.3 © Polar Coordinates 629 


Figure 8.3.8 


[A Check It Out 2: Rework Example 2 for the point with polar coordinates (-4, ), Oo 


Conversion from Polar Coordinates to Rectangular Coordinates 


We next show how to convert the polar coordinates of any point to its rectangular 
coordinates. 


[Beant | 3 Converting from Polar to Rectangular Coordinates 


Find the rectangular coordinates of the point with polar coordinates. 


>Solution 
(a) Here, r= 3 and 6 = =. 


ee ee oe eee 
x rcos me 2 


2 
_ 2a V3\  3V3 
y= rsind = 3in2Z=3(2) = 3 
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: ; . : 2 
Thus the rectangular coordinates of the point with polar coordinates (3, | are 


(-3, =) See Figure 8.3.9. 
Figure 8.3.9 


7 


(b) Here, r= —2 and 0 = a 


p= Begg Ses 
xX = rcos = —2Z COs =o 
4 2 


in@ = —2sin— = —2 
= rsin@ = sin — = — 
- 4 2 
Thus the rectangular coordinates of the point with polar coordinates (-2, 7) are 


(-v2, -V2). See Figure 8.3.10. 


Figure 8.3.10 
@, ») = (-V2, -V2) 
(r, 0)=(2, 7) 
z 
2a 2 z 
3 3 
5a r | a 
6 I rd 
i 2/34) ° 
wks llz 
6 “6” 
4n 5a 
3 3a 3 


[A Check It Out 3; Find the rectangular coordinates of the point with polar coordinates 


(2) 
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Conversion from Rectangular Coordinates to Polar Coordinates 


You have seen that every point in the plane can be represented by infinitely many differ- 
ent pairs of polar coordinates. However, ifr > 0 and @ is in the interval [0, 27r), then every 
point other than the pole has a unique pair of polar coordinates (r, 6). Because the pole is 
represented in polar coordinates by (0, 0) for any angle 6, it has no unique pair of polar 
coordinates (r, 9) with @ in the interval [0, 277). We next show how to convert from the 
rectangular coordinates of a point in the plane to that unique pair of polar coordinates. 


Converting from Rectangular Coordinates to Polar Coordinates 


Given the rectangular coordinates (x, y) of a point other than the origin, use the 
following guidelines to convert to its unique pair of polar coordinates (1, #), with 
r>0Oand0 =6@< 27. 


>» Define r by 
pa VEE. 


» If x ~ 0 and y ¥* O, then @ is the unique angle in the interval | 0, 277) such that 
@ satisfies the equation 


ea—== 
EG 


and its terminal side lies in the same quadrant as the point. 
> If y = 0, then r =|x|, 0 = 0 if x > 0, and 6 = wif x < 0. See Figure 8.3.11. 
> Ifx = 0, thenr=|y|, 0 = ify > 0, and 6 = ity < 0. See Figure 8.3.12. 


Figure 8.3.11 Figure 8.3.12 


NI 


Qn 
ea) 


wIy 
wy 


[Ene 4 Converting from Rectangular to Polar Coordinates 


Find a pair of polar coordinates (r,@) of the point with rectangular coordinates 
(3, -V3). Choose r and @ such that r> 0 and 0 <= @ < 27. 
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PSolution First, use r= Vx? + y? to find r: 
r= VG) + (-v3) = V9 43 = V12 = 2v3 


Next, use tan 6 = 2 to find 0: 


an V3 
an 0 = ——— 
3 
P ‘ ‘ V3 5 
There are two angles in the interval [0, 27r) that satisfy tan 0 = are they are 0 = a 


and 6 = Since (3, -v3) lies in the fourth quadrant, we choose 6 = = because 
its terminal side also lies in the fourth quadrant. Thus the polar coordinates for the 
point with rectangular coordinates (3, -V3) are (2Vv3, ~*), See Figure 8.3.13. 


Figure 8.3.13 


(x, ») = 3, -V3) 
(r, 0) =(2V3, 42) 


[A Check It Out 4: Rework Example 4 for the point with rectangular coordinates (4, —4). 
a 


An equation in the variables x, y that correspond to the rectangular coordinates of 
points in the plane is said to be in rectangular form. An equation in the variables r, 6 
that correspond to the polar coordinates of points in the plane is said to be in polar 
form. The equations x = r cos 9 and y = rsin @ can be used to convert an equation in 
rectangular form to an equation in polar form. 


me 5 Converting an Equation to Polar Form 


Write a polar form of the equation of the circle x? + y? — 2y = 8. 
>Solution 
7+ 4° — 2y=8 Given equation 
(rcos 6)? + (r sin 6)? — 2(rsin @) = 8 Substitute x = rcos 0 and y= rsin@ 
r?cos? 0 + r*sin? 6 — 2rsin@ = 8 Eliminate parentheses 
r?(cos* @ + sin? 0) — 2rsin@ = 8 Factor out r? 
r — 2rsin@ = 8 Substitute cos*6 + sin?@ = 1 


Thus, a polar form for x” + y* — 2y = 8 is r? — 2rsin@ = 8. 
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IW Check It Out 5: Write a polar form of the equation of the circle x? + 2x + y? = 3. Bl 


It is sometimes easier to identify the graph of an equation in rectangular form, 
rather than polar form. Graphs will be discussed in detail in Section 8.4, but we will 
now see how to convert from the polar to the rectangular form of an equation, using 
the following substitutions. 


r=Vx? +  »“x=rcosé y=rsind tan @ => 


[eae 6 Converting an Equation to Rectangular Form 


Convert the following equations from polar to rectangular form. Identify the equation. 
T 


OE camer (b) r= 6 sin 6 

> Solution 

(a) We will use the substitution : = tan @ to convert to rectangular form. To do so, 
we first take the tangent of both sides of the equation. 


¢=- Original equation 


# 
4 


T 
tan @ = wn(-) Take tangent of both sides 


+= =I tan 6 = - 
x x 
yur-Kx Solve for y 
Thus the equation 6 = =f is the same as the equation of the line y = —.x. 
: are, = 1/2 2 So atti a 
(b) Here, we will use the substitution r x” + y* and sin 6 : rarer 
r= 6sin6é Original equation 
x + y= 6 2 > Substitute r= Vx? + y? and sin@ = 2 ; 
x" + y x+y 
x? + y? = 6y Multiply both sides by Vx? + y* 
x? + y? — 6y=0 
a = oy oO = 9 Complete the square 
x + (y— 3)? =9 Write as perfect trinomial square 


Thus the equation r = 6 sin 9 represents a circle of radius 3 with center (0, 3). 


[A Check It Out 6: Convert r = 2 sin @ to rectangular form and identify the equation. © 


8.3 Key Points 


» The polar coordinate system consists of a point called the pole, or the origin, and 
a ray with endpoint at the pole; this ray is known as the polar axis. 


» The polar coordinates of a point P are given by (r, 6), where r is the distance of 


the point from the origin O, and 6 is the angle, in standard position, that the line 
segment makes with the polar axis. 
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» The point (r, 0) can also be represented as 


(7,9 + 2nm) or (—-r,0 + 2(n + 1)7) 


where 7 is an integer. 


» Use the following to convert from polar to rectangular coordinates. 


x =rcos@ 


y=rsing 


» Use the following to convert from rectangular to polar coordinates. 


r= 


x? + yy? 


tang =~ 
x 


» To convert a rectangular form of an equation to polar form, use x = rcos 6 and 


y=rsin dé. 


» To convert a polar equation into rectangular form, use r= Vx” + y? and tan @ == 


8.3 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1—4, determine the quadrant where the terminal side 
of each angle lies. 


1.g=—2 2.9 === 

: 4 , 6 
107 lla 

3.6 =—— 4.9 =——— 
3 6 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 5—10, match each of the given polar coordinates with 
one of the points A-F on the graph. 


y 
ms 


3) =(.-3) 
(93) (a) 


In Exercises 11-18, plot the points, given in polar coordinates, on 
a polar grid. 


7 
u1.(1,2] 12. (1, 7) 
1 3 7 
15.(—, —7 16, |= -= 
30 
17. — 
(0 2 


In Exercises 19-26, convert each of the given pairs of polar coor- 
dinates to a pair of rectangular coordinates. 


7 T 
19. (3, — 20, |=2; > 


In Exercises 27-32, convert each of the given pairs of rectangular 
coordinates to a pair of polar coordinates (r, 0) with r > 0 and 
0=0< 2rz. 


27.(1, V3) 
29.(-V3, -1) 


28. (—4, —4) 
30. (-2, 2v3) 


31. (0, 1) 32. (—1, 0) 


In Exercises 33—42, for each of the points given in polar coordi- 
nates, find two additional pairs of polar coordinates (r, 0), one 
with r > 0 and one withr < 0. 
34, (-3,— 
: 25 


33. (2, 77) 


In Exercises 43-54, convert each of the given rectangular equa- 
tions to polar form. 


43.x=2 44,y =3 


45.x+ 2y=4 46.3x+y=1 


47.x? + y? = 25 48.x° + 5° =4 


49.(x +1)? +5? =1 50.x7 + (y + 3)? =9 


5l.y = x? 52.y? = 3x 


53.y = 2x7 + x 54.y = x? + 4x 
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In Exercises 55—66, convert each of the given polar equations to 
rectangular form. 


55.r=3 56.r=4 
57.0=— 58.0 = 
59.rcosd@=4 60.rsin @ = 3 


61.2rcos@ + rsin@ = 4 62.rcos@ — 3rsin@d = 5 


63.r= 2cos0 64.r = 4sin@ 


65.1r’cos 20 = 4 66. r?cos 20 = 1 


» Applications In this set of exercises, you will use polar 
coordinates to study real-world problems. 


67. Signal Device A patented device converts a radar signal 
given in polar coordinates to a format in rectangular coor- 
dinates so that it is better suited to display in a television- 


type display device. Ifa radar signal is at the point (3, -72), 
find the exact values of the corresponding rectangular 


coordinates in the television display. (Source: www. 
freepatents.com). 


68. Navigation A boat departs its starting point and travels 
4 miles north and 3 miles west. Determine its current 
location in polar coordinates, using the starting point as 
the origin. Use a scientific calculator to approximate 9, in 
radians, to three decimal places. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


69. Explain why (r, 8) and (r, 9 + 27) represent the same 
point in the polar coordinate system. 


70. Explain why (r, 8) and (—r, 6 + 7) represent the same 
point in the polar coordinate system. 


71. List at least two features of the polar coordinate system 
that are different from those of the rectangular coordi- 
nate system. 
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8.4 Graphs of Polar Equations 


Objectives 
> Graph polar equations 


> Analyze the symmetries 
exhibited by a polar graph 


Figure 8.4.1 


You are familiar with graphing in the rectangular coordinate system by plotting points, 
testing for symmetry, and understanding the nature of a specific function. In this section, 
we will introduce similar techniques for graphing equations in the polar coordinate system. 


Lines and Circles 


The simplest polar equations to graph are those of the form r = k or 6 = k, where k 
is a constant. The following two examples illustrate these special cases. 


scare 1 Graphing the Equation r = 4 


Sketch the graph of r= 4. 


Solution We first find and plot a set of points (7, 6) in the polar coordinate system 
such that r = 4. Because the equation says nothing about the value of 6, 6 can assume 
any value. The following lists some selected points (r, 0) that satisfy r= 4. 


7 27 7 
@ 2), (+ 2), (+ -2), (4, 77) 


When you plot these points on a polar grid, you will see that all the points lie on the 
circle of radius 4, centered at the pole. See Figure 8.4.1. 

Observe that the equation for a circle centered at the origin with radius 4 is much 
more compact in polar form than in rectangular form, which would be x” + y? = 16. 


[AW Check It Out 1; Sketch the graph of r= 3. © 


eal 2 Graphing Lines 


Graph the following equations. 


(a) r= 2csc@ b) 0=7 

>Solution 

(a) Use the equation r = 2 csc @ to generate a set of points as shown in Table 8.4.1. 
Plotting the labeled points on a polar grid, we see that the graph is a horizontal line, 
as shown in Figure 8.4.2. 


Table 8.4.1 Figure 8.4.2 
7 7 7 
6 3 2 
AD F223 2 
B Cc D 
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: : . 1 
Note that the equation can be rewritten as rsin@ = 2, because csc 0 = ae 
Using the substitution y = rsin 6, we see that the polar equation r = 2 csc @ is equiv- 
alent to y = 2. This is the rectangular form of the equation of a horizontal line. 


Figure 8.4.3 


(b) We first find and plot a set of points (r, 9) in the polar coordinate system such that 
0= - Because the equation says nothing about the value of r, r can assume any 
value: zero, positive, or negative. The following lists some points (r, 0) that satisfy 


g=2 
elo”) B12 <1. el ee 
2 Apo Ape PAP "\D 4 


4 
When you plot these points on a polar grid, you will see that all the points lie on the 
T 
4 
values of r. Thus the graph of the equation 6 = z is a line passing though the pole, 


5: 5 : 
or 9 = - The points on the ray 0 = 27 are generated from the negative 


ray 90 = r) 


making an angle of ? with the polar axis. See Figure 8.4.3. 


[A Check It Out 2; Sketch the graph of the equation 6 = =. a 


In general, then, we have the following. 


Symmetries in Polar Coordinates 
The following definitions of symmetry are useful in sketching graphs of polar equations. 


» The graph is symmetric with respect to the polar axis if, for every point (r, 0) 
of the graph, (r, —@) is also a point of the graph. 

» Similarly, the graph of a polar equation is symmetric with respect to the line 
d= = if, for every point (r, 0) of the graph, (—r, —6) is also a point of the graph. 

» Finally, the graph, of a polar equation is symmetric with respect to the pole if, 
for every point (r, 0) of the graph, (—r, 0) is also a point of the graph. 


These notions of symmetry are illustrated in the next example. 
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Figure 8.4.4 


[eee 3 Finding Mirror Images of a Given Point 


Find the mirror images of (2, z) with respect to the polar axis, the line 0 = x and the 
pole. Then, on a single polar grid, plot the given point and the three specified mirror 
images. 


Solution Let (r, 0) = (2, =), The mirror image A of (r, 0) with respect to the polar 


axis is 


LW Check It Out 3: Rework Example 3 for the points (5, 


Tests for Symmetry in Polar Coordinates 


a 
2 


(r, ) 
F 
1 é) > 0 


O = 
. 

. 

. 


x 
¥(r,-0) 


3a 


2 


Replace 6 with —@ in the polar equation. 


If the result is an equivalent equation, 
then the graph is symmetric with 
respect to the polar axis. 


(r, -@) = (2, 2) 


(-r, —6) = ( 
(-r, #—) = ( 


NIN 


(r,-6)@ (r, 8) 
x 


3x 
2) 


Replace (r, 0) with (—r, —@) in the polar 
equation. If the result is an equivalent 
equation, then the graph is symmetric 


with respect to the line 9 = a 


The mirror image B of (r, 6) with respect to the line 0 = . is 


7 
-2,-—). 
| 


The mirror image C of (r, 8) with respect to the pole is 


7 
= Del 
| 


The points A, B, and C, along with the original point, are shown in Figure 8.4.4. 


3. dq 
2 3 


—5) and (->,—). 


We can use the following guidelines to test for any symmetries in a polar equation. 


iy 


(r, 4) 


a 
(-r, 0) 


3a 
2 

Replace r with —r in the polar equation. 

If the result is an equivalent equation, 

then the graph is symmetric with 

respect to the pole. 
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Note [fa polar equation passes a symmetry test, the graph of the equation 


definitely exhibits that type of symmetry. However, the graph of a polar equation 


can exhibit a certain type of symmetry even if the equation fails the pertinent 


symmetry test. 


~or|4 Graphing a Circle - 


Sketch the graph of the equation r = 3 cos @ and find a rectangular form of the equation. 
> Solution 


Step 1 Test for symmetry, if any. 
» Symmetry with respect to the polar axis. Replace 6 with —é@ in the 


equation to test for symmetry with respect to the polar axis. 
r= 3 cos(-8@) Replace 0 with —6 
r= 3cos0 Negative-angle identity for cosine 


Because we get the original equation (r = 3 cos 0), the graph is symmetric 
with respect to the polar axis. 


» Symmetry with respect to the line 0 = > Replace (r, 8) with (—r, —@) 
to test for symmetry with respect to the line 0 = i 
r= 3cos0 Original equation 

—r = 3cos(-@) Replace (r, 0) with (—r, —0) 

—r=3cos0 Substitute cos 0 = cos(—6@) 


r= —3cos0 Simplify 


The equation r= —3 cos @ is not equivalent to the original equation. Thus 

the graph may or may not be symmetric with respect to the line 6 = i 

» Symmetry with respect to the pole. Replace r with —r to test for sym- 
metry with respect to the pole. 


r= 3cos6é Original equation 


Figure 8.4.5 


—r=3cos0 Replace r with —r 
r= —3cos0 Simplify 


The equation r = —3 cos @ is not equivalent to the original equation. Thus 
the graph may or may not be symmetric with respect to the pole. 


Step 2 Analyze the equation. Because cos @ is periodic with period 27, it is sufficient 
to consider values of @ in [0, 277). Determine the maximum and minimum val- 
ues for r and where r = 0. To do this, it can be helpful to sketch a graph of 
r = 3 cos @ in rectangular coordinates and then read off the values of r. From 
Figure 8.4.5, the maximum value of r is 3, at 9 = 0. The minimum value of r 


is —3, at @ = . For @ = = and @ ==, r= 0. 
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7 


Step 3 From step 2, we see that r decreases from r = 3 to r= 0 for 0 in [o, <I, so we 


first tabulate values of r for selected angles 6 in the interval [o, |. See Table 8.4.2. 


Table 8.4.2 
i aa T 7 
6 aie 
Re SE 
2 22 
= 2.60 = 2.12 
B @ | | eon Pe 


Step 4 Plot points A—E from the table. Because the graph is symmetric about the 
polar axis, we can stop tabulating values and complete the figure as shown in 
Figure 8.4.6. 


Figure 8.4.6 


4a 
3 


wy 


We find a rectangular form of the equation r = 3 cos 0 as follows: 


r= 3cos0 Given equation 
r? = 3rcos 6 Multiply by r to simplify substitution 


x? + y? = 3x Substitute r? = x? + y* and x = rcos 0 
Thus a rectangular form of the equation r = 3 cos @ is 


x? + y? = 3x. 


‘ : : oe 3)\2 9 
By completing the square, we can write this equation in the form (x — >) + =- 


ry 
we ; : é 3 F ie : i 
This is the equation of the circle with center (5, 0] and radius 2 which is confirmed 


by the polar graph. 


[A Check It Out 4: Rework Example 4 for the equation r= 3sin@. © 


Roses and Lemniscates 


Not all equations of curves in polar form are easy to represent in rectangular form. The 
following examples will examine the graphs of equations that are relatively simple in 
polar form but are more difficult to describe in rectangular form. 
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[anal 5 Graphing a 4-Petal Rose 


Sketch the graph of the equation r = 4 cos 26, and determine the type(s) of symmetry 
exhibited by the graph. 


> Solution 


Graphs of Polar Equations 641 


Step 1 Test for symmetry. 


Replacing 6 with —6, 

r= 4cos(2(—8)) 

r= 4co0s20 
Note that cos(—20) = cos(2@), by the 
negative-angle identity. 
The result is the same as the original 
equation, so the graph is symmetric 
with respect to the polar axis. 


Replacing (r, 6) with (—r, —8), 
—r = 4cos(2(—8)) 
—r = 4cos(20) 
r= —4cos(20) 


The result is not equivalent to the 
original equation, so the graph may 
or may not be symmetric with respect 


to the line 9 =“. 


Replacing r with —r, 
—r = 4cos(20) 
r= —4cos(20) 
The result is not equivalent to the 
original equation, so the graph may 
or may not be symmetric with respect 
to the pole. 


2 


Step 2. Because —1 S cos 20 = 1, the rgiven by 4 cos 26 will take on all values in the 


interval [ —4, 4]. 
Step 3 It is best to sketch the graph piece by piece. Start by tabulating values of r for 
selected values of 0 in the interval [0. “I. Include a value of 6 at which r = 0 


and for which r is a maximum or minimum. See Table 8.4.3. 


Table 8.4.3 
7 7 7 7 
0 eee we puis aeey 


Plot the corresponding points (r, 9), and use them to sketch the graph of the 
equation over the interval [0, Z|. See Figure 8.4.7. 


Figure 8.4.7 


x 
2 
7 


fae 


why 


aly 
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Technology Note 


Continue to tabulate and plot another set of points on the interval [z. nl, See 
Table 8.4.4 and Figure 8.4.8. 


Table 8.4.4 


Bs) oy pon a 


Figure 8.4.8 


To complete the graph, use symmetry of the graph about the polar axis. See Fig- 
ure 8.4.9. 


Figure 8.4.9 


[A Check It Out 5: Rework Example 5 for the equation r = 3 sin 20. & 


A curve with an equation of the form r = acosné or r= asinn@, where a ~ 0 and 
n is a nonzero integer, is known as a rose, because of its resemblance to a flower. The 
curve consists of several closed curves of equal size and shape that intersect at the cen- 
ter of the rose. These closed curves are called petals. There are 7 petals if 7 is odd, 
and 2n petals if is even. In either case, the size of the petals is determined by the value 
of a. 
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A curve with an equation of the form r* = acos26 or r? = asin26, where a > 0, 
is known as a lemniscate. The following example shows how to graph this figure. 


[Beant 6 Graphing a Lemniscate 


Sketch the graph of the equation r? = 9 sin26, and determine the type(s) of symme- 
try exhibited by the graph. 


> Solution 


Step 1 Test for symmetry. 


Replacing @ with —@, and using the Replacing (r, 6) with (—r, —8@), Replacing r with —r, 
negative-angle identity for sine, (=n? = 9 sin(2(—@)) (—n)? = 9 sin 20 
P = 9 sin(2(—6)) r = 9(—sin 26) 7? = 9 sin 20 
2 Sates By 2 
. - A es 2) r= —9sin 26 The result is the same as the original 
ed The result is not equivalent to the equation, so the graph is symmetric 
The result is not equivalent to the origi- original equation, so the graph may or with respect to the pole. 
nal equation, so the graph may or may may not be symmetric with respect to 
not be symmetric with respect to the dive ihe @ = & 
polar axis. 7 
Step 2 If sin 26 < 0, then this equation has no solution. Therefore, we first calculate r for 
selected angles 6 in the interval [o, |. For these values of 6, r? = sin 26 = 0. 
The value of |r| is at a maximum when 6 = Z See Table 8.4.5. 
Figure 8.4.11 Ten ate 


Step 3 Now plot the corresponding points (r, 9), and use them to sketch the graph. 
Note that the negative values of r produce the portion of the graph in the third 
quadrant (points F, G, and H). The graph is symmetric with respect to the 
pole, but not with respect to the polar axis or the line 6 = a See Figure 8.4.11. 


[AW Check It Out 6: Rework Example 6 for the equation r? = 9 cos 20. & 


Cardioids and Limacgons 


A curve with an equation of the form r= a + bcos@ or r=a-+t bsin 6, where a and 
b are nonzero and |a| = |b|, is known as a cardioid because of the resemblance of 
its shape to that of a heart. 
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[ema 7 Graphing a Cardioid_ 


Sketch the graph of the equation r = 2(1 — cos @), and determine the type(s) of sym- 
metry exhibited by the graph. 


> Solution 


Step 1 Test for symmetry. 


Replacing @ with —6, Replacing (r, 0) with (—r, —6), Replacing r with —r, 

r= 2(1 — cos(—@)) —r = 4cos(2(—@)) —r = 4co0s(20) 

r= 2(1 — cos @) —r = 4cos(20) r= —4cos(20) 
Note that cos(—@) = cos(6), by the r= —4 cos(26) The result is not equivalent to the 
negative-angle identity. The result is not equivalent to the origi- original equation, so the graph may or 
The result is the original equation, nal equation, so the graph may or may LOER OL SSPE TST SD cSeio seit se 
so the graph is symmetric with respect ot be symmetric with respect to the the pole. 
to the polar axis. line 0 = 3 


Figure 8.4.12 


Step 2 Because cos @ is periodic with period 27, it will suffice to sketch the graph over 
any interval of length 27. The value of r increases from 0 to 2 on the interval 
[0, 7] and decreases from 2 to 0 on the interval [ 7, 277]. 


Step 3 Tabulate values of r for selected angles 6 in the interval [0, a]. See Table 8.4.6 
and Table 8.4.7. 


NI 


Table 8.4.6 
a w | & 
6 | a 
2 fee iy eo 
2 
~ 0.268 
B C1 
Table 8.4.7 
=| 
6 
6 Ae ela es 
2 
~ 3.732 
~0 
F es 


Plot the corresponding points, and use them to sketch the graph over the in- 
terval [0, 7]. See Figure 8.4.12. Then sketch the mirror image of the existing 
portion of the graph with respect to the polar axis. See Figure 8.4.13. 
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[A Check It Out 7; Rework Example 7 for the equation r= 2(1 — sind). © 


A curve with an equation of the form r= a+ bcos@ or r=a+ bsin@, where 
a> 0 and b > 0, is known as a limagon. If 0 < a < b, the limacon has an inner loop. 
A limacon with a = 6 is a cardioid. It has a cusp—rather than a loop—at the pole. A 
limacgon with 0 < 6 < a does not pass through the pole at all and does not have an 
inner loop. Some limacons of this type have a depression. 


eet 8 Graphing a Limagon : 


Use a graphing utility to graph the following equations. Then, from inspection of your 
graphs, determine the type(s) of symmetry exhibited by each. 


(a)r=1— 4sin@ (b) r=5 + 3cos0 


> Solution 
Technology Note (a) Because —sin 6 takes on all values in the interval [—1, 1], the expression —4 sin 6 
For more details on window will take on all values in the interval [—4, 4], sor = 1 — 4sin 6 will take on all val- 
settings and changing ues in the interval [1 + (—4), 1 + 4] = [-—3, 5]. To graph this function, set the cal- 
modes, consult the culator to POLAR mode, with 6 ranging from 0 to 27. Use a window size of 
keystroke appendix. [—6, 6] X [—6, 2]. See Figure 8.4.14. 


The graph is symmetric with respect to the line 0 = x but it is not symmetric 
with respect to the polar axis, nor is it symmetric with respect to the pole. This 
curve is an example of a limacon with an inner loop. 


Keystroke Appendix: 
Sections 7 and 15 


(b) Because cos 6 takes on all values in the interval [—1, 1], the expression 3 cos 6 will 
take on all values in the interval [—3, 3], so the function will take on all values in 
the interval [5 + (—3),5 + 3] =[2, 8]. To graph this function, set the calculator 
to POLAR mode, and use a window size of |—9, 15] X [—8, 8]. See Figure 8.4.15. 

The graph is symmetric with respect to the polar axis, but it is not symmetric 
with respect to the line 6 = 7, nor is it symmetric with respect to the pole. This 
curve is an example of a limacon with a depression. 


Figure 8.4.14 Figure 8.4.15 


-—6 -8 


LA Check It Out 8: Rework Example 8 for the equations r= 1 — 4cos@ and r=5 + 
3siné. & 


8.4 Key Points 


The following table gives a summary of the various types of polar equations discussed 
in this section. 
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Line passing through the pole 
6=a 


Rly 


Vertical line 
rcos@ = c, orr=csec 0 


NIS 


Horizontal line 
rsin 0 = d, orr = dcsc@ 


ae 
2 


Circle centered at the pole (origin) with 


radius a 
r=a,a>0 


ea ae 
a, 


NIy 


. « ye a 
Circle with radius = and center on the 


2 
line 0 = 0 


r= +acos#,a>0 


uh 


2) 
/ & : 
3a 


2) 


. # ie a 
Circle with radius = and center on the 


2 


lineo == 


2 
r= =asin6é, a> 0 


2 
u : +0 
3a 


Is 


2 


Three-petaled rose 
r= acos(30),a>0 
r= asin(30),a>0 


& 
2 


Graph shown is that of r = sin(3@). 


Four-petaled rose 
r= acos(20),a>0 
r= asin(20),a>0 


& 
2 


Graph shown is that of r = cos(26). 


Lemniscate 
r? = a’ cos(20), a > 0 
r? = a’ sin(20), a > 0 


NIy 


Graph shown is that of r? = cos(26). 
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Cardiod 


r=atbsin(@@),0<a=) 
r=ax+bcos@),0<a=b 


Limacon with an inner loop 


r=atbdsin(@),0<a<b 
r=ax+bcos(0),0<a<b 


Limacon with no inner loop 


r=atxbdsin(@),0<b<a 
r=ax+bcos@),0<b<a 


a az ly 
2) 2 2 
1 ~ 0 
1 >0 
oa >0 
3a 3a 3a 
Dy 2 2 


Graph shown is that of r= 1 + sin @. 


8.4 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. For what value(s) of @ in [0, 277] does sin 6 reach a maxi- 
mum value? 


2. For what value(s) of @ in [0, 277] does cos 6 reach a mini- 
mum value? 


3. Find 6 in [0, zr] such that cos 20 = —1 
4. Find @ in [0, 7] such that sin 26 = 1 


5. Find the zero(s) of (0) = cos 26 in the interval [0, 7]. 


Graph shown is that of r= 1 + 2 cos 0. 


Graph shown is that of r= 3 — 2 sin @. 


1ll.r=2sec0 12.r=cscd 
13.r= —4cscé 14.r = —3 sec0 
15.r=2cos0 16.r= —4sin6 
17.r = —4cos6 18.r=2sin0 
19.r = —sin@ 20.r = —2cos0 
21.r = 5 cos 22.r= V2sin 6 


In Exercises 23-26, each of the graphs corresponds to an equation 
of the form r = acos@ orr = asin 6, where a is a real number. 
Determine the equation, including the value of a. 


6. Find the zero(s) of f{(@) = sin 20 in the interval [0, zr]. 23. re . fl 24. a : . 
3 i 3 3 7 3 
Skills This set of exercises will reinforce the skills illus- oa z uz z 
trated in this section. 
In Exercises 7-22, sketch the graphs of the polar equations. eS aia - a)3jay° 
7r=4 8.r=2 i ny tn ie 
6 6 6 6 
9.9=— 10.0=—= yo F yO F 
4 3 
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25. dn z e 26. Qn z 7 
3 3 3 3 
5x z 5a z 
6 6 6 6 
a ~0 1 ~0 
2/3/4 2/3 /4 
Wt llz It llz 
6 6 6 6 
7 w@ F 5 « F 
2 2 


In Exercises 27—30, each of the graphs corresponds to an equation 


of the form r 


orr ——, where a is a real number. 
cos 0 sin @ 


Determine the equation, including the value of a. 


27. 


28. 


RIS 
BIS 

wy 
BIN 


30. ip é 
3 3 
5z z 
6 6 
a ~0 
2/3/4 
Ix Uz 
6 6 
4 5a 
a 3a 
3 > 3 


In Exercises 31—46, sketch the graphs of the polar equations. 


31.r = 2 cos 20 32.r = 5 sin 20 
33.r= 1+ cosé 34.r= 1+ sind 
35.r=2-—2sin0 36.r=2 + 2cos0é 
37.r = 3 sin(3@) 38.r = 4cos(38) 
39.17? = 4. cos(20) 40.71? = 9 sin(26) 


41.r=4-— 3cos0 42.r=5+ 4sin0 


43.r=2+ sin@ 44.r=2-—cos@ 


45.r=2+3.cos0 46.r= 2 — 3sin0 


In Exercises 47-54, use a graphing utility to graph the polar 
equations. 


47.r=5— 4sin@ 48.r=3+ 4cos0 
49.r=cos| 9 —-— 50.r=sinja+— 
.r = COs A .r=sin A 
51.r= 3 sin 40 52.r= 2cos 30 

1 
53.r= 20,0505 47 tS SO ae 


In Exercises 55-58, use a graphing utility to find the small- 
est value of 9max, with @min = 0, such that the entire curve 1s 
graphed exactly once without retracing. 


55.r= —2cos0 
56.r= 1 —- 2cos0é 
57.r = 3 cos(20) 


58. r? = cos(26) (Hint: Graph as two functions, 7, and 15.) 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 
59. Write the polar equation r= 2 — 2 cos(6 + =) in terms 


of just the sine function. 


60. Write the polar equation r = 4 sin(@ -_ =) in terms of 
just the cosine function. 
—= Use a graphing utility to graph r, = 2 sin(30) and 


61. 
m= 2 sin(3(6 + =), Explain the relationship between 


the two graphs in terms of rotations. 


62.5 Use a graphing utility to graph r, = 1 + cosé@ and 
m=1t+ cos(9 = ), Explain the relationship between the 


two graphs in terms of rotations. 


8.5 Vectors 
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Objectives 


> Know vector notation in 
component form 


>» Add and subtract vectors in 
component form 


> Add and subtract vectors 
graphically 


> Use vectors to solve applied 
problems 


When an airplane flies, it is traveling at a certain speed in a given direction. These two 
pieces of information, speed and direction, characterize the velocity of the airplane and 
cannot be represented by a single real number. In physics and engineering, quantities 
such as velocity and force are represented by a line segment that has a specified length 
and points in a specified direction. These directed line segments are called vectors. This 
section will give a brief introduction to vectors in two dimensions and their properties. 

A vector is depicted graphically by an arrow, with an initial point, the “head,” and 
a terminal point, the “tail,” as shown in Figure 8.5.1. The length of the arrow repre- 
sents the magnitude of the vector. Two vectors can have the same magnitude and the 
same direction, as shown in Figure 8.5.2. 


Figure 8.5.1 Figure 8.5.2 


Terminal point 


Same magnitude 
Same direction 


Initial point 

To give a unique representation to a vector, its initial position can be taken to be 
the origin. This is called the standard position of a vector. A vector in standard 
position is completely and uniquely specified by the coordinates of its terminal point. 


Component Form of a Vector 


A vector v in two dimensions and in standard position is expressed in the form 

(Ux Vy), Where v, and v, are real numbers that specify the coordinates of the terminal 
point of v; they are referred to as the x and y components, respectively, of v. The 
zero vector is given by 0 = (0, 0). 


Pictured in Figure 8.5.3 are two vectors, u and v, each of which is labeled in terms 
of its components. 


Figure 8.5.3 


650 Chapter 8 © Additional Topics in Trigonometry 


Figure 8.5.5 eal 1 Finding Magnitude and Direction of a Vector 


yt Find the magnitude and direction of each of the following vectors. 
5+ 
a)v = (2,2 b) u = (3, —5 
iene @)v=(2,2)  (&) w= (3, -5) 
3T ids > Solution 
2 > 
1 Df (a) Graph the vector as in Figure 8.5.5. By the definition of magnitude, we have 
6\ | a 
ae =i, T234 5% lvl = V2)? + 22 =V44+ 4= V8 = 2v2. 

=i The direction of v is defined by the angle @ in standard position such that 

= v 2 re 

5+ cos 9 =— = = Use v, = 2, ||v|| = 2V2 

lv) 2V2 2 
Figure 8.5.6 v 2 v2 
: sing =— = = Use v, = 2, ||v|| = 2V2 
si lv] 2V2 2 
5+ 
at From our knowledge of trigonometric functions of special angles, the direction 
34 angle is 9 = 45°. 
27 (b) Graph the vector as in Figure 8.5.6. Using the definition of magnitude, we get 
_ 2 m2 — 
ae wae |||] = V3? + (—5)? = V34. 


Because u lies in the fourth quadrant, its reference angle is the acute angle a such that 


ee eee eye 
< 
at 
BY 


u=(3, —5) cosa = 734 
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Solving this equation, we obtain 
ae 
V 34 


a= accos( = 59.04°. 


Because @ is in the fourth quadrant, 


0 = 360° — a ~ 360° — 59.04° = 300.96". 


[A Check It Out 1: Find the magnitude and direction of (—4, 1). © 


Sometimes, we are given the magnitude of a vector and its direction and we wish 
to find its components. By definition of the direction @ of a vector u = (u,, uy) with 
nonzero magnitude, 


cos 6 = i = |lul| cos 6 
: uy j 
sin 6 = IW || u|| sin 6 


Example 2 Finding Com ponents of a Vector 

Find the components of the vector u with magnitude 6 and direction angle 117°. 
Solution Using the direction angle @ and the magnitude of u, we have 

u, = ||ul| cos 6 = 6 cos 117° = —2.72 


uy = |lul| sin @ = 6 sin 117° ~ 5.35 


[A Check It Out 2: Find the components of the vector with magnitude 22 and direction 
37° south of west. 


Vector Operations 


We now discuss addition and subtraction of vectors and scalar multiplication of vectors. 
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[ema 3 Adding and Subtracting Vectors 


Let u=(-—1,3) and v= (4, —-1). Find the following and illustrate the result 
graphically. 


(ajut+v (b)v—u 
>Solution 
(a) Adding the components of v to the respective components of u gives 
u+v=(-1,3) + (4,-1) =(-1 + 4,3 + (-1)) = (3, 2). 
See Figure 8.5.7. 
(b) Subtracting the components of u from the respective components of v gives 
v—u=(4, -1) — (-1, 3) = (4 — (-1), -1 — 3) = (5, —4). 
See Figure 8.5.8. 


Figure 8.5.7 Figure 8.5.8 


LW Check It Out 3: Find (5, —4) — (-3, 1). & 


Fi 5. 
igure 8.5.9 Scalar Multiplication 


Aiksd For a real number k and a vector u, the scalar multiple ku is the vector given by 


ku = Ruy, uy) = (Ruy, Ruy). 


Observations: 


BY 


» If k > 0, then the vector ku is in the same direction as u and has magnitude &|lul. 


» If k < 0, then the vector ku is in the opposite direction as u and has magnitude 
|| |u|]. See Figure 8.5.9. 


Bante 4 scalar Multiplication __ 


Let u = (5, —3) and let v = (—2, 1). Find the following. 
(a) 3u (b) —2v+u 


> Solution 


ku,k<0 


(a) Using the definition of scalar multiplication, we have 


3u = 3(5, —3) = (15, —9). 
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(b) Using the definition of scalar multiplication to get —2v, and then adding u to the 
result, gives 
=20-F = =2(—2, 1) + Gy. =3) S{4) =2) + Os = 3) 
= (44+ 5, -2 — 3) =(9, —5). 
LW Check It Out 4: Find 4(1,5) — (3, —2). & 


In the special case k = —1, we get the vector —u. Note that u + (—u) = (0, 0). The 
zero vector, (0, 0), has magnitude zero and is denoted by 0. Thus —u = (—u,, —u,), 
where u, and u, are the components of u. 


lemme 5 Finding —u 


Let u = (3, 4). 
(a) Find —u in component form. 
(b) Graph u and —u. 


>Solution 
(a) By the definition of —u, 


—u = —(3, 4) = (-3, —4). 


(b) Graph the vectors u and —u, as shown in Figure 8.5.10. Observe that —u is 
directed 180° away from u. 


Figure 8.5.10 


[A Check It Out 5: Rework Example 5 for the case where u = (—5, 2). 


Vector operations have many of the same properties as operations on real numbers. 
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Unit Vectors 


i F , : 3 4\. , 
A unit vector is a vector of magnitude 1. For instance, 3? 3) 18 a unit vector because 


3} --E- 


In many applications of vectors, we are interested in a unit vector in the direction of a 
nonzero vector v. 


Unit Vector in the Direction of a Given Vector 
Let v = (v,, v,) be a nonzero vector. Then the unit vector in the direction of v is 
given by 


Vv 
we where ||v|| = Vv2 + v7. 


[anal 6 Calculating a Unit Vector 


Find the unit vector w in the same direction as v = (—5, 12). Verify that w has 
magnitude 1. 


PSolution First calculate ||v||: 


\Iv|| = |K—5, 12) = V(—5)? + 12? = V169 = 13 


Then the unit vector w in the direction of v is given by 


ov - S| 5 5) 
\|v]| 13 13° 13/° 


Ww 


We now show that the magnitude of w is 1. 
5 12 \7 169 
llw]| = = = = 
13 13 169 


[A Check It Qut 6: Find the unit vector w in the same direction as v = (6, 8). & 


Other Representations of a Vector 


A vector can be represented as the sum of vectors that lie along the axes. By the rules 
of vector addition, 
u= (Uxs Uy) == (Uxs 0) + (0, it) 
Observe that the vectors (u,, 0) and (0, u,) lie along the x- and y-axes, respectively. 
A vector can also be represented in terms of unit vectors that lie along the axes. The 
standard unit vectors (1, 0) and (0, 1) lie along the positive x-axis and the positive 
y-axis, respectively. By the rules of vector addition and scalar multiplication, 


u= (Ux; Uy) = (Us; 0) + (0, Uy) = “615 0) + u,<0, 1). 


The unit vectors (1, 0) and (0, 1) are also denoted by i and j, respectively. Thus u can 
also be written as 


u= 4,1 + uy)j. 


Figure 8.5.12 


yh 


0 = 130° 
& 
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The unit-vector representation of a vector with a negative x component and a positive 
y component is illustrated in Figure 8.5.11. 


Figure 8.5.11 


y 


Uyi+ Uyj 


Eeertel| 7 Representing a Vector in Terms of i and j 


Write u = (—3, 2) in terms of the unit vectors i and j. 
PSolution Because u = (—3, 2), we have u, = —3 and u, = 2. Thus 


u = (—3, 2) = (—3, 0) + (0, 2) = —3(1, 0) + 2(0, 1) = —3i + 2j. 


[A Check It Out 7; Rework Example 7 for the case where u = (6, —5). & 


Applications of Vectors 


Vectors are useful in a number of areas because they can be used for any quantity with 
direction and magnitude. In navigation, the velocity of an airplane or boat gives both 
speed and direction. Thus velocity can be represented as a vector, with the speed as its 
magnitude. 


Earal 8 wina Velocity - 


Using a specially designed golf flag, a golfer finds that wind is blowing through the 
course at a speed of 12 miles per hour in the direction N40°W. Express the wind ve- 
locity in vector form, rounded to two decimal places. (Source: directhitgolfflags.com) 


PSolution Let w denote the velocity of the wind. Thus ||w|| = 12, the speed of the wind. 
The direction N40°W, 40° west of north, corresponds to the angle 6 = 90° + 40° = 130°. 
(This notation was introduced in Section 8.1.) See Figure 8.5.12. 
Compute the x and y velocity components of w as follows: 
w, = ||w|| cos 6 = 12 cos 130° ~ —7.71 
W, = ||w|| sin 6 = 12 sin 130° ~ 9.19 


Thus w = (—7.71, 9.19). 


[W Check It Out 8: The wind is blowing at a speed of 6 miles per hour in the direc- 
tion S40°W. Express the wind velocity in vector form, rounded to two decimal 
places. © 
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Figure 8.5.13 


ae 
/ 


18° 


Figure 8.5.14 


ay 


y 
0=270° 
w 


ay 


[ema 9 Combining Boat and Wind Velocities 


A boat travels in the direction S18°E at a speed of 15 miles per hour. It encounters a 
wind blowing north to south at a speed of 10 miles per hour. Find the resulting speed 
and direction of the boat. 


Solution The resulting velocity of the boat is obtained by adding the components of 
the velocity of the boat to those of the velocity of the wind. See Figure 8.5.13. The 
magnitude of the resulting velocity vector is the resulting speed. 


Step 1 Find the components of boat velocity. Let v denote the velocity of the boat. Thus 
||v|| = 15, the speed of the boat. The direction $18°E, 18° east of south, corre- 
sponds to the angle 6 = 270° + 18° = 288°. See Figure 8.5.13. We then have 


Vv, = ||v|| cos @ = 15 cos 288° ~ 4.64 
v, = ||v|| sin 9 = 15 sin 288° ~ —14.27 
so v = (4.64, —14.27). 


Step 2 Find the components of wind velocity. Let w denote the velocity of the wind. 
Because the wind is blowing north to south at 10 miles per hour, ||w|| = 10 and 
the direction is 9 = 270°. See Figure 8.5.14. We then have 


W, = ||w|| cos 6 = 10 cos 270° = 0 
w, = ||w|| sin @ = 10 sin 270° = —10 
so w = (0, —10). 
Step 3 Find the resulting velocity. To find the resulting velocity, add v and w. 
u=vt w= (4.64, —14.27) + (0, —10) = (4.64, —24.27) 
Step 4 Calculate the resulting speed and direction. 
Speed: |lu|]| = V/(4.64)? + (—24.27)? ~ 24.71 
The direction 6 is defined by 


ee Laeeee eT 
ee 84.71 


—24,27 


sin 0 = ———— = —0.982. 
24.71 


Now, arcsin(—0.982) = —79.1°. Thus 6 = 360° — 79.1° = 280.9°. Hence the 
boat travels at a speed of 24.71 miles per hour with 6 = 280.9°, or S10.9°E. 


[A Check It Out 9: Rework Example 9 if the wind is blowing west to east at 10 miles 
per hour. All other information stays the same. & 


In physics and engineering, the term force refers to a push or pull with a specified 
magnitude and in a specified direction. Thus force is a vector quantity. The effect of 
multiple forces acting simultaneously on an object is equivalent to the effect of a sin- 
gle force, called the net force. 

One force that plays an important role in physics and engineering is the force of 
gravity. This force is directed downward, toward the center of Earth. The magnitude 
of the force of gravity on an object located on the surface of Earth is the weight of the 
object, so this force is often denoted by w. 
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Figure 8.5.15 For instance, consider a box weighing 35 pounds, resting on a horizontal surface. 
The force of gravity, w, is directed downward and has a magnitude of 35 pounds, the 
N weight of the box. Also, there is a normal force, N, exerted by the surface on the box 
and directed upward toward the box. The normal force, by definition, acts perpendi- 
cular to the surface. See Figure 8.5.15. 
lean 10 Net Force on an Object Moving on an Inclined Plane 
A 50-pound block moves on a frictionless inclined plane that makes an angle of 36° 
with the horizontal. See Figure 8.5.16. Assuming no applied force, determine 
(a) the magnitude and direction of the normal force, N 
(b) the magnitude and direction of the net force on the block 
> Solution 
(a) The forces acting on the block are 
» the force of gravity, w, with magnitude 50 pounds and directed downward 
» the normal force, N, directed perpendicular to the surface of the inclined plane 
and toward the block 
The y-axis is oriented in the direction of the normal force, as shown in Fig- 
Figure 8.5.16 ure 8.5.16. Now, the x and y components of the force of gravity, w, are given by 
y w, = —|\w||sin36° and = w, = —||w|| cos 36°. 


The normal force counterbalances the y component of the force of gravity. Thus 
the y component of the net force on the block is zero. Therefore, 


IN|] + w, = 0 y component of net force is O 
IN|] + (—||wl|cos 36°) = 0 w, = —|lw|| cos 36° 
N|| = || w]| cos 36° Solve for N 


= 50(cos 36°) = 40.45. Approximate 


Hence the normal force has magnitude 40.45 pounds and is directed along the 
positive y-axis. 


(b) The x component of the net force on the box is equal to the x component of the 
force of gravity, which is 


—||w||sin 36° = —50(sin 36°) ~ —29.39. 
Since the y-component of the net force is zero, the net force on the box has mag- 


nitude 29.39 pounds and is directed along the negative x-axis. 


LW Check It Out 10: Rework Example 10 for the case where the block weighs 60 pounds 
and the angle of inclination of the plane is 40°. © 


8.5 Key Points 


» A vector is a quantity with magnitude and direction. 


» The magnitude, or length, of a vector v = (v,, Vy) in standard position is given by 


lvl = Vaz + 25 
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» The direction angle of v is the angle 0 in standard position that v makes with the 
positive x-axis such that 


— and sin 6 = as 
IIvl| IIvl| 


with 6 in the interval [0°, 360°). 


cos 0 = 


» Addition and subtraction of two vectors are defined as follows. 


U + v= (tgs Uy) + (xs Vy) = (Uy + Yys Uy + vy) 


u-v= (Uys Uy) — (Os Vy) = (uy, ~ Ux Uy — Vy) 


» The scalar multiple of a vector u is given by ku = k(u,, uy) = (Ru, Ruy), where 


k is a real number. 


» The unit vector in the direction of v = (v,, v,) is given by 


Vv 


lvl 


where ||v|| = Vv; + v;. 


» A vector u = (u,, uy) can also be written as u = u,i + u,j, where i = (1, 0) and 


j = (0, 1). 


8.5 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1-6, graph each of the given vectors in standard 
position. 


1. (1, 0) 2. (4, —1) 


6. (—2, —5.5) 


In Exercises 7-12, write each of the given vectors in terms of the 
unit vectors i and j. 


7.u = (—4, 6) 8.v = (5, —3) 


9. w = (—2, -1.5) 


1 3 21 
ll.u=(-,—- 12.w=(- = 
3.4 5 6 


In Exercises 13-24, find u — v, u + 2v, and —3u + v. 
13.u = (3, 0), v = (5, 1) 


10. v = (-3.5, 4) 


14.u = (6, —2), v = (3, —1) 


15.u = (—4, 5), v = (3, —7) 


16.u = (—2, 6), v = (7, —3) 
17.u = (1.5, 2.5), v = (0, 1) 


18.u = (4, 0), v = (—1.5, 2.5) 


12 
19.u=(-,—),v=(1,2 
u (G2). (1, 2) 

11 1 3 
20.u 7 >Vv ‘ 

(Gapv-(-pa) 


2l.u 2i+ 3j,v = 41 -j 


22.u = 6i — 2j,v = —5i t+ 3j 


23.u L.lit 4j,v = 4i + 2.4 


24.u = 2.6i + 5j, v = —2i + 3.77 


In Exercises 25—34, find the magnitude and direction of each of 
the given vectors. Express the direction as an angle 0 in standard 
position, where 0° = @ < 360°, to two decimal places. 


25.u = (—1, 2) 26. w = (3, 5) 


27.v = (1, 1.5) 28.u = (1.5, 3) 


32.v = —3i + 4j 


33.v = lit 2.57 34.v = —3.2i + 25 


In Exercises 35—40, find a unit vector in the same direction as the 


given vector. 


35.u = (3, 4) 36.v = (-12, 5) 


37.w = (1, 1) 38. u = (3, 2) 


39.v=—-2i+ lj 40.u = 4i — 3j 


In Exercises 41—48, find the components of the vector in standard 
position that satisfy the given conditions. 


41. Magnitude 19; direction 34° 

42. Length 7; direction 276° 

43. Magnitude 10; direction 190° 

44. Magnitude 8; direction 145° 

45. Magnitude 4.6; points due west 

46. Length 3.1; direction 16° south of east 
47. Length 22; points northwest 


48. Magnitude 59; direction 108° 


» Applications In this set of exercises, you will use vectors 
to study real-world problems. 


In Exercises 49-60, round your answers to two decimal places. 


49.Weather The world’s largest weathervane is located in 
Montague, Michigan. On a July day in 2007, it showed 
that the wind had a speed of 15 miles per hour in the 
direction S30°E. Express the wind velocity in component 
form. (Source: www.wunderground.com) 


50. Golf A golf ball is hit from a tee with a launch angle of 
13.2° and speed 140 miles per hour. Express the velocity 
of the ball in component form. (Source: www.golf.com) 


51. 


52. 


53. 


54. 
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Beaufort Scale The Beaufort scale was developed in 1805 
by Sir Francis Beaufort of England. It gives a measure for 
wind intensity based on observed sea and land conditions. 
For example, a wind speed of 20 knots is classified as a 
“fresh breeze,” and smaller trees sway at this wind speed. 
Note that wind speed can also be measured in knots, where 
1 knot equals 1.15 miles per hour. (Source: www.noaa.gov) 
(a) If the fresh breeze is in the direction S60°W, express 
the velocity of the breeze in component form. Use 
knots for the unit of speed. 
(b) Express the velocity of the fresh breeze in component 
form using miles per hour as the unit for speed. 


Biking Carl rides his bike due east for half an hour at a 

speed of 12 mph. Then he rides due north for 45 minutes 

at a speed of 10 mph. 

(a) At the end of the trip, how far is Carl from his 
starting point? 

(b) Suppose that Carl traverses a single straight-line path 
and that his starting point and ending point are the 
same as before. In what direction does he ride his bike? 


Distance Wanda goes for a hike. She first walks 2.4 miles 
in the direction S17°E and then goes another 1.8 miles in 
the direction S38°E. 

(a) By what east—west distance did Wanda’s position 
change between the time she began the hike and the 
time she completed it? 

(b) By what north-south distance did Wanda’s position 
change? 

(c) At the end of the hike, how far is Wanda from her 
starting point? 

(d) Suppose that Wanda traverses a single straight-line 
path and that her starting point and ending point are 
the same as before. In what direction does she walk? 


Physics A ball is thrown upward with a velocity of 

20 meters per second at an angle of 42° with respect to 

the horizontal. 

(a) At the time the ball is thrown, how fast is it moving 
in the horizontal direction? 

(b) At the time the ball is thrown, how fast is it moving 
in the vertical direction? 
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55.Sailing A sailboat travels on White Lake, Michigan, at a 


56. 


oe 


58. 


speed of 5 miles per hour in the direction N45°E. It en- 
counters a moderate breeze blowing from south to north 
at a speed of 12 miles per hour. Find the resulting speed 
and direction of the sailboat. 


Gliding A glider traveling at 90 miles per hour in the 
direction N20°W encounters a mild wind with speed 
15 miles per hour. If the wind is traveling from east to west, 
find the resulting speed of the glider and its direction. 


Navigation The net velocity of a ship is the vector sum of 
the velocity imparted to the ship by its engine and the 
velocity of the wind. The engine propels the ship at a ve- 
locity of 20 miles per hour in the direction S35°E. 

(a) What are the components of the velocity imparted to 
the ship by its engine? 

(b) If the wind is blowing from north to south at 12 miles 
per hour, find the magnitude and direction of the net 
velocity of the ship. 

(c) Rework part (b) for the case where the wind is 
blowing from north to south at 15 miles per 
hour. 


Force Resolution Lucas pulls a 40-pound box along a level 
surface from left to right by attaching a piece of rope to the 
box and pulling on it with a force F, of 20 pounds in the 
direction 25° above the horizontal. A friction force F, of 
5 pounds is acting on the box as it is being pulled. (A fric- 
tion force acts in the direction opposite to the direction of 
motion.) 


(a) Find the x and y components of F,. 
(b) Find the x and y components of F,. 


59. 


60. 


(c) Use your answers to parts (a) and (b) to express 
the vector sum F, + F, in terms of its x and y 
components. 

(d) Give the magnitude and direction of each of the 
other forces acting on the box. 

(e) Find the magnitude and direction of the net force 
acting on the box. 


Mass on Incline A 28-pound package slides down the sur- 
face of an inclined plane that has an angle of inclination 
of 30°. 


30° 


(a) Find the magnitude and direction of the net force act- 
ing on the package. 

(b) Rework part (a) for the case where there is a friction 
force of 4 pounds acting on the package as it slides 
down the inclined plane. (A friction force acts in the 
direction opposite to the direction of the motion.) 


Statics Two chains, A and B, are suspended from the ceil- 
ing and meet at point P, where each is linked to a third 
chain, C, as shown in the figure. A lamp that weighs 8 
pounds is suspended from chain C. The net force on the 
lamp is zero, and the net force on the knot is zero. Find the 
forces F,, Fz, and Fe, exerted by chains A, B, and C, re- 
spectively, on the link. (Hint: Consider horizontal and ver- 
tical components separately.) 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


61. 


62. 


63. 


Show that if ||v|| = 0, then v = (0, 0). 


u 


Show that if u is a nonzero vector, then the vector —— has 


magnitude 1. Ill 
If u is a nonzero vector, for what values of k does the 
equation ||ku|| = 2] ul] hold? Explain. 
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8.6 Dot Product of Vectors 


> Calculate the parallel and 
perpendicular components 
of a vector 


> Solve applied problems 
using dot products 


vector onto another vector 


We have already defined multiplication of a vector by a scalar, but we have not yet 
defined multiplication of two vectors. One type of product of two vectors that is quite 
useful is called the dot product. 


The dot product of two vectors is a scalar and is sometimes referred to as the scalar 
product or the inner product. 


Esl 1 Calculating the Dot Product 


Calculate (—4, 3) « (2, —5). 
Solution Using the definition of the dot product, we have 
(—4, 3) - (2, -5) = (-4)(2) + (3)C-5) = -8 — 15 = —-23. 


[A Check It Out 1; Calculate (6, —2)- (3,4). & 


The following are properties of the dot product. 


We will prove the first property. The rest are left as exercises at the end of this section. 
Let u = (u,, u,) and v = (v,, vy). Then 


UV = UAV, + UyY,. 
Now 
VU YU, + VU, = U,V, + UyVy 
because multiplication is commutative. Thus 


u-‘v-v:u. 


Angle Between Vectors 


There is another formula for the dot product of nonzero vectors, which is useful in 
determining the angle between two vectors and in solving applied problems. 
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+t + +t + 
Bag. =4 <2 
2 


This formula can be derived from the original formula for the dot product: 


U'V = U,Y, + U,V, 


Let a and B be the directions of u and v, respectively. Expressing the components of 
u and v in terms of their magnitudes and directions, we have 


u,=llullcosa au, = ||v||cos 8 
uy = |lullsina v, = ||v||sin B 
Substituting these expressions into the formula for the dot product, we obtain 


uv = (|lul|cos a)(||v||cos 8) + (||u|sin «)(||v||sin 6) 


= ([lull(|lv[])(cos a cos B + sinasinf) — Factor out (||u||)((lvl|) 
= (lJul|)(|lvl]) cos(@ — B) Apply difference identity for cosine 
= ([lul])CIlvll) cos 6. Substitute 0 =a — B 


leanne 2 Finding the Angle Between Two Vectors 


Find the smallest nonnegative angle between the vectors (3, —7) and (2, 6). See 
Figure 8.6.2. 


Solution First, use the original formula to compute the dot product. 
(3, —7) + (2, 6) = (3)(2) + (—7)(6) = 6 — 42 = —36 
Next, use the alternative formula for the dot product. 
(3, —7) + (2, 6) = ([|(3, —7)|])({](2, 6) ||) cos 4 
where 6@ is the angle between the vectors. Now compute the magnitudes of the vectors. 
(3, -7)|| = V3? + (HT? = V9 + 49 = V58 
|| (2, 6)|| = V2? + @ = V4 + 36 = V40 = V4(10) = 2V/10 


Substituting the magnitudes, we obtain 


@,-7)+%6)= (V58)(2V10) cos 0. 


Figure 8.6.3 
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Equating the two expressions for the dot product, we have 


—36= (V58)(2V10} cos 0 


36 
cos 0 = Isolate cos 0 
(v58)(2v10) 
18 
cos 9 = ——=—= ~ — 0.7474 Simpli 
V'580 yy 
0 ~ 138.37°. Use key on calculator 


[A Check It Out 2: Find the angle between the vectors (—8, 13) and (5, —4). Round to 
the nearest tenth of a degree. © 


Parallel and Perpendicular Vectors 


Two vectors v and w are said to be parallel if the angle 6 between the vectors is ei- 
ther 0° or 180°. If 6 = 0°, the vectors lie in the same direction. If 9 = 180°, the vectors 
lie in opposite directions. 

If 9 = 90°, then the vectors are perpendicular. The term orthogonal is also used 
to mean perpendicular, especially in reference to vectors. Note that when 6 = 90°, 


v- w= |v ||w]|cos @ = ||v|| || w||cos 90° = 0. 


This connection between two vectors being orthogonal and their dot product is sum- 
marized as follows. 


The Dot Product and Orthogonal Vectors 

Let v and w be two nonzero vectors. 
» If v and w are perpendicular, or orthogonal, then v - w = 0. 
> Ifv- w= 0, then v and w are perpendicular, or orthogonal. 


ora] 3 Determining Orthogonal Vectors 


Determine whether the vectors v = (—4, 6) and w = (3, 2) are orthogonal. 


Solution To determine whether the vectors are perpendicular, check whether their 
dot product is zero. 


v- w= (-4, 6) - (3, 2) = (-4(3) + (6)(22) = -12 + 12 =0 


Because the dot product is 0, the vectors are orthogonal, or perpendicular. 


LW Check It Out 3: Determine whether the vectors v = (1, —3) and w = (—6, —2) are 
orthogonal. 


Vector Projection 


We saw in Section 8.5 that when a vector is written as v = ai + bj, the component ai 
lies along the horizontal axis, and the component Oj lies along the vertical axis. See Fig- 
ure 8.6.3. Now we discuss how to find components of a vector v along a nonzero vec- 
tor w and a vector perpendicular to w. In this case, the vector w does not necessarily 
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Figure 8.6.5 


lie along the horizontal axis or the vertical axis. We will refer to these components as 
v, and v,, respectively. See Figure 8.6.4. 


Figure 8.6.4 


v1 


a 
0<0<5 


We first calculate || v, || using trigonometry: 
IIlvill =||v]| cos 6 


Now 


vw 
vw = ||w||||v|]cos => cos = 7. 
lwilllv| 


Substituting the expression for cos @ in the expression for v,, we have 


Vv: Ww 
Ilvi | = [lv[|cos 6 = [Iv] = 
Ilwilllvl [lw 


Because v, is in the direction of w, v, can be obtained by scalar multiplication of || v,]| 
by a unit vector in the direction of w. Thus 


v, = lv, |l (7) v, in the same direction as w 
lw 
vw w v-iw 
= (==) (=) Substitute ||v,|| = _—— 
wil 7 \ wl] || 
_Vviw ” 
ll wll? 


The component v, that we found above is referred to as the vector projection of 
v on w, denoted by proj,,v. 


eee 4 Finding the Vector Projection of v onto w 


If v = (4, 3) and w = (3, 1), calculate proj,,v. See Figure 8.6.5. 
Solution First compute 


vi w= (4, 3)-3,1)=124+3=15 


Figure 8.6.6 
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and 


|| w||? = (3)? + 1°) = 10. 


ee fj Yow -by 1)= 93 
Pee Vwi) 10°? 2 o/' 


[A Check It Out 4; If v = (4, —1) and w = (2, 5), calculate proj,,v. 


Then 


Using the vector projection, we can express v as the sum of the two orthogonal vec- 
tor components. 


[ral 5 Decomposing a Vector into Components 


Let v = (4, 3) and w = (3, 1). Decompose v into two vectors v, and v>, where v, is 
parallel to w and v, is orthogonal to w. See Figure 8.6.6. 


Solution From Example 4, 


27 PrOjy V=Vy 
| oF 
Vo=V-V, 
———o ' —_ Now compute v>. 


yaa 
9 3 
Vo =v —v, = (4,3) — (5,5 Definition of v. 
2 2 
a8 22 Rewrite with d inat 
S = ewrite wi common aenominatvor 
ea ao 


Thus v can be decomposed as 


9 3 t.3 
VeHvtw= 22 + ol: 


[A Check It Out 5: Let v = (4, —1) and w = (2, 5). Decompose v into two vectors v, 
and v,, where v, is parallel to w and v, is orthogonal to w. © 


Applications of Dot Products 


Dot products have long been used in engineering and physics. Recent applications also 
include computer simulations and computer game design. 


666 Chapter 8 © Additional Topics in Trigonometry 


Figure 8.6.7 In physics, the work done by a force in moving an object is given by the product 
of the distance moved with the magnitude of the force component in the direction of 
motion. See Figure 8.6.7. In terms of vectors and dot products, we have the following 

F: Force definition of work. 


@ Work Done by a Force 


The work W done by a constant force F as it moves along the vector v is given by 
W=F-v= |Flldcos0 


where d = ||v||. 


The quantity ||F||cos @ is the component of the force vector in the direction of 
motion. In particular, if the force vector v is perpendicular to the direction of motion, 
no work is done because 9 = 90° and so W = (||F||cos 0) ||v|| = 0. The units of work 
are foot-pounds in the English system and newton-meters in the metric system. 


Note _[n most problems involving work, it is usually easier to apply the 


definition of work using the cosine. 


Ema 6 Work Done by a Force 


Figure 8.6.8 A man is pushing on a lawn mower handle with a force of 35 pounds. See Figure 8.6.8. 
If the angle the handle makes with the horizontal is 40°, how much work is done in 
moving the lawn mower a distance of 150 feet on level ground? 


Solution Note that the force is exerted along the handle of the lawn mower, but the 
direction of motion is horizontal. Thus only the horizontal component of the force 
contributes to the work done in moving the lawn mover. See Figure 8.6.8. Using the 
formula for work, we find that 


W = ||Fl|dcos 0 
= (35)(150) cos(40°) ||F|| = 35, d = 150, 06 = 40° 
= 5250(0.7660) cos 40° ~ 0.7660 
= 4021.50 


Thus the work done in moving the lawn mower is 4021.50 foot-pounds. 


[AW Check It Out 6: Rework Example 6 if the angle made with the horizontal is 35°. 
Assume all other information stays the same. Round your answer to two decimal places. 
Oo 


Dot products are used extensively in computer graphics and in designing computer 
video games because they give algebraic formulations of geometric concepts. Thus, dot 
products can be programmed more easily than geometric constructions. An elemen- 
tary example from game design is given next. 


Figure 8.6.9 


Figure 8.6.10 


(6, 10) 
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[=a 7 Video Game Design 


A portion of a computer video game consists of a ball colliding with a wall. The origin 
is taken to be the left bottom-most corner of the computer screen. The ball’s location is 
given by the vector v = (6, 10), and the wall makes an angle of 45° with the horizontal. 
See Figure 8.6.9. What is the perpendicular distance from the ball to the wall? 


Solution We decompose v = v, + v> such that v, lies along the direction of the wall. 
Then the magnitude of the perpendicular vector, ||v,||, will give the required distance. 

First, compute the projection v,, the component of v that lies along the wall. To do 
so, we need a vector w that lies along the direction of the wall. Because the wall makes 


an angle of 45° with the horizontal, the vector w = (cos 45°, sin 45°) = (2 a) is 
a unit vector in the same direction as the wall. See Figure 8.6.10. Thus 
' veiw 
Vv, = proj,,Vv = (3) Definition of projection 
We V2 
= 2: p vi w= 8V2;||w|| =1 
2 2 
= (8, 8). Simplify 


Now compute v5. 
Y= NY = (6,10) = (6,3) = (2,2) 
The perpendicular distance is therefore 


l|vall = V8 = 2V2. 


[A Check It Out 7; Rework Example 7 if the wall makes an angle of 30° with the hori- 
zontal. Assume all other information stays the same. Round to two decimal places. © 


u= Ce Uy) v= on Vy) 
UV = U,V, + UyVy. 


u-v= |u| ||v||cos 0. 


71.2 |W 
er) 
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8.6 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1—8, find v - w. 


l.v = (-3, 4), w = (2, —3) 


2.v = (6, —1), w = (4, 3) 


3.v =(5, -8), w (-2,5) 


4.v= G. -1),w = (4 0) 


5.v = (3, -1), w = (1, 3) 


6.v = (—2, 0), w = (0, 4) 


In Exercises 9-16, find the smallest nonnegative angle between the 
vectors v and w. Round your answer to the nearest tenth of a degree. 


9.v = (1, 3), w = (—2, 0) 10. v = (0, —1), w = (2, 3) 
11.v = (—2, 0), w = (0, 3) 12.v = (2, —4), w = (6, 3) 


13.v = (4, 3), w = (2, —1) 14. v = (2, 4), w = (—3, 2) 


1 
Ib.v= a 1), = (6, -1) 


3 
16.v= (-2, 3) = (1, 2) 


In Exercises 17—24, calculate proj,,v. Then decompose v into v, 
and V2, where v, 1s parallel to w and vy, ts orthogonal to w. 


17.v = (2, —4), w = (2, 6) 
18.v = (5, —3), w = (1, 1) 
19.v = (10, 5), w = (2, —1) 
20.v = (1, 2), w = (—3, 3) 


21.v = (6, 12), w = (3, 1) 


22.v = (—4, 3), w = (1, —3) 
23.v = (4,5), w = (—3, 4) 


24.v = (6, —3), w = (4, 2) 


In Exercises 25—32, determine whether the given pairs of vectors 
are orthogonal. 


25.v = (1, 2), w = (—4, 1) 


26.v = (3, 1), w = (0, 1) 


27.v = (2, —3),w 


{—6, 4) 


28.v = (—5, 2), w = (4, —10) 


1 5 5 1 
29.v=(-,2),w=(6, 30.v = (3,5), w=(—— 
i} 2 6 2 


31.v = (1, 0), w = (0, 3) 


32.v = (2, 0), w = (0, 4) 


In Exercises 33-40, perform each operation, given u, v, and w. 
u— (3, 2) v= (-1, 4), w- (-2, -1) 


33.2u + 3w 34.-4u+v 
35.-u-(wt+w) 36. —2w: (v + w) 
37.3u + Vv — 2w 38.-u-2v+w 
39. proj,,(u — v) 40. proj,,(v + w) 


» Applications In this set of exercises, you will use vectors 
and dot products to study real-world problems. 


41.Work A parent pulling a wagon in which her child is rid- 
ing along level ground exerts a force of 20 pounds on the 
handle. The handle makes an angle of 45° with the hor- 
izontal. How much work is done in pulling the wagon 
100 feet, to the nearest foot-pound? 


42. Work A child pulls a wagon along level ground. He exerts a 
force of 20 pounds on the handle, which makes a 30° angle 
with the horizontal. Find the work done in pulling the 
wagon 100 feet, to the nearest foot-pound. 


43. Game Design In a new video game, Mario and Luigi are 
at positions defined by the vectors (10, 3) and (x, 15). 
What must be the value of x so that their position vectors 
are orthogonal? 


44. Design The position vectors of a tower and a small gar- 
den from the center of a fountain are given by (50, 60) 
and (40, y). Find y so that the two position vectors are 
orthogonal. 


45. Distance Two tourboats, Swan and Dolphin, depart from 
a lighthouse, with one directly behind another. However, 
after some time, Swan strays off course and ends up at 
position (1, 2), relative to the lighthouse. The other boat, 
Dolphin, stays on course with a position vector (5, 3), rel- 
ative to the lighthouse. What is the shortest distance that 
Swan must travel to get back on the same course as Dol- 
phin, assuming that Dolphin keeps traveling in its current 
direction? All positions are given in miles. Round your 
answer to two decimal places. 


46. Computer Animation An animated figure’s location is given 
by (5, 2). By what angle must the figure be rotated so that 
its new location is in the direction of (4, 3)? Round your 
answer to the nearest tenth of a degree. 


47. Work on Incline A wagon is pulled by a child with a force 
of 20 pounds, at an angle of 30° with the horizontal. Find 
the work done in pulling the wagon 100 feet up an incline 
that makes an angle of 10° with the horizontal. Round 
your answer to the nearest foot-pound. 


48. Work on Incline A box weighing 100 pounds is pushed up 
a hill. The hill makes an angle of 30° with the horizontal. 
Find the work done against gravity in pushing the box a 
distance of 60 feet. Round your answer to the nearest 
foot-pound. 
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49. Power The horsepower P of an engine pulling a cart is 
determined by the formula 


1 
P= 550 0% 
where F is the force, in pounds, exerted on the cart and 
v is the velocity in feet per second, of the cart as it is 
moved by the engine. Find the horsepower of an engine 
that is exerting a force of 1500 pounds at an angle of 30° 
and is moving the cart horizontally at a speed of 10 feet 
per second. Round to the nearest tenth of a horsepower. 


50. Power The horsepower P of an engine pulling a cart is 
determined by the formula 
P= (F-2) 
Sa (Rag 
550 
where F is the force, in pounds, exerted on the cart and 
v is the velocity, in feet per second, of the cart as it is 
moved by the engine. Find the horsepower of an engine 
that is exerting a force of 2000 pounds at an angle of 30° 
and is moving the cart horizontally at a speed of 15 feet 
per second. Round to the nearest tenth of a horsepower. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


51. Find a such that (4, a) and (—3, 2) are orthogonal. 


52. Prove that if v and w are nonzero orthogonal vectors, 
then proj,,v = 0. 


53. Prove the following for vectors u, v, and w: u:(v+w)= 
u:‘vt+u-w. 


54. Prove the following for any vectoru: 0:-u=0. 


55. Prove the following for any vector v:_ v- v = ||v||?. dn 
advanced mathematics, this relationship is very useful.) 


56. Prove the following for any vector u and any real number k: 
(ku) : (v) = R(u: v) =u: (Rv). 
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8.7 Trigonometric Form of a Complex Number 


Objectives 


> Write a complex number in 
trigonometric form 


> Multiply and divide complex 
numbers in trigonometric 
form 


> Find powers of complex 
numbers 


> Find roots of complex 
numbers 


Just in Time 


Review complex numbers 


in Section 3.3. / 
-. 


Performing certain arithmetic or algebraic operations on complex numbers can be 
done more efficiently if we first express complex numbers in trigonometric form, 
which may also be referred to as polar form. To show how we may write complex 
numbers in trigonometric form, we will first look at how complex numbers appear 
when graphed in the complex plane. 

The complex plane is a two-dimensional coordinate system. We refer to the hori- 
zontal axis as the real axis and to the vertical axis as the imaginary axis, so the first 
coordinate of a point in the complex plane is the real part and the second coordinate 
is the imaginary part of the number. In Figure 8.7.1, we show how a complex number 
of the form z = a + bi may be graphed in the complex plane with coordinates (a, b). 

To see how we represent the complex coordinates (a, 6) in trigonometric form, 
first refer to Figure 8.7.2. If we let r= Va? + 67, which is the distance of (a, b) from 
the origin, we can then write cos 9 and sin 0 in terms of a, b, and r. Here, @ is an angle 
in standard position such that the point (a, b) lies on its terminal side, as shown in 
Figure 8.7.2, and (a, b) ¥ (0, 0). 


Figure 8.7.1 Figure 8.7.2 
Imaginary Imaginary 
axis 
4 2 2 
3 r=Va +b- 
> (2, 1) or 
2+i 
1 e 


2 

e -3 

(—2, -3) or 4 
2-31 


From the definitions of cos 6 and sin @, 


a . b 
cos@=— and sind=-. 
r Yr 


Solving these equations for a and 8, respectively, we obtain 
a=rcos@ and b=rsin@ 
so 
a+ bi = (rcos@) + (rsin @)1. 


These equations hold for every complex number, including (a, b) = (0, 0). 


S 


Technology Note | 


abs(-1+iv(3)) 


angle(-1+iv(3)) 
2.094395102 


Figure 8.7.4 


Imaginary 4 
axis + 


r=3 
0=0 


3 
2+ 34+0ior 
a (3, 0) 


| 1 2 3 4 Real 
axis 


Figure 8.7.5 


Imaginary 4 
axis + 
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It is customary to choose 6 in the interval [0, 277), as defined above, although any angle 
6 of the form 6 + 2n7, n an integer, satisfies the equation z = r(cos@ + 7sin @). 


ental 1 Complex Numbers in Trigonometric Form 


Write the following complex numbers in trigonometric form. 
(a3 (bo) -i— (©) -1 + iV3 
> Solution 


(a) Because 3 = 3 + 01, r= V(3)? + (0)? = V9 = 3. The number 3 corresponds to 
the point (3, 0) in the complex plane, which lies on the positive real axis. Thus 
6 = 0, and we have 


3 = 3(cos 0 + 7sin 0). 


See Figure 8.7.4. 
(b) Because —i = 0 — li, r= V0? + (—1)? = V1 = 1. The number — corresponds 
to the point (0, —1) in the complex plane, which lies on the negative imaginary 


axis, and so 6 = =. Thus 
_ am ., 39 
—t = 1| cos — + isin — }. 
o 2 


See Figure 8.7.5. 
(c) For the number —1 + iV3, r= V(-1)? + (V3)? = V4 = 2. The number 
—1 + 171¥V3 corresponds to the point (-1, v3), which is in the second quadrant, 


so we need to find the angle 0 in the interval (Z, a) that satisfies the equations 


ing=~> and cos@ = —> 
sin 5 «and cos 5 
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Figure 8.7.6 
Imaginary 4 
axis+ 
4+ 
-l+iv3 34 
or (-1, V3) — 94 
aN 
error. ‘ke 
5-4-3 -2-1, | 
94. 
=a 
44 


From our knowledge of special angles, 6 = =. Thus 


A/S =<Sl coe 
— t = cos ——_ 1Sin — ]. 
3 3 


See Figure 8.7.6. 


LW Check It Out 1; Write the number 2 + 2i in trigonometric form. © 


Multiplication and Division of Complex Numbers 


When complex numbers are written in trigonometric form, their products and quo- 
tients have convenient representations. The formulas given below can be proved by use 
of the sum and differences identities for sine and cosine. 


These formulas are illustrated in the following example. 


Example 2. Multiplication and Division of Complex Numbers 


us 
3 


Let w = 3(cos™ + isin : 


metric form. Find 


and z= 4(cos7 + isin ). Leave your answer in trigono- 


(awe ) = 


>Solution 
(a) Using the multiplication formula, we get 


wz = (3)(4) eos( 2 + 2) + isin(2 +4 2) 
= 12 cos(Z) oe isi(2) |. 


This can also be written as = 12[0 + 7(1)] = 127, in the a + bi form. 
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(b) Using the division formula, we get 


: . 3V3 3... : 
This can be written as er + g) in the a + bi form. 


LW Check It Out 2; With w and z as in Example 2, find = a 


Powers of Complex Numbers 


When complex numbers are written in trigonometric form, finding their positive-integer 
powers is simplified due to the following result—known as De Moivre’s Theorem— 
which we will use without proof. 


lBewnte| 3 Raising a Complex Number to a Positive-Integer Power 


Use De Moivre’s Theorem to find (v3 _ i)’ 


Technology Note 


Solution First write V3 — 7 in trigonometric form. The point in the complex plane 
that corresponds to V3 — iis (v3, _ 1). 


Thus r= V (V3)? + (—1)? = 2. Find 6 € [0, 27) using the fact that 
3 1 
cos #0 = a and sing = 3 
From our knowledge of special angles, 0 = =. Thus 
[warns tix 


11 
: V3 = i= r(cos + isind) = 2( cos 2 + isin 44”) 


Using De Moivre’s Theorem yields 


0/3 nf = | 2 cos EE + isin 22) | 


6 


11 ae 
= 2°] cos 6- | + isin(6- —~ 
6 6 


= 2°(cos lla + isin 117) 
= 2[-1 + i(0)] 
= 2°-1) = 64(-1) = — 64. 


[A Check It Out 3: Find (-1 — 7)‘. 
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Figure 8.7.8 


Imaginary 4 
axis 
—1.099 + 0.455i 


Real 


1.099 — 0.455i 
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Roots of Complex Numbers 


Let z be a nonzero complex number. Then, according to the Fundamental Theorem 
of Algebra, the equation u” = z, for a positive integer 7 = 2, is guaranteed to have n 
complex solutions. Each solution of this equation is of the form z!/”, an nth root of z. 
The nth roots of a complex number can be found using the following formula, which 
we will use without proof. 


We illustrate the application of this formula in the next two examples. 


[ama 4 Finding the Square Roots of a Complex Number 


Find the two square roots of 1 — 1. 


Solution First, write 1 — 7 in trigonometric form. The point in the complex plane 
that corresponds to 1 — 7is (1, —1). Thus, r= VI? + (—1)? = V2 and 6 = 7, so 


7 7 
1- j= V3 (con 2 4 isin 72), 


Setting 1 to 2 in the formula for the nth roots of a complex number, we find that the 
square roots of 1 — 7 have the following form: 


VV2 a Se >» kR=0,1 
Note that WV \V/2 = W/2. For each value of k, a root is generated as follows: 
First root (k = 0): V2 (<o (2) + isin (72)) ~ —1.099 + 0.4551 
15 15 
Second root (k = 1): V2 (<os( 22) + isin( 27) = 1.099 — 0.4557 


The two roots are equally spaced about the circle of radius r = W2 ~ 1.189. See Fig- 
ure 8.7.8. 


[A Check It Out 4; Find the two square roots of —7. © 


Figure 8.7.9 


Imaginary 
axis 


1+0i 


Real 
axis 


0.809 — 0.588: 0.309 — 0.95 1i 
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Section 8.7 © Trigonometric Form of a Complex Number 


[=a 5 Finding the Fifth Roots of a Complex Number 


Find all the fifth roots of 1. 


Solution To determine all the fifth roots of 1, first write 1 in trigonometric form. The 
point in the complex plane that corresponds to the number 1 is (1, 0). Thus 


r= V1? + 0? = 1 and @ = 0, so 
1 = 1(cos 0 + zsin 0) 


Setting 7 to 5 in the formula for the mth roots of a complex number, we find that the 
roots have the following form: 


0 + 2ak 0 + 2ak 
V7 (co a + isin 2), k=0,1,2,3,4 


Note that V/1 = 1. For each value of k, a root is generated as follows: 


First root (k = 0): cos0 + 7sin0 = 1 + 2(0) = 1 


2 2 

Second root (k = 1): cos 4 isin ~ 0.309 + 0.9511 
4 4 

Third root (k = 2): cos + isin ~ —0.809 + 0.588: 


6 6 
Fourth root (& = 3): cos a: isin ~ —0.809 — 0.588: 


8 8 
Fifth root (k = 4): cos 7 + isin 7 ~ 0.309 — 0.951i 


The five roots are equally spaced about the circle of radius r = 1. See Figure 8.7.9. 


[A Check It Out 5: Find the fourth roots of i. & 


» Trigonometric form of a complex number a + 01: 
z= r(cos @ + isin 0) 


where r = Va’ + b* and @ € [0, 27) such that 


: b a 
sin@é=— and cos@=— 
r r 

» Multiplication and Division of Complex Numbers: Let 


2, = n(cos 6, + isin @,) and z, = r,(cos 6, + isin 6). Then 
212. = 1%m(cos (8; + A.) + 7sin (0; + 42)) 
2) = ise 


“1 = 1 (cos (6, — 65) + isin (6, — 0,)). 


2) % 
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» De Moivre’s Theorem: Let r(cos 0 + 7sin @) be any complex number, and let n 
be a positive integer. Then 


[r(cos 6 + 7 sin 6) |” = r"(cos nO + zsin 0). 


» The nth roots of a nonzero complex number z = r(cos 6 + 7sin 8) are given by 


Vr eos 


8.7 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1—6, evaluate the given expressions. 


1.7? 2. (—21)? 
3. -74 4.7? 


5.(3 + 21) — (4+ 12) 6.-1—27+ 6 +12) 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-12, find r for the given complex numbers. 


12-4 8. 3i 

61-3 10.V3 +i 
oe i oe 

1ll.=+=7 12.—-—=1 
2° 4 4 5 


In Exercises 13-22, express each complex number in trigonometric 
form. 


13. 2i 14.8 
15.—4 16. —5i 

17.1 — V3i 18.2 — 2V3i 
19.4 — 4i 20. —5 + 5i 
21.2V3 — 2i 22.-3V3 + 31 


sy a= 1. 


0 + 2kar _. (0+ 2kr 
"a + 2sin a IP k=0,1,2,.. 


In Exercises 23-28, multiply or divide as indicated, and leave the 
answer in trigonometric form. 


7 _. 7 _. 
23.2| cos— + 17zsin— ] - 4{ cos— + 7sin— 
4 4 3 3 
T _. 0 QT ., 29 
24. 3{ cos— + 2sin— |} - 5{| cos —— + 7sin — 
6 6 3 3 


1 51 ., 57 Aq ., Aan 
25. cos + 2sin - 3{ cos — + 1sin — 
2 4 4 3 3 
4 7 ue HE 7 _. 7 
26. cos— + 7sin - 2{ cos— + zsin — 
3 3 3 4 4 


In Exercises 29-34, use De Motvre’s Theorem to find each 
expression. 


29.(1 + i)4 30. (2 — 27)4 
31.(V3 + i)? 32. (1 — iV73)° 
33. (-3 — 31V'3)3 34.(-1—98 


In Exercises 35—38, find the square roots of each complex number. 
Round all numbers to three decimal places. 


35.1 36. —21 
37.1 + V3i 38.—2 — 2: 
39. Find the fifth roots of —1. 

40. Find the fifth roots of 7. 

41. Find the fourth roots of —16. 

42. Find the cube roots of 827. 


43. Find the fourth roots of — 82. 


44. Find the sixth roots of 1. 


In Exercises 45—48, find all the complex solutions of the equations. 


45.2+1=0 46.27 -i=0 


47. iz? =1 48.2? + iz=0 
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Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


Let z = r(cos @ + zsin 0) be a nonzero complex number, and let 
n be a positive integer greater than 1. 


49. Verify that each of the following m numbers is a solution 
of the equation u” = z: 


n 0 + 27k 6 + 27k 
| cos — t isin( — )- 


k=0,1,2,...,;2—-—1 


where Vr denotes the positive real number that, when 
raised to the mth power, gives r. (Hint: Use De Moivre’s 
Theorem.) 


50. Can two or more of the 7 solutions of the equation u” = z 
be equal? 


51. How many solutions of the equation u” = z are real num- 
bers if m is odd and ¢ is real (that is, the imaginary part 
of z is zero)? 


52. How many solutions of the equation u” = z are real num- 
bers if 7 is even and 2 is real (that is, the imaginary part 
of z is zero)? 


Chapter 8 Summa ry 


Section 8.1 Law of Sines 
Concept 


Law of Sines 
Let ABC be a triangle with sides a, b, c. 
Then the following ratios hold: 


a b c 


Illustration 


Study and Review 
c Examples 1—7 


a Chapter 8 Review, 
Exercises 1-8 


sin A sinB sinC = 


The ratios can also be written as 


sinA sinB sinC 
a b c 


When given the following information, we 

can solve the triangle using the Law of 

Sines. 

* Two angles and any side (abbreviated 
AAS or ASA)—always has a solution 

¢ Two sides and an angle opposite one of 
the sides (SSA)—can have no, one, or two 
solutions 


Let a = 10, C= 50°, and B = 30°. Then 
A = 100°. Also, 


sinC sind 


e B 


a 


— 10 
sin50° sin 100° 
c= 7.78. 
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Section 8.2 Law of Cosines 


Concept 


Additional Topics in Trigonometry 


Illustration 


Study and Review 


Law of Cosines 
Let ABC be a triangle with sides a, b, c. 
Then 

@2=06'? +c? — 2becosA 

b? =a? +c? — 2accosB 


C=a’ +b? — 2abcosC. 


The following two situations require the 
Law of Cosines: 


¢ Two sides and an angle formed by the two 
given sides (abbreviated SAS) 


¢ Three sides (SSS) 


Area of a triangle 
Let ABC be a triangle with sides of lengths 
a, b, and c. 


SAS: If two of the sides and the included 
angle are known, then 


1 
Area(ABC) = 3 ab sin C 
1 . 
=—bcsinA 
2 


1 
= —acsin B. 
2 


SSS: If all three sides are known, then use 
Herron’s formula: 


Area(ABC) = V5(s 


a)(s — b)(s — ¢) 


where 


1 
s a ee 


Let a = 10, b = 5, and C = 60°. 
=a’ +b? — 2abcosC 
= 100 + 25 — 2(10)(5) cos 60° 


125 2050)(4) 


= 125 —50=75 


Thus 


c= V75 =5V3. 


If triangle ABC has sides a = 6 and b = 10 
and C = 30°, then 


Area(ABC) = 5 (©)(10) sin(30°) = 15. 


If triangle ABC has sides a = 5, b = 10, and 
c = 7, then 


and 
Area(ABC) 
= V11(11 — 5)(11 — 10)(11 — 7) 
= V264. 


Examples 1-3 


Chapter 8 Review, 
Exercises 9-16 


Examples 4, 5 


Chapter 8 Review, 
Exercises 17-18 


Section 8.3 Polar Coordinates 


Concept 


Illustration 


Chapter 8 = Summary 679 


Study and Review 


Polar coordinates of a point 

In polar coordinates, a point is represented 
by (r, 0), where r is a real number and @ is 
an angle in standard position. 


Polar to rectangular coordinates 
Given the polar coordinates (r, 0) of a point, 
use the following equations to convert to its 
rectangular coordinates (x, y): 


x = rcosé y=rsind 


Rectangular to polar coordinates 
The point (x, y) can be represented by 
(r, 0), where 


r=V x? + y?. 


If x ~ 0 and y # 0, then @ is the unique 
angle in the interval [0, 277) such that 0 
satisfies the equation 


tan 6 = ¥ 

x 
and its terminal side lies in the same 
quadrant as the point. 


If y = 0, then 6 = O if x > 0, and 6 = wif 
x<0. 
If x = 0, then @ = 3 ify > 0, and 6 = = if 
y<0. 


The points A(2, 7), B(—3 


Qa 
cas 
) are plotted as follows. 


i: and 
_20 


c(4, -% 


4x 
3 


The point (3, a in rectangular 


coordinates: 
2 3 
x = 30s 
3 2 
2 3V3 
y = 3sin 
2 
3 3V3 
Thus (x,y) = (-3, *~), 


Let (x, y) = (2, —2). Then r= V8 = 2V2. 


tang =—— = -1 
an 2 


Thus 0 = 2 and (r, 0) = (2v2, 7), 


Examples 1, 2 


Chapter 8 Review, 
Exercises 19-20 


Example 3 


Chapter 8 Review, 
Exercises 21-24 


Example 4 


Chapter 8 Review, 
Exercises 25-28 


Continued 
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Section 8.3 Polar Coordinates 


Concept 


Additional Topics in Trigonometry 


Illustration 


Study and Review 


Converting equations between polar 
and rectangular forms 

To convert a rectangular form of an 
equation to polar form, use 


x = rcos@ 
and 


y=rsing. 


To convert a polar equation to rectangular 
form, use 


and 


* 
tangd=-—. 
y 


The equation Examples 5, 6 


2 2 
ie ead. Chapter 8 Review, 


can be transformed to the polar form Exercises 29-30 


r=2 
as follows: 
(rcos 0)? + (rsin 6)? = 4 
r’cos’@ + r’sin?@ = 4 
rP=4=>>5r=2 


The polar equation 


r=3 
can be transformed to the rectangular 
equation 
x+y? =9 
as follows: 


Section 8.4 Graphs of Polar Equations 


Concept 


Illustration 


Study and Review 


Circles and lines 


¢ The graph of r= k is a circle of radius k 
centered at the pole. 

¢ The graph of the polar equation 6 = a is 
a line through the pole making an angle of 
a with the polar axis. 


Tests for symmetry 

¢ The graph is symmetric with respect 
to the polar axis if, for every point (r, 0) 
of the graph, (r, —6) is also a point of the 
graph. 

¢ The graph of a polar equation is 
symmetric with respect to the line 
0= = if, for every point (r, 0) of the 
graph, (—r, —6) is also a point of the 
graph. 

¢ The graph of a polar equation is 
symmetric with respect to the pole if, 
for every point (r, 0) of the graph, (—r, 0) 
is also a point of the graph. 


The line 6 = z is a line through the pole Examples 1, 2 


. T . . 
making an angle of = with the polar axis. Chapter ® Review 
Exercises 31—32 


The graph of r = 2 cos @ is symmetric 
with respect to the polar axis because 

r = 2 cos (—0) = 2. cos @. It does not have 
any other symmetries. 


Examples 3-8 


Chapter 8 Review, 
Exercises 33-36 


iy 


See Key Points, Section 8.4, for more 
graphs. 


Section 8.5 Vectors 


Concept 


Illustration 
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Study and Review 


Magnitude of a vector 
The magnitude of a vector v = (v,; v,) is 
given by 


al = vu. + a 

Direction angle of a vector 

The direction angle of v is the angle 0 in 
standard position that v makes with the 
positive x-axis such that 


cos 0 = Os 
Ilv| 
and 
v 
sin@ =~ 
IIv| 


with @ in the interval [0°, 360°). 


The component form of a vector 
A vector v in two dimensions and in 


standard position is represented as (v,, vy). 


The quantities v, and v, are referred to as 
components. 


To add or subtract vectors, we add or 
subtract their respective components. The 
zero vector is represented by (0, 0). 


Scalar multiplication of vectors 
Let k be a real number. Then the scalar 
multiple of k times a vector u is given by 


ku = k(u,; uy) = (Ruy, Ruy). 


Unit vector 


A unit vector is a vector of length 1. For any 


nonzero vector v, the vector 


ae 
llvl| 


has length 1. 


Using the unit vectors i = (1, 0) and 
j = (0, 1), we can write a vector v as 
Vyd + Vyj. 


(4, 3)|| = V4? + 327 =5 


The direction angle of v = G. \3) is given 
by 


V3 


1 
cos 6 = —, sin 9 = —— 
2 2 


Thus 
@ = 60°. 


The components of v = (—5, 3) are 
v, = —5 and v, = 3. 


The sum of (—5, 3) and (3, 6) is 
(-5 + 3,3 + 6) =(-2, 9). 


Note that 


2(—5, 3) = (10, —6). 


If v = (3, 4), then the unit vector in the 
direction of v is given by 


(3,4) (2 ‘) 
(3, 4)||  \5°5 
The vector v = (3, 4) can also be written as 
3i + 4j. 


Examples 1, 2, 6-8 


Chapter 8 Review, 
Exercises 37—40 


Examples 1, 2, 8-10 


Chapter 8 Review, 
Exercises 37—40 


Example 3 


Chapter 8 Review, 
Exercises 41—44 


Examples 4, 5 


Chapter 8 Review, 
Exercises 41-44 


Examples 6, 7 


Chapter 8 Review, 
Exercises 45—48 
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Section 8.6 Dot Product of Vectors 


Concept Illustration Study and Review 


Dot product If u = (—5, 3) and v = (2, —1), then Example 1 
The dot product of two vectors eoye( 5.5) o=1) 


u = (u,, u,) and v = (v,, v,) is defined as Chapter 8 Review, 


= —10—-3=—13. Exercises 49-52 
u:v=4,v, + UyVy. 
Angle between vectors If u = (—5, 3) and v = (2, —1), then Examples 2, 3 
The smallest nonnegative angle between u seas B 
and v is given by cos 0 = lelivl BINS = —0.9971 Chapter 8 Review, 
ull |iv V : 
uv = (|jull)(|v||) cos @. Exercises 49-52 
so 6 ~ 176°. 
Vector projection If v = (—5, 3) and w = (2, —1), then Examples 4, 5 
The vector projection of v on the nonzero 13 
vector w is given by proj,,Vv = (- Boa, —1) Chapter 8 Review, 
5 Exercises 53-56 
: vow 
pro),,V = (Fas). a= ee 13 ’ 
5° 5 


Orthogonal decomposition of a vector If Examples 5, 7 
Let v and w be nonzero vectors. Then v can 
be written as Chapter 8 Review, 
then Exercises 53-56 
vVHvt+ V2 
where v, = proj,,v and v, = v — v,. The v= (-2 3) 
vectors v, and v, are orthogonal. 


from above. Then 


1 2 
V=V-Vy= Raf 


Work done by a force The work done by a 40-pound force as it Example 6 
The work W done by a constant force F as moves an object on level ground a distance 
it moves along the vector v is given by of 50 feet is given by Chapter 8 Review, 


Exercise 81 
W=F-v=|EFl|dcoso W = (40)(50)(cos 0) = 2000. ee 


where d= ||vl| The work done is 2000 foot-pounds. 


Section 8.7 Trigonometric Form of a Complex Number 


Concept Illustration Study and Review 
Trigonometric form of a complex number Letz=1-—i1,soa=1,b 1, and Example 1 
The complex number z = a + 01 can be r= V2. Because cos 6 = v2 and 
represented in trigonometric form as fa Chapter 8 Review, 
as sin 0 = —-—,0= * Thus Exercises 57—62 
z= r(cos 6 + isin 6) 2 4 
2 2 Tw |. 70 
where r= Va’ + b° and 6 € [0, 277) such z=V2 oe Pe : 
that 


: b a 
sind=— and cos@d@=-—. 
r r 


Continued 
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Section 8.7 Trigonometric Form of a Complex Number 


Concept 


Illustration 


Study and Review 


Multiplication and division of complex 
numbers in trigonometric form 
Let 2, = 7,(cos 0, + 7sin 0,) and 
2, = 7(cos #, + isin 6,). Then 
212. = 1%(cos(O, + 62) + 7sin(@, + O)) 


21 


"\(cos(0, — 05) + isin(O, — 0,)). 
Zo ie) 


De Moivre’s Theorem 

Let r(cos 0 + 7sin 0) be any complex 
number, and let 7 be a positive integer. We 
then have 


[r(cos 8 + isin 0) |" = r"(cos n@ + isin n6). 


Roots of complex numbers 
The nth roots of a complex number 
z= r(cos@ + isin 0), r ¥ 0, are given by 


al (2 oa 2) ye (2 + 22 
r Cos r2sin 
n n 


where R= 0,1,2,...,n-— 1. 


Chapter 8 


i ve Pek 
Let 2, = V2(cos + isin =) and 


2 = 3(cos = + ¢sin “), Then 


212, = 3V2(cos 2a + 1sin 27) = 3V2. 


Let z= V2(cos 7 + isin “), Then 
3 3 
= VP ( cos + isin 22) 
= V2(-v2 + iv2) 


= 2 + 21. 


Let z=1= isin >. Then 


Example 2 


Chapter 8 Review, 
Exercises 63—66 


Example 3 


Chapter 8 Review, 
Exercises 67—70 


Examples 4, 5 


Exercises 71-74 


7 
2 + 2ki7r 
z!? =1]|cos +isin 
2 
where k = 0, 1. For k = 0, 2? 2 + 4 
For k = 1, 2'” ;v2 


2 2 


© 4 Shay | Chapter 8 Review, 
2 

V2 

2 


Review Exercises 


Section 8.1 


Section 8.2 


In Exercises 1—8, solve the given triangles that exist using the Law 
of Sines. If there 1s no solution, state so. The standard notation for 
labeling triangles is used. Round answers to four decimal places. 


In Exercises 9-18, solve the given triangles using the Law of Cosines. 
Round answers to four decimal places. 


9.b=9,c=5, A = 35° 


1. A = 68°, C = 40°, a = 25 
2.B = 55.7°, C = 67°, b = 43 
3.C = 52.1°, A = 73°,a = 15 


4.A = 78.4°, B= 61°,b = 19 


5.A=65°,a=10,6=8 


6.A = 125°,a= 15,b= 12 


7.4 =35°,a=13,b6=15 


8.4 =56°,a=12,b=7 


10.a = 13,c = 16, B = 68° 
1l.a = 30, b = 20, C = 107° 
12.b = 18,c = 14, A = 63.4° 
13.a = 35, b = 25, C = 95° 
14.6 = 10,c = 16, A = 120° 


15.a=4,b=6,c=8 


16.4=7,b6=9,c=11 
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17. Find the area of the triangle in Problem 14. Round your 
answer to two decimal places. 


18. Find the area of the triangle in Problem 15. Round your 
answer to two decimal places. 


Section 8.3 


In Exercises 19 and 20, plot the points, given in polar coordinates, 


on a polar grid. 
7 
20. (-2, =) 
4 


In Exercises 21-24, convert the points to rectangular coordinates. 


lla 1 37 
21. | 4, —— 22.{ =, — 
23, (-2, =) 24. (3, 22) 
2 3 


In Exercises 25-28, convert the points to polar coordinates. 
25.(-1, V3) 26. (—5; 5) 
27. (0, 3) 28. (-2V3, 2) 


29. Convert the equation (x — 1)? + y’ = ; to polar form. 


. 5 
30. Convert the equation rcos 6 = 3 to rectangular form. 


Section 8.4 
In Exercises 31—36, graph the polar equations. 


es et 
wr 2 é é 


33.r=2cos0 34.r= 4sin0 


35.r = 3(1 — cos 8) 36.r= 2(1 + sin 8) 
Section 8.5 


In Exercises 37—40, find the magnitude and direction of each of 
the given vectors. Round answers to two decimal places. 


37. (3, 6) 58.47, =2) 
1 4 
39.(—5, 7) 40. ‘& a) 


In Exercises 41—44, for each pair of vectors, findu — v,u + 2v, 
and —3u + v. 


41.u = (0, 4), v = (—2, 4) 


42.u = (7, —3), v = (2, 9) 


43.u = (—2.5, 5.5), v = (3, 0) 

44.u = (5.2, 6.3), v = (2, -1) 

In Exercises 45 and 46, find a unit vector in the same direction as 
each of the given vectors. 
45.(—12, 5) 46.(3, —2) 

In Exercises 47 and 48, express each vector in the form ai + bj. 


47.(6, —3) 48.(—9, —5) 


Section 8.6 


In Exercises 49-52, find u+v and the smallest positive angle 
between them. Round answers to the nearest tenth of a degree. 


49.u = (4, —2), v = (3, 7) 


50.u = (—3, 2), v = (0, —1) 


2 
51l.u = (-4, 2),v= (3, 5) 


In Exercises 53-56, calculate proj,,v. Then decompose v into v, 
and v,, where v, 1s parallel to w, and v, 1s orthogonal to w. 


53.v = (2, —2), w = (2, 4) 
54.v = (—4, 2), w = (3, 3) 
55.v = (1,5), w = (5, 1) 
56.v = (1, 2), w = (—3, 3) 


Section 8.7 


In Exercises 57-62, express each complex number in trigonometric 
form. 


57. —61 58.10 
59.-1+iV3 60. —3 — 3iV3 
61. -2V3 + 2i 62. -3V3 — 31 


& 
; : 1 ' 
In Exercises 63-66, find 212, and z, for each pair of complex 
numbers in trigonometric form. 


63.2; =1l+142,=2- 21 


V3 + ipa) = -V3-i 


64. 2, 


65.2, = —-1+1V3,2,=1-i 


66.2, = 1 —iV3,2,=1+i1V3 


In Exercises 67-70, use De Moivre’s Theorem to find the value of 
each. 


67.1 = 4)? 68.(—2 + 2i)4 

69. (V3 — i)? 70.(—1 - iV3) 

In Exercises 71—74, find the square roots of each complex number. 
71.-7 72.31 

73.2 — 2V3i 74,-1-i 

Applications 


75. Surveying The angle of elevation to the top of a pole 
from point P on the ground is 32°. The angle of eleva- 
tion from point Q on the ground to the top of the pole is 
40°. If points P and Q are 300 feet apart, and the pole lies 
between the two points, find the height of the pole, to 
four decimal places. 


76. Construction In the accompanying diagram of a roof 
truss, find the lengths a, 6, and c, to four decimal places. 


77. Sports In 1974, Evel Knievel, Jr., attempted to jump the 
Snake River Canyon in Idaho using only a ramp and a jet 
powered sled called a sky cycle. See the diagram. An ob- 
server measured angles from point C and from point A, 
309.5 feet away. If Knievel took off from point A and 
landed at point B, find the distance from A to B across the 
canyon, to the nearest foot. (Source: ESPN.com) 


78. 


79. 


80. 


81. 
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Surveying Two people, Abe and Carl, are 50 feet apart on 
the same bank at the narrowest point of the Mississippi 
River. Each measures the angle from his position to a tree 
on the opposite bank, as shown in the diagram. Find the 
distance from Carl to the tree, to the nearest foot. (Source: 
www.nps.gov) 


Geometry Find the perimeter of triangle ABC, to four 
decimal places. 


20 ft 


35° 
A 25 ft Cc 


Distance Two cars start from the same point, with one 
traveling in the direction S60°W at 35 miles per hour and 
the other heading east at 40 miles per hour. How far 
apart are the cars after 1 hour? Round your answer to two 
decimal places. 


Work A man pushes a lawn mower along level ground. He 
exerts a force of 25 pounds on the handle, which makes a 
20° angle with the horizontal. Find the work done, to the 
nearest foot-pound, in pushing the mower 200 feet. 
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Chapter 8 


Test 


In Exercises 1-4, solve the triangle ABC using the Law of Sines or 
the Law of Cosines. If there is no solution, state so. Round answers 
to two decimal places. Standard labeling 1s used for the triangles. 


1.4 = 65°,B=30°7,a=20 2.4 =60°,b=5,c= 12 


3.a=10,6=8,c=15 4.C = 45°,b =7,c = 12 


5. Find the area of triangle ABC if A = 30°, b = 10 inches, 
and c = 20 inches. 


6. Find the polar coordinates corresponding to (-4V3, —4). 
Express the exact value of @ € [0, 27). 


7. Write the exact values of the rectangular coordinates cor- 


responding to the polar coordinates (5, = =), 


8. Write the polar form of the equation x” + (y — 1)? = 1. 


9. Write the rectangular form of the following equations. 


10. Graph r = >. 
11. Graph r = 4(1 — sin @). 


12. Find the magnitude and direction angle 6 for the vector 
(4, —3). Round @ to the nearest tenth of a degree. 


13. Find the components of a vector with magnitude 8 and 
direction angle 140°. Round your answer to two decimal 
places. 


In Exercises 14-17, let u = (—3, 1) and v = (2, 4). Calculate 
the given quantities. 


14.u:v 15.3u-—v 


16. ||ul| and ||v|| 17. proj,u 


18. Multiply and leave your answer in trigonometric form: 


T oe T Sete UE 
3\| cos— + zsin— ]- 2| cos— + 7sin — 
6 6 4 4 


19. Divide and leave your answer in trigonometric form: 


7 _. 7 
6| cos— + 7sin— 
4 4 
7 _. 
3\| cos— + 7sin — 
6 6 


20. Find the perimeter of a triangular flower bed with the fol- 
lowing dimensions: two sides are 3 feet and 5 feet, and 
the angle between the two sides is 50°. Round your an- 
swer to two decimal places. 


21.A ship travels in the direction N40° W for 10 miles. Find 
its position in vector notation, rounded to two decimal 
places. 


22.A wagon is pulled on level ground with a force of 20 
pounds, with the handle of the wagon making an angle of 
25° with the horizontal. Find the work done in pulling 
the wagon 50 feet. Round your answer to two decimal 
places. 


Chapter 


systems . oo 
EOI Alsi 


aintaining good health and nutrition translates into targeting values for 

calories, cholesterol, and fat, and can be modeled by a system of linear 

equations. Exercise 44 in Section 9.2 uses a system of linear equations to 

determine the nutritional value of slices of different types of pizza. In this 
chapter you will study how systems of equations and inequalities arise, how to solve 
them, and how they are used in various applications. 
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9.1 Systems of Linear Equations and Inequalities in Two Variables 


Objectives 


> Solve systems of linear 


equations in two variables 
by elimination 


Understand what is meant 
by an inconsistent system 
of linear equations in two 

variables 


Understand what is meant 
by a dependent system of 
linear equations in two 
variables 


Relate the nature of the 
solution(s) of a system of 
linear equations in two 
variables to the graphs of 
the equations of the system 


Graph and solve systems of 
linear inequalities in two 
variables 


Use systems of equations 
and systems of inequalities 
in two variables to solve 
applied problems 


Removed due to copyright 
permissions restrictions. 


Suppose you want to set your physical fitness goals by incorporating various types of 
activities. You can actually formulate the problem mathematically by using different 
variables, one for each activity. We study a problem of this type in Example 1, using 
the comic strip character Cathy as our subject. 


[emma 1 Application of Physical Fitness 


Example 2 in Section 9.1 builds upon this example. + 


Cathy would like to burn off all the calories from a granola bar she just ate. She wants 
to spend 30 minutes on the treadmill, in some combination of walking and running. 
At the walking speed, she burns off 3 calories per minute. At the running speed, she 
burns off 8 calories per minute. Set up the problem that must be solved to answer the 
following question: If the granola bar has 180 calories, write the equations to deter- 
mine how many minutes Cathy should spend on each activity to burn off all the calo- 
ries from the granola bar. 


Solution We want to determine the amount of time spent on walking and the amount 
of time spent on running. Define the following variables to represent the times spent 
on these two activities. 


x: number of minutes spent walking 


y: number of minutes spent running 


Using these variables, we formulate equations from the given information. First, we 
know that the total amount of time spent on the treadmill is 30 minutes. This gives 


x + y = 30. 


In the statement of the problem, we see that another piece of information is given— 
the total number of calories burned. So we next find an expression for this quantity. 


Total calories burned = calories burned from walking + calories burned from running 


cal . . cal F : 
= | 3 —— X minutes walking } + | 8 —— X minutes running 
min min 


= 3x + 8y 


Just in Time 


Review intersection of lines 


in Section 7.5. 


A 


A 
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We are given that the total number of calories burned is 180. Our two equations are thus: 


x+ y= 30 Total time equals 30 minutes 
3x + 8y = 180 Total calories burned equals 180 


We have placed a large brace to the left of these equations to indicate that they form a 
set of two conditions that must be satisfied by the same ordered pair of numbers (x, y). 
We will find a solution to this system of equations later in this section. 


LW Check It Out 1: If Cathy spends 15 minutes walking and 15 minutes running, will 
these numbers solve both equations from Example 1? Explain. © 


The general form of a linear equation in the variables x and y is Ax + By=C, 
where A, B, and C are constants such that A and B are not both zero. A system of 
linear equations in x and y is a collection of equations that can be put into this 
form. For example, a system of two linear equations in the variables x and y can be 
written as 


Ax + By=E 

Cx + Dy=F 
where A, B, C, and D are not all zero. A solution of such a system of linear equations 
is an ordered pair of numbers (x, y) that satisfies all the equations in the system. 
Graphically, it is the point of intersection of two lines. 

Recall that in Section 1.5, we found the intersection of two lines by solving each of 
the equations for y in terms of x and then equating them to solve for x. This is known 
as the substitution method. This method is limited in scope, since it can be readily 
applied only to systems of two linear equations in two variables. We next introduce a 
method for solving a system of two linear equations in two variables that can be ex- 
tended to systems of more than two linear equations and/or more than two variables. 


Solving Systems of Linear Equations in Two Variables 
by Elimination 
The process of elimination can be used to solve systems of two linear equations in 


two variables. The idea is to eliminate one of the variables by combining the equations 
in a suitable manner. Example 2 illustrates this procedure. 


[Bante 2 Using the Elimination Method to Solve a System 


¢-- This example builds on Example 1 in Section 9.1. 


Use the method of elimination to solve the following system of equations. 


x+ y= 30 
3x + 8y = 180 


This is the system of equations we formulated for the problem in Example 1. 
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| 


Discover and Learn 


Graph the lines y = —x + 5 and 
y = —x + 8. Do they intersect? 
Why or why not? 


> Solution 
STEPS EXAMPLE 
1. Write the system of equations in the form 
ie 5 x+ y= 30 
ae ae 3x + 8y = 180 
Cx — ors 
2. Eliminate x from the second equation. To do so, —3(x+ y= 30) 
multiply the first equation by —3, so that the 3x + 8y = 180 


coefficients of x are negatives of one another. 


Then add the two equations. Adding the two equations 


gives 
=3x% — 3y— —90 
+ 3x + 8y= 180 
5y= 90 
3. Replace the second equation in the original sys- aan 
tem with the result of Step 2, and retain the orig- | y 
inal first equation. ay = 90 
4. The second equation has only one variable, y. 5y = 90 
Solve this equation for y. ae 
5. Substitute this value of y into the first equation x + y= 30 
and solve for x. eee r(8) = 130 
x=12 
6. Write out and interpret the solution. We obtain x = 12 


and y = 18. Cathy must 
spend 12 minutes walking 
and 18 minutes running 
to burn off all the calories 
from the granola bar. 


[AW Check It Out 2; Rework Example 2 for the case in which the total number of 
calories burned is 215. © 


Inconsistent Systems of Linear Equations in Two Variables 


Sometimes a system of linear equations in two variables has no solution. The follow- 
ing example illustrates this case. 


seal 3 A System of Linear Equations with No Solution 


The sum of two numbers is 20, and twice the sum of the numbers is 50. Find the two 
numbers, if they exist, and examine the situation graphically. 
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Solution It is easy to see that if the sum of two numbers is 20, then twice their sum is 
40, not 50. Thus the two conditions are mutually exclusive. Let’s examine this example 
algebraically. 


xty =20 Sum of numbers is 20 
2(« + y) = 50 Twice their sum is 50 


This can be written as 
x+ y= 20 
2x + 2y = 50° 


Multiplying the first equation by —2 and then adding the result to the second equa- 
tion gives the following. 


—2x — 2y = —40 
+ 2x+2y= 50 
0= 10 


The equation 0 = 10 is false; thus the original system of equations has no solution. We 
had already deduced this by examining the problem. 

To solve this problem graphically, we first solve for y in terms of x in both 
equations. This gives 


y=—x + 20 
y= —x + 25° 


The graphs of these two functions are given in Figure 9.1.1. 


Figure 9.1.1 


ars a ea ee 


Note that the slope of each of these lines is —1, but they have different y-intercepts. 
Thus the lines are parallel and will never intersect. This confirms our algebraic ap- 
proach, which indicated that there is no solution. 


[W Check It Out 3; Show both algebraically and graphically that the following system 
of equations has no solution. 


y=-2x4+5 
y=-2x+2 O 
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Discover and Learn 


Use graphical methods to solve 


the following system of equations. 


x+y= 4 
—3x — 3y = -6 


What do you observe? 


Table 9.1.1 
Om 10 (20 
2a Wise (aoe 
-30 50 20 
5 45 
= = 2 
Z| 2 2 


When a system of equations has no solution, the system is said to be inconsistent. 
Graphically, this means that the lines that represent the equations are parallel and will 
never intersect. 


Dependent Systems of Linear Equations in Two Variables 


So far we have seen that it is possible for a system of linear equations to have one 
solution or no solution. The final case is a system of linear equations in two variables 
that has an ifimite number of solutions. 


A System of Linear Equations with an Infinite 
Example Number of Solutions 


The sum of two numbers is 20, and twice the sum of the two numbers is 40. Find the 
two numbers, if they exist, and examine the situation graphically. 


Solution Because the sum of the two numbers is 20, twice their sum must equal 40. 
Thus, the second condition tells us nothing new. The solution is the set of al/ pairs of 
numbers whose sum is 20—and there are infinitely many such pairs! 

This idea of there being infinitely many solutions may be difficult to grasp at first, 
so we will examine the situation algebraically. 


x+y =20 Sum of numbers is 20 
2(x + y) = 40 Twice their sum is 40 


This system can be rewritten as follows. 


x+ y= 20 
2x + 2y = 40 


We will solve this system by elimination. Multiplying the first equation by —2 and then 
adding the result to the second equation gives 


0=0. 


While it is certainly true that 0 = 0, this result gives us no useful information. Thus, we 
will resort to using only one of the original equations, x + y = 20, to find both x and y. 
There are infinitely many ordered pairs (x, ) that satisfy this equation. A few of them are 
given in Table 9.1.1. 

Because the equation x + y = 20 does not have a unique solution, we settle for 
solving this equation for one of the variables in terms of the other. For example, we 
can write y in terms of x as follows: 


y=-x + 20 


Here, x can be any real number, and the system of equations has infinitely many 
solutions. 

To solve this problem graphically, we first solve each of the original equations for 
y in terms of x. 


y=-x+ 20 
y=-x + 20 
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Figure 9.1.2 The equations are identical, and so are their graphs, as shown in Figure 9.1.2. Every 
point on the entire line y = —x + 20 is a solution of both of the original equations. 
This confirms our algebraic approach, which indicated that there are infinitely many 
pairs (x, y) that satisfy the equation y = —x + 20. 


[W Check It Out 4; Find some additional points, other than those given in Table 9.1.1 
from Example 4, that solve the following system. 


+ y=20 
5} oes 


2x + 2y = 40 B 
-5-4-3-2-1 12345* 

54 When a system of linear equations has infinitely many solutions, the system is said 
to be dependent. In the case of a system of two linear equations in two variables, this 
happens when the equations can be derived from each other. Graphically, this means 
that the lines that represent the equations are identical. 


Nature of Solutions of Systems of Linear Equations 
in Two Variables 


The discussion up to this point can be summarized as follows. 


Nature of Solutions of Systems of Linear Equations 
in Two Variables 


Let a system of linear equations in two variables be given as follows: 
Ax + By=E 
Cx Dy — aE 
where A, B, C, and D are not all zero. The solution of this system will have one of 
the following properties: 
» Exactly one solution G@ndependent system) 
» No solution (inconsistent system) 
» Infinitely many solutions (dependent system) 
Figure 9.1.3 summarizes the ways in which two lines can intersect, and indicates 


the nature of the solutions of the corresponding system of two linear equations in 
two variables. 


Figure 9.1.3 
oak oy Y 
x % X 
Unique solution No solution Infinitely many solutions 
Independent system Inconsistent system Dependent system 


Graphs of both lines 
are identical 
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[eal 5 Solving Systems of Linear Equations 


Use the method of elimination to solve the following systems of linear equations, if a 

solution exists. 

(a) }-3x + 2y=—-5 (b) —2x+ y= 4 (c) —2x+ y= 4 
5x + 4y= 12 4x — 2y= -8 —6x + 3y = 10 

>Solution 


(a) To solve the system 


—3x + 2y=—-5 
5x + 4y = 12 


note that the coefficients of x in these equations (namely, —3 and 5) are of oppo- 
site sign, but neither of them is a multiple of the other. In order to eliminate x, we 
will find positive numbers a and 6 such that a - |—3| = b - 5, and then multiply the 
first equation by a and the second equation by b. The least common multiple of 
|—3| and 5 is 15, so we can let a=5 (since 5- —3 = —15) and b = 3 (since 
3-5 = 15). Performing the multiplication, we obtain the following. 


—15x + 10y = —25 5 times the first equation 
15x+12y= 36 3 times the second equation 


22y= 11 5 times the first equation plus 3 times the second equation 
The equation 22y = 11 is equivalent to the equation y = : Replacing the second 


equation with y = = and retaining the original first equation, we can write 


2 
—3x + 2y=—-5 
— - 
y= 5 


‘ : 1 ‘ P : 7 
Substituting a for y in the first equation and solving for x gives 


1 
3x + (2) = ie eS =) SS 3 = = 6 SS 2 


Thus the solution of this system of equations is x = 2, y = * You should check that 
this is indeed the solution. 


(b) To solve the system 


—2x+ y= 4 
4x — 2y = -8 


we can eliminate the variable x by multiplying the first equation by 2 and then 
adding the result to the second equation. 
—-4x+ 2y= 8 2 times the first equation 
4x — 2y= -8 The second equation 
O0O= O 2 times the first equation plus the second equation 


Replacing the second equation with 0 = 0 and retaining the original first equation, 
we can write 


—24x +y=4 
0=0 
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The second equation (0 = 0) is true but gives us no useful information. Thus we 
have a dependent system with infinitely many solutions. Solving the first equation 
for y in terms of x, we get 

-—2x +y=4>9 y= 2x44. 


Thus the solution set is the set of all ordered pairs (x, y) such that y = 2x + 4, 
where x is any real number. That is, the solution set consists of all points (x, y) on 
the line y = 2x + 4. 


(c) To solve the system 
—2x+ y= 4 
—6x + 3y = 10 


we can eliminate the variable x by multiplying the first equation by —3 and then 
adding the result to the second equation. 


6x — 3y = -12 —3S times the first equation 
—6x+3y= 10 The second equation 


0= =2 —3 times the first equation 
plus the second equation 


Replacing the second equation with 0 = —2 and retaining the original first equation, 
we can write 


—24x+y= 4 
0=-2° 


The second equation, 0 = —2, is false. Thus this system of equations is inconsis- 
tent and has no solution. 


[A Check It Out 5: Solve by elimination. 


—2x+ y= 6 
5x — 2y= 10 


Solving a Linear Inequality in Two Variables 


An example of a linear inequality in two variables is 2x + y > 0. A solution of this in- 
equality is any point (x,y) that satisfies the inequality. For example, (1, 10) and 
(—1, 4) are points that satisfy the inequality. However, (0, —1) does not satisfy it. 


Definition of a Linear Inequality 


An inequality in the variables x and y is a linear inequality if it can be written in 
the form Ax + By = C or Ax + By < C (or Ax + By = C, Ax + By > C), where 
A, B, and C are constants such that A and B are not both zero. The solution set 

of such a linear inequality is the set of all points (x, ) that satisfy the inequality. 


To find the solution set of a linear inequality, we first graph the corresponding equal- 
ity (i.e., the equation we get by replacing the inequality symbol with an equals sign). 
This graph divides the xy-plane into two regions. One of these regions will satisfy the 
inequality. Example 6 illustrates how an inequality in two variables is solved. 
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[== 6 Solving a Linear Inequality 


Graph the solution set of each of the following linear inequalities. 
(a)x =3 (b) y < 2x 
>Solution 


(a) First graph the line x = 3. This line separates the xy-plane into two half-planes. 
Choose a point not on the line and see if it satisfies the inequality x = 3. We choose 
(0, 0) because it is easy to check. 


x23—023 


Because the inequality 0 = 3 is false, the half-plane that contains the point (0, 0) 
does not satisfy the inequality. Thus all the points in the other half-plane do satisfy 
the inequality, and so this region is shaded. The points on the line x = 3 also sat- 
isfy the inequality x = 3, so this line is graphed as a solid line. See Figure 9.1.4. 


Figure 9.1.4 


Graph of 
22 


{11-81 — tt 
3-2-1, 1 2 7 


(b) Graph the line y = 2x. Choose a point not on the line and see if it satisfies the in- 
equality y < 2x. We choose (2, 0) because it is easy to check. Note that we cannot 
use (0, 0) because it lies on the line y = 2x. 


y < 2x > 0 = 2(2) 


Because the inequality 0 < 4 is true, the half-plane that contains the point (2, 0) is 
shaded. The line y = 2x is graphed as a dashed line because it is not included in 
the inequality, as seen in Figure 9.1.5. 


Figure 9.1.5 
yy / 
Sts 
4+ og 
3+ d 
27 4 
"V7 @,0) 
p—++— 4 ~ 
-5-4-3-2-1 {a 
At 
fe 
/ Graph of 
y=2x Jan y<2x 
a 
/ 


[W Check It Out 6: Graph the inequality y>x+5. & 


Technology Note 
With a graphing utility, you 
can graph both lines in 
Example 7 by first solving 
each equation for y. You 
then choose the appropriate 
line marker to shade the 
portion of the plane above 
or below the graph of the 
line. See Figure 9.1.7. 


Keystroke Appendix: 
Section 7 


Figure 9.1.7 
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Solving Systems of Linear Inequalities in Two Variables 


The solution set of a system of linear inequalities in the variables x and y consists 
of the set of all points (x, y) in the intersection of the solution sets of the individual in- 
equalities of the system. To find the graph of the solution set of the system, graph the 
solution set of each inequality and then find the intersection of the shaded regions. 


[Bente 7 Graphing Systems of Linear Inequalities 


Graph the following system of linear inequalities. 


x+3ys 6 
—x+ y=-2 


Solution First graph the inequality x + 3y = 6. Do this by graphing the line 
x + 3y = 6 and then using a test point not on the line to determine which half- 
plane satisfies the inequality. The test point (0, 0) satisfies the inequality, and so the 
half-plane containing this point is shaded. All the points on the line x + 3y = 6 also 
satisfy the inequality, so this line is graphed as a solid line. See Figure 9.1.6. 


Figure 9.1.6 


y 
5 
44+ 
34 


'+(0, 0) 


t + t t +—@ 
SS ei 


Graph of 
x+3y<S6 


Next graph the inequality —x + y = —2. Do this by graphing the line —x + y = —2 
as a solid line and then using a test point not on the line to determine which half-plane 
satisfies the inequality. The test point (0, 0) satisfies the inequality, and so the half- 
plane containing this point is shaded. See Figure 9.1.8. 


Figure 9.1.8 


Although we have graphed the two inequalities separately for the sake of clarity, you 
should graph the second inequality on the same set of coordinate axes as the first 
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inequality, as shown in Figure 9.1.9. The region where the two separate shaded regions 
overlap is the region that satisfies the system of inequalities. Every point in this over- 
lapping region satisfies both of the given inequalities. 


Figure 9.1.9 


[A Check It Out 7: Graph the following system of linear inequalities. 


x—- Ww=24 
—2x+ y=3 85 


A Linear Programming Application 


In many business and industrial applications, some quantity such as profit or output 
may need to be optimized subject to certain conditions. These conditions, which are 
referred to as constraints, can often be expressed in the form of linear inequalities. 
Linear programming is a procedure that yields all the solutions of a given system of 
linear inequalities that correspond to achieving an important goal, such as maximizing 
profit or minimizing cost. Actual applications, such as airline scheduling, usually in- 
volve thousands of variables and numerous constraints, and are solved using sophisti- 
cated computer algorithms. In this section, we focus on problems involving only two 
variables and relatively few constraints. 

Example 8 illustrates how a system of linear inequalities can be set up to solve a 
simple optimization problem. 


eearal 8 Maximizing Calories Burned by Exercising 


Cathy can spend at most 30 minutes on the treadmill, in some combination of run- 
ning and walking. To warm up and cool down, she must spend at least 8 minutes walk- 
ing. At the walking speed, she burns off 3 calories per minute. At the running speed, 
she burns off 8 calories per minute. Set up the problem that must be solved to answer 
the following question: How many minutes should Cathy spend on each activity (walk- 
ing and running) to maximize the total number of calories burned? 


Solution First define the variables. 
x: number of minutes spent walking 
y: number of minutes spent running 


Using these variables, we formulate inequalities that express the stated constraints. 
The first constraint is that the total amount of time spent on the treadmill can be at 
most 30 minutes. 


x+y 30 First constraint 
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In addition, we know that Cathy must spend at least 8 minutes walking. This gives us 
a second constraint. 


x28 Second constraint 


Because x and y represent time, they must be nonnegative. This gives us two more con- 
straints. 


x20, yvy=O Third and fourth constraints 
The system of inequalities that corresponds to this set of constraints is given below. 


The set of points (x, y) for which all four constraints are satisfied is depicted by the 
shaded region of the graph in Figure 9.1.10. 


Figure 9.1.10 
x+y 30 yt 
x= 8 a4 
a 254 
y= 0 204 
15+ 
104 x+y=30 


The number of calories burned can be expressed algebraically as 
C = 3x + By. 


Thus the ultimate goal, or objective, is to find the point(s) (x, y) within the shaded re- 
gion at which the value of C attains its maximum value. 


[A Check It Out 8: Rework Example 8 for the case in which the additional constraint 
that Cathy can spend at most 15 minutes running is imposed. 


To solve optimization problems such as the one that was introduced in Example 8, 
we need the following important theorem. 


Using this theorem, we can now solve the problem that was set up in Example 8. 
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[ema 9 Maximizing an Objective Function with Constraints 


Maximize the objective function C = 3x + 8y subject to the following constraints. 
x+y 30 
x= 8 
x= 0 
y= 0 
Solution The setup for this problem was given in Example 8. By the fundamental 
theorem of linear programming, we know that the objective function attains its max- 
imum value at one or more of the corner points of the feasible set. Each of the cor- 


ner points is a point of intersection of the boundary lines, which are illustrated on the 
graph in Figure 9.1.11. 


Figure 9.1.11 


(8, 22) 


Table 9.1.2 Table 9.1.2 lists values of the objective function C at the corner points. From the table, 
we see that the maximum number of calories that will be burned under the given con- 
eee straints is 200, and that Cathy will have to spend 8 minutes walking and 22 minutes 


running to burn this many calories. Note that the minimum amount of time needed 


(8, 0) 24 to satisfy the walking constraint (8 minutes) turns out to be the value of x in the opti- 
(G22) 200 mal solution. This makes sense from a physical standpoint, because walking burns off 
(30, 0) 90 fewer calories per minute than running does. 


[A Check It Out 9: Rework Example 9 for the case in which Cathy is required to spend 
at least 6 minutes walking. 


9.1 Key Points 


» To solve a system of linear equations by elimination, eliminate one of the variables 
from the two equations to get one equation in one variable. Solve this equation and 
substitute the result into the first equation. The second variable is solved for by 
substitution. 


» A system of linear equations can have one solution, no solution, or infinitely many 
solutions. 


» An inequality is a linear inequality if it can be written in the form Ax + By = C 
or Ax + By < C, where A, B, are C are real numbers, not all zero. (The symbols = 
and < may be replaced with = or >.) The solution set of a linear inequality is the 
set of points (x, y) that satisfy the inequality. 


Section 9.1 
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» A solution set of a system of linear inequalities is the set of points (x, y) 
consisting of the intersection of the solution sets of the individual inequalities. 


» The fundamental theorem of linear programming states that the maximum 
or minimum of a linear objective function occurs at the corner point of the bound- 
ary of the solution set of a system of linear inequalities. 


9.1 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


In Exercises 1—6, find the intersection of the two lines. 


lxe=-ly=2 2x+y=7,9 =3 


3.x=3,y=2x-1 4.6x+ 3yv=9,x-y=3 


5.2x -y=6,x+ 2y=8 6.x+y=4,x-y=12 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-12, verify that each system of equations has the in- 
dicated solution. 


7 x + 5y = —-6 
“|-x + 2y = -8 


Solution: x = 4, y = —2 


=p =: 5 
3. | oe ee 


—2x+ y=-5 
Solution: x = 1, y = —3 
9 2x — 3y = —-6 
“|-x+2y= 4 


Solution: x = 0, y = 2 


a2x- y=2 
Tce ales 
6x — 5y = 8 
1 
Solution: «= 5, y= —1 
—- y= 5 
ia: ee 
—2x + 2y = —-10 
Solution: x = a, y = a — 5 (for every real number a) 
2x- y=1 
ae. 
8x — 4y = 4 


Solution: x = a, y = —1 + 2a (for every real number a) 


In Exercises 13-30, use elimination to solve each system of equa- 


tions. Check your solution. 


oy — 7 
Bf. S 


1 1 
aX tay = -2 
29.)1, ,2,_ 5 
ay 39 5 


5% = 3) = 4 
30 2 1 13 
3% FIZ 


uf 


=x —- y= 7 
3x + 4y = 24 


5x + 3y=-1 
—~10x + 2y = 26 


(Hint: Clear fractions first to simplify the arithmetic.) 
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In Exercises 31-36, write each system of equations in the form 


ee d th lve th t 
Cx + Dy =F?’ an en solve the system. 
+y = 
31. 3(x + y) 
=24 > = 2 
2x = —3y + 4 
32. jaw 4 
3 
{ —4y=xt+5 
33.9%. y _ 
33 


~ 4 In Exercises 37-40, use a graphing utility to approximate the 
solution set of each system. If there is no solution, state that the sys- 
tem is inconsistent. 


0.3x=y-4 1.9x =y + 2.6 
37 38. 
0.5% + y= =05%—y = lev 
1.2x — 0.4y = —2 3.2x + 2. : 
39. x — 0.4y 40. x 5y 3:3 
0.5x + 1.3y = 3.2 1.6x-—2.8y= 4.7 


In Exercises 41 and 42, find a system of equations whose solution 
is indicated graphically. 


41. 42. 


In Exercises 43-52, graph the solution set of each inequality. 


43.x << —2 44. y = 3 


45.-2x + y= —-A4 46.-3x +y=2 


47.x>y +6 
49. 3x — 4y > 12 


51.3x + 5y > 10 


48.y <2x +7 
50. 6x — 2y < 24 


52. 7x = 10x + 3 


In Exercises 53-70, graph the solution set of each system of 


inequalities. 
—2x + y=8 
53.{ ae 
—x+y=2 
yz-2 
“|5x + 2y <= 10 
—x+ty< 3 
oT aed 
xty>-5 
+ ys 4 
59.4 0. 
—4x + 2y=—-1 
ys -2 
61.4y=-5 
eS] 
x+ ys4 
63.4 -x+ ys4 
x+5y2=8 
=34 ys = 
s.| seid 
4x+yS 6 
x = 0 
67.4 —-5x+ 4y= 20 
3x + 4y = —-12 
Sx + 6 aoe 
69.) —4x + 3v = 13 
KP ye 2 


x+y=10 
54. 

an -— y= 6 

x = 10 
56. 

xty= 7 

—x+y>5 
ss.{ es 

xty<l 

eS 5 
60.4;x=2 

y>l 

—2x+ 3ys 7 
62.) —2x + 9y= 1 

2x + 3yS 11 

3x -—-y=2=-l 
ot.{ as 

-—24x-ys 4 

= = >3 
s.{ on 

20- y= 1 

x = 0 
68. 2x+3yS 2 

—4x + 3y = —-4 

Sx +y=—3 
70 2a+y= 4 

2x + y = -3 


In Exercises 71—74, solve the optimization problem. 


71. Maximize P = 10x + 8y subject to the following 


constraints. 


72. 


73. 


74, 
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Maximize P = 12x + 15y subject to the following 
constraints. 
os 3 
= 1 
x=10 
=14 


Minimize P = 16x + 10y subject to the following 
constraints. 
y= 2x 


Ke5 
x20 


y=0 


Minimize P = 20x + 30y subject to the following 
constraints. 
3x +y = 9 


yHx 
y2=2 
x20 


» Applications In this set of exercises, you will use systems 
of linear equations and inequalities to study real-world 
problems. 


75. 


76. 


Ts 


Film Industry The total revenue generated by a film comes 
from two sources: box-office ticket sales and the sale of 
merchandise associated with the film. It is estimated that 
for a very popular film such as Spiderman or Harry Potter, 
the revenue from the sale of merchandise is four times the 
revenue from ticket sales. Assume this is true for the film 
Spiderman, which grossed a total of $3 billion. Find the 
revenue from ticket sales and the revenue from the sale of 
merchandise. (Source: The Economist) 


Nutrition According to health professionals, the daily intake 
of fat in a diet that consists of 2000 calories per day should 
not exceed 50 grams. The total fat content of a meal that 
consists of aWhopper and a medium order of fries exceeds 
this limit by 14 grams. Two Whoppers and a medium order 
of fries have a total fat content of 111 grams. Set up and 
solve a system of equations to find the fat content of a 
Whopper and the fat content of a medium order of fries. 
(Source: www.burgerking.com) 


Nutrition The following table lists the caloric content of a 
typical fast-food meal. 


Cheeseburger 330 
Medium order of fries 450 
Medium cola (21 oz) 220 


(Source: www.mcdonalds.com) 
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(a) After a lunch that consists of a cheeseburger, a medium 
order of fries, and a medium cola, you decide to burn 
off a quarter of the total calories in the meal by some 
combination of running and walking. You know that 
running burns 8 calories per minute and walking 
burns 3 calories per minute. If you exercise for a total 
of 40 minutes, how many minutes should you spend on 
each activity? 


(b) Rework part (a) for the case in which you exercise for 
a total of only 20 minutes. Do you get a realistic 
solution? Explain your answer. 


Criminology In 2004, there were a total of 3.38 million car 
thefts and burglaries in the United States. The number of 
burglaries exceeded the number of car thefts by 906,000. 
Find the number of burglaries and the number of car 
thefts. (Source: Federal Bureau of Investigation) 


Ticket Pricing An airline charges $380 for a round-trip 
flight from New York to Los Angeles if the ticket is 
purchased at least 7 days in advance of travel. Otherwise, 
the price is $700. If a total of 80 tickets are purchased at 
a total cost of $39,040, find the number of tickets sold at 
each price. 


Utilities In a residential area serviced by a utility company, 
the percentage of single-family homes with central air 
conditioning was 4 percentage points higher than 5 times 
the percentage of homes without central air. What percent- 
age of these homes had central air-conditioning, and what 
percentage did not? 


Mixture A chemist wishes to make 10 gallons of a 15% 
acid solution by mixing a 10% acid solution with a 25% 
acid solution. 


(a) Let x and y denote the total volumes (in gallons) 
of the 10% and 25% solutions, respectively. 
Using the variables x and y, write an equation 
for the total volume of the 15% solution (the 
mixture). 


(b) Using the variables x and y, write an equation 
for the total volume of acid in the mixture by 
noting that 


Volume of acid in 15% solution = volume of acid 
in 10% solution + volume of acid in 25% solution. 


(c) Solve the system of equations from parts (a) and (b), 
and interpret your solution. 


(d) Is it possible to obtain a 5% acid solution by mixing a 
10% solution with a 25% solution? Explain without 
solving any equations. 
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Financial Planning A couple has $20,000 to invest for 

their child’s future college expenses. Their accountant 

recommends placing at least $12,000 in a high-yield mu- 

tual fund and at most $6000 in a low-yield mutual fund. 

(a) Use x to denote the amount of money placed into 
the high-yield fund. Use y to denote the amount of 
money placed into the low-yield fund. Write a 
system of linear inequalities that describes the 
possible amounts in each type of account. 

(b) Graph the region that represents all possible amounts 
the couple could place into each account if they wish 
to follow the accountant’s advice. 


Financial Planning A couple has $10,000 to invest for 
their child’s wedding. Their accountant recommends 
placing at least $6000 in a high-yield investment and no 
more than $4000 in a low-yield investment. 

(a) Use x to denote the amount of money placed into 
the high-yield investment. Use y to denote the 
amount of money placed into the low-yield 
investment. Write a system of linear inequalities that 
describes the possible amounts the couple could 
invest in each type of venture. 

(b) Graph the region that represents all possible 
amounts the couple could put into each investment 
if they wish to follow the accountant’s advice. 


Ticket Pricing The gymnasium at a local high school has 

1000 seats. The state basketball championship game will 

be held there next Friday night. Tickets to the game will 

be priced as follows: $10 if purchased in advance and $15 
if purchased at the door. The booster club feels that at 
least 100 tickets will be sold at the advance ticket price. 

Total sales of at least $5000 are expected. 

(a) Use x to denote the number of tickets sold in 
advance. Use y to denote the number of tickets sold 
at the door. Write a system of linear inequalities that 
describes the possible numbers of tickets sold at 
each price. 

(b) Graph the region that represents all possible 
combinations of ticket sales. 


Ticket Pricing The auditorium at the library has 200 
seats. Tickets to a lecture by a local author are priced as 
follows: $6 if purchased in advance and $8 if purchased 
at the door. According to past records, at least 40 tickets 
will be sold in advance, and total sales of at least $960 are 
expected. 

(a) Use x to denote the number of tickets sold in 
advance. Use y to denote the number of tickets sold 
at the door. Write a system of linear inequalities that 
describes the possible numbers of tickets sold at 
each price. 

(b) Graph the region that represents all possible 
combinations of ticket sales. 
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Inventory Control A store sells two brands of mobile 
phones, Brand A and Brand B. Past sales records indicate 
that the store must have at least twice as many Brand B 
phones in stock as Brand A phones. The store must have 
at least two Brand A phones in stock. The maximum in- 
ventory the store can carry is 20 phones. 

(a) Use x to denote the number of Brand A phones in 
stock. Use y to denote the number of Brand B 
phones in stock. Write a system of linear inequalities 
that describes the possible numbers of each brand of 
phone in stock. 

(b) Graph the region that represents all possible 
numbers of Brand A and Brand B phones the store 
could have in stock. 


Inventory Control A grocery store sells two types of carrots, 
organic and non-organic. Past sales records indicate that 
the store must stock at least three times as many pounds 
of organic carrots as non-organic carrots. The store needs 
to have at least 5 pounds of non-organic carrots in stock. 
The maximum inventory of carrots the store can carry is 
30 pounds. 

(a) Use x to denote the number of pounds of organic 
carrots in stock. Use y to denote the number of 
pounds of non-organic carrots in stock. Write a 
system of linear inequalities that describes the 
possible numbers of pounds of each type of carrot 
the store could keep in stock. 

(b) Graph the region that represents all possible amounts 
of organic and non-organic carrots the store could 
have in stock. 


Maximizing Profit An electronics firm makes a clock radio 
in two different models: one (model 380) with a battery 
backup feature and the other (model 360) without. It 
takes 1 hour and 15 minutes to manufacture each unit of 
the model 380 radio, and only 1 hour to manufacture 
each unit of the model 360. At least 500 units of the 
model 360 radio are to be produced. The manufacturer 
realizes a profit per radio of $15 for the model 380 and 
only $10 for the model 360. If at most 2000 hours are to 
be allocated to the manufacture of the two models com- 
bined, how many of each model should be made to max- 
imize the total profit? 


Maximizing Profit A telephone company manufactures 
two different models of phones: Model 120 is cordless 
and Model 140 is not cordless. It takes 1 hour to manu- 
facture the cordless model and 1 hour and 30 minutes to 
manufacture the traditional phone. At least 300 of the 
cordless models are to be produced. The manufacturer 
realizes a profit per phone of $12 for Model 120 and $10 
for Model 140. If at most 1000 hours are to be allocated 
to the manufacture of the two models combined, how 
many of each model should be produced to maximize 
the total profit? 


90. 
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93. 


94, 


9), 


Section 9.1 


Minimizing Commuting Time Bill can’t afford to spend 
more than $90 per month on transportation to and from 
work. The bus fare is only $1.50 one way, but it takes 
Bill 1 hour and 15 minutes to get to work by bus. If 
he drives the 20-mile round trip, his one-way com- 
muting time is reduced to 1 hour, but it costs him 
$.45 per mile. If he works at least 20 days per month, 
how often does he need to drive in order to minimize 
his commuting time and keep within his monthly 
budget? 


Minimizing Commuting Time Sarah can’t afford to spend 
more than $90 per month on transportation to and from 
work. The bus fare is only $1.50 one way, but it takes 
Sarah 1 hour and 15 minutes to get to work by bus. If 
she drives the 15-mile round trip, her one-way com- 
muting time is reduced to 40 minutes, but it costs her 
$.40 per mile. If she works at least 20 days a month, 
how often does she have to drive in order to minimize 
her commuting time and keep within her monthly 
budget? 


. Maximizing Profit A cosmetics company makes a profit of 


15 cents on a tube of lipstick and a profit of 8 cents on a 
tube of lip gloss. To meet dealer demand, the company 
needs to produce between 300 and 800 tubes of lipstick 
and between 100 and 300 tubes of lip gloss. The maxi- 
mum number of tubes of lipstick and lip gloss the com- 
pany can produce per day is 800. How many of each type 
of beauty product should be produced to maximize 
profit? 


Maximizing Profit A golf club manufacturer makes a profit 
of $3 on a driver and a profit of $2 on a putter. To meet 
dealer demand, the company needs to produce between 20 
and 50 drivers and between 30 and 50 putters each day. 
The maximum number of clubs produced each day by the 
company is 80. How many of each type of club should be 
produced to maximize profit? 


Maximizing Profit A farmer has 90 acres available for 
planting corn and soybeans. The cost of seed per acre is 
$4 for corn and $6 for soybeans. To harvest the crops, the 
farmer will need to hire some temporary help. It will cost 
the farmer $20 per acre to harvest the corn and $10 per 
acre to harvest the soybeans. The farmer has $480 avail- 
able for seed and $1400 available for labor. His profit is 
$120 per acre of corn and $150 per acre of soybeans. 
How many acres of each crop should the farmer plant to 
maximize the profit? 


Maximizing Profit A farmer has 110 acres available for 
planting cucumbers and peanuts. The cost of seed per 
acre is $5 for cucumbers and $6 for peanuts. To harvest 
the crops, the farmer will need to hire some temporary 
help. It will cost the farmer $30 per acre to harvest the 
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cucumbers and $20 per acre to harvest the peanuts. The 
farmer has $300 available for seed and $1200 available 
for labor. His profit is $100 per acre of cucumbers and 
$125 per acre of peanuts. How many acres of each crop 
should the farmer plant to maximize the profit? 


Minimizing Cost Joi and Cheyenne are planning a party 
for at least 50 people. They are going to serve hot dogs 
and hamburgers. Each hamburger costs $1 and each hot 
dog costs $.50. Joi thinks that each person will eat only 
one item, either a hot dog or a hamburger. She also esti- 
mates that they will need at least 15 hot dogs and at least 
20 hamburgers. How many hamburgers and how many 
hot dogs should Joi and Cheyenne buy if they want to 
minimize their cost? 


Minimizing Cost Tara is planning a party for at least 100 
people. She is going to serve two types of appetizers: mini 
pizzas and mini quiche. Each mini pizza costs $.50 and 
each mini quiche costs $.60. Tara thinks that each person 
will eat only one item, either a mini pizza or a mini 
quiche. She also estimates that she will need at least 60 
mini pizzas and at least 20 mini quiche. How many mini 
pizzas and how many mini quiche should Tara order to 
minimize her cost? 


Mixture You wish to make a 1-pound blend of two types 
of coffee, Kona and Java. The Kona costs $8 per pound 
and the Java costs $5 per pound. The blend will sell for 
$7 per pound. 


(a) Let k andj denote the amounts (in pounds) of Kona 
and Java, respectively, that go into making a 1-pound 
blend. One equation that must be satisfied by k 
and 7 is 

k+j=1. 
Both k and j must be between 0 and 1. Why? 


(b) Using the variables k and j, write an equation that 
expresses the fact that the total cost of 1 pound of 
the blend will be $7. 


(c) Solve the system of equations from parts (a) and (b), 
and interpret your solution. 


(d) To make a 1-pound blend of Kona and Java that 
costs $7.50 per pound, which type of coffee would 
you use more of? Explain without solving any 
equations. 


Economics A supply function for widgets is modeled by 
P(q) = aq + b, where q is the number of widgets supplied 
and P(q) is the total price of g widgets, in dollars. It is 
known that 200 widgets can be supplied for $40 and 100 
widgets can be supplied for $25. Use a system of linear 
equations to find the constants a and b in the expression 
for the supply function. 
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Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


100. The sum of money invested in two savings accounts is 


101. 


$1000. If both accounts pay 4% interest compounded 
annually, is it possible to earn a total of $50 in interest 
in the first year? 


(a) Explain your answer in words. 
(b) Explain your answer using a system of 


equations. 
The following is a system of three equations in only two 
variables. 
x-y=1 
xt+y=1 
24 -y=1 


102. 


103. 


(a) Graph the solution of each of these equations. 


(b) Is there a single point at which all three lines 
intersect? 


(c) Is there one ordered pair (x, y) that satisfies all three 
equations? Why or why not? 


State the conditions that a system of three equations in 
two variables must satisfy in order to have just one 
solution. Give an example of such a system, and illus- 
trate your example graphically. 


Adult and children’s tickets for a certain show sell for $8 
each. A total of 1000 tickets are sold, with total sales of 
$8000. Is it possible to figure out exactly how many of 
each type of ticket were sold? Why or why not? 


9.2 Systems of Linear Equations in Three Variables 


O 
ca 


> 


bjectives 


Solve systems of linear 
equations in three variables 
by elimination 


Solve systems of linear 
equations in three variables 
using Gaussian elimination 


Understand what is meant 
by an inconsistent system 
of linear equations in three 
variables 


Understand what is meant 
by a dependent system of 
linear equations in three 


variables 


tions in three variables to 


Use systems of linear equa- 


solve applied problems 


Many employers offer their employees the option of 
participating in a retirement plan, such as a 401(k). It 
is not uncommon for participants in these plans to be 
faced with building an investment portfolio from a 
menu of literally dozens of investment instruments. 

Our first example shows how a system of linear 
equations in three variables arises in developing an in- 
vestment plan targeted toward a particular level of risk. 
Later in this section, we will present an elimination 
method that can be used to solve this and other systems 
of linear equations in three variables. 


Eel 1 Making Investment Decisions Using Linear Equations 


Example 4 in Section 9.2 builds upon this example. + 


An investment counselor would like to advise her client about three specific invest- 
ment instruments: a stock-based mutual fund, a corporate bond, and a savings bond. 


The counselor wants to distribute the total amount of the investment among the 
individual instruments in the portfolio according to the client’s tolerance for risk. Risk 
factors for individual instruments can be quantified on a scale of 1 to 5, with 1 being 
the most risky. The risk factors associated with each investment instrument are sum- 


marized in Table 9.2.1. 


Table 9.2.1 


Stock-based mutual fund 2, 
Corporate bond 


Savings bond 
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The client can tolerate an overall risk level of 3.5. In addition, the client wants to in- 
vest the same amount of money in the corporate bond as in the savings bond. Set up 
a system of equations that would determine the percentage of the total investment that 
should be allocated to each instrument. 


Solution First we define the variables. 
x: percentage (in decimal form) invested in mutual fund 
y: percentage (in decimal form) invested in corporate bond 
Z: percentage (in decimal form) invested in savings bond 
Note that we now have three variables, corresponding to the three different instruments. 


Using these variables, we formulate equations from the given information. 


Formulating the first equation 
We know that the total percentage should add up to 1, because the percentage is assumed 
to be in decimal form. This gives 


xty+z=1. 
Formulating the second equation 
Next we create an expression to represent the overall risk. 
Overall risk = 2x + 4y + 5z 


To obtain this equation, we multiplied the percentages allocated to the individual 
instruments in the portfolio by their corresponding risk factors. The client can toler- 
ate an overall risk level of 3.5, so our second equation is 


2x + 4y + 5z = 3.5. 


Formulating the third equation 
Finally, we use the fact that the percentage invested in the corporate bond must equal 
the percentage invested in the savings bond. This gives us a third equation. 


Percentage invested in corporate bond = percentage invested in savings bond 
yrs 

Thus we have the following system of three equations in three variables. 

xt yr z=1 

2x + 4y + 5z = 3.5 
y= 6 

We will solve this system of equations later in this section, after discussing a procedure 
known as Gaussian elimination. 


[W Check It Out 1: If the client in Example 1 invests 20% of the total investment in the 
corporate bond, 20% in the savings bond, and 60% in the mutual fund, will all three 
equations be satisfied? Why or why not? 


Solving Systems of Linear Equations in Three Variables 


The general form of a linear equation in the variables x, y, and zis Ax + By + Cz = D, 
where A, B, C, and D are constants such that A, B and C are not all zero. A system of 
linear equations in these variables is a collection of equations that can be put into this 
form. A solution of such a system of linear equations is an ordered triple of numbers 
(x, y, 2) that satisfies all the equations in the system. 
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We now introduce a process known as Gaussian elimination, which can be used 
to find the solution(s) of a system of linear equations in three variables. Gaussian elim- 
ination, named after the German mathematician Karl Friedrich Gauss (1777-1855), 
is an extension of the method of elimination for solving systems of two linear equa- 
tions in two variables. 

We will first apply this method to a simple system of equations whose solution is 
easy to find. 


Eee 2 Solving a System of Linear Equations in Three Variables 


Solve the following system of equations. 


x+y-—2z=10 
ye 0 
z= 2 


I 


Solution From the last equation, we immediately have 
Z=2. 


Note that the middle equation contains only the variables y and z. Since we know that 
zg = 2, we can substitute this value of z into the second equation to find y. 


ytz= 0 The middle equation 
yrt2= 0 Substitute z = 2 


=-2 Solve for y 


Now that we have found both zg and y, we can find x by using the first equation. Sub- 
stituting y = —2 and z = 2 into the first equation, we have 


x+(-2)-2=10=$x-2-2=10=$*-4=10=>$x«=14. 


Thus our solution is x = 14, y = —2, z = 2. You may use substitution to verify that 
these values of x, y, and z do indeed satisfy all three equations. 


[W Check It Out 2: Solve the following system of equations. 


x-ytz= 10 
yrs 0 
z=-—l158 


The procedure illustrated in Example 2 is known as back-substitution. That is, 
we start with a known value of one variable and successively work backward to find 
the values of the other variables. 

We were able to solve the system of equations in Example 2 in a systematic fash- 
ion because the equations were arranged in a convenient manner. Most systems of 
equations that we will encounter are not so nicely arranged. Fortunately, in many cases 
we can obtain a system of equations similar to the one in Example 2 just by using sim- 
ple algebraic manipulation. We can then easily find the solution. 

The following operations will be used in solving systems of linear equations by 
Gaussian elimination. 
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Whenever these operations are performed on a given system of equations, the result- 
ing system of equations is equivalent to the original system. That is, the two systems 
will have the same solution(s). 


lExampial| 3 Solving a System of Linear Equations Using Gaussian Elimination 


Solve the system of equations. 


=26 + 29? 2=—-6 
x— 2y+ 2z2=—-1 
3x + 2y- z= 3 


Solution Begin by labeling the equations. 


—2x + 2y+ z=-6 (1) 
x—2y+2z=-1 (2) 
3x + 2y- z= 3 (3) 


Our first goal is to eliminate the variable x from the last two equations. Check to see 
if the coefficient of x in either of the last two equations is 1. If so, we will interchange 
that equation with Equation (1) to make the elimination easier. 


Step 1 Interchange Equations (1) and (2), since the coefficient of x in Equation (2) 
is l. 


x—2yt+ 2z=-1 (4) = (2) 
—2x+2y+ z=-6 (5) = (1) 
3x + 2y- z= 3 (3) 


We have relabeled the first two equations to make the subsequent discussion 
less confusing. 
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Step 2 


Step 3 


Step 4 


Eliminate x from Equation (5). 
» Multiply Equation (4) by 2 and add the result to Equation (5): 


2x — 4y + 4z = -2 2 - (4) 


=2x + 2y+ 2 (5) 
— 2y + 52 = 2: (4) + (5) 


I 
I 
a 


| 
| 
oo 


» Replace Equation (5) with the result (and relabel the equation as Equation (6)), 
and retain Equation (4): 


x—-2y+2z=-1 (4) 
—2y+5z=—-8 (6) =2- (4) + (5) 
3x + 2y- z= 3 (3) 


Eliminate x from Equation (3). 


» Multiply Equation (4) by —3 and add the result to Equation (3): 


—3x + by — 62 =3 —3 - (4) 
3x + 2y- 2z=3 (3) 
8y — 72 = 6 —3 - (4) + (3) 


» Replace Equation (3) with the result (and relabel the equation as Equation (7)), 
and retain Equation (4): 


x—-2y+2z=-1 (4) 
—2y+ 5z=-8 (6) 
8y —7z= 6 (7) = —3- (4) + (3) 


Our next goal is to eliminate the variable y from the third equation. In doing 
so, we will make use of the second equation. Note that both the second and 
third equations contain only the two variables y and z. 


Eliminate y from Equation (7). 
» Multiply Equation (6) by 4 and add the result to Equation (7): 


—8y + 20z = —32 4: (6) 
8y- Tz= 6 (7) 
13z = —26 4-(6) + (7) 


» Replace Equation (7) with the result (and relabel the equation as Equa- 
tion (8)), and retain Equation (6): 


x—-2y+ 22= -1 (4) 
—2y+ 5z= —-8 (6) 
i3g==26 {8)=4(6) + (7) 


We now have a system of equations that is very similar in structure to the one 
given in Example 2: Equation (8) contains only the variable z; Equation (6) 
contains only the variables y and z; and Equation (4) contains all three vari- 
ables (x, y, and z). To find the value of each of these variables, we will use back- 
substitution. 
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Step 5 Use Equation (8) to solve for z: 
13z = -26=3 z= -2. 


Proceeding as in Example 2, substitute this value into Equation (6) to solve for y: 


—2y + 5(-2) = -8 => -2y - 10 = -8 => -2y = 2 y=-l. 
Substitute zg = —2 and y = —1 into Equation (4) to solve for x: 


x — 2(-1) + 2(-2) = -1 = x+2-4=-1=>$*-2=-1=>>x-1. 


Thus the solution is x = 1, y 1,2 2. You should verify that these val- 
ues of x, y, and z satisfy all three equations. 


[AW Check It Out 3: Solve the system of equations. 


2xt+2y+ 2= 1 
—3x — 2y+ 22 = —-5 
x+2y- z= 20 


Note [In using Gaussian elimination to solve a system of three linear 
equations in the variables x, y, and z, we can always eliminate the variable x 
first and then eliminate the variable y. lf the system has a unique solution, 
we will end up with an equation in the variable z alone. This systematic 
procedure will always work, 


Every linear equation in three variables is represented by a plane in three-dimensional 
space. Therefore, the solution set of a system of linear equations in three variables can be 
thought of geometrically as the set of points at which all the planes associated with the 
equations in the system intersect. Figure 9.2.1 summarizes the ways in which three planes 
can intersect and indicates the nature of the solution(s) of the corresponding system of 
three linear equations in three variables. 


ZeLle 


One Solution Infinitely Many Infinitely Many No Solution No Solution 
Solutions Solutions 


Figure 9.2.1 


The Gaussian elimination method presented in this section can be generalized 
to find the solutions of systems of linear equations in more than three variables. 
However, it is next to impossible to visualize the geometric representation of a linear 
equation in more than three variables. 
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Ee 4 Solving the Investment Problem 


¢-- This example builds on Example 1 in Section 9.2. 


Solve the following system of equations, which we formulated in Example 1. Express 
the value of each of the variables in your solution as a percentage, and use those per- 
centages to interpret the solution in the context of Example 1. 


x yr Ze 1 
2x + 4y + 5z = 3.5 
yore 


> Solution 


Step 1 


Step 2 


Step 3 


Step 4 


Step 5 


Write the system of equations in the general form, with the variables on the left 
and the constants on the right, and label the equations. 


xt yt z=1 (1) 
2x + 4y + 52 = 3.5 (2) 
y- 2=0 (3) 


Equation (2) contains the variable x, but Equation (3) does not. Thus we elimi- 
nate x from Equation (2) only: Multiply Equation (1) by —2 and add the result 
to Equation (2). 


xt yt g=1 (1) 
2y + 3z = 1.5 (4) = —2- (1) + (2) 
Y= 2=0 (3) 


Since y has a coefficient of 1 in Equation (3), interchange Equations (4) and 
(3) as a prelude to eliminating y. The sole purpose of switching these equations 
is to make the arithmetic easier. 


xt+ yr gz=1 (1) 
y> #2=0 (5) = (3) 
a+3zg=1.5 (6) =(4) 


Eliminate y from Equation (6): Multiply Equation (5) by —2 and add the 
result to Equation (6). 
xt+ yt zg=l1 (1) 
yom 2 = 0 (5) 


5z= 1.5 (7) = —2* (5) + (6) 


Solving the last equation, we get z = 0.3. Substituting z = 0.3 into the second 
equation yields y = 0.3. Because x + y + z= 1, substituting y = 0.3 and 
z= 0.3 gives x = 0.4. When expressed as percentages, the values of these 
variables are x = 40%, y = 30%, and z = 30%. 


The interpretation of this solution with respect to the application presented in Exam- 
ple 1 is as follows: 40% of the total investment is allocated to the mutual fund (x), and the 
remaining 60% is split evenly between the corporate bond (y) and the savings bond (z). 


[A Check It Out 4; Solve the following system of equations. 


xt yt z=1 
2x + 3y+ 52z=2 
z=x 


II 


I 
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Systems of Linear Equations in Three Variables with Either 
Infinitely Many Solutions or No Solution 


When manipulating a system of linear equations, it is possible to end up with an 
equation of the form 0 = 0. Such an equation is of no value and you must work with 
the remaining two equations, as illustrated in the following example. 


[scan | 5 A System with Infinitely Many Solutions 


Use Gaussian elimination to solve the following system of linear equations. 
—3x+y-2z2= 1 
5x -yt4z=—-1 
Solution First, label the equations. 
—3x+y-2z= 1 (1) 
5x -yt4z=—-l1 (2) 
The coefficients of x in this system of equations are of opposite sign, but neither of 
them is a multiple of the other. The least common multiple of —3 and 5 is 15, so we 
will multiply Equation (2) by 3 and then replace Equation (2) with the result. 
—3x+ y- 22= 1 (1) 
15x — 3y + 12z = —3 (3) =3- (2) 
The next step is to eliminate x from the second equation: Multiply Equation (1) by 5 
and add the result to Equation (3). 
—3x+ y-2z=1 (1) 
Qy+2z=2 (4) =5-(1) + (3) 
Because there is no third equation, we cannot eliminate y. Instead, we use the second 
equation to solve for y in terms of z: 
2y + 2g = 2 2y= -22 + 2>Sy=-21. 


Now we can substitute —z + 1 for y in Equation (1), which will yield an equation in 
the variables x and z. After simplifying, we will solve for x in terms of z. 


—3x + (-2+1)-2z =1 
—3x-—-3z+1=1 
—3x = 327-9 x= 7-2 
The solution set is thus the set of all x, y, zg such that x = —zg and y = —z + 1, where 
z is any real number. Since the expression for at least one of the variables x or y de- 
pends explicitly on z, this system of equations is dependent and has infinitely many 
solutions. 


Individual solutions can be found by choosing specific values for z. For example, 
if zg = 0, then y = 1 and x = 0. If z = 2, then y = —1 and x = —2. 


LW Check It Out 5: Use Gaussian elimination to solve the following system of linear 
equations. 

—-x+ y-zg= 3 

4x —-5y+z=-2 08 
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[sap | 6 A System of Equations with No Solution 


Use Gaussian elimination to solve the following system of linear equations. 


x + g=3 
3x +y + 2z2=0 
4x + y+ 3z=5 


Solution First, label the equations. 


x + 2=3 = (1) 
3x+y+2z=0 (2) 
4x +y+3z=5 (3) 


Next, eliminate x from Equations (2) and (3). 


x +z= 3 (1) 
y-2=-9 (4)=-3-() + @) 
yr2z=-7 (9) = —4 + (1) + (9) 


Finally, eliminate y from Equation (5). 
x +z= 3 (1) 
L=2=-) 6 
O= 2 (6) = —1- (4) + (8) 


The last equation (0 = 2) is false. Thus this system of equations is inconsistent and 
has no solution. 


[A Check It Out 6: Use Gaussian elimination to solve the following system of linear 
equations. 


xty- zg=-4 
3x +2z= 1 
—2x+y-3z= 68 


9.2 Key Points 


» Gaussian elimination is used to solve a system of linear equations in three or 
more variables. 


» The following operations are used in the elimination process for solving systems of 
equations. 


1. Interchange two equations in the system. 
2. Multiply an equation by a nonzero constant. 
3. Multiply an equation by a nonzero constant and add the result to another equation. 


» A system of three or more linear equations can have one solution, no solution, 
or infinitely many solutions. 
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9.2 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1—6, verify that each system of equations has the 
indicated solution. 


3x - g=3 
1.42x+ y-2z=0 

3x —2y+ 2=7 
Solution: x = 1, 2,z=0 


x-2y-4z= 4 


2.5 2% —3z=-7 
5x+ y-2z2= 5 
Solution: x = 2, 3,z=1 
5x—y+3z=-13 
3.4 x-yt2ze= —-9 
4x -yrtez= -5 
Solution: x = 0,7 = 1, z 4 
3x + 2y z 1 
4 2x +5z= 18 
4x + 2y z 8 
Solution: x ly=0,2=4 


2x+ 3y+ z=-3 
Solution: x 9-Illz,y= 
number 2) 


x+2y-3z= 1 
5.| 


5 + 7z (for every real 


Z x-3y+ zg= 4 
“| -x + 2y — 22 7 
Solution: x = 13 — 4z, y=3 


z (for every real number 2) 


In Exercises 7-10, use back-substitution to solve the system of 
linear equations. 


x- yte= 1 
de —-2y-—z= 0 
Z=-2 


x+ty- g=-l1 
8. —y- 3z=-2 
2z2= 4 
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2u-3v+ w=-l 
10. v- w= 1 
—-2w= 8 

In Exercises 11-38, use Gaussian elimination to solve the system 


of linear equations. If there is no solution, state that the system is 
inconsistent. 


x + 2y = 2 
11.4 -x+ yt3z= 4 
3y — 32 = -—6 
x—-2Q+ 2<= 2 
12.) —x + 4y + 3z = —8 
—6oyt+t2z= 4 
ee = 
13. 4y + 8z 8 
—3z=-9 
x+ 3y- 2 4 
14.4 -—x — 2y =-8 
2x + 4y— z= 10 
5x+ y = 0 
15.) x —-z= 2 
4y+z2=-2 
4x —y = 
16. y-2z= 
6x - 2= 
x— 4y — 32 = -3 
17. yt z= 2 
x+3y+3z= 0 
4x +y—-—2z= 6 
18. x-yt 2 2 
3x - g= 5 
3x + 2y + 32 1 
19 “ee ye 2S 
x+4y+5z=-1 
—2x + 4z = 
20. x — 2y = 2 
—3x — 2y + 4z = —-2 
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21. 


Et 

nN 

Il 

| 
_ 


22. 


23. 


24. 


25. 


26. 


21, 


3r+s+2t= 5 
2r—st+ ft 1 
4r +2t= 6 


28. 


4r+ s—2t= 7 
3r-— s+ t= 6 
—6r+ 3s— 2t=-1 


29. 


+ yt2z=4 
3x + 2y Z= 3 


30. 


x-2y-z2z2= 7 
2x — 3y+2=10 


ro. = 3 


32. 
Sree T= 5 


r+ 2s =] 


33. 
3r+5s+4t=7 


2x+ yr-ez=2 


34. 
5x —-2+2=3 


| 
| 
| 
| 
| 
| 
| 
| 
Ea 
| 
| 
( 


=—3x—2y-2= 7 
35. 
3x + 3y+2=-3 


x— 2y—-3z=2 
36.)5x —-3y- z=3 

6x — 5y — 4z =5 

nf a x=-2y—- 52z=-3 


a 7z= 1 
4y + 12¢ = —4 


x— 4y + 22 = -2 
38. y= 2 
3x - Oy + 2z= 3 


nN 
Il 


» Applications In this set of exercises, you will use systems 
of equations to study real-world problems. 


39. Investments An investor would like to build a portfolio 
from three specific investment instruments: a stock-based 
mutual fund, a high-yield bond, and a certificate of deposit 
(CD). Risk factors for individual instruments can be quan- 
tified on a scale of 1 to 5, with 1 being the most risky. The 
risk factors associated with the particular instruments cho- 
sen by this investor are summarized in the following table. 


Stock-based mutual fund 2 
High-yield bond I 
CD 5) 


The investor can tolerate an overall risk level of 2.7. In 
addition, the amount of money invested in the mutual 
fund must equal the sum of the amounts invested in the 
high-yield bond and the CD. Determine the percentage 
of the total investment that should be allocated to each 
instrument. 


40. Clothing Princess Clothing, Inc., has the following yardage 
requirements for making a single blouse, dress, or skirt. 


Blouse 
Dress 4 2 1 
Skirt 3 1 0 


There are 52 yards of fabric, 24 yards of lining, and 
10 yards of trim available. How many blouses, dresses, 
and skirts can be made, assuming that all the fabric, 
lining, and trim is used up? 


41. 


42. 


43. 


44. 


Section 9.2 


Electrical Wiring In an electrical circuit in which two resis- 
tors are connected in series, the formula for the total resist- 
ance Ris R = R, + R,, where R, and R, are the resistances 
of the individual resistors. Consider three resistors A, B, and 
C. The total resistance when A and B are connected in se- 
ries is 55 ohms. The total resistance when B and C are 
connected in series is 80 ohms. The sum of the resistances 
of B and C is four times the resistance of A. Find the resist- 
ances of A, B, and C. 


Computers The Hi-Tech Computer Company builds 
three types of computers: basic, upgrade, and high-power. 
Component requirements for each model are given below. 


I 1 


Basic 3 
Upgrade 4 1 
High-power 5 2 


A recent shipment of parts contained 125 peripheral 
cards, 40 processors, and 50 disk drives. How many of 
each computer model can be built if all the parts are to 
be used up? 


Car Rentals A car rental company structures its rates 
according to the specific day(s) of the week for which a 
car is rented. The rate structure is as follows. 


Daily rental fee, Level A Monday through Thursday 
Daily rental fee, Level B_ Friday 
Daily rental fee, Level C Saturday and Sunday 


The total rental fee for each of three different situations 
is given in the following table. 


Thurs., Fri., Sat., Sun. $140 
Wed., Thurs., Fri. $125 
Fri., Sat., Sun. $95 


What is the daily rental fee at each of the three levels 
(A, B, and C)? 


Nutrition JoAnna and her friends visited a popular pizza 
place to inquire about the cholesterol content of some of 
their favorite kinds of pizza. They were told that two 
slices of pepperoni pizza and one slice of Veggie Delight 
contain a total of 65 milligrams of cholesterol. Also, the 


45. 
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amount of cholesterol in one slice of Meaty Delight 
exceeds that in a slice of Veggie Delight by 20 milligrams. 
Finally, the total amount of cholesterol in three slices 
of Meaty Delight and one slice of Veggie Delight is 
120 milligrams. How many milligrams of cholesterol are 
there in each slice of pepperoni, Veggie Delight, and 
Meaty Delight? (Source: www.pizzahut.com) 


Tourism In 2003, the top three U.S. states visited by for- 
eign tourists were Florida, New York, and California. 
The total tourism market share of these three states was 
68.7%. Florida’s share was equal to that of New York. 
California’s share was lower than Florida’s by 1.2 percent- 
age points. What was the market share of each of these 
three states? (Source: U.S. Department of Commerce) 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


46. 


47. 


48. 


49. 


Perform Gaussian elimination on the following system of 
linear equations, where a is some unspecified constant. 

x 

—x + 2y — 22 =3 

yr 


yt gzg=l1 


z=a 


(a) For what value(s) of a does this system have 
infinitely many solutions? 

(b) For what value(s) of a does this system have no 
solution? 


The graph of the function f(x) = ax? + bx +c is a 

parabola that passes through the points (—1, —3), (1, 1), 

and (—2, —8), where a, b, and c are constants to be 

determined. 

(a) Because f(—1) = a(—1)? + (0-1) +c =a-—bte 
and the value of f(—1) is given to be —3, one linear 
equation satisfied by a, b, and c is 


a-b+c=—3. 


Give two more linear equations satisfied by a, b, and c. 
(b) Solve the system of three linear equations satisfied by 
a, b, and c (the equation you were given together with 
the two equations that you found). 
(c) Substitute your values of a, b, and c into the expression 
for f(x) and check that the graph of f passes through 
the given points. 


Use the steps outlined in Exercise 47 to find the equation 
of the parabola that passes through the points (0, 1), 
(2;:-3),.and:(—3;.=8). 


Use the steps outlined in Exercise 47 to find the equation 
of the parabola that passes through the point (2,6) and 
has (1, 1) as its vertex. 
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9.3 Solving Systems of Equations Using Matrices 


Objectives 
> Understand what a matrix is 


> Perform Gaussian elimination 
using matrices 


> Perform Gauss-Jordan 
elimination to solve a 
system of linear equations 


> Solve systems of equations 
arising from applications 


Discover and Learn 


Construct the augmented matrix for 
the following system of equations. 


N= y 7 4 
Kacteay, = 7) 
-yt+z=-6 


In the previous section, the choices of arithmetic operations performed in the course of 
solving systems of linear equations depended only on the coefficients of the variables in 
those equations, but not on the variables themselves. Thus it would make sense to refine 
the elimination process so that we would need to keep track only of the coefficients and 
the constant terms. In this section, we introduce matrices precisely for this purpose. 

A matrix is just a table that consists of rows and columns of numbers. The num- 
bers in a matrix are called entries; there is an entry at the intersection of any given row 
and column. The following is an example of a matrix with three rows and four columns. 


—-3 6 2 6 
2 0 -1 4 
2 

0 1 8 3 


A matrix is always enclosed within square brackets, to distinguish it from other types 
of tables. 
Any linear equation can be represented as a row of numbers, with all but one of 
the numbers being the coefficients and the last number being the constant term. 
Consider the following system of equations. 


—x+ y-2z=—-7 
3x + g= 5 
3y + 2z = -—2 

We can represent this system as a matrix with three rows and four columns. In the first 
equation, the coefficients of x, y, and z are —1, 1, and —2, respectively, and the con- 
stant term is —7. Thus the first row of the matrix will be 

=]. 1d -=2=7, 
Similarly, we have the following for the second and third rows, respectively. 


3 01 5 
0 3 2 -2 


There is no term in the second equation that explicitly contains the variable y, so the 
coefficient of y in that equation is 0, corresponding to Oy. Similarly, the coefficient of 
x in the third equation is 0. 

Thus the matrix for this system of equations is 


=] 1 =2|=7 
3 0 1 5 
0 3 2 | =2 


The vertical bar inside the matrix separates the coefficients from the constant terms. 
Such a matrix is known as the augmented matrix for the system of equations from 
which it was constructed. 


Gaussian Elimination Using Matrices 


Now that we have introduced a compact notation for handling systems of linear equa- 
tions, we will introduce operations on matrices that will enable us to solve such systems 
of equations. The following operations are called elementary row operations. These 


Section 9.3 = Solving Systems of Equations Using Matrices 719 


operations correspond to the operations you performed on systems of linear equations 
in Section 9.2. 


Ear! 1 Performing Elementary Row Operations 


Perform the indicated row operations (independently of one another, not in succes- 
sion) on the following augmented matrix. 


0 3 Li} =1 
1 -2 -1 2 
0 6 —4 5 
(a) Interchange rows 1 and 2. 
(b) Multiple the first row by —2. 


(c) Multiply the first row by —2 and add the result to the third row. Retain the origi- 
nal first row. 


> Solution 


Before performing the indicated row operations, label the rows of the matrix. 


0 3 1-1 (1) 
1 =2 =-1] 2 (2) 
0 6 -4] 5 (3) 


(a) In the original matrix, interchanging rows (1) and (2) gives 
1 -2 -1 2 
0 3 1 |-l1 
0 6 —4 5 
(b) Simply multiply each entry in row (1) of the original matrix by —2. 
O So S22 New row = —2: row (1) 
1 -2 -114]2 
0 6 —4]5 
(c) For this computation, there are two steps. 
Step 1 Multiply each entry in row (1) by —2, and then add the entries in the re- 
sulting row to the corresponding entries in row (3). 
0 -6 -—2 2 
+0 6 —-4 5 
0 0 -6 7 
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Step 2 Replace row (3) with the result of Step 1 (and relabel the third row), and 
retain row (1). 
0 3 1 |-1 
1 -2 -1 2 
Oo 8 =6)| 7% New row = —2- row (1) + row (3) 


LW Check It Out 1: Rework Example 1, part (c), for the following augmented matrix. 
0 0 -2 |-1 


—2 4 11) 0 
3 4 -2 3| 


By performing elementary row operations, we can convert the augmented matrix 
for any system of linear equations to a matrix that is in a special form known as row- 
echelon form. 


The following matrices are in row-echelon form. The leading 1’s are given in red, and 
the stars represent real numbers. 


1 * «| 1 * «l/s 1* *|* 
o1*xy|* Oo 1 *|* 0 0 0j1 
00 1;* 0 0 0] 0 0 0 040 


Once the augmented matrix for a system of linear equations is in row-echelon form, 
back-substitution is used to solve the system. 


eal 2 Gaussian Elimination Using Matrices 


Apply Gaussian elimination to a matrix to solve the following system of equations. 


xt yr z=) 
2x + 4y + 52 = 3.5 
y =2 
This is the system of equations we formulated in Example 1 of Section 9.2 and solved 
in Example 4 of that same section. 


Technology Note 


Steps 3 and 4 of Example 2 
are illustrated in Figure 9.3.1 
using a graphing utility. 
Note that after each row 
operation is performed on 
matrix A, the resulting 
matrix is also called A. 


Keystroke Appendix: 
Section 13 


Figure 9.3.1 


Section 9.3 | Solving Systems of Equations Using Matrices 721 


> Solution 


Step 1 


Step 2 


Step 3 


Step 4 


Step 5 


Step 6 


Step 7 


Write the system of equations in the general form, with the variables on the left 
and the constants on the right. For each variable, make sure that all the terms 
containing that variable are aligned vertically with one another. 
xt+ yr gz=l1 
2x + 4y + 5z = 3.5 
y- £z=0 
In each of the remaining steps, the corresponding equations are displayed to 


the right of the matrix. 


Construct the augmented matrix for this system of equations, and label the 
rows of the matrix. 


1 1 1] 1 (1) x+ yt g=1 
2 4 5 | 3.5 (2) 2x + 4y + 5z = 3.5 
0 1 -17)]0 (3) y- 2z=0 


Eliminate the 2 in the second row, first column: Multiply row (1) by —2 and 
add the result to row (2). 


1 1 1} 1 (1) xt yt g=1 
0 2 3) 1.5 (2’) = —2 - (1) + (2) 2y + 3z = 1.5 
0 1 -11]0 (3) y- z=0 


To obtain a 1 in the second row, second column, swap rows (2') and (3). 


I. J 1/1 (1) xt yt g=1 
0 1 -140 (2”) = (3) y- 2z=0 
0 2 341.5 fo") = (2:) 2y + 3z = 1.5 


Eliminate the 2 in the third row, second column: Multiply row (2”) by —2 and 
add the result to row (3’). 


1 1 1) 1 (1) xtyt zg=1 

0 1-1/0 (2") y- z=0 

0 0 5] 1.5 (6) =—2°2) +13) 52= 1.5 
To get a 1 in the third row, third column, multiply row (3”) by . 

1 1 A: ii) (1) xtytz=1 

ee ee a ie (2") y-z=0 

00 1/03} @")=3:@" z= 03 


Now perform the back-substitution. From the third row, z = 0.3. From the 
second row, y — z = 0. Substitute z = 0.3 into this equation to solve for y: 


y-0.3=0>57= 0,3. 
From the first row, 
xty+z=1. 
Substitute z = 0.3 and y = 0.3 into this equation to solve for x: 
x+0.34+0.3=1>9%*4+06=1>9%*=0.4. 


The solution to the system of equations is x = 0.4, y = 0.3, z = 0.3, which is the same 
as the solution found in Example 4 of Section 9.2. 
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[A Check It Out 2: Apply Gaussian elimination to a matrix to solve the following sys- 
tem of equations. 
2x+ 2+ z= 1 
—3x — 2y+ 22= —-5 
x+2y- z= 20 


Figure 9.3.2 gives a schematic illustration of the steps in the Gaussian elimination 
process in which nonzero entries of an augmented matrix are eliminated. Additional 
operations, such as swapping two rows of the matrix and/or multiplying a nonzero row 
by a nonzero constant, may be needed to get the leading 1 in one or more of the 
nonzero rows of the matrix. 


Figure 9.3.2 Gaussian Elimination 


eal 3 A System of Equations with Infinitely Many Solutions 


Apply Gaussian elimination to a matrix to solve the following system of equations. 
2x — 4y =-8 
3x —6z= 4 

> Solution 


Step 1 Construct the augmented matrix for the given system of equations, and label 
the rows of the matrix. 


2-4 o|-8 (1) 
3 0 -6| 4 (2) 


Technology Note 


ref( [A] )» Frac 
[[1 QO -2 4Y/3] 
L@ 7 a eve 
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Step 2 To get a 1 in the first row, first column, multiply row (1) by a 


1 =2 | (1’) = 
3 0 -6!1 4 (2) 


Step 3 Eliminate the 3 in the second row, first column: multiply row (1') by —3 and 
add the result to row (2). 
1 —-2 0|-4 (1’) 
0 6 -6] 16 (2’) = —3 - (1’) + (2) 
Step 4 To get a 1 in the second row, second column, multiply row (2') by - 
1 —-2 0) | —4 (1’) 
8 MP ae ’ 
0 1 -l 2 (2”") = 6 (2') 


Because there are only two rows to work with, stop here and perform back-substitution. 
From the second row, 


8 
y 3° 
Solve this equation for y in terms of z. 
. 8 in 8 
Siege 
" 5 Te 3 


From the first row, 
x — 2y + Oz = —4. 


Substitute z + 2 for y in this equation and simplify. Then solve for x in terms of z. 


e~a{2+ 8) =-4 
3 


16 
— 22-—=- 
eee 
x= 22>. 4 
9 16 12 
x-— 22> > - > 
3 3 
5 4 
x— 22> > 
) 
x= 22+ > 


j : 4 8 ‘ j 
The solution set is x = 2z + F andy=2z+ 3 where z is any real number. Since the 


expression for at least one of the variables x or y depends explicitly on z, this system 
of equations is dependent and has infinitely many solutions. 


[A Check It Out 3: Give two specific solutions of the system of equations given in 
Example 3. 
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[ema 4 A System of Equations with No Solution 


Apply Gaussian elimination to a matrix to solve the following system of equations. 
coe y= 
=% reS=2 
x+2y-—2=0 
>Solution 


Step 1 Construct the augmented matrix for the given system of equations, and label 
the equations. 
1 1 -1)1 (1) 
—-1 0 1 | 2 (2) 
1 2 =1 1/0 (3) 
Step 2 Eliminate the —1 and 1 in the second and third rows of the first column. Mul- 


tiply the first row by 1 and add it to the second row. Multiply the first row by 
—1 and add it to the third row. 


11-1] 1 (1) 
01 O|} 3 (2') = (1) + (2) 
0 1 0 }-1 6) ==) + (3) 


Step 3 Eliminate the 1 in the third row, second column: Multiply the second row by 
—1 and add it to the third row. 


11-1] 1 (1) 
01 of 3 (2’) 
0 0 O|-4 (3") = —(2') + (3’) 


Step 4 We stop here because the last row is equivalent to the equation 
Ox + Oy + Oz = -4=>50= -4. 


The equation 0 = —4 is false. Thus the systems of equations has no solution. 


[AW Check It Out 4; Use a matrix to solve the following system of equations. 


Gauss-Jordan Elimination 


An augmented matrix can be converted to a matrix that is in a special type of row- 
echelon form known as reduced row-echelon form. The distinctive feature of a 
matrix in reduced row-echelon form is that each leading 1 is the only nonzero entry 
in its column. The following augmented matrices are in reduced row-echelon form. 
The leading 1’s are given in red. 


eal ee i100 of2 io <al=3 
0-2 -O.|) | 0 1 0 0} 01 -2] 5 
oo 2) 2 00 1 0]0 00 Ol 0 


Discover and Learn 


Solve the system of linear equa- 
tions that has the following aug- 


mented matrix. 


1 0 0 
on 
0 W 4 


= 2 
1 
0 
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When the augmented matrix for a system of linear equations is in reduced row-echelon 
form, you can read off the solution directly. Of course, you have to perform more com- 
putations to get the matrix into that form. 

The process used to reduce an augmented matrix to reduced row-echelon form is 
known as Gauss-Jordan elimination. The following example illustrates this process, 
which is an extension of Gaussian elimination. 


[eoral 5 Solving a System of Equations Using Gauss-Jordan Elimination 


Use Gauss-Jordan elimination to solve the following system of linear equations. 
3x +y— 10z = -8 
xty- 2=—-4 
= 2x + 9Oz= 5 


Solution Construct the augmented matrix for this system of equations, and label the 
rows of the matrix. 


3 1 =10 | =8 (1) 
1 1 —-2 | -4 (2) 
-2 0 9| 5 (3) 
First we will reduce the augmented matrix to row-echelon form via ordinary Gaussian 


elimination. Then we will complete the process of reducing the matrix to reduced row- 
echelon form by using additional elementary row operations. 


Step 1 To get a 1 in the first row, first column, swap rows (1) and (2). 
1 1 —-2]|-4 (1') = (2) 
3 1 —10]-8 (2') = (A) 
-2 0 9} 5 (3) 

Step 2 Eliminate the 3 in the second row, first column: Multiply row (1') by —3 and 
add the result to row (2’). Then eliminate the —2 in the third row, first column: 
multiply row (1') by 2 and add the result to row (3). 

1 1 -2 |-4 (1) 
0 -2 -4| 4 (2”) = -3- (1) + (2’) 
o 2 6 )-8 (3') = 2: (1) + (3) 
Step 3 To get a 1 in the second row, second column, multiply row (2”) by -5. 
1 1 -2)|-4 (1') ; 
0 1 2: =2 (2") = =e (2”) 
0 2 5 | -3 (3') 

Step 4 Eliminate the 2 in the third row, second column: Multiply row (2”) by —2 and 

add the result to row (3’). 


11 -2|-4 (1’) 
01 2|-2 2") 
00 1] 1 (3”) = —2 - (2”) + (3’) 


As far as Gaussian elimination is concerned, we are done and can find the 
solution by back-substitution. For Gauss-Jordan elimination, we need to 
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Technology Note 


In Figure 9.3.4, a graphing 
utility gives the reduced 
row-echelon form for the 
augmented matrix in 
Example 5. 


Keystroke Appendix: 
Section 13 


Figure 9.3.4 


continue with the row operations. What remains is elimination of the nonzero 
entries at the locations indicated in red in the following matrix. 


1 1 -2 | -4 (1') 
0 1 2 | =2 (2") 
0 0 1 1 (3') 
Step 5 Eliminate the 2 in the second row, third column: Multiply row (3”) by —2 and 


add the result to row (2). Then eliminate the —2 in the first row, third col- 
umn: Multiply row (3”) by 2 and add the result to row (1’). 


110]-2 (1") =2-(3") + (1) 
0 10|-4 (2"") = -2 - (3") + (2”) 
oO a | 4 (3”) 


Step 6 Eliminate the 1 in the first row, second column: Multiply row (2””) by —1 and 
add the result to row (1"). 


1 @) 0) 2 (”) = —{ é (2"") + (1") 
0 1 0|-4 (2""") 
0 0 1 1 (3”) 


The matrix is now in reduced row-echelon form and corresponds to the following 
system of linear equations. 


ll 
| 
aS 


Thus the solution is 
x=2, y=-4, z=1. 


Instead of writing down the system of equations, we could have read the solution from 
the matrix directly. 


[A Check It Out 5: Use Gauss-Jordan elimination to solve the following system of 
equations. 


x—- y-—2z=0 
2x+ yt zg=3 
3y+22=3 


You may have noticed that performing Gauss-Jordan elimination by hand is quite 
tedious, even for a system of equations in only three variables. The reduced row-echelon 
form of a matrix can be obtained easily by using a graphing utility. 


lace 6 Finding a Solution from a Reduced Matrix 


Find the solution set of the system of linear equations in the variables x, y, z, and u Gn 
that order) that has the following augmented matrix. 


x V B 

1 0 0 3 10 
0 1 0 5 | 1 
0 0 1 -6)]4 
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Solution The given matrix is in reduced row-echelon form. The corresponding sys- 
tem of linear equations consists of three equations in four variables. 


x + 3u=0 From first row 
y + 5u=1 From second row 
z-6u=4 From third row 


Solving for x, y, and z in terms of u, we have 


x=-3u, y= —-5ut+1, 


and 
z= out 4. 
The solution set is x = —3u, y = —5u + 1, and zg = 6u + 4, where wu is any real num- 


ber. Since the expression for at least one of the variables x, y, or z depends explicitly 
on u, this system of equations is dependent and has infinitely many solutions. 


[W Check It Out 6: Find the solution set of the system of linear equations in the vari- 
ables x, y, z, and uw (in that order) that has the following augmented matrix. 


x vy gg Uu 
1 0 O -2) 3 
0 tlt 0 414-4 
0 oO 41-2) 0O| & 


Applications 


Systems of linear equations have a number of applications in a wide variety of fields. 
Let’s solve an application in manufacturing. 


eral 7 Systems of Equations in Manufacturing 


The Quilter’s Corner is a company that makes quilted wall hangings, pillows, and bed- 
spreads. The process of quilting involves cutting, sewing, and finishing. For each of the 
three products, the numbers of hours spent on each task are given in Table 9.3.1. 


Table 9.3.1 


ES) 1 


Wall hanging 15} 
Pillow 1 1 0.5 
Bedspread 4 3 2 


Every week, there are 17 hours available for cutting, 15 hours available for sewing, and 
9 hours available for finishing. How many of each item can be made per week if all the 
available time is to be used? 
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Solution First, define the variables. 


w: number of wall hangings 
p: number of pillows 
b: number of bedspreads 


The total number of hours spent on cutting is given by 


Total cutting hours = cutting for wall hanging + cutting for pillow 
+ cutting for bedspread 
=1.5w+pt 4b. 
The total amount of time available for cutting is 17 hours, so our first equation is 


1.5w + p+ 4b=17. 


Since there are 15 hours available for sewing and 9 hours available for finishing, our 
other two equations are 


L5wt pt+3b6=15 
w+O0.5p+2b= 9. 


Thus the system of equations to be solved is 


1L5wt+ p+4b=17 
15wt+ pt+3b=15. 
w+0.5p+2b= 9 


We will solve this system by applying Gaussian elimination to the corresponding aug- 
mented matrix. 


15 1 41/17 (1) 
15 1 3/15 (2) 
1 0s 2] 9 (3) 


Step 1 To get a 1 in the first row, first column, swap rows (1) and (3). 


1 0.5 2 9 (1') = (3) 
15 1 3 | 15 (2) 
15 1 4/17 (3') = (1) 
Step 2 Eliminate the 1.5 in the second row, first column: Multiply row (1') by —1.5 


and add the result to row (2). Then eliminate the 1.5 in the third row, first col- 
umn: Multiply row (1') by —1.5 and add the result to row (3’). 


105 21/9 (1’) 
0 0.25 0] 1.5 (2') = -1.5 - (1’) + (2) 
0 0.25 1 | 3.5 (3") = -1.5 - (1’) + (3) 


Step 3 To get a 1 in the second row, second column, multiply row (2’) by aoe 


105 21|9 w) 

0 1 0 | 6 ") =—_ -(2’ 
2) = G25 @) 

0 0.25 1 | 3.5 (3”) 
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Step 4 Eliminate the 0.25 in the third row, second column: Multiply row (2”) by 
—0.25 and add the result to row (3”). 


1 05 2]|9 (1’) 
01 OO] 6 (2") 
00 1]2 (3) = —0.25 - (2”) + (3”) 


Step 5 Because the matrix is in row echelon form, perform back-substitution. From 
the third row, 6 = 2; from the second row, p = 6. From the first row, 


w+0.5p+ 2b=9. 
Substituting b = 2 and p = 6 into this equation yields 
w+ 0.5(6) + 2(2) = 9. 
Simplifying and then solving for w, we get 
w+ 0.5(6) + 222) =9>=3Sw+3+4=9>90+7=9>50=2. 


Thus 2 wall hangings, 6 pillows, and 2 bedspreads can be made per week. 


[A Check It Out 7; Rework Example 7 for the case in which 36 hours are available for 
cutting, 30 hours are available for sewing, and 19 hours are available for finishing. © 


We recommend using Gaussian elimination with back-substitution when working 
by hand because this method is likely to result in fewer arithmetic errors than Gauss- 
Jordan elimination. If technology is used, however, Gauss-Jordan elimination, using 
the rref feature of a graphing utility, is much quicker. 


9.3 Key Points 


» In an augmented matrix corresponding to a system of equations, the rows of the 
left-hand side are formed by taking the coefficients of the variables in each equa- 
tion, and the constants appear on the right-hand side. 


» The following elementary row operations are used when performing Gaussian 
elimination on matrices. 
1. Interchange two rows of the matrix. 
2. Multiply a row of the matrix by a nonzero constant. 
3. Multiply a row of the matrix by a nonzero constant and add the result to another 


row. 


» The following matrices are in row-echelon form: there are zeros beneath the first 1 
in each row. 


I: =25 2 2 1 -) 1 5 
0 1 3) =1 0 I 2. |=3 
0 0 1 4 0 0 0 0 
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» The following matrices are in reduced row-echelon form: there are zeros above 
and beneath the first 1 in each row. 


1 0 0 3 1 0 3 4 
0 1 0 4 0 1 2)]-2 
0 0 1] -2 0 0 0 0 


» In Gauss-Jordan elimination, a matrix is converted to reduced row-echelon 
form by using elementary row operations. 


9.3 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1—8, construct the augmented matrix for each system 
of equations. Do not solve the system. 


4x ++y—-2z= 6 
1. x yr 2 2 


3x —- g= 4 
3rt+s+2t=—-1 

2.) -2r-—st+ t= 3 
+ 2t=—-2 

3x —-2y + 2=-1 
oe x + —— 3 
3z 0 

SKF by = B= <6 
4. x-4y+2z= 3 
3x —- yt5e=-1 
6x-—2y+ z= 0 
De 5x + y- 32 2 
20: = 3Vs 52— 7 

2x y 5 
6. x y 0 
3x + 2y + Tz 8 

7. x yt 22 3 
3x + 2y gz 1 
—2x +62 = =1 
8. 

3x + 2y 0 


In Exercises 9-14, perform the indicated row operations (indepen- 
dently of one another, not in succession) on the following augmented 
matrix. 


9. Multiply the second row by * 
10. Multiply the second row by -5. 
11. Switch rows 1 and 2. 

12. Switch rows 1 and 3. 


13. Multiply the first row by 2 and add the result to the sec- 
ond row. 


14. Multiply the first row by —3 and add the result to the 
third row. 


In Exercises 15-22, for each matrix, construct the corresponding 
system of linear equations. Use the variables listed above the ma- 
trix, in the given order. Determine whether the system ts consistent 
or inconsistent. If it is consistent, give the solution(s). 


x y 

15.[1 0 | -7 
0 1 3 
x y 

16.f1 0 | 3 
0 0]1 
x y 


x yy 
18.|3 =2 5 2 
1 Oo -1 | -3 
0 0 0 8 
x y z 
19.;1 0 3 2) 
QO 1 =2 |=2 
0 0 0 0 
a yy z 
20.)}1 0 -2 1) 7 
0 1 4 |3 
0 0 0|0 
x Yo z u 
21.}1 0 0 —-5 2 
0 1 0 -2 | -3 
0 0 1 3 5 
xy 2B u 
22.;1 0 0 -4)] -3 
0 10 -2 1 
0 0 1 3 |-10 


In Exercises 23-52, apply elementary row operations to a matrix 
to solve the system of equations. If there is no solution, state that 
the system 1s inconsistent. 


—x- y= -10 
24. 
3x+ 4y= 24 
yaya S5 
25.{ nee 
4x -y= 6 
5 Gy 
ag4 
2x — 3y = 
ee ae 
ae ed 
7x — 4y = —-2 
+ 3y=7 
28.{ = 
2x+ y= 
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<a gS 
44." 


39) 


36. 


37. 


38. 


39. 


40. 


41. 
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x+ 3y =2 
5x + 12y+ 3z=1 
4x oy —- 32=1 


42. 


=x + 2y — 32 = 2 
2x + 3y + 2z=1 


43, 


3% yt 5z=1 


xt+2y+ 2=-3 


44.43x+ y-—2z= 2 54 


4x +3y- z= 0 


—x + 4y+ 3z=6 


45. 
2x — 8y — 4z = 8 


u+2vu- w=-2 


3r+ 4s — 8t= 14 
2r — 2s + 4t = 28 


47. 


3x y t+ 242 9 
2x+2y—- 8z= 6 


| 
| 
| 
| 
ene 1 
| 
| 
| 
| 
| 


3x +2y= 3 
Hint: Be careful with the order of the variables.) 


m= 


58. 
x+4z= -3 
52.4x-5y= 0 
zgt4y= 2 


(Hint: Be careful with the order of the variables.) 


» Applications In this set of exercises, you will use the 
method of solving linear systems using matrices to study 
real-world problems. 


53.Mixture JoAnn’s Coffee wants to sell a new blend of 
three types of coffee: Colombian, Java, and Kona. The 
company plans to market this coffee in 10-pound bags 


55. 


56. 


57. 


and has established the following specifications for the 

product: 

» The amount of Colombian coffee in the blend is 
to be twice the amounts of Java and Kona 
combined. 

» The amount of Kona coffee in the blend is to be 
half the amount of Java. 


How many pounds of each type of coffee will go into 
each bag of the blend? 


. Sports Equipment The athletic director of a local high 


school is ordering equipment for spring sports. He needs 
to order twice as many baseballs as softballs. The total 
number of balls he must order is 300. How many of each 
type should he order? 


Take-Out Orders A boy scout troop orders eight pizzas. 
Cheese pizzas cost $5 each and pepperoni pizzas cost 
$6 each. The scout leader paid a total of $43 for the 
pizzas. How many of each type did he order? 


Merchandise Sales An electronics store carries two brands 
of video cameras. For a certain week, the number of 
Brand A video cameras sold was 10 less than twice the 
number of Brand B cameras sold. Brand A cameras cost 
$200 and Brand B cameras cost $350. If the total revenue 
generated that week from the sale of both types of cam- 
eras was $16,750, how many of each type were sold? 


Merchandise Sales A grocery store carries two brands of di- 
apers. For a certain week, the number of boxes of Brand A 
diapers sold was 4 more than the number of boxes of 
Brand B diapers sold. Brand A diapers cost $10 per box 
and Brand B diapers cost $12 per box. If the total revenue 
generated that week from the sale of diapers was $172, how 
many of each brand did the store sell? 


Design Sarita is designing a mobile in which three ob- 
jects will be suspended from a lightweight rod, as illus- 
trated below. 


m3 


59. 


60. 


6l. 


The weights of the objects are given as m, = 2 ounces, 
my = 1 ounce, and m; = 2.5 ounces. Use a system of lin- 
ear equations to determine the values of a, b, and c (in 
inches) such that the mobile will meet the following 
three requirements: 


» The distance between object 1 and object 3 must be 
20 inches. 


» To balance the mobile, Sarita must position the 
objects in such a way that 


ma = mzb + m3¢. 


» Object 1 must hang three times further from the 
support (horizontally speaking) than object 2. 


Investments A financial advisor offers three specific 
investment instruments: a stock-based mutual fund, a 
high-yield bond, and a certificate of deposit (CD). Risk 
factors for individual instruments can be quantified on a 
scale of 1 to 5, with 1 being the most risky. The risk fac- 
tors associated with these particular instruments are sum- 
marized in the following table. 


Stock-based mutual fund 3} 
High-yield bond 1 
CD 5 


One of the advisor’s clients can tolerate an overall risk 
level of 3.5. In addition, the client stipulates that the 
amount of money invested in the mutual fund must 
equal the sum of the amounts invested in the high-yield 
bond and the CD. To satisfy the client’s requirements, 
what percentage of the total investment should be allo- 
cated to each instrument? 


Utilities Privately owned, single-family homes in a small 
town were heated with gas, electricity, or oil. The per- 
centage of homes heated with electricity was 9 times the 
percentage heated with oil. The percentage of homes 
heated with gas was 40 percentage points higher than the 
percentage heated with oil and the percentage heated with 
electricity combined. Find the percentage of homes heated 
with each type of fuel. 


Electrical Engineering An electrical circuit consists of 
three resistors connected in series. The formula for the 
total resistance R is given by R= R, + R, + R;, where 
R,, Rj, and R; are the resistances of the individual resis- 
tors. In a circuit with two resistors A and B connected in 
series, the total resistance is 60 ohms. The total resistance 


Section 9.3 


Solving Systems of Equations Using Matrices 733 


when B and C are connected in series is 100 ohms. The 
sum of the resistances of B and C is 2.5 times the resis- 
tance of A. Find the resistances of A, B, and C. 


62. Gardening Mr. Greene, a gardener, is mixing organic fer- 
tilizers consisting of bone meal, cottonseed meal, and 
poultry manure. The percentages of nitrogen (N), phos- 
phorus (P), and potassium (K) in each fertilizer are given 
in the table below. 


12 0 


Bone meal 4 
Cottonseed meal 6 2 1 
Poultry manure 4 4 2 


If Mr. Greene wants to produce a 10-pound mix con- 
taining 5% nitrogen content and 6% phosphorus con- 
tent, how many pounds of each fertilizer should he use? 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


63. Consider the following augmented matrix. For what 
value(s) of a does the corresponding system of linear 
equations have infinitely many solutions? One solution? 
Explain your answers. 


64. Consider the following system of equations. 


xr y=3 
—-x+ty=1 
2x+y=4 


Use Gauss-Jordan elimination to find the solution, if it 
exists. Interpret your answer in terms of the graphs of the 
given equations. 


65. Consider the following system of equations. 


x+y=3 
—x+y= 
2x + y= 6 


Use Gauss-Jordan elimination to show that this system 
has no solution. Interpret your answer in terms of the 
graphs of the given equations. 
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66. Consider the following system of equations. (c) Express w as an equation in uw and v. 
x+ y= 3 (d) Give two solutions of this system of equations. 
—2x — 2y = -6 
* 2 5 68. Consider the following system of equations. 
—x- y=- 
Peetenaaa ; ar =1 1 
Use Gauss-Jordan elimination to show that this system as _ (1) 
has infinitely many solutions. Interpret your answer in a “= 0 (2) 
terms of the graphs of the given equations. ytz=1 (3) 
(a) Find constants 6 and c such that Equation (1) can 
67. Consider the following system of equations. be expressed as 
6u + 6v — 3w = —3 Equation (1) = b [Equation (2)] + c [Equation (3)]. 
2u+2v- w=-l 


(b) Solve the system. 


(a) Show that each of the equations in this system is a (c) Give three individual solutions such that 0 < z < 1. 
multiple of the other equation. 


(b) Explain why this system of equations has infinitely 
many solutions. 


9.4 Operations on Matrices 


Objectives In Section 9.3, we represented systems of equations by matrices in order to streamline 
the bookkeeping involved in solving the systems. In this section, we will study the 
properties of matrices in more detail. We begin with an example of how a matrix can 
be used to present labor statistics in compact form. 


> Define a matrix 


> Perform matrix addition and 
scalar multiplication 


> Find the product of two 


matrices : ; 
; ; 1 A Matrix Reflecting Unemployment Data 
> Use matrices and matrix cdi 


operations in applications In 2004, the unemployment rates for people (20 years old and older) in the labor force 
in the United States were 5.0% for males and 4.9% for females. In 2005, the rates were 
4.4% for males and 4.6% for females. Summarize this information in a table and in a 
corresponding matrix. (Source: Bureau of Labor Statistics) 


Table 9.4.1 Solution We can organize the given information in the form of a table, as shown in 


Male Female Table 9.4.1. 


The corresponding matrix is 
2004 5.0% 4.9% 


2005 4.4% 4.6% be ft 


4.4 4.6 


In this matrix, each row represents a particular year and each column represents a par- 
ticular gender. Every entry of the matrix represents a percentage, so we have omitted 
the percent signs. Note that we could have constructed the matrix in such a way that 
each row represented a particular gender and each column a particular year. 


[W Check It Out 1; Construct the matrix for Example 1 in such a way that each row 
represents a particular gender and each column represents a particular year. 
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A matrix is a rectangular array of numbers. A matrix that has m rows and 1 columns 
has dimensions m X n (pronounced “m by n”); such a matrix is referred to as an 
m X n matrix. 

An uppercase letter of the alphabet is typically used to name a matrix (as in 
matrix A). The corresponding lowercase letter (in this case, a) is used in conjunction 
with a pair of positive integers to refer to a particular entry of the matrix by the row 
and column in which it is located. For example, a,; denotes the entry in the second 
row, third column of matrix A. This is shown schematically for an m X nm matrix in the 
figure below. The entry in the 7th row and jth column of matrix A is denoted by a, 
(where 7 ranges from 1 through m, andj from 1 through 7). 


ay Qa12 aes Ain 
= 421; 2 Aon 
Qn Qn ose ann 


The next example will familiarize you with this basic terminology and notation. 


eae 2 Solving an m X_n Matrix 


Let 
—2 4 7 0 
B= 0 5 12° 6 
-8 -7 O 1 


Find the following. 

(a) The dimensions of B 

(b) The value of 63, 

(c) The value of b,, 

>Solution 

(a) Because matrix B has three rows and four columns, it has dimensions 3 X 4. 
(b) The value of 63, (the entry in the third row, first column) is —8. 

(c) The value of 5,3 (the entry in the first row, third column) is 7. 


[A Check It Out 2: Let 


=2 4 -5 
A= |-9 -2 1 
12 3 0 


Find the dimensions of A and the values of a,, and a33. © 


Matrix Addition and Scalar Multiplication 


Just as with numbers, we can define equality, addition, and subtraction for matrices— 
but only for matrices that have the same dimensions. 
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Technology Note | 


Perform the following operations, if defined. 
(ay A+B 
(b)C -—A 
(c)A+C 


>Solution 


(a) The sum A + B is not defined because A has dimensions 2 X 3 and B has dimen- 
sions 3 X 2. 


(b) The difference C — A is defined because A and C have the same dimensions. To 
find C — A, we subtract the entries of A from the corresponding entries of C. 


or 1 = (1) £2 =O). _ 2 2: —5 
-2.5-0 0-(-3.5) 2.3-—1 =2.5 3.5 1.3 
(c) The sum A + C is defined because A and C have the same dimensions. To find 
A + C, we add corresponding entries. 


=1+4 2+4 ele, 6 ae 


A+C= 
0+(-2.5) -35+0 1423 -25 -3.5 33 


[A Check It Out 3: Let 


$3 =2 3 4 
A=| 1 25], B=] 21 2\. 
-0.5 —3 0 4 


Perform the following operations. 
(vaA+B b)A-B ()DB-ADB 


Another easily defined operation on matrices consists of multiplying an entire matrix 
by a single number, known as a scalar. This operation is known as scalar multiplication. 
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Scalar Multiplication 


The product of an m X n matrix A and a scalar c, which is denoted by cA, is 
found by multiplying every entry of A by c. The product is also an m X n matrix. 


[ema 4 Scalar Multiplication to Calculate Sales Tax 


The following matrix gives the pre-tax sales figures (in millions of dollars) for sales of 
taxable merchandise sold by the Metro department stores in Baltimore and Annapolis 
for the years 2002-2004. The sales tax rate in Maryland is 5%. Use scalar multiplica- 
tion to calculate the amount of sales tax generated from sales at each store for the years 
2002-2004. 


Baltimore Annapolis 


2002 1.7 1:3 
2003 1.8 1.5 
2004 1.9 1.6 


Solution Since the sales tax rate in Maryland is 5%, we must multiply each of the 
sales figures given in the matrix by 0.05 to get the amount of the corresponding sales 
tax. This amounts to scalar multiplication of the matrix by 0.05. Thus the matrix that 
gives the amount of sales tax (in millions of dollars) generated from sales at each store 
for each of the given years is 


Baltimore Annapolis 


2002 0.085 0.065 
2003 0.09 0.075 |. 
2004 0.095 0.08 


It is quite likely that data of this type has been incorporated into the company’s annual 
report. When displaying figures such as this, it is better to do so in a manner that is un- 
derstandable to the reader. For example, it would be better to write $0.085 million as 
$85,000. The following matrix gives the sales tax figures in dollars. 


Baltimore Annapolis 


2002 85,000 65,000 
2003 90,000 75,000 
2004 95,000 80,000 


[A Check It Out 4; Rework Example 4 for the case in which the sales tax rate is 6%. Ml 


Matrix Multiplication 


We have discussed addition and subtraction of matrices as well as multiplication of a 
matrix by a scalar. But what about multiplication of one matrix by another? Would we 
just multiply corresponding entries? The answer is: Not really. We have to define ma- 
trix multiplication in a way that makes it useful for applications and for further study 
in mathematics. Example 5 illustrates an application that will motivate our definition 
of matrix multiplication. 
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[ema 5 Calculating Total Number of Unemployed Adults 


The percentages of men and women (20 years old and older) in the United States who 
were not employed in 2005 have been converted to decimals and are given in the 
following matrix. (Source: Bureau of Labor Statistics) 


Male Female 
2005 [0.044 0.046] =R 


If there were 76 million men and 66 million women in the labor force in 2005, what 
is the total number of people who were unemployed in 2005? (A person is defined to 
be unemployed if he/she is not employed but is actively looking for a job; the labor force 
includes people who are actually employed as well as those who are defined as being 
unemployed.) 


Solution From the given matrix, the unemployment rate in 2005 was 4.4% for men 
and 4.6% for women. The numbers of men and women in the labor force that year are 
summarized in the following matrix. 


Male Be mie Z 


Female 66 million 


The total number of people (in millions) who were unemployed in 2005 is given by 


Total unemployed = total unemployed men + total unemployed women 
= 4.4% of 76 (million) + 4.6% of 66 (million) 
= 0.044(76) + 0.046(66) 
= 6.38. 


Thus 6.38 million people were unemployed in 2005. 

Now take a close look at the operations involved in computing this total. We took 
matrix R, which has just one row and contains the rates of unemployment for males and 
females, and multiplied each of its entries by the appropriate entry of matrix L, which 
has just one column and contains the numbers of males and females in the labor force. 
We then added the two separate products to get the total number of people who were 
unemployed. 

This process of computing certain products and then finding their sum lies at the 
very heart of matrix multiplication. 


[AW Check It Out 5: Find the total number of people unemployed in 2005 if the data 
are presented as follows. 


Female Male 
2005 [0.046 0.044] =R 


Male 


F _ 
emale 66 eullion _in 
76 million 


We will begin our discussion of matrix multiplication using the simplest types of 
matrices: a row matrix and a column matrix. Multiplication of a row matrix by a col- 
umn matrix will form the basis for matrix multiplication. 
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A row matrix has just one row and any number of columns. The following is an 
example of a row matrix with four columns. 
R=[3 25 = -2| 


Similarly, a column matrix has just one column and any number of rows. The 
following is an example of a column matrix with four rows. 


Multiplication of a Row Matrix by a Column Matrix 


Let R be a row matrix with m columns: 
ee ee eel 


and let C be a column matrix with 7 rows: 


Then the product RC is defined as 
RCO = yey, # No€o) +7? F Cn» (9.1) 


The number of columns in the row matrix R must be the same as the number of 
rows in the column matrix C for the product RC to be defined. The product is 
just a number (namely, the sum of the products 7115 2C215 --- 5 Minn): 


Note The product CR, which has not yet been defined, is not the same 
as the product RC. |In matrix multiplication, the order of the matrices 


matters. 


laa 6 Finding the Product of a Row Matrix and a Column Matrix 


Find the product RC for the following matrices. 
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Solution The product RC is calculated as follows. 


=I[n1 nm 13 Na) 


= 11111 + My2Co1 + 14331 + M4Cay 


= 3(2) + 2.5(-2) + (F)o + (—2)(1.7) 
=6-54+1-34=-1.4 


[A Check It Out 6: Find the product RC for the following matrices. 


1.5 


Now that we have defined multiplication of a row matrix by a column matrix, we 
proceed to define matrix multiplication in general. The idea is to break up the multi- 
plication of a pair of matrices into steps, where each step consists of multiplying some 
row of the first matrix by some column of the second matrix, using the rule given ear- 
lier. Example 7 illustrates the procedure. 


lEeaante| 7 The Product of Two Matrices 


Find the product AB for the following matrices. 


5 0 

A= 3 4 oh. ee —4 1 
sl. 0 2233 2 2 6 

0 -2 


>Solution 


Step 1 Multiply the first row of A by the first column of B, using the rule for multiply- 
ing a row matrix by a column matrix. The result, which is a single number, will 
be the entry in the first row, first column of the product matrix. 


5 x 
3 4 0 -2||-4 * -] 
E oe | > «| ~ BE) + 4-4) + 002) + (-2)(0)] = | 
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Step 2 Multiply the first row of A by the second column of B. The result will be the entry 
in the first row, second column of the product matrix. 


0 


t | =[-1 300) + 41) + 0(6) + (-2)(-2)] = [ J 


+ + * 


=2 


Step 3 Since we have exhausted all the columns of B (for multiplication by the first 
row of A), we next multiply the second row of A by the first column of B. The 
result will be the entry in the second row, first column of the product matrix. 


5 *x 
x * * * —4 * _ —]1 8 
=1 0 <9 2 2 *| | (—1)(5) + 0(-—4) + (-3)(2) + 2(0) 
@) * 


| -1 8 
-11 
Step 4 Multiply the second row of A by the second column of B. The result will be the 
entry in the second row, second column of the product matrix. 


1 -1 8 
6] ie (—1)(0) + 0(1) + (—3)(6) + re 


+ + * + 


Thus the product matrix is 


-1 
AB= ‘ . 
—-1l1 —22 
Recall that A has dimensions 2 X 4 and B has dimensions 4 X 2. The product AB has 


dimensions 2 X 2, where the first 2 arises from the number of rows in A and the sec- 
ond 2 arises from the number of columns in B. 


[A Check It Out 7: Find the product AB for the following matrices. 


—20 3 2 
a=| | a=] 1 om 
04 -1 
-2 5 


The method that was used to multiply the two matrices in Example 7 can be ex- 
tended to find the product of any two matrices, provided the number of columns in 
the first matrix equals the number of rows in the second matrix. 
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In matrix multiplication, the order of the matrices matters. In general, the product 
AB does not equal the product BA. Furthermore, it is possible that AB is defined but 
BA is not. For instance, if A is a 2 X 3 matrix and Bis a3 X 4 matrix, then AB is de- 
fined (since A has three columns and B has three rows) but BA is undefined (since B 
has four columns and A has only two rows). 


le-aal 8 Matrix Products - 


Let 
—2 
i =i @ : 5 a 
a-[) ae a B= 4 apis @= |e 6 |. 
1 
1 —-4 : 
Calculate the following, if defined. 
(a) AC 
Technol Not we 
eennoleuy, ote (c) AB 
>Solution 


(a) For the product AC, we have a 2 X 3 matrix (A) multiplied by a3 X 2 matrix (C). 
This multiplication is defined because the number of columns of A is the same as 
the number of rows of C. The result is a 2 X 2 matrix. 


(<4 -@] | -2 -10 
ac=|} -5 i _ -|3 | 
0 1 


(b) For the product BA, we have a 4 X 2 matrix multiplied by a 2 X 3 matrix. This 
multiplication is defined because the number of columns of B is the same as the 
number of rows of A. The result is a 4 X 3 matrix. 


6 —2 2 4 -2 
2 ae —< = a 
BA= 5 1 1 0 _ 8 23 5 
=3. =] 2 =5 1 —5. 8 =1 
1 -4 -7 19 =—4 


(c) The product AB is not defined, since A has three columns and B has four rows. 


[A Check It Out 8: In Example 8, find the product CA, if it is defined. © 
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Example 9 illustrates an application of matrix multiplication to manufacturing. 


eee 9 Application of Matrix Multiplication to Manufacturing 


A manufacturer of women’s clothing makes four different outfits, each of which uti- 
lizes some combination of fabrics A, B, and C. The yardage of each fabric required for 


each outfit is given in matrix F. 


Fabric A Fabric B- Fabric C 


(yd) 
Outfit 1 1.2 
Outfit 2 0.8 
Outfit 3 1.5 
Outfit 4 2.2 


(yd) 
0.4 
0.6 
0.3 
0.7 


(yd) 
1.5 
2.1 


F 


1.8 
15 


The cost of each fabric (in dollars per yard) is given in matrix C. 


Fabric A 8 
Fabric B 4)};=C 
Fabric C 10 


Find the total cost of fabric for each outfit. 


Solution Each row of matrix F gives the fabric requirements for a certain outfit. To 
determine the total cost of fabric for each outfit, we multiply matrix F by matrix C. 


1.2 04 1.5 8 26.2 
FC = 0.8 0.6 2.1 ip Vex 29.8 
15 0.3 1.8 10 31.2 
2.2 0.7 1.5 35.4 


The total cost of fabric for each outfit is given in Table 9.4.2. 


Table 9.4.2 
1 $26.20 
2 $29.80 
3 $31.20 
4 $35.40 


[A Check It Out 9: Rework Example 9 for the case in which the cost of each fabric (in 
dollars per yard) is given by the following matrix. 


Fabric A 
Fabric B 


6 
5| 
Fabtic C 8 
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A Cryptography Application 
One application of matrix multiplication is in cryptography, the science of encoding 
and decoding messages. We will consider a simple coding scheme: The letters of the 


alphabet will be assigned the numbers 1 through 26 (in numerical order), and a space 
will be assigned the number 0. See Table 9.4.3. 


Table 9.4.3 


Spaces eau ls G |} ID | F G@ | lat yu J Ke JG, | dt 
Inf | (©) | IP @ JR |S wey w | wv | wy lox | ke | Z 
4b } iS) | WG | dy | ie | ID | 2O ] Zi | ae | Be | 24 | 25 | 2o 


Example 10 shows how a message can be encoded with the help of an encoding 
matrix. 


Bante 1 0 Cryptography Application 


Use the matrix below to encode the message HELP ME. 


=] 2 0 -2 
3 =F 2 6 
2 -4 1 7 
1 =2. 0 1 


Solution Because the encoding matrix has only four columns, the message must 
first be parsed into “words” of four characters apiece. We get two such words 
(HELP and _ME_). An underscore indicates a space. The underscore that follows 
the letters of ME has been inserted as a filler since the total number of characters 
in the message has to be a multiple of 4. Replacing the spaces and the letters of the 
alphabet with their assigned numbers, we get a column matrix for each word. 


Ul ©O 


We then encode the word HELP by multiplying the encoding matrix by the column 
matrix for HELP. 


-1 20 -2 8 ~30 
3-7 2 6 5} | 109 
2 -4 1 7{/12/ | 120 
i =-2 0 1)|)/16 14 
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Similarly, the word _ME_ is encoded as follows. 


-1 20 -2|/[ 0 26 
3 -7 2 6/113] _ |-81 
2-41 #7 5] | —-47 
120 1 0 —26 


The receiver of the information would get these two 4 X 1 matrices of encoded 
information. How would the receiver then decode the message? This question will be 
answered in the next section. 


LW Check It Out 10: Rework Example 10 for the message GOT SPY. © 


9.4 Key Points 


» A matrix is a rectangular array of real numbers with m rows and nv columns. 


» The dimension of the given matrix is m X n, since the matrix has m rows and 
n columns. 

» Two matrices can be added or subtracted only if their dimensions are the same. 
The result is found by adding or subtracting the corresponding entries in each 
matrix. 

» The scalar product of an m X n matrix A and a real number c is found by multiplying 
all the elements of the matrix A by c. 


» The product of an m X p matrix A and a p X n matrix B is a product matrix AB 


with m rows and n columns. 


9.4 Exercises 


» Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1—6, use the following matrix. 


-1 2 0 4 

A= 2.1 7 9 0 

1 0-3 a 

1. Find aj. 2. Find dy). 


3. Determine the dimensions of A. 
4. Find a3). 
5. Find a34. 


6. Why is a4; not defined? 


In Exercises 7-10, indicate whether each statement is True or 
False. Explain your answers. 


7. Some matrices that do not have the same dimensions can 
be added. 


8. Some matrices that do not have the same dimensions can 
be multiplied. 


9.If Aisa 2 X 4 matrix and Bis a 4 X 3 matrix, then the 
product AB is a 2 X 3 matrix. 


10.If A is a 2 X 4 matrix and B is a 4 X 3 matrix, then the 
product BA is a 4 X 4 matrix. 


In Exercises 11-28, perform the given operations (if defined) on 
the matrices. 


i: a 8 0 -4 5 
A= a. pels =a, eS) im 4 
> 0 -2 2 -6 ag 4 


If an operation 1s not defined, state the reason. 


11.B+C 12.C-B 
13.2B+C 14.B + 2C 
15.-3C +B 16.C — 2B 


17.4 + 2B 18.3B—-—C 
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19. AB 20. AC 

21. BC 22.CA 
23.24 24.=C 

25. A(B + C) 26.(B + C)A 
27. C(AB) 28. B(AC) 


In Exercises 29-34, for the given matrices A and B, evaluate (uf 
defined) the expressions (a) AB, (b) 3B — 2A, and (c) BA. For any 
expression that 1s not defined, state the reason. 


v.a=|—4 Al 
=1 0 


[oy 
| 
~] 
fo) 
=] 
| 
i) 


34.A=]|2 3 -4/); B=]3 0 
2 1 


_ 
c) 
| 
i) 


In Exercises 35—42, for the given matrices A, B, and C, evaluate 
the indicated expression. 


6 -1 2 3 

35.A = 3 B= 3 C= 3 AB+ AC 
5 1 4 =2 

36.A = me 3 B= 5 C= § 
—-4 7 1 3 


A(C — B) 

1 2 7 = —A4 2 1 

Q .=5 =A ST 0 —-9 
CA-B 

oo —6 
38.A = os 3 B= : 3 C= 2 3 

2 4 0 —-6 =2: 6 

(A + 2B)C 


i 3 
=2 414 
39.4=|-4 2\|; | | 
S.-i, 4 
6 0 
-4 
o-| I 2C + BA 
5 <7 
ahs 05 8 
40.A=|-1 af a=| |: 
1 0 =a 
6 0 
6 
c-| | BA- CC 
-5 3 
4 1 4 3 
41.A=|0 2]; B=|-6 2); 
5 1 5. i 
1 2 3 
C=| = —& —1 le Ce A) 
s + 2 
s. i =§ -3 
42.A=| 2 5|; B=| 1. 61; 
=o i 8 3 
2 1 1 
C=|0. =i TE CB +54 
3 09 =3 


In Exercises 43—46, answer the question pertaining to the matrices 


a b h i 
A=|cd and s-|F i} 
j kl 
e f 


43. Let P = AB, and find p,, and p33; without performing the 
entire multiplication of matrix A by matrix B. 


44. Let Q = BA, and find g,, and g,. without performing the 
entire multiplication of matrix B by matrix A. 


45. Let P = AB, and find p3, and p,; without performing the 
entire multiplication of matrix A by matrix B. 


46. Let Q = BA, and find g,, and q,, without performing the 
entire multiplication of matrix B by matrix A. 


In Exercises 47-52, find A’ (the product AA) and A’ (the prod- 
uct (A’)A). 


47.A = ki | 
1 0 


—4 
w.a-|4 9] 
0 3 
1 1 
A= 
so.a=|_} }| 
3 0 0 
51.A= 01 1 
-4 1 0 
2 =1 4 
52.4 =]|0 1 0 
0 3 2 


0 1 0) 
53.If A = and B= Ki 5 for what value(s) of 
a 0 1 O 


54.If A = 


+ 
55.IfA = a and B= ee 5 for what 
1 3 b-a 


values of a and 6 does AB = BA? 


1 0 1 OB: 1 
56.If A=] 0 O 1l1]|andB=]-1 2 0 |, for what 
2 -!1 O 0 0 1 
0) 2a+2b+ 1 0 
values of a and b does AB = | 3a + 46 0 1 |? 
1 4 =2 
P= 3a + 
57. If A = : one : and B= ° ales 
0) 2b+ 5 1 O 


58.If A = a De and 
4 3 6 


1 2_2a-7 2 
ee a i >| forwharvatues of 


1 0 1 
aand b does A — 2B = ? 
0 1 0 
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» Applications In this set of exercises, you will use matri- 
ces to study real-world problems. 


59. Gas Prices At a certain gas station, the prices of regular 
and high-octane gasoline are $2.40 per gallon and $2.65 
per gallon, respectively. Use matrix scalar multiplication 
to compute the cost of 12 gallons of each type of fuel. 


60. Taxi Fares A cab company charges $4.50 for the first mile 
of a passenger’s fare and $1.50 for every mile thereafter. 
If it is snowing, the fare is increased to $5.50 for the first 
mile and $1.75 for every mile thereafter. All distances are 
rounded up to the nearest full mile. Use matrix addition 
and scalar multiplication to compute the fare for a 6.8- 
mile trip on both a fair-weather day and a day on which 
it is snowing. 


61. Economics Matrix G gives the U.S. gross domestic prod- 
uct for the years 1999-2001. 


GDP 
(billions of $) 


1999 9274.3 
2000 9824.6} =G 
2001 | 10,082.2 


The finance, retail, and agricultural sectors contributed 
20%, 9%, and 1.4%, respectively, to the gross domestic 
product in those years. These percentages have been con- 
verted to decimals and are given in matrix P. (Source: 
U.S. Bureau of Economic Analysis) 


Finance Retail Agriculture 
[0.2 0.09 0.014] =P 


(a) Compute the product GP. 
(b) What does GP represent? 


(c) Is the product PG defined? If so, does it represent 
anything meaningful? Explain. 


62. Tuition Three students take courses at two different col- 
leges, Woosamotta University (WU) and Frostbite Falls 
Community College (FFCC). WU charges $200 per 
credit hour and FFCC charges $120 per credit hour. The 
number of credits taken by each student at each college 
is given in the following table. 


Use matrix multiplication to find the total tuition paid by 
each student. 
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63. Furniture A furniture manufacturer makes three different 
pieces of furniture, each of which utilizes some combina- 
tion of fabrics A, B, and C. The yardage of each fabric re- 
quired for each piece of furniture is given in matrix F. 


Fabric A Fabric B Fabric C 
(yd) (yd) (yd) 


Sofa | 10.5 2 1 
Loveseat 8 1.5 1 =F 
Chair 4 1 0.5 

The cost of each fabric (in dollars per yard) is given in 
matrix C. 

Fabric A | 10 

Fabric B 6,=C 

Fabric C 5 


Find the total cost of fabric for each piece of furniture. 


64. Business A family owns and operates three businesses. 
On their income-tax return, they have to report the de- 
preciation deductions for the three businesses separately. 
In 2004, their depreciation deductions consisted of use of 
a car, plus depreciation on 5-year equipment (on which 
one-fifth of the original value is deductible per year) and 
10-year equipment (on which one-tenth of the original 
value is deductible per year). The car use (in miles) for 
each business in 2004 is given in the following table, 
along with the original value of the depreciable 5- and 10- 
year equipment used in each business that year. 


1 3200 9850 435 
2 8800 12,730 980 
3 6880 2240 615 


The depreciation deduction for car use in 2004 was 
37.5 cents per mile. Use matrix multiplication to deter- 
mine the total depreciation deduction for each business 
in 2004. 


65. Shopping Keith and two of his friends, Sam and Cody, 
take advantage of a sidewalk sale at a shopping mall. 
Their purchases are summarized in the following table. 


Keith 3 2 1 
Sam 1 2) 2 
Cody 2 2 


The sale prices are $14.95 per shirt, $18.95 per sweater, 
and $24.95 per jacket. In their state, there is no sales tax 
on purchases of clothing. Use matrix multiplication to 
determine the total expenditure of each of the three 
shoppers. 


Cryptography In Exercises 66-68, use the encoding matrix from 
Example 10 to encode the following messages. 


66. SPY SENT 
67. TOM IS SPY 


68. PLEASE HURRY 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


1 -1 1 1 
) ee | 1 1 
uct AB? Is it true that if A and B are matrices such that 
AB is defined and all the entries of AB are zero, then ei- 
ther all the entries of A must be zero or all the entries of 
B must be zero? Explain. 


69. Let A = and B= | What is the prod- 


70. Show that A + B = B + A for any two matrices A and B 
for which addition is defined. 


71. Let l= : and A = a . Calculate AJ and 
0 1 1 0 


IA. What do you observe? 


1 
72.Let I= E if Show that JA = AI, where A is any 


2 X 2 matrix. 


73.Let A = = and B= ‘ 
3 4 1 


uct AB and BA? Is it true that if A and B are 2 X 2 ma- 
trices, then AB = BA? Explain. 


1 
i What are the pro- 
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9.5 Matrices and Inverses 


Objectives 
> Define a square matrix 
> Define an identity matrix 


> Define the inverse of a 
square matrix 


> Find the inverse of a2 X 2 
matrix 


> Find the inverse of a3 X 3 
matrix 


> Use inverses to solve 
systems of linear equations 


> Use inverses in applications 


Discover and Learn 


You might have been tempted to 
define the 2 < 2 identity matrix 


as/= [ il Why does this 


not work? 


During World War II, Sir Alan Turing, a now-famous mathematician, was instrumen- 
tal in breaking the code used by the Germans to communicate military secrets. Such 
a decoding process entails working backward from the cryptic information in order to 
reveal the text of the original message. We have already seen how matrices can be used 
to encode a message. In Example 6, we will see how an encoded message can be de- 
coded by use of an operation known as matrix inversion, which we will study in detail 
in this section. Before introducing the topic of matrix inversion, we will address two 
important concepts related to it: square matrices and identity matrices. 


Identity Matrices 


Recall that a: 1 = a= 1- a for any nonzero number a. The number 1 is called a mul- 
tiplicative identity because multiplication of any nonzero number a by | gives that same 
nonzero number, a. We can extend this idea to square matrices—amatrices that have 
the same number of rows and columns. As you might guess, an identity matrix will 
contain some 1’s. In fact, the identity matrix for 2 X 2 matrices is 


[3] 


For any 2 X 2 matrix A, it can be shown that AI = JA = A. That is, A multiplied by 
the identity matrix J results in the same matrix A. In Example 1, the property that 
IA = A is demonstrated for a particular 2 X 2 matrix A. 


learal 1 Checking a Matrix Identity 


Let 


Show that J4 = A. 


Solution We perform the multiplication of matrix J by matrix A. 


ml lS al“ a 


Clearly, the product matrix JA is equal to matrix A. 


[AW Check It Out 1; For matrix A from Example 1, show that AJ = A. © 


For every positive integer 1 = 2, the n X n identity matrix is 


n columns 
1-0 sax 0 

1 : _ ° n LOWS 
00... 1 


Every diagonal entry of the m X n identity matrix is 1, and every off-diagonal entry 
is 0. 
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Technology Note 

A graphing utility can 
generate an identity matrix 
of any size. Figure 9.5.1 
shows the 3 X 3 identity 
matrix. 


Keystroke Appendix: 
Section 13 


Figure 9.5.1 


identity(3) 


Inverse of a Matrix 


Recall that every nonzero number a has a (multiplicative) inverse—namely, the recip- 
rocal of a. 


It would seem only natural to ask whether every nonzero matrix (1.e., every matrix with 
at least one nonzero entry) has an inverse: Given any nonzero matrix A, is there some 
matrix B such that AB = I = BA, where I is an identity matrix of appropriate size? 
The answer is that only square matrices can have an inverse, although not every square 
matrix has one! 

Before finding the inverse of a specific matrix, we will consider some general aspects 
of the problem of finding the inverse of a 2 X 2 matrix A. We will denote the entries 


b 
of A by a, b, c, and d: A = : d . The goal is to find a 2 X 2 matrix B that satisfies 
c 
the matrix equation AB = I, where J is the 2 X 2 identity matrix. We will denote the 
x 


entries of B by x, y, u, and v: B= . Thus we want to solve the matrix equation 
y uv 


a bj/|x wu} _ {1 0 
c d||y v Oo lt 
Using the rules of matrix multiplication, we can break up this matrix equation into two 
separate matrix equations. 
a bjjx|]_}1 
c dally 0 
a bij|u}  |0 
c d|jv 1 


Each of these two matrix equations corresponds to a system of two linear equations in 
two variables, the first system being 


ax + by=1 

cx + dy =0 
and the second system being 

au+ bv=0 

cut dv=1 


Thus x and y can be found by solving the first system, and u and wv can be found by 
solving the second system. The coefficients (a, 6, c, d) are just the entries of matrix A, 
so they are the same for both systems. The two systems can be solved simultaneously 
by applying Gauss-Jordan elimination to the following augmented matrix. 


a b}|1 0 
c d|0 1 


This is a modified version of the augmented matrices that were introduced in Sec- 
tion 9.3. Note that the part of this augmented matrix that lies to the left of the ver- 
tical bar is matrix A, and the part that lies to the right of the bar is the 2 X 2 identity 
matrix. 


Discover and Learn 


Let A and B be the 2 X 2 matrices 
considered in the preceding dis- 
cussion. Multiply A by 8, and use 
the result to convince yourself that 
the matrix equation AB = / is 
equivalent to the following two 
matrix equations combined 


| 
| 


a > ® 

SS a. SS: 

= & Ss ey 
I I 

Sy SS on 
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Example 2 illustrates the use of Gauss-Jordan elimination to calculate the inverse 
of a 2 X 2 matrix. 


Er 2. Finding the Inverse of a 2 x 2 Matrix 


1 = 
Find the inverse of A = E | 


Solution We need to find a matrix B = b ‘| such that AB = I, where I is the 
yov 
2 X 2 identity matrix. That is, we need to solve the matrix equation 
1 -3 x ul |1 0 
=2 5/ly uv Oo 1] 
Thus we have to solve the following two matrix equations. 
1 —3}|x]_ J]1 
=2 S51 ]y 0 
1 —3]]u}]_|o0 
—2 51 ]u 1 


To solve for u and v at the same time that we solve for x and y, we will apply Gauss- 
Jordan elimination to the following augmented matrix: 


1 -3/1 0 
=2 5|0 1 


The goal is to reduce the part of the augmented matrix that lies to the left of the ver- 
tical bar to the 2 X 2 identity matrix. If we succeed, the part that lies to the right of 
the vertical bar will be the inverse of A. 

Since we are using Gauss-Jordan elimination, we will begin by labeling the rows of 


the augmented matrix. 
1 -3/1 0 (1) 
= 2 5|0 1 (2) 


There is already a 1 in the first row, first column, so the first step consists of eliminat- 
ing the —2 in the second row, first column: Multiply row (1) by 2 and add the result 


to row (2). 
1 -3]1 0 (1) 
0 -1/2 1 (2') =2- (1) + (2) 


The next step consists of getting a 1 in the second row, second column: Multiply row 


(2') by -1. 
1-3/1 © (1) 
0 1|-2 -1 (2") = -1- (2’) 


The final step is to eliminate the —3 in the first row, second column: Multiply row (2”) 
by 3 and add the result to row (1). 


1 0|-5 -3 (1') =3- (2") + (1) 
0 1] -2 -1 (2”) 
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The part of the final augmented matrix that lies to the right of the vertical bar is 


B= fe =| 


This is the inverse of matrix A. You should check that it is indeed the inverse (i.e., that 
AB = I= BA, where I is the 2 X 2 identity matrix). 


=3. 5 
[AW Check It Out 2: Use Gauss-Jordan elimination to find the inverse of A = | 


=] 2 
Eerie 3 Checking Whether Two Matrices Are Inverses 


If 
2 oO -i1 Oo 1 2 
A=|1 4 0| and B=] 0 0 -5 
0 -2 0 -1 2 4 
show that AB = I, where J is the 3 X 3 identity matrix. 
Solution We have to show that 
100 
AB=|0 1 0 
00 1 
Multiplying A by B, we get 
2 oO -il Oo 1 2 0+0+1 2+0-2 4+0-4 
AB=|1 4 olf] 0 0 -3/=/0+0+0 1+0+0 2-2+0 
Q -=2 0 -1 2 4 0+0+0 04+0+0 0+1+4+0 
100 
=|/0 1 O|. 
00 1 
[A Check It Out 3; Rework Example 3 for the case in which 
-1 0 -2 =, -=2 2 
A= 1 1 1 and B= 1 2 =1 
1 1 0) 0 1 -l 


Now that we have seen an example of the inverse of a 2 X 2 matrix and an exam- 
ple of the inverse of a 3 X 3 matrix, we will formally define the inverse of a square 
matrix. 


Discover and Learn 


1 
Show that the matrix A = | 


has no inverse. 


3 
2 6 


| 
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To determine whether a given 7 X n matrix A has an inverse, we construct the 
(modified) augmented matrix in which the part that lies to the left of the vertical bar 
is matrix A, and the part that lies to the right of the bar is the m X n identity matrix. 
Then we perform Gauss-Jordan elimination to reduce the augmented matrix to re- 
duced row-echelon form. Matrix A has an inverse if and only if the final augmented 
matrix has no zero row (i.e., it has no row in which all the entries to the left of the ver- 
tical bar are zeros). 

Example 4 illustrates the use of Gauss-Jordan elimination to find the inverse of a 
3 X 3 matrix. 


al 4 Finding the Inverse of a3 X 3 Matrix 


Find the inverse of 


3° 3B 9 
A= 1 0 2). 
=2:-3 0 


Solution First, construct the (modified) augmented matrix with A to the left of the 
vertical bar and the 3 X 3 identity matrix to the right of the bar. Label the rows. 


339/10 0 (1) 
102/010 (2) 
—2 3 0/0 0 1 (3) 


Step 1 To get a 1 in the first row, first column, swap rows (1) and (2). 


102/010 (‘y= (2) 
339110 0 (2') = (1) 
—-2 3 0/0 0 1 (3) 


Step 2 Eliminate the 3 in the second row, first column: Multiply row (1') by —3 and 
add the result to row (2’). Then eliminate the —2 in the third row, first column: 
Multiply row (1') by 2 and add the result to row (3). 


j=) 
_ 
j=) 


2 (1) 
3/1 -3 0 (2”) = -3- (1) + (2’) 
4 (3') =2- (1’) + (3) 


j=) 
iS) 
= 


Step 3 To get a 1 in the second row, second column, multiply row (2”) by . 


1002/0 10 ) 

1 PN ae eg " 
0 2.2/3 =1 6 a” =5-@) 
© 2: 40: 2 4 (3’) 


Step 4 Eliminate the 3 in the third row, second column: Multiply row (2”) by —3 and 
add the result to row (3’). 


ro2)e 1% (1’) 
011] = -1 0 (2"”) 
001 ]-1 51 (3") = -3 + (2”) + 8’) 
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Technology Note | 


Step 5 Eliminate the 2 in the first row, third column: Multiply row (3”) by —2 and add 
the result to row (1’). Then eliminate the 1 in the second row, third column: 
Multiply row (3”) by —1 and add the result to row (2”). 


1 0 0 2 =9 =2 (1) = -2- (3) + (1’) 
010] 5 -6 -1)) @mM=-1-@)+@ 
0 0 14{-I1 5 1 (3°) 
Thus the inverse of A is 
2 -9 —-2 
1. a 
A’= 3 6 1}. 
—l 5 1 


LW Check It Out 4: Use Gauss-Jordan elimination to find the inverse of 


-1 0 -2 
A= 3 1 5|. 
1 1 0 


As you can see, finding inverses by hand can get quite tedious. For larger matrices, 
it is better to use technology. We will illustrate this in Example 6 at the end of this section. 


Using Inverses to Solve Systems of Equations 


Recall that if a is any nonzero number, we solve an algebraic equation of the form 
ax = b for x by multiplying both sides of the equation by the reciprocal of a. 


ax = b= > (1/adax = (1/ab => x = (1/ab 


Can we extend this idea to matrices? That is, if we have matrices A, B, and X that sat- 
isfy the matrix equation AX = B, can we solve for X? The answer is that if A has an 
inverse, we can. 


AX = B= > A'AX = A'B=> X=A''B 


For example, suppose we have a system of three linear equations in three variables. We 
can let A be the matrix of coefficients (a 3 X 3 matrix), and we can place the constant 
terms into a 3 X 1 matrix B. Then we can place the variables into a 3 X 1 matrix X. 
We illustrate this in the following example. 


eel 5 Solving a System of Equations Using Inverses 


Use the inverse of a matrix to solve the following system of equations. 
3x + 3y + 9z = 6 
x +2z=0 
—2x + 3y =1 
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Solution We first write the system of equations in the form of a matrix equation 
AX = B. 


3 3 9||x 6 
10 2 =|0 
—-2 3 0 z 1 
Here, 
3 3 9 x 6 
A= 1 02], Xx=/y|, B=]0 
—2 3 0 Zz 1 


Recall that we found the inverse of A in Example 4. Thus, the solution of the matrix 
equation AX = B is 


S =o. 9176 10 
X=A'B= ; 6 =f oleh 
={ § Phy -5 


Hence the solution of the given system of equations is x = 10, y = 7, z = —5. 


LW Check It Out 5: Use the inverse of a matrix to solve the following system of 
equations. 


=3% — 22 = -2 
x+ y+5z= 308 
x+y =-1 


Applications 


Matrix inverses have a variety of applications. In Example 6 we use the inverse of a ma- 
trix to decode a message. 


Bente 6 Decoding a Message Using a Matrix Inverse 


Suppose you receive an encoded message in the form of two 4 X 1 matrices C and D. 


—30 26 
10 = 
C= 9 sie 81 
120 —47 
14 —26 


Find the original message if the encoding was done using the matrix 


=] 2 0 2 
=F 2: 
A= ‘i ° ; 
2 -4 1 7 
1 =2. 0 1 


Solution To decode the message, we need to find two 4 X 1 matrices X and Y such 


that 


C=AX and D=AY. 


756 Chapter 9 = Systems of Equations and Inequalities 


To do this, we can use the inverse of A: 
X=A'C and Y=A'!D. 


Using a graphing utility, we obtain 


15 -2 4 14 
A= 1 =1 2 6 
5 0 1 ay 
—1 0 0 -1 
Thus we have the following. 
15 -—2 4 14] | —30 8 
i =i 2 6 109 
X=A'C= =|? 
5 0 1 3 120 12 
—1 0 0 -1 14 16 
15 -2 4 14 26 0 
7 -1 2 6} |-81 13 
Y=A'D= = 
5 0 1 3| | —47 5 
=1 0 0 -1 —26 0 


Each positive integer from 1 through 26 corresponds to a letter of the alphabet 
(A — 1, B< 2, and so on), and 0 corresponds to a space. Applying this correspon- 
dence to the matrices X and Y, we find that the decoded message is HELP ME. Re- 
call that this is the message that was encoded in Example 10 of Section 9.4. 


LW Check It Out 6: Decode the following message, which was encoded using matrix A 
from Example 6. 


9.5 Key Points 


» The n X n identity matrix is: 


n columns 
1 0 0 
Or Te 2.5 
l=|/. 2 _ | 2 rows 
00... 1 


» The inverse of an X n matrix _A, denoted by A”!, is another m X nm matrix such that 
AA!=A'1A=I] 
where J is the 7 X n identity matrix. 


» If we have a system of equations that can be expressed in the form AX = B, with 
A ann X n matrix and A’ its inverse, then we have the following. 


AX =B=>A'AX=A'B X=A'B 


9.5 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1—6, verify that the matrices are inverses of each other. 


3 abl Sl 


»|3 4 7 =A 
“15 7P]-5 3 
3.5 
3]78 LP 2 
a hl ae 
-3 2|}]1 -1 
Pe cay 3 
23 
— & =i) lo oo i 
S| GO =) @Ghle a 2 
1 o of] |5 3.5 
1 1 
1 10 2 2 ° 
61 4% a. = i 
io all.a 4 
1 1 
2 2! 


In Exercises 7-22, find the inverse of each matrix. 


Ul 
Q 


j=) 
Ol 


_ 
a 
—_—_ — mm! SO —S—O—Oa 7. 
nN wou 
hommes) 
ac ey a an 


oO 

op 
| 

fon) 
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0 1 0 
14.}3 5 2 
12 1 
=f, =L =] 
15. 3 3 4 
0 il 0 
{ =] 0 
16.| —2 0 1 
=2 5 =] 
4 -2 1 
17.) =2 1. 2 
1 2 4 
1 0 0 
18.}0 1 2 
101 


NIK OO NIK 
oO NIK DIE 


20. 


21. 


22. 
=3 3 YT =! 


0 -1 0 -2 


In Exercises 23 and 24, use one of the matrices given in Exercise 5 
to solve the system of equations. 


23. — 5y + 22 = -2 
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In Exercises 25 and 26, use one of the matrices given in Exercise 6 
to solve the system of equations. 


39. yrt2z=-l 
xty =—2 Qx+3y+ z= 6 
25.) -x+y = 1 
x +2z2=-1 
x + 22 = -3 
a +y- = 
26.) -—x+y = 2 


x +z= 6 


In Exercises 27—46, use matrix inversion to solve the system of a1 


| 
| 
| 
| 
| 


42. 


nels 7) 43. 


44, 


4x -—3y= 1 x- y ee gp 8 


-—2x+2y+2-3w= 1 


| 
| 


~3x + 2y = -6 
3 2 4 
eb to 
34, sd 0 
4x+ y= 3 
1 
0 
bs 2: = 
a 
3x + 4y = In Exercises 47-52, find the inverse of A? and the inverse of A* 
(where A? is the product AA and A?is the product (A)A). 
ae eee wa=[)? w.a-[) ° 
x + 3y = . 01 : 2 1 
X= 22'S 1 
4 = 2 1 1 al 
ah; a7 ee A w.a=| | s0.4=| | 
2x - 6y+3z= 3 —1 2 -1 
x-4y+2 7 2 0 0 1 1 0 
38.4) 2x + 9y =-1 51.A=]0 1 2 52.4=|-1 1 0 
y-z= 0 001 001 


» Applications In this set of exercises, you will use inverses 
of matrices to study real-world problems. 


53. Theater There is a two-tier pricing system for tickets to a 
certain play: one price for adults, and another for chil- 
dren. One customer purchases 12 tickets for adults and 6 
for children, for a total of $174. Another customer pur- 
chases 8 tickets for adults and 3 for children, for a total 
of $111. Use the inverse of an appropriate matrix to com- 
pute the price of each type of ticket. 


54. Hourly Wage A firm manufactures metal boxes for electri- 
cal outlets. The hourly wage for cutting the metal for the 
boxes is different from the wage for forming the boxes from 
the cut metal. In a recent week, one worker spent 16 hours 
cutting metal and 24 hours forming it, and another worker 
spent 20 hours on each task. The first worker’s gross pay for 
that week was $784, and the second worker grossed $770. 
Use the inverse of an appropriate matrix to determine the 
hourly wage for each task. 


55. Nutrition Liza, Megan, and Blanca went to a popular 
pizza place. Liza ate two slices of cheese pizza and one 
slice of Veggie Delite, for a total of 550 calories. Megan 
ate one slice each of cheese pizza, Meaty Delite, and Veg- 
gie Delite, for a total of 620 calories. Blanca ate one slice 
of Meaty Delite and two slices of Veggie Delite, for a total 
of 570 calories. (Source: www.pizzahut.com) Use the in- 
verse of an appropriate matrix to determine the number 
of calories in each slice of cheese pizza, Meaty Delite, and 
Veggie Delite. 


56. Nutrition For a diet of 2000 calories per day, the total fat 
content should not exceed 60 grams per day. An order of 
two beef burrito supremes and one plate of nachos 
supreme exceeds this limit by 2 grams. An order of one 
beef burrito supreme and one bean tostada contains a 
total of 28 grams of fat. Also, an order of one beef bur- 
rito supreme, one plate of nachos supreme, and one bean 
tostada contains a total of 54 grams of fat. (Source: 
www.tacobell.com) Use the inverse of an appropriate 
matrix to determine the fat content (in grams) of each 
beef burrito supreme, each bean tostada, and each plate 
of nachos supreme. 


57. Quilting A firm manufactures “patriotic” patchwork quilts 
in three different patterns. The patches are all of the same 
dimensions and come in three different solid colors: red, 
white, and blue. For the top layer of each quilt, the firm 
uses 9 yards of material. For each pattern, the fractions of 
the total number of squares used for the three colors are 
given in the table, along with the total cost of the fabric for 
the top layer of the quilt. 
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1 Tt. 
4 2 3 S750 
1 1 1 
2 69.00 
3 3 3 
3 d ! : 65.25 
4 D 4 i 


Use the inverse of an appropriate matrix to determine the 
, cost of the fabric (per yard) for each color. 


Cryptography In Exercises 58—61, find the decoding matrix 
for each encoding matrix. 


1, = 5 7 
58. 59. 
fee] He 


60. 
—4 6 2 
=I 0 -2 -1 
1 0 -1 #1 
=2: 3 3 7 
61. 
2 0 -6 0 
-1 1 2 2 


-=| Cryptography In Exercises 62-65, decode the message, which 
was encoded using the matrix 


1 -2 3 
=2 3 —4 
2 —4 5 


62. 


64. 


65. 


An 
“LIE 
ie 
wie 


760 Chapter 9 © Systems of Equations and Inequalities 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


66. Find the inverse of 


oo: 
oer CO 


0 
0 
c 


where a, b, and ¢ are ail nonzero. Would this matrix have 
an inverse if a = 0? Explain. 


67. Find the inverse of 


oo .8 
or 8 


a 
0 
1 


where a is nonzero. Evaluate this inverse for the case in 
which a = 1. 


68. Compute A(BC) and (AB)C, where 


3 = 1 1 4 —-1 0 
A= »5 B= >» and C= : 
i | ke i 3 1 


What do you observe? 
Exercises 69-74 involve positive-integer powers of a square 
matrix A. A’ is defined as the product AA; for n = 3, A" is de- 
fined as the product (A"~!)A. 


1 2 
69. Find (4”)~! and (47!)?, where A = ]-swne do 


—l 3 
you observe? 


70. Use the definition of the inverse of a matrix, together 
with the fact that (4B)"'=A™'B"!, to show that 
(A*)~! = (A715? for every square matrix A. 


-5 -1 


71. Find (4%)~! and (A7!)?, where A = A { 


| . What do 
you observe? 


72. For n = 3 and a square matrix A, express the inverse of 
A” in terms of A~!. (Hint: See Exercise 70.) 


4 1 
73. Let A = k i Find the inverses of A? and A? without 


computing the matrices A’ and A’. (Hint: See Exercises 70 
and 72.) 


H| 
74. Let A = ii | 
1 0 


(a) Find A’, A’, and At. 

(b) Find the inverse of A without applying Gauss-Jordan 
elimination. (Hint: Use the answer to part (a).) 

(c) For this particular matrix A, what do you observe 
about A” forn = 3,5,7,...? 

(d) For this particular matrix A, what do you observe 
about A” forn = 2, 4,6,...? 


Exercises 75 and 76 involve the use of matrix multiplication to 
transform one or more points. This technique, which can be applied 
to any set of points, is used extensively in computer graphics. 


Oo 1 2 
75.Let A = i | and B = Bl 


(a) Calculate the product matrix AB. 


(b) On a single coordinate system, plot the point 
(2, —1) and the point whose coordinates (x, y) are 
the entries of the product matrix found in part (a). 
Explain geometrically what the matrix multiplication 
did to the point (2, —1). 

(c) How would you undo the multiplication in part (a)? 


76. Consider a series of points (Xo, ¥o)5 (X15. V1)> (X25 V2)5 +e 
such that, for every nonnegative integer 7, the point 


a) 
to 
=3 


(415 ¥;+1) is found by applying the matrix 
the point (x; ¥;). 


Divi 1 3413 
(a) Find (x1; 4) if (v0. Mo) = (2, —1). 
(b) Find (x2; v2) if (os Yo) = (45 6). (Hint: Find (x; 1) 
first.) 
(c) Use the inverse of an appropriate matrix to find 
(Xo» Yo) if (X35 53) = (2; 3). 
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9.6 Determinants and Cramer’s Rule 


Objectives 


> Calculate the determinant 
of a matrix 


>» Use Cramer's Rule to solve 
systems of linear equations 
in two and three variables 


In this section, we introduce Cramer’s Rule, which gives a formula for the solution 
of a system of linear equations. We will also discuss the limitations of Cramer’s Rule 
and show that, from a practical standpoint, it is suitable only for solving systems of 
equations in a few variables. Before presenting Cramer’s Rule, we will address an im- 
portant concept related to it: the determinant of a square matrix. 


Determinant of a Square Matrix 


We first define the determinant of a 2 X 2 matrix. 


Determinant of a 2 X 2 Matrix 


Let A be a 2 X 2 matrix: 
a b 
A= 


where a, b, c, and d represent numbers. Then the determinant of A, which is 
denoted by |A|, is defined as 


|.A| = 


@ @ 


Note that |A| is just a number, whereas A is a matrix. 


[ene 1 Evaluating a Determinant 


=3,, =2 
Eval ‘ 
valuate A Z 
Solution We see that a 3,6 2,c = 4, and d= 6. Thus 
=3 =2 
A gl eho) = 18 — (-8) = -18+ 8=—-10. 
2 -3 
[A Check It Out 1; Evaluate 5 Be | 


For n > 2, the determinant of an 7 X n matrix is obtained by breaking down the 
computation into a sequence of steps, each of which entails finding determinants of 
smaller matrices than those involved in the preceding step. Before explaining how to 
do this, we define two new terms: minor and cofactor. 


Definition of Minor and Cofactor 


Let A be an v X nm matrix, and let a; be the entry in the 7th row, jth column of A. 
The minor of a; (denoted by M;;) is the determinant of the matrix obtained 
by deleting the zth row and the jth column of A. 
The cofactor of a, (denoted by C;;) is defined as 
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Note that M; and C; are a pair of numbers associated with a particular entry of 
matrix A (namely, a;). Example 2 illustrates how to find minors and cofactors. 


[smal 2 Calculating Minors and Cofactors 


Let 
0 1 3 
A= |-2 5 7 
4 0 -1 


(a) Find M,, and C,>. 

(b) Find M,,; and C\3. 

> Solution 

(a) To find Mj), let: = 1 andj = 2. 


1. Delete the first row of A 


(since 17 = 1) and the second 0 1 3 
column of A (sincej = 2).The | 4=|-2 5 7 
remaining entries of A are given a eee 


in red. 


. Find the determinant of the 
2 X 2 matrix that is formed by 
the remaining entries of A. 


Ver 
12 | 4, = 1 


Ae) (4) 
— 2 — 23 — —26 
Because C;, = (— 1) Ms the cofactor C), is 

Cy = (el Mig = (H 1) (28) = (1) 26) = 26. 


(b) To find M3, let 7 = 1 and j = 3. Then delete the first row of A (since 7 = 1) and 
the third column of A (since j = 3). The remaining entries of A are shown in red. 


0 1 3 
A= |-2 5 7 
4 0 -1 
The determinant of the 2 X 2 matrix that is formed by the remaining entries of A is 
=2 5 
M3 = | 4 Ol (—2)(0) — (5)(4) = 0 — 20 = —20. 


The cofactor C,; is 


Cys = (—1)'?My3 = (-1)4(-20) = 1(-20) = -20. 


[YW Check It Out 2; For matrix A from Example 2, find M,; and C,;. © 


Now that we have defined minors and cofactors, we can find the determinant of an 
n X n matrix. 


Technology Note | 
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The determinant of an n X n matrix A is denoted by |A|. Example 3 illustrates the pro- 
cedure for evaluating the determinant of a 3 X 3 matrix. 


(peered 3 Determinant of a 3 x 3 Matrix 


Evaluate the determinant of A. 


0 1 3 
A= |-2 5 7 
4 0 -1l 


Solution We will expand the determinant of A by the first row of A. 


0 1 3 
|A| => —2 5 7 = aC}, + AoC jn + 413013 Multiply each element in the first 
40-1 row by its cofactor 


= (0)C,, + 1(26) + 3(-20) Cp = 26 and C,, = —20, from 
=0 + 26 - 60 = -34 aye 


Because a,,; = 0, the product a,,C), is zero regardless of the value of C,,;. So we need 
not compute C),. 


[A Check It Out 3: Evaluate the determinant of A. 


-1 0 3 
A= 0 2 5 
—2 1 O| @ 


Cramer’s Rule for Systems of Two Linear Equations 
in Two Variables 


We will now consider some general aspects of solving a system of two linear equations 
in two variables, called a 2 X 2 system. We will also see how determinants arise in that 
process. Consider the following system of equations. 


ax + by =e 
cx + dy=f 
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We first solve for the variable x by eliminating the variable y. For purposes of illustra- 
tion, we assume that a, 6, c and d are all nonzero. We multiply the first equation by d 
and the second equation by —0 and then add the resulting equations. 


adx + bdy = ed 
bex — bdy = bf 
adx — bcx = ed — Of 
Solving for x in the last equation, 
ed — bf 
adx — bcx = ed — bf => (ad — bc)x = ed — a ae 
ad — bc 


provided ad — bc # 0. The expression for x can be rewritten in terms of determinants. 


e b 
_ed—bf _ |f d 
7 ad — be a b 


We can solve for y in a similar manner. We now state Cramer’s Rule for a 2 X 2 system 
of equations. 


Cramer’s Rule for a 2 < 2 System of Linear Equations 


The solution of the system of equations 


ax + by =e 
cx + dy=f 
is 
e b ae 
he é@ ff 
a bl a b 
e é@ @ @ 
provided d (which is ad — bc) is nonzero. 
The solution can be written more compactly as follows. 
_ Dy _D, 
eo eam 6) 
where D, = |° ep p,=|* as =e Dl and D0 
i @ if Ce @ 


Note _ [fthe quantity ad — bc is nonzero, the system of equations has the 
unique solution given by Cramer's Rule. lf ad — be = O, Cramer's Rule cannot be 


applied. If such a system can be solved, it is dependent and has infinitely many 
solutions. 
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[emi 4 Solving a System of Two Linear Equations Using Cramer’s Rule 


Use Cramer’s Rule, if applicable, to solve the following system of equations. 


2x — 3y=6 
5x+ y=T7 
Solution We first calculate D to determine whether it is nonzero. 
2 =3 
D= 5 i = (2)(1) — (-3)(5) = 2 — (-15) =24+15=17 


Since D = 17 ¥ 0, we can apply Cramer’s Rule to solve this system of equations. 
Calculating the other determinants that we need, we obtain the following. 


6 = 
D. =|, ]= ow =(=9(7) =6 = (01) =6 $21 = 97 
2 6 
r,=[ ‘ = (2)(7) — (6)(5) = 14-30 =-16 
Thus 
_D,_27 | _D,_ —16 
“Dp iw” 2 17 


[A Check It Out 4; Use Cramer’s Rule, if applicable, to solve the following system of 
equations. 


3x + y=-3 
—4x-2y= 545 


Eel 5 Applicability of Cramer’s Rule 


Explain why the following system of equations cannot be solved by Cramer’s Rule. 
ase 29S] 
5x—-10y= 5 
Solution We first calculate D: 
—1 2 
5 —10 


D= 


= (-1)(-10)-(2)(6) = 10 —- 10 = 0. 


Because D = 0, Cramer’s Rule cannot be applied. However, this system of equations 
can be solved by elimination. It is actually a dependent system, so it has infinitely many 
solutions. 


[A Check It Out 5: Can the following system of equations be solved by Cramer’s Rule? 
Why or why not? 


3x +y=0 
4x -y=3 


766 Chapter 9 = Systems of Equations and Inequalities 


Cramer’s Rule for Systems of Three Linear Equations 
in Three Variables 


Cramer’s Rule for a system of three linear equations in three variables, called a 3 x 3 
system, is very similar in form to Cramer’s Rule for a 2 X 2 system. The main differ- 
ence is the size of the square matrices whose determinants have to be evaluated. 


lean 6 Cramer's Rule for a System of Three Linear Equations 


Use Cramer’s Rule to solve the following system of equations. 


BX = gs] 
x-yt2z= 7 
=2e + y+ f= 2 


Solution We first compute D to determine whether it is nonzero. 


3 1 -l 
D=;] 1 =-!1 2 
= 2 1 1 


Expanding the determinant by the first row of the associated matrix, we find that 


- Ft « = S 
D=|1 -1 2 =-'") : ‘ 
—2 i @ 


1 2 1-21 
sepa} Jecomcn| i 


=O@O\R1= 2) + - DON C4) OCDd = 2) 
= 3(-3) — (DG) + (DCD = -9 — 5 + 1 = = 13. 
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Because D # 0, we can proceed to compute the other determinants and then use them 
to compute the solution. We have computed all the determinants by expanding them 


Technology Note | along the first row of the pertinent matrix. 
cee oo -1 2 
D,=| 7 -1 2/= cyen| | 
1 1 
= 2 1 1 
_4y1+2 7 2 491437 a =i 
(1) a3 (es of i 
= (i=l = 26 FDO =o) + iene = 2) 
=(=1(=3) — Gab (DG) 
=3-11-5=-13 
Belta ¢ oleate 22 
i = ON ae 4 
=2 =2 1 
dett [Al] ; : i 2 " t. 9 
dett (B] \/dett (Al) 7a ol} qe: ny) J 
=HO0 = (=a) -eDRDi = 4] 
L | sett c07 yoett rl ) % OED 2 ela) 
=) = (=I) + (=z) 
= 33 +5 —-12= 26 
3 1 -l 
walhat 
D,=| 1-1 7)/=(1)! ro) J 
—2 I =2 
. b 9) pc atjade | ol 
+ (=17' a? ape Ly) - i 


=U9G=7) CDW R2= C+ Oe =2) 
= 3)(-5) — G)G2) + (-1)(-1)) 
=-15-12+1=~—26 


We then have the following result. 


ee 
aD =i13 
ge 
D -13 
D, —26 
ca! 
D -1B 


You should check that these values of x, y, and z satisfy the given system of equations. 


[A Check It Out 6; Use Cramer’s Rule to solve the following system of equations. 
—2x + y = 0 
x—-yt2z=-2 
y+ z= 18 
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Limitations of Cramer’s Rule 


Cramer’s Rule can be generalized to systems of linear equations in 7 variables (called 
n X n systems) for all = 2; however, use of Cramer’s Rule to solve systems in more 
than two or three variables is computationally impractical, because the number of de- 
terminants to be evaluated grows much faster than the number of variables. For ex- 
ample, to compute the solution of a 10 X 10 system with Cramer’s Rule, we must 
evaluate the determinants of eleven 10 X 10 matrices. Each 10 X 10 determinant will 
in turn have ten 9 X 9 determinants to be evaluated. Each 9 X 9 determinant will in 
turn have nine 8 X 8 determinants to be evaluated. This sequence of computations 
continues all the way through the stage at which determinants of 2 X 2 matrices are 
evaluated—and there will be a huge number of these. 

In real-world applications, a 10 X 10 system of equations is considered very small. 
But even for such a “small” system, the use of Cramer’s Rule entails performing many 
more arithmetic operations than does Gaussian elimination. Thus Cramer’s Rule is used 
only for systems with two, three, or four variables, and only in a very limited set of ap- 
plications, such as computer graphics. For larger systems of equations, Cramer’s Rule 
quickly becomes inefficient, even with extremely fast and powerful supercomputers. 


9.6 Key Points 


9.6 Exercises 


1 
® Skills This set of exercises will reinforce the skills illus- 3A=|2 3 
trated in this section. : 2 


b 
» The determinant of a 2 X 2 matrix A = i | is defined as 


c 


a 
| Al = 


ye d—b 
a| 4 ce 


» Minors and cofactors are defined as follows: Let A be an n X n matrix, and let a; 
be the entry in the 7th row, jth column of A. The minor of a; (denoted by M;) is 
the determinant of the matrix that is obtained by deleting the zth row and jth col- 
umn of A. The cofactor of a; (denoted by C;) is defined as 


: sae 
et ae ee 
» The determinants of larger matrices can be found by cofactor expansion. 


» Cramer’s Rule gives a formula for obtaining the unique solution of a system of 
linear equations. 


In Exercises 1—8, evaluate the determinant of A. 


1LA= 


2.A 


| 
| 


=o 
2 4 


5 2 
=2 4 


| 
| 


2 
8.A= 7 5 
10 2 


In Exercises 9-12, find the given minor and cofactor pertaining to 
the matrix 


-—3 0 2 
15 —4 
0 6 3) 


9. M,, and C,, 
10. M,3 and C43 
11. Mz and C3, 
12. M,, and C), 


In Exercises 13-22, evaluate the determinant of the matrix. 


0 1 -—2 
13,.).5: 2 3 
0 6 5 


| 
) 
uo 
o 


14, 


io) 
Q 
fo) 


Id. 


| 
| 
of _ 
| 
| 


io) 
jo) 
fo) 


Lf: 


| 
an 
WwW Ww 
ee 


18. 
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19. 


WwW bd 
QO bd 
OQ bd 


20. 


—_ — 
QO NYO & 
Oo ke 


=2 2 0 
21. 0 -1 1 
—4 22 
QO 1 =3 
22.) —2 0 4 
=1 0 5 


In Exercises 23-28, solve for x. 


= x 
23: =-2 
| 3-4 
5 
24. = 13 
x 2 
—-1 0 2 
25 0 5 3) = -2 
0 = 
5 0 0) 
26.|-3 x 1] = —70 
2 8 -3 
2°33 5 
27. |x 0 —4| = 39 
3 2 1 
43 x 
28.)}-2 8 1| = 353 
5 2° 1 


In Exercises 29-46, use Cramer’s Rule to solve the system of 
equations. 
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43. 


44, 


45. 


| 
i) 
eS 
a 
& 

t 
in 
nN 

| 
| 

e | 
oOo WwW 


46.) —x yar 3s = 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


47. Without computing the following determinant, explain 
why its value must be zero. 


1 2 =1 
0 0 0 
3). 2 1 


48. For what value(s) of k can Cramer’s Rule be used to solve 
the following system of equations? 


2x- y=2 
kx + 33y =4 


49. Verify that x = 1, y = 2, z = 0 is a solution of the fol- 
lowing system of equations. 


x + 2y = 5 
4x + yrsz= 6 
—2x — 4y =-10 


Even though there is a solution, explain why Cramer’s 
Rule cannot be used to solve this system. 
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9.7 Partial Fractions 


You already know how to take individual rational expressions and write their sum as 
a rational expression. In some situations, however, there is a need to apply this pro- 
cess in reverse; that is, a given rational expression must be decomposed (rewritten) as 


‘ , : P 5x + 1 
expression a sum of simpler rational expressions. For example, ay can be decomposed as 
2 


The technique used to decompose a rational expression into simpler 


x+1 x-1 
expressions is known as partial fraction decomposition. The decomposition 
procedure depends on the form of the denominator. In this section, we cover four 
different cases; in each case, it is assumed that the degree of the numerator is less than 
the degree of the denominator. 


In the above definition, the constants A,, A,,..., A, are determined by solving a sys- 
tem of linear equations, as illustrated in the following example. 


gal 1 Nonrepeated Linear Factors 


: : a 12 
Compute the partial fraction decomposition of 


x 4 


Solution Factoring the denominator, we get x? — 4 = (x + 2)(x — 2). Since both 
factors are linear and neither of them is a repeated factor, 
12 - 4 B 
(x+2)(¢—-2) wxt+2 x-2) 


Multiplying both sides of this equation by (x + 2)(« — 2), we obtain the following. 
12 = A(x — 2) + B(x + 2) 
12 = Ax — 2A + Bx + 2B Expand 
12 = (4+ B)x + (-2A + 2B) Combine like terms 
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The expression (4 + B)x + (—2A + 2B) is a polynomial that consists of two terms: a 
term in x and a constant term. The coefficient of x is. A + B, and the constant term is 
—2A + 2B. Note that 12 can be considered as a polynomial that has just a constant 
term, 12. Since these two polynomials are equal, the coefficients of like powers must be 
equal. Equating coefficients of like powers of x, we obtain 
0=A+B Equate coefficients of x 
12 = —2A + 2B. Equate constant terms 


From the first equation, A = —B. Substituting — B for A in the second equation, we have 
12 = —2(—B) + 2B 


12 =2B+ 2B 
12=4B 
3=B 
Because B = 3 and A = —B, we see that A = —3. Thus the partial fraction decom- 
position of 2 = ra 
—3 3 


—-x—-1 


[A Check It Out 1: Compute the partial fraction decomposition of ome. 


2 x 


earl 2 Repeated Linear Factors 


. : : be eS ed 
Write the partial fraction decomposition of =——_,——. 
x” — 2x" + x 
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Solution Factoring the denominator, we have 
x? — 2x? + x = x(x? — 2x + 1) = x(x — 19%. 
Because every factor is linear and (x — 1)” is the only repeated linear factor, 
4x2? -—7x+1 A B Cc 
x(x — 1)? ~ x p= 7 (x — 1)?° 
Multiplying both sides of this equation by the LCD, x(x — 1)’, we obtain the following. 
4x? — Tx + 1 = A(x — 1)? + Bx — 1) + Cx 
= A(x? — 2x + 1) + Bx? — Bx + Cx 
= Ax? — 2Ax + A + Bx? — Bx + Cx 
= (4+ Bx? + (-24-B+Qx+A 


Equating coefficients, we have 


4=A+B Equate coefficients of x* 
-7=-2A-B+C Equate coefficients of x 
1=A. Equate constant terms 


Because A = 1 and A + B= 4, we have B = 3. Substituting the values of A and B 
into the second equation leads to the following result. 

—-7=-2(01) -3+C 

—-7=-2-34+C 


—-7=-5+C 
—2=C 
2 
Thus the partial fraction decomposition of a is 
eo DR ob Oe 
1 3 2 
+ 


x x—-1 (x-1* 


2 _ 2x — 6 
LA Check It Out 2: Compute the partial fraction decomposition of . - 


x2(% + 3) 7 
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[ema 3 Checking for Irreducible Quadratic Factors 


Check whether the quadratic polynomial 2x? + x + 3 is irreducible. 


Solution The quadratic polynomial 2x? + x + 3 can be factored over the real num- 
bers if and only if the quadratic equation 2x? + x + 3 = 0 has real solutions. To deter- 
mine whether a quadratic polynomial has real solutions, we evaluate the discriminant, 
b* — 4ac, where a and b are the coefficients of the x? and x terms, respectively, and c is 
the constant term. For the polynomial 2x? + x + 3, 


a=2,b=1,c=3. 
The discriminant is 
b? — 4ac = (1)* — 4(2)() 
=1- 24 
= —23. 
Because b* — 4ac < 0, the equation 
2x7 +x+3=0 


has no real solutions. Thus 2x? + x + 3 cannot be factored over the real numbers and 
is therefore irreducible. 


[W Check It Qut 3: Check whether the quadratic polynomial 2x” + x — 3 is irreducible. 


o 
[ema 4 An Irreducible Quadratic Factor 


3x? — 2x + 13 


Write the partial fraction decomposition of @ + D@ +5)" 


Solution Because x + 1 is a linear factor and x? + 5 is an irreducible quadratic 
factor, we have 


ee ae Ca A Bx +C 
(et 1)O?+5) wt] x74+5° 


Multiplying both sides of this equation by the LCD, (x + 1)(x? + 5), we obtain 
3x? — 2x + 13 = A(x? + 5) + (Be + Cx + 1). Equation (1) 


This equation holds true for any value of x. Because the term (Bx + C)(x + 1) has a 
linear factor (x + 1), we can easily solve for at least one of the coefficients by substi- 
tuting the zero of the linear factor for x. Letting x = —1 (because —1 is the zero of 
x + 1), we have 


3(—1)? — 2(-1) + 13 = A((-1? + 5) + (B(-) + CV(-1 +.) 
34+2+13=A(1 +5) + (-B+C)(0) 
18 =6A+0 
3=A. 
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Substituting A = 3 into Equation (1), we get 
3x? — 2x + 13 = 3(x? + 5) + (Bx + C(x + 1) 
3x? — 2x + 13 = 3x? + 154+ Bx? + Cx + Be +C 
—2x +13 = Bx? + (B+ Ox4+154+C. 


Equating coefficients, 


0=B Equate coefficients of x* 
—2=B+C Equate coefficients of x 
13=15+C. Equate constant terms 


Because B= 0 and B+ C= —2, we see that C = —2. Thus the partial fraction 
3x? — 2x +13. 


G+ Dees 


decomposition of 


x? + 3x — 8 
2 Dee= 3) 


[A Check It Out 4: Compute the partial fraction decomposition of 


onal 5 Repeated Irreducible Quadratic Factors 


—2x3 + x? — 6x +7 
(x? + 3)? 


Find the partial fraction decomposition of 
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Solution Because x* + 3 is a repeated irreducible quadratic factor, we have 


—2x7 +x? -6x+7 Ax+B Cx + D 
2 2 2. 7 33 2° 
x" + 3) x +3 (x? +3) 


Multiplying both sides of this equation by the LCD, (x? + 3)’, we obtain the following. 
—2x? + x? — 6x + 7 = (Ax + B)(x? + 3) + Cx + D 
—2) + x* = Ox + 7 = Ax? + Bx? + 34x + 3B + Cx + D 
—2x7 + x? — 6x + 7 = Ax? + Bx? + (34 + C)x + 3B+D 

Equating coefficients, 


—2=A Equate coefficients of x° 
1=B Equate coefficients of x* 

-6=3A+C Equate coefficients of x 
7=3B+D Equate constant terms 


Substituting A = —2 into the third equation, we get 
-—6 = 3(-2) + C=> -6= -6+ C>=50=C. 
Substituting B = 1 into the fourth equation, we get 
7=30) + D=37=3+ D=>4=D. 


Thus the partial fraction decomposition is 


—2x? + x? — 6x +7 —2x +1 4 
2 2 — 2 cera; 2° 
(x* + 3) Ko ES (x* + 3) 
ee ae 
[MW Check It Out 5: Compute the partial fraction decomposition of Bai Hl 
x 


9.7 Key Points 


» The technique used to decompose a rational expression into simpler expression is 
known as partial fraction decomposition. 
» There are four cases of partial fraction decomposition, each of which has a distinct 
type of decomposition. 
1. The denominator can be factored over the real numbers as a product of distinct 
linear factors. 
2. The denominator can be factored over the real numbers as a product of linear 
factors, at least one of which is a repeated linear factor. 
3. The denominator can be factored over the real numbers as a product of distinct 
irreducible quadratic factors and possibly one or more linear factors. 


4. The denominator can be factored over the real numbers as a product of irre- 
ducible quadratic factors, at least one of which is a repeated quadratic factor, 
and possibly one or more linear factors. 


9.7 Exercises 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1-10, write just the form of the partial fraction 
decomposition. Do not solve for the constants. 


3 —l 
2 


1. > << 
xr—x—-3 x? — 3x 
3 4x 4 =2 
“(x + 5)? “x?(% — 1) 
x+3 —6x + 7 


— 6. 
(x? + 2)(2x + 1) (x? + x + 1)(x + 5) 


3x — 1 2x7 — 5 
“x4 -— 16 “xt ] 
x+6 3x = 2 


10 


“3x? + 6x? + 3x “2x4 + 4x? + 2x? 


In Exercises 1 1—16, determine whether the quadratic expression is 
reducible. 


ll.x? +5 12.x7 — 9 


13.x°7°+x4+1 14. 2x? + 2x + 3 


15.07 +4x+4 16.x7 + 6x + 9 


In Exercises 17—40, write the partial fraction decomposition of 
each rational expression. 


i es c—— 
“x? — 16 “x? -— 4 
19, —— 20 
"2x? — x “x? + 3x +2 
x 5x 7 
21.5—— 22.5 
x“ + 5x + 6 x 4 — 5 
—3x? + 2 — 3x x? +4 
23: 24.3—_ 
HG U9 x — 4x 
—2x + 6 baie 
2065 a ca 26. 
go = 26 + 1 x + 4x + 4 
—x? + 2x4+ 4 —x? + 3x — 9 
21 — a, Ao 29) —9= 
x? + 2x x — 3x 
‘5 —2x? — 3x — 4 or 4x? — 5x — 5 


(x — 1)(x + 2)? (x — 3)(x + 1)? 
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ey 4x + 1 x? +3 
“(x + 2)(x? + 3) “(e — 1)(x? + 1) 
30S 4x + 4 
33: 5 ae are 
(x + 2) x + 1) (x — 1)@ x + 1) 
Pte B 6x? — 8x + 24 
35.55 36.-—— 
Fae | x*— 16 
37 —x? — 2x —-2 2x7 —x +2 
ee oe) Gr 
x? — 3x7 -— x - 3 2x7 + x? + Bx +4 
39. 40. 


x*- 1 


» Applications In this set of exercises, you will use partial 
fractions to study real-world problems. 


41. Environment The concentration of a pollutant in a lake 
t hours after it has been dumped there is given by 
2 


Cw) =0. 


~ P+ 125° * 
Chemists originally constructed the formula for C(t) by 
modeling the concentration of the pollutant as a sum of 
at least two rational functions, where each term in the 
sum represents a different chemical process. Determine 
the individual terms in that sum. 


Engineering In engineering applications, partial fraction decompo- 
sition 1s used to compute the Laplace transform. The independent 
variable ts usually s. Compute the partial fraction decomposition of 
each of the following expressions. 
1 2 
42.———> 43.—5 
s(s + 1) s(s° + 1) 
Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 
44, What is wrong with the following decomposition? 
x A B 


x7(x% — 1)? ~ x? , (x — 1)? 


45. Explain why the following decomposition is incorrect. 
1 A Bx+C 
x(x? + 2x — 3) x x7 + 2x —3 


1 
46. Find the partial fraction decomposition of —,——. 
x(x" + a“) 


= 
@— 0” 


47. Find the partial fraction decomposition of 
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9.8 Systems of Nonlinear Equations 


Objectives 


> Solve systems of nonlinear 
equations by substitution 


> Solve systems of nonlinear 
equations by elimination 


> Solve systems of nonlinear 
equations using technology 


> Use systems of nonlinear 
equations to solve applied 
problems 


A system of equations in which one or more of the equations is not linear is called a 
system of nonlinear equations. Unlike systems of linear equations, there are no 
systematic procedures for solving a// nonlinear systems. In this section, we give strate- 
gies for solving some simple nonlinear systems in just two variables. However, many 
nonlinear systems cannot be solved algebraically and must be solved using technology, 
as shown in Example 3. 

We first discuss the substitution method, which works well when one of the equations 
in the system is quadratic and the other equation is linear. 


Solving Nonlinear Systems by Substitution 


We now outline how to solve a system of nonlinear equations using substitution. 


Substitution Strategy for Solving a Nonlinear System 
Step 1 In one of the equations, solve for one variable in terms of the other. 


Step 2 Substitute the resulting expression into the other equation to get one 
equation in one variable. 


Step 3 Solve the resulting equation for that variable. 


Step 4 Substitute each solution into either of the original equations and solve 
for the other variable. 


Step 5 Check your solution. 


[ema 1 Solving a Nonlinear System Using Substitution 


Solve the following system. 
x? + Ay? = 25 
x-2y+1=0 


Solution Take the simpler second equation and solve it for x in terms of y. Then sub- 
stitute the resulting expression for x into the first equation. 


x=2y-1 Solve second equation for x in terms of y 
(2y — 1)? + 4y? = 25 Substitute for xin first equation 
4y* — 4y + 1 + 4y? = 25 Expand left-hand side 
8y? — 4y — 24=0 Collect like terms 
4(2y? — y -— 6) = 0 Factor out 4 
2y7-y-6=0 Divide by 4 
(2y + 3)\(y — 2) =0 Factor 


Setting each factor equal to 0 and solving, we have 


2W+3=0>5y= y-2=0=>y=2. 


»? 
Next, substitute each of these values of y into the second equation in the original sys- 
tem. You will obtain a value of x for each value of y. 
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Bl) =| 4 ie Limivay=—— 
x 3 = ubstitute y = —> 
x=-4 Solve for x 
Thus the first solution is (x, y) = (-4, -3), Next, substitute y = 2 into the second 


equation; this gives x = 2(2) — 1 = 3. So the second solution is (3, 2). The two solu- 
tions are (3, 2) and (-4, -3). You should check that both solutions satisfy the system 
of equations. 


LW Check It Out 1: Solve the following system. 
x2 + y% = 2 
y=-x i 


We next introduce an elimination method that is useful when both of the equations 
in a system are quadratic. 


Solving Nonlinear Systems by Elimination 


Next we outline how to solve a system of nonlinear equations using elimination. 


Eee 2 Solving a Nonlinear System by Elimination 


Solve the following system of equations. 
er t+y=4 (1) 
y=-2x?+2 (2) 
Solution First note that substituting the expression for y into the first equation will 
give a polynomial equation that has an x* term, which is difficult to solve. Instead, we 
use the elimination technique. 
Rewrite the system with the variables on one side and the constants on the other. 
et+y=4 = (i) 
2x7 ++y=2 (2) 
Eliminate the x” term from Equation (2) by multiplying Equation (1) by —2 and 
adding the result to Equation (2). This gives the following. 
—2x? — 2y? = -8 =2+ (1) 
Qn? ++y= 2 (2) 
-2y? + y= -6 
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The last equation is a quadratic equation in y, which can be solved as follows. 


—2y? + y= -6 
—2y+y+6=0 Add 6 to both sides 
2y? -y-6=0 Multiply by —1 to write in standard form 
(2y + 3)(y — 2) =0 Factor 


Setting each factor equal to 0 and solving, we have 


2v+3=0=>5y= y-2=0=y=2. 


? 
Substitute y = + into Equation (2) and solve for x. 
y = —2x* + 2 
3 3 
“3 = —2x7 +2 Substitute y = <a 
q 2 
“5 —2x Subtract 2 from each side 
i 2 
=e Divide by —2 
4 
V7 
ss =x Take square root 
i 3 i 3 7 3 
Thus we have two solutions corresponding to y = = (“ > and ( ae *). 


Substituting y = 2 into Equation (2) and solving for x gives 
y = 2x? + 252 = - 2x? + 2 x = 0. 


Thus we have (0, 2) as another solution. You should check that these solutions satisfy 

the original system of equations. 

V7 3) ( V7 
2? 2P 2°? 


The solutions are ( 5): and (0, 2). 


[A Check It Out 2: Solve the following system. 
x2 + x? =4 (1) 
y=xr?-1 (2) @ 


Solving Nonlinear Systems Using Technology 


The next example shows how graphing technology can be used to find the solution of 
a system of equations that is not easy to solve algebraically. 


Using a Graphing Utility to Solve a Nonlinear System 
laa 3 of Equations 


Solve the following system of equations. 
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Solution In Equation (1), solve for y in terms of x, which gives y = *. This is a 
rational function with a vertical asymptote at x = 0. The graph of the function from 
Equation (2) is a parabola that opens downward. Enter these functions as Y, and Y, 
in a graphing utility, and use a decimal window to display the graphs. The graphs are 
shown in Figure 9.8.1. 


Figure 9.8.1 
3.1 


Plotl Plot2 Plot3 
\Y, B 1/X 
Ne |_| -X24+3 


3 4.7 


3.1 


The solution of the system of equations is given by the intersection of the two graphs. 
From Figure 9.8.1, there are three points of intersection. By zooming out, we can 
make sure that there are no others. Using the INTERSECT feature, we find the in- 
tersection points, one by one. The results are shown in Figure 9.8.2. The approximate 
solutions are (0.3473, 2.879), (1.532, 0.6527), and (—1.879, —0.5321). 


Figure 9.8.2 


Intersection Intersection 
X =1.5320889 LY = .65270364 X=71.879385 LY =".5320889 


3.1 3.1 


Intersection 
X =.34729636-Y = 2.8793852 


Note that if we had tried to solve this simple system by substitution, we would have 
obtained 


1 
—= —x* + 3, 
x 


Multiplying by x on both sides and rearranging terms, we obtain the cubic equation 
—x? + 3x — 1 = 0. This equation cannot be solved by any of the algebraic techniques 
discussed in this text. Hence, even some simple-looking nonlinear systems of equa- 
tions can be difficult or even impossible to solve algebraically. 

ze 


[A Check It Out 3; 3) Solve the following system of equations. 


xy=1 (1) 
yeu? -—5 (2) @ 


Application of Nonlinear Systems 


We next examine a geometry application that involves a nonlinear system of equations. 
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[=a 4 An Application of Geometry 


A right triangle with a hypotenuse of 2V 15 inches has an area of 15 square inches. 
Find the lengths of the other two sides of the triangle. See Figure 9.8.3. 


Figure 9.8.3 


2V15 


x 


Solution Referring to Figure 9.8.3 and using the given information, we can write the 
following system of equations. 


1 
ae =15 Area of triangle (1) 


+ y= (2v 15)? = 60 Pythagorean Theorem (2) 


We can solve this nonlinear system of equations by substitution. In Equation (1), 
solve for y. 


1 30 
zo DS = it 


é : BO : 
Substituting y = ~_ into Equation (2), we have 


x? + y? = 60 Equation (2) 
20 \" 30 
x? + (2) = 60 Substitute y = — 

x x 
900 

x? + —,- = 160 Simplify 

x 
x* + 900 = 60x? Multiply each side by x* 
x* — 60x” + 900 = 0 Move x? term to left-hand side 
(x? — 30)(x? — 30) = 0. Factor 


Setting the factor x* — 30 equal to 0 and solving for x gives 
x? — 30 =0>5 x« = +V30. 


We ignore the negative solution for x, since lengths must be positive. Thus x = V 30. 
Using x? + y? = 60, we find that 


y” = 60 — x* = 60 — 30 = 30. 


Therefore, y = V 30, and so the other two sides of the triangle are both of length 
V 30 inches. 


LW Check It Out 4: A right triangle with a hypotenuse of 2/13 inches has an area 
of 12 square inches. Find the lengths of the other two sides of the triangle. © 
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9.8 Key Points 


» A system of equations in which one or more of the equations is not linear is called 
a system of nonlinear equations. 


» Systems of nonlinear equations can be solved using substitution or elimination. 


» Systems of nonlinear equations can also be solved using graphing utilities. 


9.8 Exercises 


Skills This set of exercises will reinforce the skills illus- 12.) 4x? + y= 
trated in this section. —4x t+ y= 
In Exercises 1-34, find all real solutions of the system of equations. 13.) x? + y? 8 
If no real solution exists, so state. x= —4 
LJxtt+y= 13 
{ y=xtl 14.) x* + y? = 61 
xy = 30 
2.) x7 + y? 10 
yoxt2 15 x? + y 9 
2x? +y = 15 
3.) 5x? +y?= 9 
y = 2x 16 x? + y? = 16 
—3x + y? 6 
4. | x2 + 4y? = 16 
a 17.) 5x? = 24? = 10 
9 3x? + 4y? = 6 
5. 2x? + 3y?= 4 
y=5x4+2 6x? + 5y? = -8 
xe— y+ 2y= 1 
5x? — 3y° =17 


x7 y? + 2x =4 


Me Sy" = 4 
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2xy+ x= -14 
(Hint: Eliminate the xy term.) 


3x? + 2xny +x =8 
xytx=3 
(Hint: Eliminate the xy term.) 


33.) log, o(2y?) + logi9(x*) = 3 


al + 3xy — 2x = —10 
| xy=5 
%4 {ows — log3x = 2 
3x —2y =3 
In Exercises 35—40, graph both equations by hand and find their 
point(s) of intersection, if any. 
35.( x? — Oy = -18 
—2x + 3y= 3 


36. ({ (x + 2)? + 4y=17 


3x + y= 1 


ys + 12y = —33 


In Exercises 41—48, solve the system using a graphing utility. 
Round all values to three decimal places. 


42. y=x?- 3x42 
y = 4x? - 1 

43.) y= —-x? +3 
y= 3 

44.| y= —x? + 2 
yao 

45. 2xy = 
x+y? =3 

46.| xy =1 
y=x2-7 

47.) 5x? —y=10 
Ox? + y? = 25 


» Applications In this set of exercises, you will use non- 
linear systems of equations to study real-world problems. 


49. Design The perimeter of a rectangular garden is 80 feet 
and the area it encloses is 336 square feet. Find the 
length and width of the garden. 


50. Design The perimeter of a rectangular garden is 54 feet, 
and its area is 180 square feet. Find the length and width 
of the garden. 


51.Geometry A right triangle with a hypotenuse of V 89 has 
an area of 20 square inches. Find the lengths of the other 
two sides of the triangle. 


52. Geometry A right triangle with a hypotenuse of 2V 10 inches 
has an area of 6 square inches. Find the lengths of the other 
two sides of the triangle. 


53. Manufacturing A manufacturer wants to make a can in 
the shape of a right circular cylinder with a volume of 
6.757 cubic inches and a lateral surface area of 977 square 
inches. The lateral surface area includes only the area of 
the curved surface of the can, not the areas of the flat 
(top and bottom) surfaces. Find the radius and height of 
the can. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


Manufacturing A manufacturer wants to make a can in the 
shape of a right circular cylinder with a volume of 4577 cubic 
inches and a lateral surface area of 307 square inches. The 
lateral surface area includes only the area of the curved 
surface of the can, not the area of the flat (top and bottom) 
surfaces. Find the radius and height of the can. 


Geometry The volume of a paper party hat, shaped in the 
form of a right circular cone, is 367 cubic inches. If the 
radius of the cone is one-fourth the height of the cone, 
find the radius and the height. 


Geometry The volume of a super-size ice cream cone, 
shaped in the form of a right circular cone, is 87 cubic 
inches. If the radius of the cone is one-third the height of 
the cone, find the radius and the height of the cone. 


Number Theory The sum of the squares of two positive in- 
tegers is 85. If the squares of the integers differ by 13, 
find the integers. 


Number Theory The sum of the squares of two positive in- 
tegers is 74. If the squares of the integers differ by 24, 
find the integers. 


Landscaping The area of a rectangular property is 
300 square feet. Its length is three times its width. There 
is a rectangular swimming pool centered within the prop- 
erty. The dimensions of the property are twice the corre- 
sponding dimensions of the pool. The portion of the 
property that lies outside the pool is paved with concrete. 
What are the dimensions of the property and of the pool? 
What is the area of the paved portion? 


Landscaping The area of a rectangular property is 
1800 square feet; its length is twice its width. There is 
a rectangular swimming pool centered within the prop- 
erty. The dimensions of the property are one and one- 
third times the corresponding dimensions of the pool. 
The portion of the property that lies outside the pool is 
paved with concrete. What are the dimensions of the 
property and of the pool? What is the area of the paved 
portion? 
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Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


61. 


62. 


63. 


64. 


65. 


For what value(s) of b does the following system of equa- 
tions have two distinct, real solutions? 


y=—x? +2 
y=extb 
Consider the following system of equations. 
y=x + 6x — 4 
y=b 
For what value(s) of b do the graphs of the equations in 
this system have 
(a) exactly one point of intersection? 


(b) exactly two points of intersection? 
(c) no point of intersection? 


Explain why the following system of equations has no 
solution. 
{¢ + y)? = 36 
xy = 18 


(Hint: Expand the expression (x + )?.) 


Give a graphical explanation of why the following system 
of equations has no real solutions. 


=F yy =] 
y=x2t+3 
Consider the following system of equations. 
{ e+ yar 
(eA t+ y=? 
Let r be a (fixed) positive number. For what value(s) of 
does this system have 


(a) exactly one real solution? 

(b) exactly two real solutions? 

(c) infinitely many real solutions? 

(d) no real solution? 

(Hint: Visualize the graphs of the two equations.) 
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Chapter 9 Summary 


Systems of Equations and Inequalities 


Section 9.1 Systems of Linear Equations and Inequalities in Two Variables 


Concept 


Solving a system by elimination 

Eliminate one of the variables from the two 
equations to get one equation in one 
variable. Solve this equation and substitute 
the result into one of the original equations. 
The second variable is solved for by 
substitution. 


Solutions of a linear inequality 

An inequality is a linear inequality if it can 
be written in the form Ax + By = C or 

Ax + By < C, where A, B, and C are real 
numbers, not all zero. (The symbols = 

and < may be replaced with = or >.) The 
solution set of a linear inequality is the set 
of points (x, y) that satisfy the inequality. 


Solutions of a system of linear inequalities 
The solution set of a system of linear 
inequalities is the set of points (x, y) 
consisting of the intersection of the solution 
sets of the individual inequalities. To find 
the solution set of the system, graph the 
solution set of each inequality and find the 
intersection of the shaded regions. 


Fundamental theorem of linear programming 
The fundamental theorem of linear 
programming states that the maximum or 
minimum of a linear objective function 
occurs at a corner point of the boundary of 
the solution set of a system of linear 
inequalities (the feasible set). 


Illustration 
Given the following system of equations 


x+ y=0 
x= 2y=3 


eliminate y from both equations by 
multiplying the first equation by 2 and 
adding it to the second equation. This gives 
3x = 3 = > x = 1. Substituting x = 1 into 
the first equation, we obtain y = —1. The 
solution is (1,—1). 


The following is the graph of the inequality 
y< 2x. 


yt / 
st 
4y / 
3+ d 
ry 
‘7 @,0) 
—_ fa 
—5-4-3-2-1 gt 12, 3-45 5) 
wl 
| 
/ Graph of 
y=2x fF ~47 yalx 
f -57 
/ 


The following is the graph of the system of 
inequalities 


{ x+3y= 6 


—xt+ y2=-2 


SSS 
=S=F=3—2 =a 
Graph of 


The maximum of the function C = 3x + 5y 
over a feasible set with corner points (1, 2), 
(3, 4), and (0, 0) occurs at (3, 4). The value 
of C is 29 at (3, 4). 


Study and Review 
Examples 1-5 


Chapter 9 Review, 
Exercises 1-4 


Example 6 


Chapter 9 Review, 
Exercises 5—8 


Example 7 


Chapter 9 Review, 
Exercises 9, 10 


Examples 8, 9 


Chapter 9 Review, 
Exercises 11, 12 


Section 9.2 Systems of Linear Equations in Three Variables 


Concept 


Gaussian elimination 

Gaussian elimination is used to solve a 
system of linear equations in three or more 
variables. The following operations are used 
in the elimination process for solving 
systems of equations. 


Operations for manipulating systems 

of equations 

¢ Interchange two equations in the system. 

¢ Multiply one equation in the system by a 
nonzero constant. 

¢ Multiply one equation in the system by a 
nonzero constant and add the result to 
another equation in the system. 


Illustration 
To solve 
x —- g= 2 
yt2z= 1 
2x z 4 


multiply the first equation by 2 and add the 
result to the third equation to get 


x —- g=2 
yt2z2=1. 
— 3z=0 


Solve the third equation for z to get z = 0. 
Substitute z = 0 into the second equation to 
get y = 1. Using the first equation, 
substitute zg = 0 to get x = 2. The solution 
isx=2,y=1,z=0. 


Section 9.3 Solving Systems of Equations Using Matrices 


Concept 


Illustration 
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Study and Review 
Examples 1-6 


Chapter 9 Review, 
Exercises 13-16 


Study and Review 


Augmented matrix for a linear system 

In an augmented matrix corresponding to 
a system of equations, the rows of the left- 
hand side are formed by taking the 
coefficients of the variables in each 
equation, and the constants appear on the 
right-hand side. 


Gaussian elimination using matrices 

The following operations are used when 

performing Gaussian elimination on 

matrices. 

Elementary row operations on matrices 

¢ Interchange two rows of the matrix. 

¢ Multiply a row of the matrix by a nonzero 
constant. 

¢ Multiply a row of the matrix by a nonzero 
constant and add the result to another row. 

These operations are used to solve a system 

of linear equations in matrix form. 


The augmented matrix for the linear system 


x —- g= 2 
yt2z= 1 
2x z=-4 
is 
1 0 -l 2 
0 1 2 1 
—2 0 -1 |-4 


In the matrix above, multiplying the first 
row by 2 and adding the result to the third 
row gives 


1 0 -1} 2 
0 1 2| 1 
0 0 —3] 0 


The bottom row gives z = 0. Substituting 
into the second and first equations gives 

y = 1 and x = 2. The solution to the 
corresponding system of equations is x = 2, 
vy=1,2=0. 


Discussion in Section 9.3 


Chapter 9 Review, 
Exercises 17, 18 


Examples 1—4, 7 


Chapter 9 Review, 
Exercises 19-22 


Continued 
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Section 9.3 Solving Systems of Equations Using Matrices 


Concept 


Illustration 


Study and Review 


Gauss-Jordan elimination 

We can continue the elementary row 
operations in the previous example so that 
the first 1 in each row has a 0 above and 
below it. 


Section 9.4 Operations on Matrices 
Concept 


Definition of a matrix 

A matrix is a rectangular array of real 
numbers with m rows and n columns. The 
dimension of such a matrix is m X n. A 
matrix is usually referred to by a capital 
letter. 


Addition and subtraction of matrices 

Two matrices can be added or subtracted 
only if their dimensions are the same. The 
resulting matrix, which will be of the same 
size, is obtained by adding (subtracting) the 
corresponding elements of the two matrices. 


Scalar multiplication of matrices 

The product of an m X n matrix A and a 
scalar c is found by multiplying all the 
elements of A by c. 


Matrix multiplication 

The product of an m X p matrix A anda 

p X n matrix B is a product matrix AB with 
m rows and 1 columns. 

Furthermore, the element in the 7th 
row, jth column of the product matrix AB 
is given by the product of the 7th row of A 
and the jth column of B. 


In the preceding example, multiply the last 


row by —-;. Then use row operations to 


eliminate the 2 and —1 directly above it. 


This gives 


The solution can be read off the matrix as 


x=2,y=1,andz=0. 


Illustration 


The following matrix A has dimensions 
3X 4. 


4 =2 =3 1 
A= 0 =1.5 9 —10 
=O. AD Oo -i1 

—2 1 


0 
and C = 1], 
1 


6 
0 
7 
1 
B+C=|3 
5 


For the matrix B above, 2B = 


=1 2 
The product of A = 5 0} and 
3 2 
=2 i 
B= is 
8 —5 
AB =| —10 5 


Examples 5, 6 


Chapter 9 Review, 
Exercises 19-22 


Study and Review 
Examples 1, 2 


Chapter 9 Review, 
Exercises 25-28 


Example 3 


Chapter 9 Review, 
Exercises 29, 30 


Example 4 


Chapter 9 Review, 
Exercises 31, 32 


Examples 5-10 


Chapter 9 Review, 
Exercises 33, 34 


Section 9.5 Matrices and Inverses 
Concept 


Inverse of an” X n matrix 
The inverse of an 7 X n matrix A, denoted 
by A“!, is another m X m matrix such that 


AA!'=A'A=I1 


where J is the 7 X n identity matrix. 


Using inverses to solve systems 

If a system of equations can be expressed in 
the form AX = B, with A ann X n matrix 
and A7! its inverse, then we have the 
following. 


AX = B= > A'AX=A'B>=> 
X=A'B 


Illustration 


5 3 


3-1 
Al= | because 


: 2 1]. 
The inverse of A = is 


the 2 X 2 identity matrix J. You can check 
that 4-14 = 1. 


Ls IET-Le 
wen [1 =| 3 ILZ]-[ 2] 


Section 9.6 Determinants and Cramer’s Rule 


Concept 


Illustration 
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Study and Review 
Examples 1-4, 6 


Chapter 9 Review, 
Exercises 35-40 


Example 5 


Chapter 9 Review, 
Exercises 41, 42 


Study and Review 


Determinants 
The determinant of a 2 X 2 matrix A = 


a Db} is defined as 
cod 


a b 
|= ad — be 
d 


The determinants of larger matrices can be 
found by cofactor expansion. 


Cramer’s Rule is a set of formulas for 
solving systems of linear equations with 
exactly one solution. 


Minors and cofactors 
Let A be an n X n matrix, and let a; be the 
entry in the 7th row, jth column of A. 


The minor of a; (denoted by M,;) is the 
determinant of the matrix that is obtained 
by deleting the 7th row and jth column 

of A. 


The cofactor of a,; (denoted by Cj) is 
defined as C; = (—1)'/M;,. 


= 
2)(4 3)(1) = 11 
P ; (2)(4) — (—3)() 
Lt =2 0 
Let A = | 3 2 1 
0) 1 -l 
. : 3 1 
The minor of a,, is M,, = ; | = —3, 


The cofactor of a, is 


Cg > ly = GH D(-3) = 3. 


Examples 1—5 


Chapter 9 Review, 
Exercises 43-50 


Examples 2, 3, 6 


Chapter 9 Review, 
Exercises 45, 46, 49, 50 
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Section 9.7 Partial Fractions 


Concept 


Systems of Equations and Inequalities 


Illustration 


Study and Review 


Partial fraction decomposition 
Partial fraction decomposition is a technique 


used to decompose a rational expression into 


simpler expressions. There are four cases: 


1. The denominator can be factored over 
the real numbers as a product of distinct 
linear factors. 


2. The denominator can be factored over 
the real numbers as a product of linear 
factors, at least one of which is a 
repeated linear factor. 


3. The denominator can be factored over 
the real numbers as a product of distinct 
irreducible quadratic factors and 
possibly one or more linear factors. 


4. The denominator can be factored over 
the real numbers as a product of 
irreducible quadratic factors, at least one 
of which is a repeated quadratic factor, 
and possibly one or more linear factors. 


The forms of the decompositions are as 
follows. 


‘ 2 A. B 
“w+tDxe-D xt+1  x-1 
an ees 
Ge le 1) 

A B c 

5+ 

ae. (x + 1) x— 1 
- 2 Ax+B. C 
"O24 Det) «+1 > x41 
4 2 Ax + BL Cx + D 
“QP + 1? x? +1 +1)? 


Section 9.8 Systems of Nonlinear Equations 


Concept 


Systems of nonlinear equations 

A system of equations in which one or more 
of the equations is not linear is called a 
system of nonlinear equations. Systems 
of nonlinear equations can be solved using 
substitution or elimination. Systems of 
nonlinear equations can also be solved using 
graphing utilities. 


Chapter 9 


Illustration 
To solve 

x? —y=6 

y=Hx 

substitute y = x into the first equation and 
solve x? — x = 6. Use factoring to solve for 
x: x = 3 or x = —2. The solutions are 
(% y) = (3; 3) and (x, y) = (2, —2). Both 
solutions check in the original system of 
equations. 


Examples 1-5 


Chapter 9 Review, 
Exercises 51-54 


Study and Review 
Examples 1-4 


Chapter 9 Review, 
Exercises 55-58 


Review Exercises 


Section 9.1 


In Exercises 1—4, solve each system of equations by elimination and 


check your solution. 


-x- y= -7 
“| 3x + 4y = 24 


3 —3x + 4y=9 
“| 6x — 8y=3 


Chapter 9 = Review Exercises 791 


In Exercises 5—8, graph the solution set of each inequality. Section 9.3 
5.y>3x—7 6.x<—y+4 In Exercises 1 7 and 18, represent the system of equations in aug- 
mented matrix form. Do not solve the system. 
120 yl 8.x - 3yS6 4x + yt z= 0 
17. — yt2z=-1 
In Exercises 9 and 10, graph the solution set of each system of x ce ae 
inequalities. 
< x Pays 52= 3 
x <8 . 2 18. e 
9. 10.4 x =2 3x + g=—-l 
2x -—y2=6 
ae In Exercises 19-22, solve the system of equations using matrices 
and row operations. If there 1s no solution, so state. 
In Exercises 11 and 12, solve the optimization problem. 6 
—x- y=- 
11. Maximize P = 5x + 7y subject to the following { 3x +4y= 24 
constraints. 
x+ 2+ gzg=-3 
ee 20.43x+ y-2z= 2 
= 
vee 4x + 3y- z= 0 
CS i 
y= 10 xt y- z= 0 
21 3x + 2y- z2=- 
12. Maximize P = 10x + 20y subject to the following 2x y— 22 1 
constraints. 
—x + 4y + 3z= 
22. 
2x — 8y — 4z = 
x+ 3ys 12 
= In Exercises 23 and 24, for each augmented matrix, construct the 
ySx ; : : ‘ . 
= corresponding system of linear equations. Use the variables listed 
v= above the matrix, in the given order. Determine whether the system 
x=0 1s consistent or inconsistent. If it 1s consistent, give the solution(s). 
x z Ho “I 
Section 9.2 a 23. 1 0 —2 3 24. 1 0 0 7 
In Exercises 13-16, solve the system of linear equations using 01 1/5 0 1 0) 3 
Gaussian elimination. 0 0 0 | 0 0 0 142 


x—-2+ 2e= 2 
13; x + 4y + 3z 8 


Section 9.4 
Ors ae 8 In Exercises 25-28, use the following matrix A. 
4x — =2 QO =3 8 
4 


yates Ae) —42.=5 
7 ‘V2 


| 
Ui} CO me 


3x 2y Zz 3 25. Find Ce 


2x+ y-2z=2 26. Find agp. 


— — —— 
t 
& 
+ 
i) 
my 
I 


27. Determine the dimensions of A. 


28. Find a3. 
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In Exercises 29-34, let A, B, and C be as given. Perform the in- In Exercises 47-50, use Cramer’s Rule to solve the system of 
dicated operation(s), if defined. If not defined, state the reason. equations. 
—4 1 3 5 —x-y=-2 
4 <4 2 ead 
A= 2|, B= 2 -3|, C=]1 -1 2x+yv= 0 
eee 2 -6 2 -3 
48 ita 
29.B+C 30.C —B ‘|-2x- y= 
31.2B+C 32.B — 3C 
—2x+ yrtez=0 
33. AB 34, AC 49. ee 
= 3y+ 2=1 
Section 9.5 


. ; . . x oy = 2=23 
In Exercises 35—40, find the inverse of each matrix. 
50.4 x =2=0 


4 5 5 3 _ - 
35. 36. x-~ yo =2 
11 a2 


-4 ] 4 3 Section 9.7 
37. "3 38. | = d In Exercises 51-54, write the partial fraction decomposition of 
each rational expression. 


1 -1 0 4 -2 1 51 —3x + 8 
39.}-2 0 1 40.}-2 1 2 ie F 5m +6 

=2 > = 1 1 2 4 

—2x* —x+1 
In Exercises 41 and 42, use inverses to solve the system of equations. 52. a rr ae 
+ 2y=—-4 

af aes 

a a 2 9 


(x + 2)(x? + 5) 


42. yt z= 4 54,28 x te +2 
2% —- 6y + 32= 3 NF 4 Ay? + 4 
aAN aed ; ; ; Section 9.8 
te Eee 10; Ine UEP etme] ee a In Exercises 55—58, find all real solutions of the system of equa- 
4 2 tions. If no real solution exists, so state. 
43.A= = 
= 2 4. 2 9 
55. {* - 
y =x+1 


x? — 2y? = 4 


56 
2x? + 5y? = 12 


57 
x? — 8x+ (y+ 3)= 9 


46.A = @- 1b? +G@+1) =0 


58 
w+ 4? + 2y=0 


i + 3) + (y — 4)? = 25 


Applications 


59. Networks Telephone and computer networks transmit 
messages from one relay point to another. Suppose 
450 messages are relayed to a single point on a network, 
and at that point the messages are distributed between 
two separate lines. The capacity of one line is 3.5 times 
the capacity of the other. Find the number of messages 
carried by each line. 


60. Maximizing Revenue The cows on a dairy farm yield a 
total of 2400 gallons of milk per week. The farmer 
receives $1 per gallon for the portion that is sold as milk. 
The rest is used in the production of cheese, which the 
farmer sells for $5 per pound. It takes 1 gallon of milk to 
make a pound of cheese. If at least 25% of the milk is to 
be sold as milk, how many gallons of milk should go into 
the production of cheese in order to maximize the 
farmer’s total revenue? 


61. Nutrition The members of the Nutrition Club at Grand 
State University researched the lunch menu at their 
college cafeteria. They found that a meal consisting of a 
soft taco, a tostada, and a side dish of rice totaled 600 
calories. Also, a meal consisting of two soft tacos and a 
tostada totaled 580 calories. Finally, a meal consisting of 
just a soft taco and rice totaled 400 calories. (Source: 
www.tacobell.com) Determine the numbers of calories 
in a soft taco, a tostada, and a side dish of rice. 
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62. Manufacturing Princess Clothing, Inc., has the following 


yardage requirements for making a single blazer, pair of 
trousers, or skirt. 


2) @),5) 


Blazer 22) 
Trousers 3 ® 
Skirt 3 1 0 


There are 42 yards of fabric, 25 yards of lining, and 7 
yards of trim available. How many blazers, pairs of 
trousers, and skirts can be made, assuming that all the 
fabric, lining, and trim is used up? 


63. Geometry The sum of the areas of two squares is 549 
square inches. The length of a side of the larger square is 
3 inches more than the length of a side of the smaller 
square. Find the length of a side of each square. 


Test 


In Exercises 1 and 2, solve the system of equations by elimination 
and check your solution. 


1 x+ 2y= 4 > —2x + 3y = -8 
“|4x- y=-11 “| 5x —-2y= 9 


3. Graph the solution set of the following system of 


inequalities. 
x 21 
ys4 
3x + 2y=6 


4. Maximize P = 15x + 10y subject to the following 


constraints. 
2x+y=8 
ys 2x 
ee 
y=0 


x20 


In Exercises 5 and 6, solve the system of linear equations by using 
Gaussian elimination. 
2x-— yre=-3 
5.) —3x +z= 11 
x + 2y =-—5 


6 —x + 2y-—2=0 
“|2x- » = 2 


In Exercises 7 and 8, use matrices A, B, and C given below. Per- 
form the indicated operations, if defined. If an operation 1s not 
defined, state the reason. 


5 4 3 —3 4 8 3 
A= | B=|-1 2|, C=]-6 5 
2 —-4 3 
1 =3 > -2 
7.B—2C 8.CA 
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In Exercises 9 and 10, find the inverse of the matrix. 


11. Solve the following system of equations using an inverse. 
x+3y-z= O 
x+4y+z2=-2 
2x+6y-z= 1 


2 -3 1 
12. Find the determinant of A = 0 5 2). 
—4 2 0 


In Exercises 13 and 14, use Cramer’s Rule to solve the system of 
equations. 


£3 
Bf oe 
x+ y=2 


x-2y-2= 0 


Il 
w 


14.4-x- y 
% +z=-1 


15. Write the partial fraction decomposition of 
—x? + 2x +2 


x? + 2x7 +x 


16. Write the partial fraction decomposition of 
5x? — 7x + 6 


(x? + 1)(« — 3) 


In Exercises 17 and 18, find all real solutions of the system of 
equations. If no real solution exists, so state. 


19. A computer manufacturer produces two types of laptops, 
the CX100 and the FX100. It takes 2 hours to manufac- 
ture each unit of the FX100 and only 1 hour to manu- 
facture each unit of the CX100. At least 100 of the 
FX100 models are to be produced. At most 800 hours 
are to be allocated to the manufacture of the two models 
combined. If the company makes a profit of $100 on 
each FX100 model and a profit of $150 on each CX100 
model, how many of each model should the company pro- 
duce to maximize its profit? 


20. Ten airline tickets were purchased for a total of $14,200. 
Each first-class ticket cost $2500. Business class and 
coach tickets cost $1500 and $300, respectively. Twice 
as many coach tickets were purchased as business class 
tickets. How many of each type of ticket were purchased? 


21.A cell phone company charges $0.10 per minute during 
prime time and $0.05 per minute for non-prime time. The 
numbers of minutes used by three different customers are 


as follows. 
Customer 1 200 400 
Customer 2 300 200 
Customer 3 150 300 


Perform an appropriate matrix multiplication to find the 
total amount paid by each customer. 


stronomical objects emit radiation, which is not detectable by optical 


telescopes. These objects are usually studied using a radio telescope, which 

consists of a dish with a parabolic cross-section. Because a parabola exhibits 

a reflective property, the incoming radio waves are reflected off the surface 
of the dish and focused onto a single point. Exercise 70 in Section 10.1 asks you to find 
the equation of a parabola for the cross-section of a reflecting telescope. This chapter 
will examine a class of equations known as the conic sections. The conic sections are 
widely used in engineering, astronomy, physics, architecture, and navigation because 
they possess reflective and other unique properties. 


Chapter 
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10.1 The Parabola 


Objectives 
> Define a parabola 


» Find the focus, directrix, 
and axis of symmetry of a 
parabola 


> Determine the equation of 
a parabola and write it in 
standard form 


> Translate a parabola in the 
xy-plane 


> Sketch a parabola 


> Understand the reflective 
property of a parabola 


This chapter covers a group of curves known as the conic sections. These curves are 
formed by intersecting a right circular cone with a plane. The circular cone consists of 
two halves, called nappes, which intersect in only one point, called the vertex. The 
conic sections are often abbreviated as simply the conics. 

Figures 10.1.1 and 10.1.2 show how the conic sections are formed. 


Figure 10.1.1 


Circle Parabola Ellipse Hyperbola 


Figure 10.1.2 


/ 


Line Two intersecting lines Point 


Observations: 


» If the plane is perpendicular to the axis of the cone but does not pass through the 
vertex, the conic is a circle. 


» If the plane is tilted and intersects only one nappe of the cone, the conic is a sin- 
gle curve. If the curve is closed, the conic is an ellipse; otherwise, it is a parabola. 


» If the plane is parallel to the axis of the cone and does not pass through the vertex, 
it intersects the cone in a pair of non-intersecting open curves. Each curve inter- 
sects just one nappe of the cone. Such a conic (the two curves taken together) is 
called a hyperbola, and each curve is called a branch of the hyperbola. 


Conic sections are found in many applications. For example, planets travel in ellip- 
tic orbits, automobile headlights use parabolic reflectors, and some atomic particles 
follow hyperbolic paths. You have already studied equations of circles—and, to some 
extent, equations of parabolas—in earlier parts of this textbook. This chapter will treat 
the parabola in greater detail, and it will cover the ellipse and the hyperbola as well. 
The conics in Figure 10.1.2—a point, a line, and a pair of intersecting lines—are called 
degenerate forms; they are studied in plane geometry. 

As you read through the mathematical descriptions of the conics, be sure to refer 
to the corresponding figures so that you can make connections between the descrip- 
tions and the figures. 


Figure 10.1.3 


Axis of 
symmetry 


—--+--@--@----------- 


Vertex 
a Directrix 


Just In Time 


Review the distance formula 
in Section 2.1. 


JJ 
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In this section, we will define parabolas differently than we did in Chapter 3. Later 
on, we will make connections between the two definitions. 


Definition of a Parabola 


A parabola is the set of all points (x, y) in a plane such that the distance of (x, ) 
from a fixed line is equal to the distance of (x, y) from a fixed point that is not on 
the fixed line. The fixed line and the fixed point, which lie in the plane of the 
parabola, are called the directrix and the focus, respectively. 


The axis of symmetry of a parabola is the line that is perpendicular to the directrix 
and passes through the focus of the parabola. The vertex of a parabola is the midpoint 
of the segment of the axis of symmetry that has one endpoint at the focus and the other 
endpoint on the directrix. Figure 10.1.3 illustrates these key features of a parabola. 

The only parabolas discussed in this section are those whose axis of symmetry is 
either vertical (parallel to the y-axis) or horizontal (parallel to the x-axis). We will use 
the definition of a parabola to derive the equations of such parabolas, beginning with 
those whose vertex is at the origin. 


Parabolas with Vertex at the Origin 


Suppose a parabola has its vertex at the origin and the y-axis as its axis of symmetry. 
Suppose also that the equation of its directrix is y = —p, for some p > 0. Because the 
vertex of the parabola is a point om the parabola, the distance from the vertex to the 
directrix is the same as the distance from the vertex to the focus. Thus the coordinates 
of the focus are (0, p). 

Let P be any point on the parabola with coordinates (x, y), and let dist(PF) denote 
the distance from P to the focus F.'To find the distance from P to the directrix, we draw 
a perpendicular line segment from P to the line y = —p (the directrix). Let M be the 
point of intersection of that line segment and the directrix, and let dist(PM/) denote the 
distance from P to M. Then the coordinates of M are (x, —p), as shown in Figure 10.1.4. 


Figure 10.1.4 


Equal 
distances 


Directrix 


To derive the equation of the parabola, we apply the definition of a parabola along with 
the distance formula. From the definition of a parabola, we have 


Distance from P to focus F = distance from P to directrix. 
That is, 
dist(PF) = dist(PM). 
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Applying the distance formula, 


dist(PF) = V(x — 0)? + (y - py = Vx? + (y — p)” Distance from P to focus F 
dist(PM) = V(x — x)? + (y — (—p))? = V0? + (y + py’ Distance from P to directrix 


Vx? + (y — pr = Vy + py Equate dist(PF) and dist(PM) 
x? + y? — 2py + p? =" + 2py + p* Square both sides and expand 
x? = Apy Combine like terms 


Thus the standard form of the equation of an upward-opening parabola with vertex at 
the origin is x? = 4py, where p > 0. The derivations of the standard forms of the equa- 
tions of other classes of parabolas with vertex at the origin (those that open downward, 
to the right, or to the left) are similar. 

The main features and properties of parabolas with vertex at the origin and a ver- 
tical or horizontal axis of symmetry are summarized as follows. Their graphs are shown 
in Figures 10.1.5 and 10.1.6. 


Parabola with Vertex at the Origin 


Graph Figure 10.1.5 Figure 10.1.6 
y 4 
yh Eanes Ve 

w= 0 
| 
symmetry 
t 2 = 

Vertex (0,0) Focus x 


(0, p) 


Dnesiixosa bosses Varad 
ah A 
Directrix--—-+-——---— Wize Directrix 
[ese 
Vertex (0, 0) Ix=—p 


I 

I 
Vertex (0, 0) 
x 


Axis of 
symmetry 
-- 


SY 


@ Focus 
F(0, p) 


Axis of 
symmetry 
p<9 

Equation x? = Apy yy? = Apx 
Direction of opening Upward if p > 0, downward if p < 0 To the right if p > 0, to the left if p < 0 
Vertex (0, 0) (0, 0) 
Focus (0, p) (Pp; 0) 
Directrix The line y = —p The line x = —p 


Axis of symmetry ‘y-axis X-axis 


Section 10.1 ™ The Parabola 799 


We will use the following observations in solving problems involving parabolas. 


Observations: 
» A parabola opens toward the focus and away from the directrix. 
» The axis of symmetry of a parabola is perpendicular to the directrix. 
» The axis of symmetry intersects the parabola in only one point, namely, the vertex. 
» The directrix does nor intersect the parabola, and it is not part of the parabola. 
» The focus of a parabola lies on the axis of symmetry, but it is not part of the parabola. 


» If a parabola opens to the right or to the left, the variable y in the equation of the 
parabola is not a function of x, since the graph of such an equation does not pass 
the vertical line test. 


(eee st Parabola with Vertex at the Origin 


Consider the parabola with vertex at the origin defined by the equation y = 
(a) Find the coordinates of the focus. 


x 


a|r 


(b) Find the equations of the directrix and the axis of symmetry. 
(c) Find the value(s) of a for which the point (a, 4) is on the parabola. 
(d) Sketch the parabola, and indicate the focus and the directrix. 
> Solution 
(a) First write the equation in standard form by multiplying both sides by 6: 
1 
y= Foiomed x”? = 6y 


This equation is in the form x? = 4py. To find the focus, we must first calculate p. 


3 
x? = 6y = 4py => 6 = 4p 7 => 


Because the parabola is of the form x” = 4py and p > 0, the parabola opens upward. 
The focus is (0, p) = (0, 5). 

(b) The equation of the directrix is y = —p; substituting the value of p, we obtain 
y= -5. The axis of symmetry of this parabola is the y-axis, which is given by the 
equation x = 0. 

(c) Since the point (a, 4) is on the parabola, we will substitute its coordinates into the 


é 1 : 3 : F 7 
equation y = ¢ x? (we could just as well substitute the coordinates into the equation 
x? = 6y). 


1 
4= . a Point (a, 4) satisfies equation 
of parabola 
24=a Multiply both sides by 6 


a= +V24 = +2V6 Take square root of both sides 
Thus the points (2V6, 4) and (-2V6, 4) lie on the parabola. 
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(d) The vertex of the parabola is at (0,0). Plot the vertex, along with the points 
(2V6, 4) and (-2V6, 4) from part (c). Draw a parabola through these three 


points. To find more points, construct a table (see Table 10.1.1). Then indicate the 
focus and the directrix, as shown in Figure 10.1.7. 


Table 10.1.1 Figure 10.1.7 
=6 | 6 
2) 
-—2 = 
3 
0 O 
2 
2 ames 
3 
© | @ 


[W Check It Out 1: Find the coordinates of the focus of the parabola y = -: x?, as well 
as the equations of the directrix and the axis of symmetry. Sketch the parabola. © 


Example 2 illustrates how to obtain the equation of a parabola given a description 
of its features. 


lea 2 Finding the Equation of a Parabola 


Determine the equation in standard form of the parabola with vertex at the origin and 
directrix x = 3. Sketch the parabola, and indicate the focus and the directrix. 


Solution The directrix, x = 3, is a vertical line. The vertex of this parabola is at the 
origin, which is to the left of the directrix. Thus the parabola must open to the left, 
since a parabola always opens away from the directrix. The focus is at (—3, 0), since 
the vertex is midway between the focus and the directrix. With this information, we 
can make a preliminary sketch, as shown in Figure 10.1.8. Because the focus is at 


Figure 10.1.8 


yt Directrix 
x=3 


ay 


(0, 0) 


Technology Note | 
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(—3, 0) = (p, 0), we have p = —3. As a check, we know that p must be negative if the 
parabola opens to the left. Next we find the equation of the parabola. 


yy? = Apx Standard form of equation of 
parabola opening to the left 


yy? = 4(—3)x = —12x Substitute p = —3 


The equation of the parabola is y* = —12x. To get a more accurate sketch, find 
points (x, y) that are on the parabola. 


x= —3 =>? = -12(-3) = 36 => y = +6 


x= —-2= > y? = -12(-2) = 24 = y = +V/24 ~ +4.899 


The graph is shown in Figure 10.1.9. 


Figure 10.1.9 
Directrix 
x=3 
Vertex 
Focus (—3, 0) (0, 0) 
+++ — 1 ~ 
-5-4-3-2-1 5% 


| 
| 
| 
| 
| 
t 
123 4 
I 
} 
I 
} 
| 
I 
} 
| 


[AW Check It Out 2; Determine the equation in standard form of the parabola with ver- 
tex at the origin and directrix x = —2. © 


Parabolas with Vertex at the Point (h, k) 
Recall the following facts about translations, or shifts, of graphs. 


» If the variable x in an equation of the form x? = 4py or y? = 4px is replaced by 
(x — h), the graph of the equation is translated horizontally by |/| units. The trans- 
lation is to the right if h > 0, and to the left if h < 0. 


» If the variable y in an equation of the form x”? = 4py or y? = 4px is replaced by 
(y — k), the graph of the equation is translated vertically by |k| units. The transla- 
tion is upward if k > 0, and downward if k < 0. 


The standard form of the equation of a parabola with vertex at the origin and a verti- 
cal axis of symmetry is x? = 4py, where p ¥ 0. Using the given facts about transla- 
tions, we see that the standard form of the equation of a parabola with vertex at the 
point (h, k) and a vertical axis of symmetry is (x — h)? = 4p(y — k), where p #0. A 
similar equation can be written for a parabola with vertex at the point (A, 2) and a hori- 
zontal axis of symmetry. 
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The main features and properties of parabolas with vertex at the point (/, 2) and a ver- 
tical or horizontal axis of symmetry are summarized as follows. Their graphs are shown 


in Figures 10.1.11 and 10.1.12. 


Parabolas with Vertex at (h, k) 


Graph Figure 10.1.11 


Vertex (h, k), (h, k +p) 
=o Se eee +—- Directrix 
y=k—-pi 


T 
| x 


(x —h)? =4p(v —4), p> 0 


y+ Axis of symmetry 


Se ee +—-— Directrix 
Vertex (A, k) 


> 
x 


} 
(x —h)? =4p-h), p< 0 


Equation (x — h)? = 4p(y — k) 

Direction of opening Upward if p > 0, downward if p < 0 
Vertex (h, k) 

Focus (hy k + p) 

Directrix The line y= k — p 

Axis of symmetry The line x =h 


Figure 10.1.12 


y4 Directrix x =h—-p 


Axis of 
symmetry 


Focus 
(h + p, k) 


SY 


(y—k)? = 4p(x — h), p > 0 


ay Directrix x =h-p 


x 
(vy —k)2 = 4p(x —h), p< 0 


(yk =) 
To the right if p > 0, to the left if p < 0 


(A; k) 

(h + p; k) 

The line x =h—-p 
The line y =k 


Discover and Learn learal 3 Finding the Equation of a Parabola with Vertex at (h, k) 


Derive the standard form of the 
equation of a parabola with vertex 


at the point (4, k) and a horizontal at (—3, 3). Sketch the parabola. 


Determine the equation in standard form of the parabola with directrix y = 7 and focus 


axis of symmetry. Solution Use the given information to determine the orientation of the parabola 
and the location of the vertex. Plotting the information as you proceed can be very 


helpful. 


Step 1 First find the axis of symmetry of the parabola, which is perpendicular to its 
directrix. Here, the directrix is the horizontal line y = 7, so the axis of symme- 


Just In Time try is vertical. Because the focus lies on the axis of symmetry, the value of h 
Review equations of hori- must be equal to the x-coordinate of the focus, which is —3. Thus the equation 
zontal and vertical lines in of the axis of symmetry is x = —3. 

Section 1.3. 4 Step 2 Next, find the vertex. The vertex (/, k) is midway between the focus and the 


directrix and lies on the axis of symmetry. Because (—3, 7) is the point on the 
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directrix that lies on the axis of the symmetry of the parabola, we obtain the 
coordinates of the vertex by finding the midpoint of the segment that joins the 
focus to the point (—3, 7). 


34+7 
Vertex: (h, k) = ( 35 5 = (—3, 5) 


Step 3 Find the orientation of the parabola to find the correct form of its equation. 
Since the vertex lies below the directrix, the parabola opens downward, away 
from the directrix. 

A preliminary sketch of the parabola is given in Figure 10.1.13. The stan- 


Fi 10.1.13 Prelimi : : . ‘ : : 
scsi cc dard form of the equation of the directrix of a parabola with a vertical axis of 


ehien symmetry and vertex (h, k) is y = k — p. We can use this equation to find the 
Directrix y = 7--- sack! _ value of p. 
Vertex (-3, 5)! y=k-p General equation of directrix in terms of k and p 
y=T7 Given equation of directrix 
k-p=7 Equate expressions for y 
5-p=7 Substitute k= 5 
p=-2 Solve for p 
Substituting (h, k) = (—3,5) and p= -—2 into the equation (x — hy? = 
aaa f 4p(y — R) gives us the equation of the parabola in standard form. 
ne (x + 3)? = —8(y — 5) 


To generate other points on the parabola, we solve for y to obtain 


Gaye = 26 
= =8 


1 
ae at 3)* +5, 


Substituting x = —7 yields y = 3, for example. The fact that the parabola is 
symmetric with respect to the line x = —3 tells us that (1, 3) is also a point on 
the parabola. Table 10.1.2 shows the coordinates of additional points on the 
parabola. The graph of the parabola is shown in Figure 10.1.14. 


Table 10.1.2 Figure 10.1.14 


| yh 
Directrix y = 7--- - 7 
=7 | 3 | 6+ 
5 45 Vertex (—3, 5) 5 
= 35) 5: 
= | 4:5 
Ie) \53 


x=-3 -27 
Axis of -—3+ 
symmetry 


LW Check It Out 3: Determine the equation in standard form of the parabola with direc- 
trix y = 9 and focus at (—2, 5). Sketch the parabola. & 
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Figure 10.1.15 


Directrix 


Conic Sections 


yA 


Writing the Equation of a Parabola in Standard Form 


Sometimes, the equation of a parabola is not given in standard form. In such a case, 
we complete the square on the given equation to put it in standard form. The proce- 
dure is outlined below. 


Find the vertex and focus of the parabola defined by the equation —4x + 3y? + 
12y — 8 = 0. Determine the equation of the directrix and sketch the parabola. 


Solution The equation of the parabola first must be rewritten in standard form. We 
can proceed as follows. 
—4x + 3y? + 12y-8=0 
3y? + 12y= 4x + 8 
3(y + 4y) = 4x + 8 


Given equation 

Keep y terms on left side 
Factor out 3 on left side 
Find the number a that will make y” + 4y + aa perfect square. 


3(y? + 4y + 4) =4x +8412 Complete the square 


es ._ (4\2 
The square was completed on the expression inside the parentheses by using (5) = 4, 
In order to keep the equation balanced, 12 = 3 - 4 was added to the right side as well. 


3(y + 2)? = 4x + 20 = 4(x + 5) Simplify and factor 


4 
(y + 2)? = 3 (x + 5) Write equation in standard form 


By comparing the standard form of the equation of this parabola with the general form 
(9 — )? = 4p(x — h), we can see that (h, 2) = (-5, —2) and 4p = => p = 5. Be- 
cause p > 0, the parabola opens to the right. The graph is shown in Figure 10.1.15. 


[ o+2P= S045) 


Vertex (h, k): (—5, —2) 
14 
Focus (h + p, k): (-¥4 -2) 
p : 16 
Equation of directrix, x = 2% 


x=h—p: 


Figure 10.1.17 
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[A Check It Out 4; Find the vertex and focus of the parabola defined by the equation 
x? — 4x — 4y = 0. Also give the equation of the directrix. B 


Applications 


Parabolas are found in many applications, such as the design of flashlights, fluorescent 
lamps, suspension bridge cables, and the study of the paths of projectiles. Also, parabolas 
exhibit a remarkable reflective property. Rays of light that emanate from the focus of a mir- 
ror with a parabolic cross-section will bounce off the mirror and travel parallel to its axis 
of symmetry, and vice versa (rays that travel parallel to the axis of symmetry and reach the 
surface of the mirror will bounce off and pass through the focus). See Figure 10.1.16. 


Figure 10.1.16 


| | 


Axis Axis 


nd 
Focus Focus 


Example 5 examines the design of a headlight reflector. 


Bente 5 Headlight Design _ 


The cross-section of a headlight reflector is in the shape of a parabola. The reflector is 
6 inches in diameter and 5 inches deep, as illustrated in Figure 10.1.17. 


(a) Find an equation of the parabola, using the position of the vertex of the parabola 
as the origin of your coordinate system. 


(b) The bulb for the headlight is positioned at the focus. Find the position of the bulb. 
>Solution 


(a) Setting up the problem with respect to a suitable coordinate system is the first task. 
Using the vertex of the parabola as the origin, and orienting the coordinate axes in 
such a way that the focus of the parabola lies on the positive x-axis, we obtain the 
coordinate system shown in Figure 10.1.18. The points (5, 3) and (5, —3) are on 
the parabola, since the reflector is 5 inches deep and the cross-sectional diameter is 
6 inches. Because the axis of symmetry is horizontal, the standard form of the equa- 
tion of the parabola is y? = 4px. Because the point (5, 3) lies on the parabola, we can 
solve for p by substituting (x, y) = (5, 3) into this equation. 


9 

4(p)(5) = (3)? ==> 20p = 9 DG 

Thus the equation of the parabola is y” = ax, 
(b) The coordinates of the focus are (p, 0) = (=. 0), so the bulb should be placed 
9 


5G of an inch away from the vertex. 


[A Check It Out 5: Rework Example 5 for the case in which the reflector is 8 inches in 
diameter and 6 inches deep. 
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10.1 Key Points 


» Parabola with vertical axis of symmetry: 


Equation (x — h)? = 4p(y — R) 

Opening Upward if p > 0, 
downward if p < 0 

Vertex (h, R) 

Focus (h, Rk + p) 

Directrix y=k-p 


Axis of symmetry x=) 


If the vertex is at the origin, then (h, k) = (0, 0). 


» Parabola with horizontal axis of symmetry: 


Equation (y — k)? = 4p — h) 

Opening To the right if p > 0, 
to the left if p < 0 

Vertex (h, k) 

Focus (h + p, k) 

Directrix x=h-p 


Axis of symmetry y=k 


If the vertex is at the origin, then (h, k) = (0, 0). 


10.1 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 
1. True or False: The distance between two points (a, b) and 
(c, d) is given by the formula 


d=V(a-—c? + b-— a’. 


2. Find the distance between the points (1, 3) and (—5, 3). 
3. Find the distance between the points (2, 6) and (—8, 6). 


4. Write the equation of the function f(x) that is obtained 
by shifting the graph of g(x) = x’ to the left 3 units. 


5. Write the equation of the function f(x) that is obtained 
by shifting the graph of g(x) = x’ to the right 1 unit. 


6. True or False: The graph of the equation x = 3 is a hor- 
izontal line. 


7. True or False: The graph of the equation y = —2 is a 
horizontal line. 


8. Write the equation of the vertical line that passes through 
the point (2, —5). 
In Exercises 9 and 10, complete the square. 


9.x? + 6x 10. x? — 10x 
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Skills This set of exercises will reinforce the skills illus- 35.x°? + 6x + 4y + 25 =0 36.7 — 4y + 2x -6 =0 
trated in this section. 
S71. = Sy 1 = 38.y° + 4x + 22=-1 
In Exercises 11-14, match each graph (labeled a, b, c, and d) with = >y oe oy . Oy 
the appropriate equation. In Exercises 39-62, determine the equation in standard form of 
ee ai by, the parabola that satisfies the given conditions. 
Ml 39. Directrix x = —1; vertex at (0, 0) 
2 
1 40. Directrix x = —3; vertex at (0, 0) 
ae 
T 41. Directrix y = —3; vertex at (0, 0) 
=94 
=34 
al 42. Directrix y = 2; vertex at (0, 0) 
es d. 43. Focus at (0, 2); vertex at (0, 0) 
44. Focus at (0, —3); vertex at (0, 0) 
pee 45. Focus at (—2, 0); vertex at (0, 0) 
—4-3-2-1 
46. Focus at (4, 0); vertex at (0, 0) 
47. Opens upward; distance of focus from x-axis is 4; vertex 
at (0, 0) 
1l.y = 3x? 12. y* = 3x 
48. Opens downward; distance of directrix from x-axis is 6; 
x vertex at (0, 0 
13.x7 = —2y 14.7 = “ 0) 
49. Opens to the left; distance of directrix from y-axis is 5; 
In Exercises 15—38, find the vertex and focus of the parabola that vertex at (0, 0) 
satisfies the given equation. Write the equation of the directrix, and 
sketch the parabola. 50. Opens to the right; distance of focus from y-axis is 3; 
P ; vertex at (0, 0) 
15.y° = 12x 16.x° = —l6oy 
51. Vertex at (—2, 1); directrix y = —2 
17.y? = 8x 18. x? = 8y ( ) * 
i 52. Vertex at (4, —1); directrix x = 6 
19.y = ——x? 20. y* = —4x 
4 53. Focus at (0, 4); directrix y = —4 
21. 8x = 3y? 22. —4y = 3x? 54. Focus at (0, —5); directrix y = 5 
23. 5y* = 4x 24. —3x’ = 16y 55. Horizontal axis of symmetry; vertex at (0, 0); passes 
through the point (1, 3) 
25.y? = —12(« — 2) 26. x? = 8(y + 3) 
56. Vertical axis of symmetry; vertex at (0, 0); passes through 
27. (x — 5)? = —4(y + 1) 28. (y + 3)? = 8(x + 2)? the point (—2, 6) 
29,(y — 4)? = =-@ — 1) 20. + TP = = G+ 2) 57. Vertical axis of symmetry; vertex at (4, 3); passes through 
the point (5, 2) 
31.y? — 4y + 4x =0 32.x* + 2x — 4y =0 


58. Horizontal axis of symmetry; vertex at (—7, —5); passes 
33.x? — 2x = -y 34.y? + by =x through the point (2, —1) 
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59. Opens upward; vertex at (4, 1); passes through the point 
(8; 3) 


60. Opens to the right; vertex at (—3, 2); passes through the 
point (5, 10) 


61. Opens downward; vertex at (5, 3); passes through the 
point (2, 0) 


62. Opens to the left; vertex at (2, —4); passes through the 
point (—1, 3) 


» Applications In this set of exercises, you will use para- 
bolas to study real-world problems. 


63. Satellite Technology Suppose that a satellite receiver with 
a parabolic cross-section is 36 inches across and 16 inches 
deep. How far from the vertex must the receptor unit be 
located to ensure that it is at the focus of the parabola? 


64. Landscaping A sprinkler set at ground level shoots water 
upward in a parabolic arc. If the highest point of the arc 
is 9 feet above the ground, and the water hits the ground 
at a maximum of 6 feet from the sprinkler, what is the 
equation of the parabola in standard form? 


Xe 
~ 


(3,9) 


SOF NWABRMNDA~I OO 
A i 1 1 1, 


012345678 9% 


65. Design A monument to a famous orator is in the shape of 
a parabola. The base of the monument is 96 inches wide. 
The vertex of the parabola is at the top of the monument, 
which is 144 inches above the base. 

(a) How high is the parabola above the locations on the 
base of the monument that are 32 inches from the 
ends? 

(b) What locations on the base of the monument are 
63 inches below the parabola? 


66. Audio Technology A microphone with a parabolic cross- 
section is formed by revolving the portion of the parabola 
10y = x? between the lines x = 7 and x = —7 about its 
axis of symmetry. The sound receiver should be placed at 
the focus for best reception. Find the location of the 
sound receiver. 


67. Road Paving The surface of a footpath over a hill is in the 
shape of a parabola. The straight-line distance between 
the ends of the path, which are at the base of the hill, is 
60 feet. The path is 5 feet higher at the middle than at the 
ends. How high above the base of the hill is a point on the 
path that is located at a horizontal distance of 12 feet 
from an end of the path? 


68. Physics Neglecting air resistance, the path of an object 
thrown upward at an angle of 45 degrees is given by the 
equation 

set 
VFM TX es. 
V9 

Here, x denotes the horizontal position of the object rela- 

tive to the point from which the object leaves the thrower’s 

hand (hence x = 0 at that point), y denotes the correspond- 
ing height of the object above the ground, and yy, vp, and 

g are constants. The constants yy and vp are the height 

above the ground and the speed, respectively, at which the 

object leaves the thrower’s hand, and g is Earth’s gravita- 
tional constant. Assume the object is thrown at a speed of 

16 feet per second, at an angle of 45 degrees, from a point 

4 feet above the ground. The value of g is 32 feet per sec- 

ond squared. 

(a) Give the equation of the parabolic path of the 
object. 

(b) What are the coordinates of the vertex of the 
parabola? (Hint: Write the equation from part (a) in 
standard form.) 

(c) What is the physical significance of the vertex of the 
parabola? 

(d) When the object comes back down to a height of 
4 feet above the ground, how far is it from the point 
from which it was thrown? 


69. Physics Suppose an object is thrown at a speed of 16 feet 
per second (and at an angle of 45 degrees) from a point 
4 feet above the surface of a hypothetical planet whose 
gravitational constant is only half as large as that of 
planet Earth (see Exercise 68). 
(a) Rework Exercise 68 using the appropriate value 
of g. 
(b) Compare your answers to parts (b) and (d) of 
Exercise 68 to the answers you found here. Are they 
the same or different? Explain. 
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70. Parabolic Mirror A reflecting telescope has a mirror with a 72. Find the distance of the point (1, —4) from the axis of 
parabolic cross-section (see the accompanying schematic, symmetry of the parabola with vertex (3, 2), if the axis of 
which is not drawn to scale). The border of the wide end symmetry is horizontal. 
of the mirror is a circle of radius 50 inches, and the focal 
length of the mirror, which is defined as the distance of the 73. Find the distance of the point (0, 5) from the axis of sym- 
focus from the vertex, is 300 inches. metry of the parabola with focus (—2, 1) and directrix 

x=4, 


Schematic of Parabolic Mirror 


Incoming 


74. Find the distance of the point (11, 7) from the focus of 
the parabola with vertex (5, 3) and directrix x = 2. 


Wide end 


of mirror ; . . . . 
75. Write an equation that is satisfied by the set of points 


whose distances from the point (—2,0) and the line 
x = 2 are equal. 


76. A parabola has axis of symmetry parallel to the y-axis and 
passes through the points (—7, 4), (—5, 5), and (3, 29). 
Determine the equation of this parabola. (Hint: Use the 
general equation of a parabola from Chapter 3 together 
with the information you learned in Chapter 6 about solv- 


(a) How far is the vertex from the center of the wide ing a system of equations.) 


end of the mirror? 
77. What point in the xy-plane is the mirror image of the 


point (2, 8) with respect to the axis of symmetry of a 
parabola that has vertex (—5, 3) and opens to the right? 
(Hint: Use what you learned in Chapter 3 about the mir- 
ror image of a point with respect to a line.) 


(b) Astronomers characterize reflecting telescopes by 
their focal ratio, which is the ratio of the focal length 
to the aperture (the diameter of the wide end of the 
mirror). What is the focal ratio of this telescope? 


Concepts This set of exercises will draw on the ideas pre- 


sented in this section and your general math background. 78. What point in the xy-plane is the mirror image of the 


point (4, —6) with respect to the axis of symmetry of a 


71.A parabola has directrix y = —2 and passes through the parabola that has focus (—1, 1) and directrix x = —5? 
point (4, —7). Find the distance of the point (4, —7) (Hint: Use what you learned in Chapter 3 about the mir- 
from the focus of the parabola. ror image of a point with respect to a line.) 


10.2 The Ellipse 


Objectives When a planet revolves around the sun, it traces out an oval-shaped orbit known as an 
ellipse. Once we derive the basic equation of an ellipse, we can use it to study a variety of 


> Define an ellipse ee : a 
applications, from planetary motion to elliptical domes. 


> Find the foci, vertices, and 


major and minor axes of an ae : 
Definition of an Ellipse 


ellipse 
> Determine the equation of An ellipse is the set of all points (x, y) in a plane such that the sum of the distances 
an ellipse and write it in of (x, y) from two fixed points in the plane is equal to a fixed positive number d, 
standard form where d is greater than the distance between the fixed points. Each of the fixed 
> Translate an ellipse in the points is called a focus of the ellipse. Together, they are called the foci. 
xy-plane 
> Sketch an ellipse The major axis of an ellipse is the line segment that passes through the two foci and 


has both of its endpoints on the ellipse. The midpoint and the endpoints of the major 
axis are called the center and the vertices, respectively, of the ellipse. The minor axis 
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Discover and Learn 


To draw an ellipse, take a piece 
of string and tack down its ends 
at any two points F, and F, such 
that the string is longer than the 
distance between F, and F,. With 
your pencil point, pull the string 
taut. Move the pencil around the 
thumbtacks, all the while keeping 
the string taut. This action will 
trace out an ellipse with foci at F, 
and F,. See Figure 10.2.2. 


Figure 10.2.2 Drawing an 
ellipse 


Just in Time 


Review the distance formula 
in Section 2.1. if 


of an ellipse is the line segment that is perpendicular to the major axis, passes through 
the center of the ellipse, and has both of its endpoints on the ellipse. See Figure 10.2.1. 


Figure 10.2.1 


Minor yh 


Foci: F, and Fy 


The only ellipses discussed in this section are those whose major axes are either hori- 
zontal (parallel to the x-axis) or vertical (parallel to the y-axis). We will use the defini- 
tion of an ellipse to derive the equations of such ellipses, beginning with those whose 
centers are at the origin. 


Equation of an Ellipse Centered at the Origin 


Suppose an ellipse is centered at the origin, with its foci F, and F, on the x-axis. As- 
sume that F;, lies to the right of F,. If c is the distance from the center to either focus, 
then F, and F, are located at (c, 0) and (—c, 0), respectively. Now let (x, y) be any point 
on the ellipse, and let d, and d, be the distances from (x, y) to F, and F, respectively. 
See Figure 10.2.3. 


Figure 10.2.3 


Yt (x,y) 


d,+d,=d 
Foci: F, and F, 


By the definition of an ellipse, there is some fixed positive number d such that 
d, + d, =d. The individual distances d,; and d, will change from one point on the 
ellipse to another, but their sum d will not. 

Now, because d is the distance between the vertices and the vertices are symmetric with 
respect to the center of the ellipse, the distance from the center of the ellipse to either 


.d ‘ ‘ d 
vertex is 5. Thus the coordinates of the vertices are (a, 0) and (—a, 0), where a = 3 The 


major axis is a segment of the x-axis because the endpoints of the major axis are the ver- 
tices. Notice that a > c, since the vertices are on the ellipse but the foci are imterior to it. 


Because a = we can write d = 2a. Thus the equation d,; + d, = 2a is satisfied by 
all the points on the ellipse. Writing this equation and then applying the distance for- 
mula, we obtain 

d, + d, = 2a 
VG=er = =O Vere + G0) a 2a. 
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Isolating the second radical and squaring both sides gives 
VETS TH = 2a- VE“ TF 
(x + c)? + y? = 4a? — 4aV (x — of)? +? + we — + yy’. 
Isolating the radical, we get 
AaV (x — 0)? + y? = (x — 0)? — (x + 0)? + 4a?. 
Next we expand the right-hand side and then combine like terms. 
da (x — 0)? + y? = x? — 2ex + 2 — (x? + ex + c?) + 40? 
AaV (x — co)? + y? = 4a? — 4Acx 
Dividing by 4 and then squaring both sides gives 
aV (x — co? +? = a? — cx 


a’[(x — c)? + 97] = at — 2a*cx + c*x?. 


Next, expand the left-hand side and combine like terms. 
a’[(x? — 2cx + c*) + y"] = at — 2a?cx + 2x? 
a’x* — 2a’ex + a®c? + a®y? = at — 2a?cx + c?x? 
ax? — cx? + ay? = a — a’c 
Factoring both sides, we get 
(a? — c*)x? + a’y? = a?(a? — 0”). 


Because a > c and a and ¢ are both positive, we see that a* > c*. Thus there is some 
positive number b such that a? — c? = 6’. Substituting b? for a? — c? in the last equa- 
tion and then dividing by a*b* gives us the following result. 


bx? + a2y? = ab? 
xy? 
= el 
a b? 
This is the standard form of the equation of an ellipse with center at (0, 0) and foci on 
the x-axis at (c,0) and (—c, 0), where c is related to a and b via the equation 
b? = a? — c*. Thus c? = a” — 6’. Moreover, since c” is positive, we see that a? — b* > 0 
and so a? > b*. Since a,b > 0, a> b. 

The minor axis of the ellipse is a segment of the y-axis, and so the x-coordinate of 
every point on the minor axis is zero. Moreover, the endpoints of the minor axis lie on 
the ellipse, so their y-coordinates can be found by substituting x = 0 into the equation 
of the ellipse. 


—=+3=1 zZ=1 y= y= +b 


Thus the endpoints of the minor axis are (0, 6) and (0, —d). 
The derivation of the standard form of the equation of an ellipse with center at 
(0, 0) and foci on the y-axis is similar. The main features and properties of ellipses with 
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center at the origin and a horizontal or vertical major axis are summarized next. Their 
graphs are shown in Figures 10.2.4 and 10.2.5. 


Ellipses with Center at the Origin 


Graph Figure 10.2.4 Figure 10.2.5 
Minor of Vertex 
aris (0, b) (a, 0) Rocue Vertex (0, a) 
Center (0, c) 
o 0) (c, Ni Minor 
axiS 
(-6, 0)F (0, 0) (6,0) 
x 
(-4,0) — (0,—b) Major 
axis Maj 
ajor 
aos axis 
, Vertex (0, —a) 
2 2, A 2 
Equation eee 0 a pO 
a b b a 
Center (0, 0) (0, 0) 
Foci (—c, 0), (c, 0),c = Va? — 8? = (0,-—c), (0, c), c = Va? — 
Vertices Ga) (asn0)) @5=@); O, &) 
Major axis Segment of x-axis from Segment of y-axis from 


(—a, 0) to (a, 0) 


Segment of y-axis from 
(0, —6) to (0, 6) 


Minor axis 


(0, =@) to (0, a) 


Segment of x-axis from 
(—6, 0) to (6, 0) 


We will use the following observations to solve problems involving ellipses centered 
at the origin. 
Observations: 
1 1 : ‘ : 
Assume that a > b > 0, where m2 and Be are the coefficients of the quadratic terms in 


the standard form of the equation of an ellipse. Then the following statements hold. 


> The major axis of the ellipse is horizontal if the x? term in the equation is the term 
with a coefficient equal to =. 

> The major axis of the ellipse is vertical if the y* term in the equation is the term 
with a coefficient equal to =. 

» The vertices of the ellipse are the endpoints of the major axis, and are a distance 
of a units from the center. 

» The distance of either endpoint of the minor axis from the center of the ellipse is 
b, and the length of the minor axis is 20. 

>» The foci of the ellipse lie on the major axis, but they are ot part of the ellipse. The 
distance of either focus from the center is c = Va? — 6”. 

» The center of the ellipse lies on the major axis, midway between the foci, but the 
center is not part of the ellipse. 

> In the equation of an ellipse, the variable y is not a function of x, because the graph 
of such an equation does not pass the vertical line test. 


Discover and Learn 


Verify that the x- and y-intercepts 
of the graph of the equation 


e P Z = 1 are, respectively, 
(+a, 0) and (0, +4). 
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Ee Ellipse Centered at the Origin 


Consider the ellipse that is centered at the origin and defined by the equation 
16x? + 25y* = 400. 


(a) Write the equation of the ellipse in standard form, and determine the orientation 
of the major axis. 


(b) Find the coordinates of the vertices and the foci. 


(c) Sketch the ellipse, and indicate the vertices and foci. 
>Solution 
(a) Divide the given equation by 400 to get a 1 on one side. 


Since 25 > 16 and a? > b’, we have 


a=25, #=16, ?=a*—b =25-16=9. 


Using the fact that a, 6, and c are all positive, we obtain 


@a=5, 6=4, ©=3. 


The x* term is the term with a coefficient equal to “ so the major axis is horizontal. 
(b) Because the major axis is horizontal and the ellipse is centered at the origin, the 
vertices are 
(a, 0) = (5,0) and (—a, 0) = (—5, 0). 
The foci also lie on the major axis, so they are 
(c, 0) = (3,0) and (—c, 0) = (—3, 0). 


(c) First plot the endpoints of the major and minor axes and then sketch an ellipse 
through these points. The endpoints of the major axis are the vertices, (+5, 0), 
and the endpoints of the minor axis are (0, +b) = (0, +4). See Figure 10.2.6. To 
obtain additional points on the ellipse, solve for y in the original equation to get 


y= eye te Then make a table of values. See Table 10.2.1. 


Table 10.2.1 Figure 10.2.6 
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[AW Check It Qut 1; Determine the orientation of the major axis of the ellipse given by the 
2 2. 

Lapras a 

4 9 


[ono 2 Finding the Equation of an Ellipse 


Determine the equation in standard form of the ellipse with center at the origin, one 


equation = 1. Find the vertices and foci and sketch the ellipse. © 


focus at (0, -3), and one vertex at (0, 2). Sketch the ellipse. 
> Solution 


Step 1 Determine the orientation of the ellipse. Because the focus and the vertex lie 
on the y-axis, the major axis is a segment of the y-axis, and so the ellipse is ori- 
ented vertically. 


Step 2 Next find the values of a and b. Since one of the vertices is at (0, 2), the dis- 
tance from the center to either vertex is 2. Thus a = 2. 


Recall that a and d are related by the equation b? = a? — c’, where c is the dis- 
tance of either focus from the center of the ellipse. One of the foci is at (0, -3), 
soc = =. Thus 


b? = a C = (2)? ( 


2) a4 9 7 v7 
: 


8 7 
We take 6 to be the positive square root of 7 because b was defined to be 
positive. 
Step 3 Find the equation. Because the major axis is vertical, the equation of the ellipse 
: 7 . 
is + 4 =1, where a? = 4 and 0 = ~. We thus obtain 
b a 4 


2 2 
aller eg see 
7 4 
4 


Step 4 Sketch the ellipse by plotting the vertices and the endpoints of the minor axis, 
as shown in Figure 10.2.7. 


Figure 10.2.7 


[W Check It Out 2; Determine the equation in standard form of the ellipse with center 
at the origin, one focus at (4, 0), and one vertex at (5, 0). & 


Technology Note 


Some calculator models 
have built-in features to 
graph ellipses without 
having to first solve for y. 
Consult your manual for 
details. 
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[=a 3 Graphing an Ellipse with a Graphing Utility 


Use a graphing utility to graph the equation 16x? + 25y* = 400. 


Solution This is the equation of the ellipse we sketched in Example 1. Because the 
variable y in the equation of an ellipse is not a function of x, we must first solve the 
equation for y and then enter two separate functions into the calculator, one for the 
top half of the ellipse and the other for the bottom half. 


16x? + 25y* = 400 Given equation 
25y* = 400 — 16x? Isolate y” term 
2 _ 400 — 16x? Kitictee 
y 35. ivide by 
V'400 — 16x? 
= 5 Take square root of both sides 
We now have the two functions 

V400 — 16x? V400 — 16x? 
¥i@) => and ¥,(x) = 4 


Graphing these two functions using a window size of [—9, 9] X [-—6, 6] and the 
SQUARE window option, we get the graph shown in Figure 10.2.8. The gaps in the 
graph of the ellipse are due to the limited resolution of the calculator. 


Figure 10.2.8 


2 2 
| Use a graphing utility to graph the equation a + 7 =1.H 


[A Check It Out 3: © 


Equation of an Ellipse with Center at the Point (h, k) 
Recall the following facts about translations. 


2 2 2 2 
» If the variable x in an equation of the form 5 + a =lor a + ~ z = 1 is replaced 


by (x — h), the graph of the equation is translated horizontally by |h| units. The 
translation is to the right if h > 0, and to the left if h<0o. 


2 2 
» If the variable y in an equation of the form ~ + a =lor 2 + 2 z = 1 is replaced 


by (y — R), the graph of the equation is translated vertically by |k| units. The trans- 
lation is upward if k > 0, and downward if k < 0. 


The standard form of the equation of an ellipse with center at the origin and a hori- 
od 
eC 
lations, we can see that the standard form of the equation of an ellipse with center at 


= 2 —) 2 
the point (h, k) and a horizontal major axis is a i “ (y BE i 1, wherea > b> 0. 


2 
zontal major axis is 2 + =5 = 1, where a > 6 > 0. Using the given facts about trans- 


A similar equation can be written for an ellipse with center at the point (h, k) and a 
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vertical major axis. The main features and properties of ellipses with center at the 
point (hf, k) and a horizontal or vertical major axis are summarized as follows. Their 
graphs are shown in Figures 10.2.9 and 10.2.10. 


Ellipses with Center at (h, k) 


Graph Figure 10.2.9 Figure 10.2.10 
yA yh Vertex 
Minor Vere Focus (h,k+a) 
oe (h+a,k) 
(ho, 1 (hte, 
Le----6---- 
Focus Kent) Focus 
¥ 
Wot, Ware=2) Major 
(h—a, k) axis 
Vertex (h, k-c) 
(h, k—a) 
= h 24 — k 2 — h 2 = k 2 
ett | te pss ash 0 
a b b a 
Center (h, k) (h, k) 
Foci 2 = Bl) War & IDs G ab (hhk — c), (h,k +0), c= Va? — b? 
Vertices = @5 ly FG lD) (2 = Oy Ws BaF @) 


Major axis 


Minor axis 


Segment of the line y = k 
from (h — a, k) to (h + a, k) 


Segment of the line x = h 
from (h, k — 6) to (h, k + b) 


Segment of the line x = h 
from (A, k — a) to (h, k + a) 


Segment of the line y = k 
from (h — b, k) to (h + b, R) 


Discover and Learn 


Esl 4 Finding the Equation of an Ellipse with Vertex at (h, k) 


Determine the equation in standard form of the ellipse with foci at (4, 1) and (4, —5) 
and one vertex at (4, 3). Sketch the ellipse. 


Derive the standard form of the 
equation of an ellipse with vertex 
at the point (4, k) and a vertical 


major axis. > Solution 


Step 1 Determine the orientation. The x-coordinate of each focus is 4, so the foci 


lie on the vertical line x = 4. Thus the major axis of the ellipse is vertical, 


: : : — hj? — k) 
and the standard form of its equation is e B ) + cy Zz = 1. 


Next determine the center (h, k) and the values of a and b. Because the cen- 
ter is the midpoint of the line segment that has its endpoints at the foci, we 
obtain 


Step 2 


4+4 142) og =o) 


Center = (h, k) = ( 2? 2 
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The quantity a is the distance from either vertex to the center. Using the ver- 
tex at (4, 3) and the distance formula, we find that the distance from (4, 3) to 
(4, —2) is 


a=V(4—- 4) + 3 — (-2)? =5. 


Recall that a and 0 are related by the equation b? = a? — c’, where c is the dis- 
tance from the center to either focus. Using the distance formula to compute 
the distance from the center to the focus at (4, 1) gives 


c=V(4— 4)? + (-2 - 1) =3. 


Thus 


P=@- 2 = (5) —- 3% =25-9=16=5)=4. 


We take 6 to be the positive square root of 16 because b was defined to be 
positive. 


Step 3 To find the equation, substitute the values of h, k, a, and b into the standard 
form of the equation. 


(=m yo Ae 


1 Standard form of equation 


b? a 
x — 4)? + 2) 
oars io = Sybeinveh=4 k= =o 4=5 b= 6 


The vertices are 


(h, k + a) = (4, -2 + 5) = G, 3) and (h, k — a) = (4, —2 — 5) = (4, -7). 


The first vertex checks with the given information. 
The endpoints of the minor axis are 


(h + bk) = (4+ 4, —2) = (8, —2) and (h — b, k) = (4 — 4, —2) = (0, —2). 


Step 4 To sketch the ellipse, we plot the vertices and the endpoints of the minor axis. 
These four points can be used to sketch the ellipse, as shown in Figure 10.2.11. 


Figure 10.2.11 


yt V(4,3 
: (4, 3) 
2 
1 


12345678 9* 


GF (0, -2) (8, -2) 
- C(4, -2) 

-4\\ @-4), (vt 2? 

SE oe (eer, ee 


V(A, -7) 


[A Check It Out 4; Determine the equation in standard form of the ellipse with foci at 
(3, 2) and (3, —2) and one vertex at (3, 3). © 
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[eee 5 Completing the Square to Write the Equation of an Ellipse 


Write the equation in standard form of the ellipse defined by the equation 5x” — 30x + 
25y* + 50y + 20 = 0. Sketch the ellipse. 


Solution To obtain the standard form of the equation, first complete the squares on 
both x and y. As the first step in doing this, move the constant to the right side of the 
equation. 


5x2 — 30x + 25y? + 50y = —20 


Next factor out the common factor in the x terms, and then do the same for the 
y terms. Then complete the square on each expression in parentheses. 


5(x? — 6x + 9) + 25(y? + 2y + 1) = —20 + 45 + 25 
The squares were completed using (=) = 9 and (=) = 1, respectively. On the right 


; : side, we added 45 (5 - 9) and 25 (25 - 1). Factoring the left side of the equation and 
Review completing the simplifying the right side gives 
square in Section 2.1. f 
A 5(x — 3)? + 25(y + 1)? = 50. 


Just in Time 


Dividing by 50 on both sides, we obtain 


@= 3) OF 
10 2 


1. 


This is the standard form of the equation of the ellipse, which implies that the center 
of the ellipse is (3, —1). Because 10 > 2 and a? > b’, we see that a? = 10 and b* = 2. 
Thus a = V10 and b = V2. The major axis is horizontal, since the (x — 3)* term is 


< F 1 
the term with a coefficient equal to Pe 
The vertices are 


(h + a, k) = (3 + VIO, -1) ~ (6.162, -1) and 
(h — a, k) = (3 - VIO, -1) ~ (-0.162, -1). 


The endpoints of the minor axis are 
(h, k + b) = (3, -1 + V2) ~ G, 0.414) and 
(h, k — &) = (3, -1 — V2) ~ @, -2.414). 


Finally, we plot the vertices and the endpoints of the minor axis and use these four 
points to sketch the ellipse. See Figure 10.2.12. 


Figure 10.2.12 


yh 
5 
(-3P tly _ 
a al 
2 
V(3=V10, -1) /-.G, -1+2) 


~3/,-1-¥2) V(3+710,-1) 
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[A Check It Out 5: Write the equation in standard form of the ellipse defined by the 
equation 4x” — 8x +)’ = 8. M 


Applications 


Ellipses occur in many science and engineering applications. The orbit of each planet 
in our solar system is an ellipse with the sun at one of the foci. The orbit of our moon 
is an ellipse with Earth at one focus. Some comets (for example, Halley’s comet) travel 
in elliptical orbits. 


[Ena 6 Elliptical Orbit of Halley's Comet 


The orbit of Halley’s comet is elliptical, with the sun at one of the foci. The length of 
the major axis of the orbit is approximately 36 astronomical units (AU), and the length 
of the minor axis is approximately 9 AU (1 AU ~ 92,600,000 miles). Find the equa- 
tion in standard form of the path of Halley’s comet, using the origin as the center of 
the ellipse and a segment of the x-axis as the major axis. 


Solution The major axis is a segment of the x-axis and its length is 36. This length 
can be expressed as 2a, where a is the distance from either vertex of the ellipse to the 
center. Equating 2a and 36, we find that a = 18. Thus a? = 324. 

The minor axis is a segment of the y-axis and its length is 9. This length can be ex- 
pressed as 20, where b is the distance from either endpoint of the minor axis to the cen- 
ter of the ellipse. Equating 2b and 9, we obtain b = 4.5. Thus b* = 20.25. 

Because the ellipse is centered at the origin, the equation in standard form of the 
orbit is 

2 2 
Ce a 
324 20.25 


1. 


[A Check It Out 6: In Example 6, find the distance (in AU) from the sun to the cen- 
ter of the ellipse. (Hint: The sun is one of the foci of the elliptical orbit of Halley’s 
comet.) © 


10.2 Key Points 


» Ellipse with a horizontal major axis: 


CEI) (ae o 


Equation z pe 1 

Center (A, k) 

Foci = Gb Ub & Bye a — b 
Vertices (h — a, k) and (h + a, k) 


Major axis _ Parallel to x-axis between ( — a, k) and (h + a, k) 
Minor axis Parallel to y-axis between (h, k — 6) and (h, k + b) 


If the center is at the origin, then (h, k) = (0, 0). 
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» Ellipse with a vertical major axis: 


Equation 


Center 
Foci 
Vertices 
Major axis 


Minor axis 


CSO 
bv? a 

(hy k) 

(hak- 0c), k+o,c=Vae—v 

(h, k — a) and (h, k + a) 

Parallel to y-axis between (h, k — a) and (h, k + a) 

Parallel to x-axis between (h — 6, k) and (h + 6, k) 


1 


If the center is at the origin, then (h, k) = (0, 0). 


10.2 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. True or False: The distance between the points (a, 6) and 


(0, 4) is given by d = Va’? + (b — 4)”. 


2. True or False: The distance between the points (a, b) and 
(2, —7) is given by d = V(a + 7)? + (6 — 2)’. 


3. Find the distance between the points (3, 4) and (1, —2). 


4. Find the distance between the points (5, —1) and (5, —8). 


In Exercises 5 and 6, what number must be added to complete the 
square? 


5.x? — 12x 6. y? + 24y 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 7-10, match each graph (labeled a, b, c, and d) with 
the appropriate equation. 


a. yA b. 


Cc. 
2 2 
7 47 s1 gee Sy 
9 4 
— 1) — 1) 
,ey IP, 
9 4 
— 1) — 1) 
10 & ) Cy on 


4 9 


In Exercises 11-34, find the center, vertices, and foci of the ellipse 
that satisfies the given equation, and sketch the ellipse. 


2 2 2 2 
ee ee | 122542 
25. 16 9 25 
2 A 2 2 
i eee 144 =i 
16. 25 5. (OO 
2 2 2 2 
Cee 16 eet 
9° 4 9 16 
4x? . 16x? 25y° 
fe ge ew ng 


+ 3)? + 1)? 
io & 3) (y ) 1 
9 16 
oy =o) 
age ) (y ) me 
25 16 
= Ay + 1)? 
51 & ) (y ) 1 
100 36 
+6) 2 
gp OE Pad 
64 100 
= 2 + 2 
23, & 1) (y + 2) ay 
16 9 
— 6) — 3/2 
ra & ) (y ) 1 
36 25 


25. 3x2 + 4y? = 12 
26. 25x? + 12y? = 300 
27. 5x2 + 2y? = 10 


28. 4x? + 7y? = 28 


29. 4x? + y? — 24x — 8y + 48 =0 


30. x? + Oy? + 6x — 36y + 36 =0 


31.5x? + 9y? — 20x + 54y + 56 = 0 


32. 9x? + 16y? + 36x — loy — 104 =0 


33. 25x? + 16y? 


200x + 96y + 495 = 0 


34. 9x? + 4y? + 90x — 16y + 216=0 


ee 


In Exercises 35—40, use a graphing utility to graph the 
given equation. 


35. 3x? + Ty? = 20 


36. 8x? + 3y? = 15 


2 2 
37.—-+2%=1 

ir 

2 2. 
38. +2 =1 

13 
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In Exercises 41—48, determine the equation in standard form of 
the ellipse centered at the origin that satisfies the given conditions. 


41. One vertex at (6, 0); one focus at (3, 0) 

42. One vertex at (7, 0); one focus at (2, 0) 

43. Minor axis of length V39; foci at (—5, 0), (5, 0) 
44. Minor axis of length 8; foci at (0, —5), (0, 5) 


45. Minor axis of length 7; major axis of length 9; major axis 
vertical 


46. Minor axis of length 6; major axis of length 14; major axis 
horizontal 


47. One endpoint of minor axis at (2, 0); major axis of 
length 18 


48. One endpoint of minor axis at (0, —4): major axis of 


length 12 


In Exercises 49—56, determine the equation in standard form of 
the ellipse that satisfies the given conditions. 


49. Center at (—2, 4); one vertex at (—6, 4); one focus at 
(1, 4) 


50. Center at (2, 1); one vertex at (7, 1); one focus at 
(-2, 1) 


51. Vertices at (—3, 4), (—3, —2); foci at (—3, 3), (—3, 1) 
52. Vertices at (5, 6), (5, —4); foci at (5, 4), (5, —2) 
53. Major axis of length 8; foci at (4, 1), (4, —3) 


54. Center at (—9, 3); one focus at (—5, 3); one vertex at 
(-3, 3) 


55. One endpoint of minor axis at (7, —4); center at (7, —8); 
major axis of length 12 


56. One endpoint of minor axis at (—6, 1); one vertex at 
(—3, —4); major axis of length 10 
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In Exercises 57—60, determine the equations in standard form of 


Conic Sections 


two different ellipses that satisfy the given conditions. 


57. 


58. 


59. 


60. 


Center at (0, 0); major axis of length 9; minor axis of 
length 5 


Center at (3, 2); major axis of length 11; minor axis of 
length 6 


One endpoint of minor axis at (5, 0); minor axis of 
length 8; major axis of length 12 


Major axis of length 10; minor axis of length 4; one ver- 
tex at (—5, —3); major axis horizontal 


» Applications In this set of exercises, you will use ellipses 
to study real-world problems. 


61. 


62. 


63. 


64. 


Medical Technology A lithotripter is a device that breaks 
up kidney stones by propagating shock waves through 
water in a chamber that has an elliptical cross-section. 
High-frequency shock waves are produced at one focus, 
and the patient is positioned in such a way that 
the kidney stones are at the other focus. On striking a 
point on the boundary of the chamber, the shock 
waves are reflected to the other focus and break up 
the kidney stones. Find the coordinates of the foci 
if the center of the ellipse is at the origin, one vertex 
is at (6, 0), and one endpoint of the minor axis is at 
(0, —2.5). 


Design An arched bridge over a 20-foot stream is in the 
shape of the top half of an ellipse. The highest point of 
the bridge is 5 feet above the base. How high is a point 
on the bridge that is 5 feet (horizontally) from one end of 
the base of the bridge? 


Astronomy The orbit of the moon around Earth is an 
ellipse, with Earth at one focus. If the major axis of the 
orbit is 477,736 miles and the minor axis is 477,078 
miles, find the maximum and minimum distances from 
Earth to the moon. 


Reflective Property An ellipse has a reflective property. A 
sound wave that passes through one focus of an ellipse 
and strikes some point on the ellipse will be reflected 
through the other focus. This reflective property has been 
used in architecture to design whispering galleries, such 
as the one in the Capitol building in Washington, D.C. 
A weak whisper at one focus can be heard clearly at the 
other focus, but nowhere else in the room. The dome of 
the Capitol has an elliptical cross-section. If the length 
of the major axis is 400 feet and the highest point of 
the dome is 60 feet above the floor, where should two 


senators stand to hear each other whisper? Assume that 
the ellipse is centered at the origin. 


65. Physics A laser is located at one focus of an ellipse. A 


sheet of metal, which is only a fraction of an inch wide and 
serves as a reflecting surface, lines the entire ellipse and is 
located at the same height above the ground as the laser. 
A very narrow beam of light is emitted by the laser. When 
the beam strikes the metal, it is reflected toward the other 
focus of the ellipse. If the foci are 20 feet apart and the 
shorter dimension of the ellipse is 12 feet, how great a dis- 
tance is traversed by the beam of light from the time it is 
emitted by the laser to the time it reaches the other focus? 


66. Graphic Design A graphic artist draws a schematic of an 


elliptically-shaped logo for an IT firm. The shorter dimen- 
sion of the logo is 10 inches. If the foci are 8 inches apart, 
what is the longer dimension of the logo? 


67. Leisure One of the holes at a miniature golf course is in the 


shape of an ellipse. The teeing-off point and the cup are lo- 
cated at the foci, which are 12 feet apart. The minor axis 
of the ellipse is 8 feet long. If on the first shot a player hits 
the ball off to either side at ground level, and the ball rolls 
until it reaches some point on the (elliptical) boundary, the 
ball will bounce off and proceed toward the cup. Under 
such circumstances, what is the total distance traversed by 
the ball if it just barely reaches the cup? 


68. Horse Racing An elliptical track is used for training race 


horses and their jockeys. Under normal circumstances, 
two coaches are stationed in the interior of the track, one 
at each focus, to observe the races and issue commands to 
the jockeys. One day, when only one coach was on duty, a 
horse threw its rider just as it reached the vertex closest to 
the vacant observation post. The coach at the other post 
called to the horse, which dutifully came running straight 
toward her. How far did the horse run before reaching the 
coach if the minor axis of the ellipse is 600 feet long and 
each observation post is 400 feet from the center of the in- 
terior of the track? 


69. Construction A cylindrically-shaped vent pipe with a di- 
ameter of 4 inches is to be attached to the roof of a house. 
The pipe first has to be cut at an angle that matches 


the slope of the roof, which is -. Once that has been done, 


the lower edge of the pipe will be elliptical. If the shorter 
dimension of the lower edge of the pipe is to be parallel to 
the base of the roof, what is the longer dimension? 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


Lae ae find the dist 
16 os e distance 


from either endpoint of the major axis to either endpoint of 
the minor axis. 


70. For the ellipse with equation 


(+2)? | (y—3)? _ 
25. | +144 1, find 


the distance from either endpoint of the major axis to 
either endpoint of the minor axis. 


71. For the ellipse with equation 
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72. Write the equation that is satisfied by the set of points 
whose distances from the points (3, 0) and (—3, 0) add 
up to 8. 


73. Write the equation that is satisfied by the set of points 
whose distances from the points (0, 5) and (0, —5) aver- 
age to 6. 


74. What is the set of all points that satisfy an equation of the 


2 = lifa=b>0? 


x 
form we + 


75.The eccentricity of an ellipse is defined as e=* 


2 2, 
a—ob : ; 
(= <2), where a, b, and c are as defined in this sec- 


tion. Since 0 < c < a, the value of e lies between 0 and 1. 
In ellipses that are long and thin, b is small compared to 
a, so the eccentricity is close to 1. In ellipses that are 
nearly circular, b is almost as large as a, so the eccentric- 
ity is close to 0. What is the eccentricity of the ellipse with 


2 2 
equation a + 35 = 1? Does this ellipse have a greater 
or lesser eccentricity than the ellipse with equation 
x2 ye 
16 * 25 1 


10.3 The Hyperbola 


Objectives 
> Define a hyperbola 


The last of the conic sections that we will discuss is the hyperbola. We first give its defi- 
nition and derive its equation. The rest of this section will analyze various equations of 


hyperbolas, and conclude with an application to sculpture. 


> Find the foci, vertices, 
transverse axis, and 
asymptotes of a hyperbola 


> Determine the equation of 
a hyperbola and write it in 
standard form 


> Translate a hyperbola in the 
xy-plane 


> Sketch a hyperbola 


Definition of a Hyperbola 


A hyperbola is the set of all points (x, y) in a plane such that the absolute value 
of the difference of the distances of (x, y) from two fixed points in the plane is 
equal to a fixed positive number d, where d is less than the distance between the 
fixed points. Each of the fixed points is called a focus of the hyperbola. Together, 
they are called the foci. 


A hyperbola consists of a pair of non-intersecting, open curves, each of which is called a 
branch of the hyperbola. The two points on the hyperbola that lie on the line passing 
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Just In Time 


Review the distance formula 


in Section 2.1. 


A 


through the foci are known as the vertices of the hyperbola. The transverse axis of 
a hyperbola is the line segment that has the vertices as its endpoints. See Figure 10.3.1. 


Figure 10.3.1 


Transverse 
axis 


dy—d,|=d Vertices 


The only hyperbolas discussed in this section are those whose transverse axes are el- 
ther horizontal or vertical. We will use the definition of a hyperbola to derive the equa- 
tions of such hyperbolas, beginning with those whose centers are at the origin. 


Equation of a Hyperbola Centered at the Origin 


Suppose a hyperbola is centered at the origin, with its foci F, and F, on the x-axis. If c 
is the distance from the center to either focus, then F, and F, are located at (c, 0) and 
(—c, 0), respectively. Let (x, y) be any point on the hyperbola, and let d; and d, be the 
distances from (x, y) to F, and F, respectively. See Figure 10.3.2. 


Figure 10.3.2 


Now d is the distance between the vertices, and the vertices are symmetric with re- 
spect to the center of the hyperbola, so the distance from the center of the hyperbola 


to either vertex is “ Thus the coordinates of the vertices are (a, 0) and (—a, 0), 
d 
where a = t 
Because a = we can write d = 2a. Hence the equation |d, — d,| = 2a is satisfied 
by all points on the hyperbola. 
|d, a d,| = 2a => d, = da, = +2a 


Vix to? + -— Vix — 0? +? = £22. 
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Isolating the first radical and squaring both sides gives 
VGst of #9? = 2204 VG oe? + x 
(x +6)? + 9? = 4a? + AaV (x — c)? + y? 
+(x — 6? 4+ y7. 
We then switch sides and isolate the radical. 
4a? + 4aV(x — oP t+ yVt+¢(xe-—P+tyVa(KxKto?+y 
+4aV (x — 0)? + y? = (x + c)? — (« — ©)? — 4a? 
Expanding the right-hand side and combining like terms gives 
+4aV (x — 0)? + y? =x? + 2cx + 7 
— (x? — 2ex + ce?) — 4a? 
+4aV (x — c)? + y? = 4ex — 4a?. 
Next, we divide by 4 and square both sides. 
taV(x — 0)? + y? =cx — a 
@[(x — 0)? + y?] = cx? — 2a’cx + a! 
Expanding the left-hand side and combining like terms, we get 
a’[(x? — 2cx + c*) + y7] = 2x? — 2a’cx + a! 
a’x* — 2a®ex + aPc? + a®y? = c?x* — 2a’cx + a! 
a’x? + ac? + a’y* = cx? + a’. 
Switching sides and isolating the constant terms then gives 
cx? + at = a®x* + ac? + a’y* 


Cx? ax? a’y* = ac. a‘. 


Factoring both sides leads to the equation 


(c? a’) x? a’y* — a (c? a’) . 


Because c > a and a and ¢ are both positive, we can write c” > a’. Thus there is some 
positive number b such that c” — a? = 6’. Substituting 6 for c? — a? in the last equa- 
tion and then dividing by a’b’, we obtain 

bx? — ay? = ab? 


2 
~2= fh, 
b 


| R 


This is the standard form of the equation of a hyperbola with center at (0, 0) and foci 
on the x-axis at (c,0) and (—c, 0), where c is related to a and b via the equation 
b? = - — a’. Thus c? = a, + b*. 
Solving the equation S = 7 = 1 for y, we obtain 
y= me x? — a’, 
As x becomes very large, the quantity x* — a” approaches x’. Therefore, the graph of 
the equation y = by x? — a’ approaches the line y = Pes and the graph of the equation 
> ‘ ‘ b 
y= V2 — a’ approaches the line y = a These lines, y = * and y = —7%> are 


called the asymptotes of the hyperbola, and pass through the center of the hyperbola. 
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Conic Sections 


The standard sae of a hyperbola with center at (0, 0) and foci on the y-axis 


at’ (0; ¢) “and: (0; =¢) 19: = -t- = 1, where a? + b* = c’, using a similar derivation. 


The main features and ie of hyperbolas with center at the origin and a hori- 
zontal or vertical transverse axis are summarized next. Their graphs are shown in Fig- 
ures 10.3.3 and 10.3.4. 


Hyperbolas with Center at the Origin 


Graph Figure 10.3.3 Figure 10.3.4 
yh yh 
Asymptote Asymptote 
y=—(bla)x y=(b/a)x 
“Asymptote 
(a/b)x 
Vertices fs 
Transverse , 4 Asymptote 
Ny = —(alb)x 
i x? x? yy? x2 
Equation TT eva ro angel cae 
Center (0, 0) (0, 0) 
Foci (-c, 0), (c, 0), c= Va +b? (0, —c), (0, c), c= Va? + 
Vertices (Gras0) (a0) (0, —a), (0, a) 
Transverse axis Segment of x-axis from Segment of y-axis from 
(=& 0) to (a, 0) (0, =@) to (0, a) 
: b b ; a a 
Asymptotes The lines y = —x and y = ——x The lines y = Be and y = a 
a a 


Observations: 


> The transverse axis of a hyperbola is horizontal if the coefficient of the x* term is 
positive in the standard form of the equation. 


> The transverse axis of a hyperbola is vertical if the coefficient of the y” term is 
positive in the standard form of the equation. 


» The vertices of a hyperbola are a distance of a units from the center. 

» Each branch of a hyperbola opens away from the center and toward one of the foci. 

» The center of a hyperbola lies on the transverse axis, midway between the vertices, 
but the center is not part of the hyperbola. 

> In the equation of a hyperbola, the variable y is not a function of x, since the graph 
of such an equation does not pass the vertical line test. 


In Example 1, we show how the asymptotes of a hyperbola can be used to help 
sketch its graph. 


Figure 10.3.5 
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Example fl Hyperbola Centered at the Origin 


Consider the hyperbola centered at the origin and defined by the equation 
16x? — Oy? = 144, 
(a) Write the equation of the hyperbola in standard form, and determine the orienta- 
tion of the transverse axis. 
(b) Find the coordinates of the vertices and foci. 
(c) Find the equations of the asymptotes. 
(d) Sketch the hyperbola, and indicate the vertices, foci, and asymptotes. 
>Solution 
(a) Divide the equation by 144 to get a 1 on one side, and then simplify. 
16x? 9? x? oy? 


—~ = {>> -= =] 
144 144 9 16 


Because the y? term is subtracted from the x? term, the values of a” and b’ are 9 
and 16, respectively, and the transverse axis is a segment of the x-axis. Thus the 
transverse axis is horizontal, so the hyperbola opens to the side. 


(b) The vertices are the endpoints of the transverse axis, so the vertices and foci lie on 
the x-axis. Using a* = 9 and b? = 16, we find that 


C= +H=16+9=25. 
Using the fact that a, b, and c are all positive, we have 
a=3, b=4, and c=5. 


Vertices: (ta, 0) = > (3, 0) and (—3, 0) 
Foci: (+c, 0) => 6, 0) and (—5, 0) 


(c) The equations of the asymptotes are given by 


_b 4 ag yao, 4 
y= ae and y= 7x = ae 


3 
(d) To sketch the hyperbola, proceed as follows. 
» Plot and label the vertices and the foci. 
» Draw a rectangular box that is centered at (0, 0) and has horizontal and verti- 
cal dimensions of 2a = 6 and 26 = 8, respectively. 
» Graph the asymptotes, each of which is a line that passes through the center of 
the hyperbola and through one pair of opposite corners of the box. 
» Sketch the hyperbola so that it passes through the vertices and approaches the 
asymptotes. See Figure 10.3.5. 
. x.y? 
[A Check It Out 1; For the hyperbola given by the equation re Gs 1, find the 
coordinates of the vertices and foci and the equations of the asymptotes. Sketch the 
hyperbola. © 


In the next example, we derive the equation of a hyperbola given one of its foci and 
one of its vertices. 
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[ema 2 Finding the Equation of a Hyperbola 


Determine the equation in standard form of the hyperbola with center at (0, 0), one 
focus at (0, 4), and one vertex at (0, —1). Find the other focus and the other vertex. 
Sketch a graph of the hyperbola by finding and plotting some additional points that lie 
on the hyperbola. 


Solution The given focus and vertex are on the y-axis. Because the transverse axis is 
x2 

= Be = 1. 

Because one of the foci is at (0, 4), c = 4. Now, ais the distance from (0, 0) to the ver- 

tex. Since there is a vertex at (0, —1), a = 1. Substituting the values of a and c, we find 

that 


2 
a segment of the y-axis, the equation of the hyperbola is of the form e 


a ee. 
= (4° - ay 
=16-1=15. 

Thus the equation of the hyperbola in standard form is 

y? . xy? x? ‘ 


ee 1 15. 
Because the center is at (0, 0), the other focus is at (0, —c) = (0, —4) and the other 
vertex is at (0, a) = (0, 1). 
To find some additional points on the hyperbola, we solve the equation of the hy- 
perbola for y to obtain 


x2 


y=tryjl+—. 
The expression for y is defined for all real numbers x. Substituting x = 5 gives 


2 5 8 
y= eee een Caer +1.633. 


Similarly, substituting x = —5 gives y ~ +1.633. We can sketch the hyperbola by 
plotting the two vertices, (0, +1), along with the four points (5, +1.633) and 
(—5, +1.633). See Figure 10.3.6. 


Figure 10.3.6 


[A Check It Out 2: Determine the equation in standard form of the hyperbola with 
center at (0, 0), one focus at (0, 4), and one vertex at (0, 3). © 


Bente 3 Graphing a Hyperbola Using a Graphing Utility 


Use a graphing utility to graph the equation 16x? — 9y? = 144. 


To generate a table of points 
(x, y) whose x-coordinates 
are not equally spaced, you 
must use the ASK mode in 
the TABLE feature. 


Keystroke Appendix: 
Section 6 


Figure 10.3.8 


=15.2 
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Solution This is the equation of the hyperbola that we graphed by hand in Example 1. 
To use a graphing utility, we must first solve the equation for y. 


16x? — 9y? = 


y= 


144 
—16x? + 144 
16x* — 144 


9 


Isolate y? term 


Divide by —9 


16x? — 144 
yor 5 Take square root of both sides 


This gives us two functions, 


Yi (x) = 


16x? — 144 


9 


[16x? — 144 
and Y(x) = ss a 


Graphing these two functions using a window size of [—10, 10] by [—10, 10] and the 
SQUARE window option gives the graph shown in Figure 10.3.7. 


Figure 10.3.7 


Plotl_ Plot2 Plot3 
\Y, BV (016 X2-144) 


\Y, B-v((16 X2-144) 
/9) 


\Y3 


Y (x) ‘a 


—15.2 15.2 


=10 PG 


You can graph the asymptotes in the same window by entering the functions 


4 
¥4@) = 4% 


4 
and Y,(x) = ae 


To visualize the concept of an asymptote, use ASK mode to generate a table of values 
for the functions Y, and Y,, using 100, 1000, and 10,000 as the values of x. For |x| 
large, we see that the values of Y, are very close to those of Y;. The same can be done 
for the functions Y, and Y,, using —100, —1000, and —10,000 as the values of x. See 


Figure 10.3.8. 


15.2 


=10 y 9 


[A Check It Out 3: 


2 2 
Use a graphing utility to graph the equation a = a = 1.8 
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Equation of a Hyperbola with Center at the Point (h, k) 


The main features and properties of hyperbolas with center at the point (h, k) and a 
horizontal or vertical transverse axis are summarized next. Their graphs are shown in 
Figures 10.3.9 and 10.3.10. 


Hyperbolas with Center at (h, k) 


Graph Figure 10.3.9 Figure 10.3.10 
3 ir 
Asymptote Asymptote F, (h,k +c) 
y=—(b/a) 
(x—h) +k 
S e ~ 
~  Vertices Asymptotés 7 Asymptote 
\ dz y=@lb) ey y=—alb) 
RNVSESZA Gtk OK | (@w—h)+k 
Fy (h-lc, k CaN Fy (ht+c,k) Vertices J SX Transverse 
aN X \. axis 
(h, k) x 
Center (h, k—a) 
Transverse Fy (h, k—c) 
axis 
: Cah! GaSe: Ce Cae 
Equation oe R ls a5 2 SO) Z Pp ils i 2) > 0 
Center (A, k) (h, k) 
Foci (2 = B1Ds Ar & [Dy © a’ +b? (hk — c), (hh k + 0),c = Va? + b? 
Vertices 2 = Gilby War G12) Uy 2 = Oy (2 ae @) 


Transverse axis 


Asymptotes 


Segment of the line y = k 
from (h — a, k) to (h + a, hk) 


b 
The lines y= —(x —h) +k 
a 


b 
oO a eae 


Segment of the line x = A from 
(h, k — a) to (h, k + a) 


The lines y = 7 ap tay 


and y= —7(n—h) +k 


[ema 4 Finding the Equation of a Hyperbola with Vertex at (h, k) 


Determine the equation in standard form of the hyperbola with foci at (4,3) and 
(4, —7) and a transverse axis of length 6. Find the asymptotes and sketch the hyperbola. 


> Solution 


Step 1 Determine the orientation of the hyperbola. Because the foci are located on the 
line x = 4, the transverse axis is vertical. You can see this by plotting the foci. 
Thus the standard form of the equation of the hyperbola is 


(y- ky? @ A? _ 


@ re 1. 
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Step 2 Next we must determine the center (h, k) and the values of a and b. Because 
the center is the midpoint of the line segment that has its endpoints at the foci, 
the coordinates of the center are 


— (444 34(-7D)\_ 
(A, k) ( a>? ; (4, —2). 


To find a, we note that the length of the transverse axis is given as 6. The distance 
from either vertex to the center is half the length of the transverse axis, so a = 3. 
Because c is the distance from either focus to the center, we obtain 


c = distance from (4, 3) to (4, —2) = 3 — (—2) = 5. 


To find 6, we substitute the values of a and c. 


P= — a= (5)? — (3)? =25-9=16>55)=4 


Substituting the values of h, k, a?, and b’, we find that the equation of the 
hyperbola is 
Was. er) Ot 2. Gedy _ 
a b? 9 16 


I, 


Step 3 Now we can find the asymptotes and vertices. The asymptotes are 


3 3 

y=S@- ht ka ie 4)-2=7x-5 and 
3 3 

le eed an a eae 


The vertices are located at (4, —2 + 3) = (4, 1) and (4, —2 — 3) = (4, —5). 
Step 4 Sketch the hyperbola as follows. 
» Plot and label the vertices. 


» Draw a rectangular box that is centered at (h, k) = (4, —2) and has hori- 
zontal and vertical dimensions of 2b = 8 and 2a = 6, respectively. 


» Graph the asymptotes, each of which is a line that passes through the cen- 
ter of the hyperbola and through one pair of opposite corners of the box. 


» Sketch the hyperbola so that it passes through the vertices and approaches 
the asymptotes. See Figure 10.3.11. 


Figure 10.3.11 


t t t Ka t pe + t +> 
-6-4-2,| 24-6 § 1012 14% 
all SPC -2) 

are 


LW Check It Out 4; Determine the equation in standard form of the hyperbola with 
foci at (4, 3) and (—4, 3) and a transverse axis of length 4. © 
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Just In Time [=a 5 Completing the Square to Write the Equation of a Hyperbola 


geen icting the Write the equation in standard form of the hyperbola defined by the equation 
square in Section 2.1. iJ x? — 4y* + 2x — 24y = 39, Find the vertices and the foci, and sketch the hyperbola. 


Solution First, rewrite the given equation by grouping the x terms and the y terms 
separately and then factoring —4 out of the y terms. 


(x? + 2x) — 4(y? + 6y) = 39 Group x and y terms and factor 
—4 out of y terms 
(x? + 2x + 1) — 4(y? + 6y + 9) = 39 + 1 — 36 Complete the square on both x 


andy 
(x + 1)? — A(y + 3° = 4 Factor 
+1)? cae 
(x , ) (yy ; ) =<] Write in standard form 


From the standard form of the equation, we see that the center of the hyperbola is at 
(h, k) = (—1, —3) and that a = 4 and b* = 1. Thus a = 2 and b= 1. 
Since the (y — )? term is subtracted from the (x — h)? term, the transverse axis is 


horizontal. Thus the vertices lie on the line y = —3. 
Vertices: (h + a, k) = (—1 + 2, —3) = (1, —3) and (h — a, k) = (-1 — 2, -3) = 
(=3; =3) 


To find the foci, we determine c, the distance from the center to either focus. 
C=Heit+Ph=441=5>9¢=V5 
Foci: ( + c, #2) =(-1 + V5, -3) and (h - ¢, 8) =(-1 - V5, -3) 


The asymptotes are 
ae —h apse +1)-3 d oe —h ee +1)-3 
yHl@-Mtk=5@+1)-3 and y=-F@e—W tk=—-Z@tY-3. 


To sketch the hyperbola, first plot and label the center of the hyperbola. Then draw a 
rectangular box that is centered at (h, k) = (—1, —3) and has horizontal and vertical 
dimensions of 2a = 4 and 2b = 2, respectively. Graph the asymptotes, each of which 
is a line that passes through the center of the hyperbola and through one pair of 
opposite corners of the box. Sketch the hyperbola so that it passes through the vertices 
and approaches the asymptotes. See Figure 10.3.12. 


Figure 10.3.12 


yh 
@+1?_ +3? _ 4 24 
4 I 


1+ 


LW Check It Out 5: Write the equation in standard form of the hyperbola defined by 
the equation x? — y? + 2x — 4y = 12. & 


Figure 10.3.13 
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Application of Hyperbola 


In Example 6, we examine a sculpture that is designed in the shape of a hyperbola. 


lena 6 Application to Sculpture 


The front face of a wire frame sculpture is in the shape of the branches of a hyperbola 
that opens to the side. The transverse axis of the hyperbola is 40 inches long. If the 
base of the sculpture is 60 inches below the transverse axis and one of the 


3 ee 
asymptotes has a slope of > how wide is the sculpture at the base? 


Solution First sketch a hyperbola with transverse axis on the x-axis, centered at (0, 0). 
See Figure 10.3.13. We want to find the x-coordinates of two points on the hyperbola 
such that the y-coordinate of those two points is —60. The distance between the two 
points will give the width of the sculpture at the base. Because the length of the transverse 
axis is 40 inches, the vertices are (20, 0) and (—20, 0). 

The next step is to find the equation of the hyperbola. Because the transverse axis is 
horizontal, we have the equation 


--5=1. 


x y? 
ce PP 


Now we must find a and b. The point (20, 0) is a vertex, so a = 20. Using the fact that 
the slope of an asymptote of the hyperbola is - we obtain 


b b 3 
>= 7 =7>>> 6= 30. 
a 20 2 
Thus the equation of the hyperbola is 
4 2 
ees 
20 30 


Now, if the base of the sculpture is 60 inches below the transverse axis, we need to find 
x such that (x, —60) is on the hyperbola. 


x2 y? 
0? — 302 =] Equation of hyperbola 
x? (—60)? ; 
502 a0 =] Substitute y = —6O 
ae 3600 Ae 
400 900 ~ | = 
x2 
—~— -4=1 
400 


x? — 1600 = 400 Multiply both sides of equation by 400 


x? = 2000 => x = +20V5 


The distance between (—20V5, —60) and (20V5, —60) is 40\/5. Thus the sculpture 
is 40\/5 ~ 89.44 inches wide at the base. 
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[AW Check It Out 6: In Example 6, if the top of the sculpture is 30 inches above the 
transverse axis, how wide is the sculpture at the top? ll 


10.3 Key Points 


» Hyperbola with a horizontal transverse axis: 


(Cae Gog 


Equation z Bb ly @y fo > © 
Center (A, R) 

Foci (h-c,k), ht+ok)c=Vet+h 
Vertices = & Dy @ sF ae 2) 

Transverse axis Parallel to the x-axis between 


(h — a, k) and (h + a, k) 


b b 
Asymptotes YS) i) ee ee ap IP 


» Hyperbola with a vertical transverse axis: 


(CEA COS 


Equation Z pe ily @, fo) 2 O 
Center (A, R) 

Foci (hk —o),(hk+0,c=VE+h 
Vertices (Gy [2 = Oo (hy [2 SE 2) 

Transverse axis Parallel to the y-axis between 


(h, k — a) and (h, k + a) 


Asymptotes pa) + handy = —7(@ — h) 40 
10.3 Exercises 
» Just in Time Exercises These exercises correspond to the In Exercises 4—6, complete the square. 
Just in Time references in this section. Complete them to Anes 
review topics relevant to the remaining exercises. a o 
In Exercises 1—3, find the distance between the given points. 5.x? + 22x 
1. (c, d) and (w, v) 2. (2, 1) and (—5, —1) 5 
6.x° — 2x 


3. (—3, 5) and (0, 5) 
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= 2 _ 2 
ig AA 2) 


» Skills This set of exercises will reinforce the skills illus- rT 
trated in this section. 25 9 
In Exercises 7~1 0, match each graph (labeled a, b,c, and d) with 23.y2 - (e+ 42=1 
the appropriate equation. 
? b. , 2 + 5)? 
7 Al 24. a (y+ 5)" =| 
16 4 
3+ 
a ee (y- 3)? («+ 1)? 
aoe ety 25. 9 5 1 
-27 2 2 
—3 +1 
25h 26. (y ) (x ) =a 
a 25 9 
Cc. d. rm 4 2)2 _ 2,2 
at ei 
sl 144 25 
a+ 
1 


+ = By eye 
5. a ee ae pg hl SE, 7 ey ng 
34A3-1,[12 NG 25 144 


ell 2 Ds 
_3i 29. 36x" — loy* = 225 
—44 
30. 9y* — 16x” = 100 
x? x? 
aeeeage aes Oe 
i Be Gy 31. 9x2 + 54x — y?=0 
9. y2 — x? = 25 10. x? — y? = 16 32.47 — Ox? = 184 = 18 
In Exercises 11-34, find the center, vertices, foci, and asymptotes of the 33. 8x"? — 32x —y° — Gy = 41 


hyperbola that satisfies the given equation, and sketch the hyperbola. 


34. 4y* — l6y — x? + 12x = 29 


x yy y x 
1l.m—-—}=1 12.—-—-=1 
+ ° 16 9 In Exercises 35-48, determine the equation in standard form of 
the hyperbola that satisfies the given conditions. 
iia x2 4x? 9y? 
13.=> a 1 14. a i 1 35. Vertices at (3, 0), (—3, 0); foci at (4, 0), (—4, 0) 
2 x2 2 2 36. Vertices at (0, 2), (0, —2); foci at (0, 3), (0, —3) 
ye a Ie al 
37. Foci at (4, 0), (—4, 0); asymptotes y = +2x 
a DP 2 
ree ad een 2y 20 38. Foci at (0, 5), (0, —5); asymptotes y = +x 
2 442 
19. es) (y+ D | 39. Foci at (2, 0), (—2, 0); passes through the point 
16 9 
(2, 3) 
20. («- 6) Gt 4)? _ 1 40. Foci at (5, 0), (—5, 0); passes through the point 
9 16 (3, 0) 
Sy Ce yy 41. Vertices at (—4, 0), (4, 0); passes through the point 


21. 1 
25 16 (8, 2) 
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42. Vertices at (0, 5), (0, —5); passes through the point 


(12, 5V2) 


43. Foci at (—3, —6), (—3, —2); slope of one asymptote 
is 1 


44. Foci at (4, —2), (—2, —2); slope of one asymptote 
M3 
is — 


45. Vertices at (5, —2), (1, —2); slope of one asymptote 
is Z 


46. Vertices at (4, 6), (—4, 6); slope of one asymptote 
is —2 


47. Transverse axis of length 10; center at (1, —4); one focus 
at (9, —4) 


48. Transverse axis of length 6; one vertex at (7, 8); one focus 
at (7, 5) 


2) In Exercises 49—54, use a graphing utility to graph the given 
equation. 


49. x? — 5y? = 10 


50. 3y? — 2x? = 15 


2 2: 
) es 
5 7 
2 2 
y x 
52,2--- =] 
10 12 
53 Gar iy Chak er 
45 3 


— 4/2 2 
gc SY vo x 


8 13 


5 


In Exercises 55—5S8, determine the equations in standard form of 
two different hyperbolas that satisfy the given conditions. 


55. Center at (0, 0); transverse axis of length 12; slope of one 
asymptote is 4 


56. Center at (—3, —6); distance of one vertex from center is 
5; distance of one focus from center is 7 


57. Transverse axis of length 6; transverse axis vertical; one 
vertex at (—1, 1); distance of one focus from nearest ver- 
tex is 4 


58. Transverse axis of length 12; transverse axis horizontal; 
one vertex at (6, 5); slope of one asymptote is —5 


» Applications In this set of exercises, you will use hyper- 
bolas to study real-world problems. 


59. Interior Design The service counter in the reference area 
of a college library forms one branch of a hyperbola, and 
the service counter in the circulation area forms the other 
branch. The vertices of the hyperbola are 16 feet apart. 
Using a coordinate system set up such that the transverse 
axis of the hyperbola is horizontal, the equations of the 


3 
asymptotes are y = +7x. How far apart are the reference 


librarian’s desk and the circulation librarian’s desk if 
the desks are located at the foci of the hyperbola? 


Reference Lens Circulation 
desk desk 


60. Video Games A video game designer is creating a video 
game about a bank robbery. In the game, a person robs a 
bank and then flees. The robber’s path forms one branch 
of a hyperbola. At the time of the robbery, the bank’s se- 
curity officer is stationed at one focus of the hyperbola and 
a police cruiser is parked at the opposite vertex (the vertex 
closer to the opposite focus). If the length of the transverse 
axis of the hyperbola is 70 millimeters and the foci are 
120 millimeters apart, how far from the police cruiser was 
the bank’s security officer when the robbery occurred? 


61. Art The front face of a small paperweight sold by a mod- 
ern art store is in the shape of a hyperbola, and includes 
both of its branches. The transverse axis of the paper- 
weight has a length of 4 inches and is oriented horizon- 
tally. If the base of the paperweight is 2 inches below the 
transverse axis and one of the asymptotes has a slope of 
1, how wide is the paperweight at the base? 


62. Physics Because positively-charged particles repel each 
other, there is a limit on how close a small, positively- 
charged particle can get to the nucleus of a heavy atom. 
(A nucleus is positively charged.) As a result, the smaller 
particle follows a hyperbolic path in the neighborhood of 
the nucleus. If the asymptotes of the hyperbola have 
slopes of +1, what is the overall change in the direction of 
the path of the smaller particle as it first approaches the 
nucleus of the heavy atom and ultimately recedes from it? 


63. 


Section 10.4 


Astronomy The path of a certain comet is known to be hy- 
perbolic, with the sun at one focus. Assume that a space 
station is located 13 million miles from the sun and at the 
center of the hyperbola, and that the comet is 5 million 
miles from the space station at its point of closest 
approach. Find the equation of the hyperbola if the coor- 
dinate system is set up so that the sun lies on the x-axis 
and the origin coincides with the center of the hyperbola. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


64. 


65. 


66. 


67. 


For the hyperbola defined by the equation 
25y* — 16x”? = 400, solve for x in terms of y and then 
use your expression for x to determine the equations of 
the asymptotes. 


' . 16x* — 144 
Find the domain of the function f(x) 5 : 


This is the top half of the hyperbola discussed in 
Example 1. 


2 


ye yx 
Be 1 and 2 #B 
conjugate hyperbolas. Show that one hyperbola is the 
reflection of the other in the line y = x. 


2 


The hyperbolas A 


1 are called 


Let a, b, and c be as defined in this section. For a rectangle 
with a length of 2a and a width of 2b, express the length of 
a diagonal of the rectangle in terms of c alone. 


68. 


69. 


70. 


71. 
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What are the slopes of the asymptotes of a hyperbola 
2 2 


that satisfies an equation of the form a = = =1 if 


a= b> 0? At what angle do the asymptotes intersect? 


Write the equation for the set of points whose distances 
from the points (3, 2) and (3, —8) differ by 6. 


The eccentricity of a hyperbola is defined as 
JPL 
e= . (= <s*), where a, 6, and c are as defined in 


this section. Because 0 < a < c, the value of e is greater 
than 1. In hyperbolas that are highly curved at the vertices, 
b is small compared to a, so the eccentricity is close to 1. In 
hyperbolas that are nearly flat at the vertices, b is much 
larger than a, so the eccentricity is large. What is the 


2 
eccentricity of the hyperbola with equation - = 4 =1? 
Does this hyperbola have a greater or lesser eccentricity 
than the hyperbola with equation ~_¥ =} 


9 81 


There are hyperbolas other than the types studied in this 
section. For example, some hyperbolas satisfy an equation 
of the form xy = c, where c is a nonzero constant. In which 
quadrant(s) of the coordinate plane does the hyperbola 
with equation xy = 10 lie? the hyperbola with equation 
xy = —10? 


10.4 Rotation of Axes; General Form of Conic Sections 


Objectives 
> Use the change-of- 


> Identify conics from the 


coordinates formula 


general equation 


> Write and graph a conic 


equation in standard form 
using rotation of axes 


In Sections 10.1—10.3, we studied conic sections whose axes were parallel to the x- or 
y-axis. We continue our study of conics with ones whose axes are rotated. For instance, 
Figure 10.4.1 shows the graph of an ellipse whose major and minor axes are rotated 
by an angle of 30° counterclockwise. To study these types of rotated conics, we first 
introduce the idea of rotation of a coordinate system. 


Figure 10.4.1 
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Change of Coordinates by Rotating Axes 


We discuss how points are represented in a coordinate system that is a rotation of the 
x- and y-axes about the origin. Consider a point P with coordinates (x, y). We want to 
write (x, y) in terms of its coordinates (uv, v) in the uv-coordinate system, obtained by ro- 


Figure 10.4.2 tating the x- and y-axes about the origin by a fixed angle 6. From Figure 10.4.2, we have 
P: (u,v) =(rcos £,rsin B) = aa =e oe 
(x, y) = (r cos (A+ f), r sin (6+ B)) a eceste 9) Pare ) 
v4 : ‘ ied . : : P ‘ 
where r is the distance of P from the origin. Using the sum identity for cosine yields 
vk 
\ 
% P x = rcosB cos @ — rsin B sind 
\ |’ ra a : . 
‘, : rs Pa = ucos@ — using u=rcosB,v=rsinB 
‘ ‘B s 
. eel _ Similarly, 
ae ie x 
A % y =rsin B cos @ + rsin @ cos B Use sum identity for sine 
oe \ 
‘i 
. =vcos@+ usind u=rcosB,v=rsinB 


=usind + vcos@é 


We can derive similar formulas for uw and v in terms of x and y. Thus we have the 
following change-of-coordinates formula. 


Change of Coordinates 


Suppose that the xy-coordinate system is rotated by a positive, acute angle 0 
about the origin to produce a new uv-coordinate system. See Figure 10.4.3. 


» Given the point (uw, v), it can be written in the xy-coordinate system as follows: 


x = ucosé — vsin@g (1) 


y= usin @ + vcosé 


» Given the point (x, y), it can be written in the wv-coordinate system as follows: 


u=xcosé+ ysind (2) 
v= —xsiné@ + ycosé 
Figure 10.4.3 
y 
vs > 
~ 4 
‘ 3 Pa 
2) oo 
M ae 
| \ “<6, t 
Sa eh il 2 @ oe 
we SN 
ae 
oa 5) MS 
-4 x 


Section 10.4 © Rotation of Axes; General Form of Conic Sections 839 


Ee Change of Coordinates 


Let a uv-coordinate system be obtained by rotating the x- and y-axes by an angle 
of 0 = 7 

(a) Express the point (uw, v) = (1, 0) in the xy-coordinate system. 

(b) Express the point (x, y) = (1, 2) in the wv-coordinate system. 

> Solution 

(a) Using Formula (1), with vu = 1, v = 0, and 6 = a we get 


x = ucos@ — vsin@ y= usin @ + vcosé 
= (eos — (O)sin= = (A) sin > + (cos 
= (eos 3 sin5 sin5 cos 5 
a v3 
2 2 


i j 1 B\: ‘ 
Thus (1, 0) in uv coordinates corresponds to (3; \3) in xy coordinates. 


(b) Using Formula (2), with x = 1, y = 2, and 0 = A we get 


u=xcosé+ ysind v= —xsind + ycos@ 
= (eos = + (2)sin ~ = - (sin = + (co 2) 
1 V3 V3 1 
= — + 2| — = —-— + 2(- 
2 2 2 2 
_14+2V3 _2-Vv3 
Z 2 


1+ 2V3 2-3 
3 -* 2 


Thus (1, 2) in xy coordinates corresponds to ( in uv coordinates. 


[AW Check It Out 1: Write the xy coordinates corresponding to (0, 1) in the uv coordinate 
system in Example 1. © 


General Equation of Conic Sections 


In the previous sections of this chapter, we studied conic sections with equations of 
the form 


Ax? + Cy? + Dx + Ey + F=0. 
As we saw there, the graph of this equation was always an ellipse, a parabola, or a hy- 
perbola, with vertical or horizontal axes. If we introduce an xy term, we get the most 
general form of this equation: 


Ax? + Bxy + Cy? + Dx + Ey + F=0 


We now give conditions on the equation that determine the type of conic section. 
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Identifying Conics from the General Equation 


The general equation of a conic section is 
Ax? + Bxy + Cy? + Dx + Ey + F=0 


with A, B not both equal to zero. The graph of this equation is 
> a parabola if B? — 44C = 0. 
> a hyperbola if B? — 4AC > 0. 
> an ellipse if B* — 44C < 0. 


lecanal 2 Classifying a Conic Section 


Identify the conic section given by the equation x* + 3xy — y? + 7x —-4=0. 
Solution Here A = 1,B=3,C 1, so 


B? — 4AC = (3)? — 4(1)(-1) = 13 > 0. 


Thus the equation is that of a hyperbola. 


[A Check It Out 2: Identify the conic section given by the equation 2x? + 4xy + 2y? + 
7x -4=0. O 


Rotated Conic Sections 


We next discuss how to sketch the graph when the equation has an xy term present. It 
is possible to change the coordinates to remove the xy term, so that they take the form 
of the equations seen in Sections 10.1—10.3. This change of coordinates can be accom- 
plished by choosing an appropriate angle @ of rotation. 


Rotation of Axes to Eliminate an xy Term 


The general equation for a conic section, 
Ax? + Bxy + Cy? + Dx + Ey + F=0, 
can be rewritten as 
A'v’ + C'v? + D'ut+ E'v + F’ =0 
by rotating the x- and y-axes through an angle 0, where 


A= G 
t20 = ; 
co B 


The equation is written in the new variables u and v by making the following sub- 
stitutions in the original equation. 


x = ucos@é — vsin#d y = usin é@ + vcosé 


Figure 10.4.4 
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[eal 3 Graphing a Rotated Conic 


Identify the conic section given by the equation xy — 2 = 0. Write the equation in the 
uv-coordinate system so that there is no uv term in the equation, and sketch its graph. 


Solution Because B? — 44C = 1? — 4(0)(0) = 1, the conic section is a hyperbola. It 
has an xy term, so it is a rotated conic. In order to express the equation in a form simi- 


lar 10% a S = 1, we first find the angle of rotation of the axes: 
A-C 
cot 20 = B = 0=>> cot 20 = 0 
Thus 
7 
ee Geen eT 
We then have 
_ 7 _ —— ua 7 
x u COs 7 vsin | y= usin | v cos 
V2 V2 V2 V2 
=u Uv =u +u 
2 2 2 2 
Va 2 
= ee) =u to) 


Substituting into the equation xy — 2 = 0 yields 


(Za o) (Za + 0) —-2=0 


1 
5 ( — v*?) -2=0 


5 uw — 3 ve = Move constant to right side 
we 
—-—=1 Divide by 2 on both sides 
4 4 
This is a hyperbola in the uv plane with asymptotes v = u and v = —wu and with ver- 


tices (uv), v;) = (2, 0) and (uw, v2) = (—2, 0). To obtain the vertices in terms of x and 
y, use the substitution 


r= ua) and y= Buty 


to get 
5 2 
Vertex 1:2 = “202 - 0) = V3, y-e+n=vi 


Vertex 2: x = (-2-0) = V2, ya 2+ 0)= VD 


The vertices are (v2, V2) and (-v2, -V2) in the xy-coordinate system. See 
Figure 10.4.4. 


[A Check It Out 3; Rework Example 3 for the equation xy = 1. & 
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Figure 10.4.5 


Ee 4 Graphing a Rotated Conic 


Identify the conic section given by the equation 13x” — 6V 3xy + 7y? — 16 = 0. Write 
the equation in the uv-coordinate system so that there is no wv term in the equation, 
and sketch its graph. 


Solution Because B? — 44C = 108 — (4)(13)(7) < 0, the conic is an ellipse. It has 
an xy term, so by rotation of the axes, 


2=¢ 1357 -.%._ =v 
B -6V3 -V3 3 
Thus 20 = a 6= 3: We then have 


cot 20 = 


7 _ 7 : a T 
x = uUCOSs v sin y=usin Vv COS — 
a 3 3 


1 V3 V3 


= US = —u+--—v 


2 2 2 2 
Substituting into the original equation, 13x? — 6V 3xy + 7y? — 16 = 0, we get 
13 13 39 
13x? = rad = FZ wev3 + a 
“9 , 9» 
—6V 3xy = 3 + 3uvV3 + a? 
21 7 7 
Ty? = a + zw + re 
Thus the original equation becomes 
4u* + 16v? — 16 =0. 


In standard form, it is written as 


2 2 


Uu U 
+—=1, 
1 


4 
In the uv-coordinate system, the endpoints of the minor axis are (u, v) = (0, —1) and 


(u, v) = (0, 1), and the vertices are (u, v) = (—2, 0) and (uw, v) = (2, 0). Substituting 
in the expression for x and y, we have the following points in the xy-coordinate system: 


G9) = (-1, v3); G3 y) = (1, V3); (xy) = (2 >) (x, 9) = [4 i) 


The conic section is shown in Figure 10.4.5. 


[W Check It Out 4: Rework Example 4 for the equation 7x? + 6V3xy + 13y?-16 =0. 
Oo 


lee 5 Graphing a Rotated Conic 


Identify the conic section given by the equation 


V2 «V2 
2x? + Axy + 2g” + ——x — Sy = 0. 
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Write the equation in the wv-coordinate system so that there is no uv term in the equa- 
tion, and sketch its graph. 


Solution Because B? — 44C = 16 — 4(2)(2) = 0, the conic section is a parabola. It 
has an xy term, so it is a rotated conic. To find the angle of rotation of the axes, we use 


AC 


cot 20 = = 0=> cot 20 = 0. 


Thus 260 = — 0= mn We then have 


7 _ 7 a 7 
= ucos v sin = usin cos — 
x = uco 4 A y=u qe s ri 
oe) V2 
= - 2) = ut a) 
Substituting into the original equation, 
Vo 2 
2x? + 4xy + 2y? + ——x —-—y=0 
2 2 
we get 
2x? = uw? — 2uv + v 
A4xy = 2u? — 2v? 
2y* = u* + 2uv + v? 
V2 1 
—x = =(u- v) 
2 2 
and 
—V2 
9 = ge ty) 


Thus, the original equation becomes 4u* — v = 0. In the uv-coordinate system, the 
vertex of the parabola is (0, 0), which has the v-axis as the axis of symmetry. See Fig- 
ure 10.4.6. 


Figure 10.4.6 


[A Check It Out 5: Rework Example 5 for the equation x” + 2xV3y + 3y? + 8V3x — 
8y = 0. B 
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Technology Note 


To use a graphing utility to graph a rotated conic, you must solve for y in terms of x. 
To do so, first write the given equation in the form ay* + by + c = 0. Here a, b, c are 
in terms of x. 
Ax? + Bxy + Cy? + Dx + Ey +F=0 
Cy? + (Bx + E\y + Ax* + Dx + F=0 


Write in the form ay? + by +c =O 
Use the quadratic formula to solve for y. 

_ —(Bx + E) + V(Bx + EP 

¥ 2C 


This gives two expressions for y, to enter in the Y= editor. To reduce the chance of 
error while entering this expression, it is useful to define the functions step by step in 
the Y= editor as follows. 


4C(Ax? + Dx + F) 


Y, = Ax? + Dx + F 


Wa = EBC sb IE 

Y3 = VY — ACY, 
=f = 1% 

Mo 

3 2C 
=m oP Wg 

Va 

ae 


You graph only the expressions Y, and Y;. The functions Y,, Y>, and Y3 are entered for 
use in Y3, Y, and Y; using the key. See Section 5 in the keystroke guide for details. 


Keystroke Appendix: 
Sections 5, 7 


The next example shows how to graph a rotated conic using a graphing utility with 
the method we have just outlined. 


[Beant 6 Graphing a Rotated Conic with a Calculator 


Graph the equation 2x? + 2xy — y? + 3x — 4 = 0 with a graphing utility. 
Solution The constants A through F are 
A=2 B=2 C=-1 D=3 E=0 F=~-4 


Because B* — 4AC = 4 — 4(2)(—1) = 12 > 0, we must obtain the graph of a hyper- 
bola. Enter the functions Y, through Y; given in the Technology Note, using the num- 
bers for A through F. Graph only the expressions for Y, and Y;. See Figure 10.4.7. 


Figure 10.4.7 


Plot] Plot2 Plot3 
2X2+3X-Y 
2X 

\Y3 = U(Y¥2724+4Y1) 
\Yu Mf (-Y2-Y3)/(-2) 
\s B (-Y2+Ya)/(-2) 


Section 10.4 ™ Rotation of Axes; General Form of Conic Sections 845 


The graph of the hyperbola is shown in Figure 10.4.8. Note that this hyperbola is 
rotated and translated. The gaps in Figure 10.4.8 are due to the low resolution of 
the calculator. 


Figure 10.4.8 
10 
-15 15 
—10 


LAY Check It Out 6: Graph the equation x? + 2xy + 2y? + 3x -4=0. & 


10.4 Key Points 


» Change-of-coordinates formula: 
Given the point (uw, v), it can be written in the xy-coordinate system as 


x = ucos@ — vsin@ 
y= usin@ + vcosé 
Given the point (x, y), it can be written in the uwv-coordinate system as 
u=xcosé+ ysind 
v = —xsind + ycos@é 


» The general equation of a conic section is Ax? + Bxy + Cy? + Dx + Ey + 
F = 0. The graph of this equation is 


» a parabola if B? — 4AC = 0. 
» a hyperbola if B? — 44C > 0. 
» an ellipse if B? — 4AC < 0. 
» Rotation of axes: The general equation for a conic section can be rewritten as 
A'v’ + C'v? + D'ut+ E'v + F’ =0 
by rotating the x- and y-axes through an angle 0, where 


ieee 
Cc = ‘< 
7 B 
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10.4 Exercises 


® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1—8, the coordinates of a point in the uv-coordinate sys- 
tem are given. Find the coordinates of the point in the xy- coordinate 
system, which has been rotated @ radians from the xy-coordinate 
system. 


1.1, 0), 6 =— 2. (0, -1),0=— 
(1, 0) 4 ( ) 4 


3, (1,2,0=— 4. (-3, 1),0=— 
- ’ 5 3 * 2 5 3 


5, (—2,4),0=— 6. (-1, -2), @=— 
Ld 3 5 6 » 5 3 6 


7 


7. 1, —-1), . (2, 1),0 =— 
( ne 4 ane 4 


In Exercises 9-16, identify the conic section given by each of the 
equations by using the general form of the conic equations. 


9.3x* + 2x — 4y =0 10.-y? + 2y+x=0 


ll.x? —-2x+57-1=0 12. 3x? — 2y? -2=0 


13.2x? — y? + 2xy+3=0 14.x7 + xy + 2y? + 4y=0 


15.x? — 2xny + yy? + 3y=1 


16. 3x? + 6xy — 2 + 6x +4=0 


In Exercises 17—24, find the vertex, or vertices, of the given conic 
sections in the uv-coordinate system, obtained by rotating the 


x- and y-axes by 0 = 2 


= 
17.v* = lou 18. v? = —8u 
uw v- uw vw 
19.— +—=1 20.—+—=1 
1 4 16 9 
uw v- uw vw 
21.—-—=1 22.—-—=1 
9 4 1 16 
23. u? — 9v? = 36 24. 4u? + v? = 36 


For each of the equations in Exercises 25—34: 

(a) Identify the conic section. 

(b) Write the equation in the uv-coordinate system so that there 
1s no uv term in the equation. 

(c) Find the vertex, or vertices, in the uv-coordinate system, and 
graph. 


25.xy =4 26. xy = 3 


27. 3x? + 10xy + 3y? -8=0 


28. —4x? + 10xy — 4y? -9 =0 


29.5x? — 8xy + 5y?-9=0 


30. 5x? + 6xy + 5y? - 8 =0 
31.x2 — 10V3xy + lly? — 16 =0 


32. 3x2 — 4V/3xy + Ty? -9 =0 


V3 1 
33.x2 — 2V/3xy + 3y? 4 Zee 
3 3 1 
34.7x° + a t gu + 4x 4yV3 


In Exercises 35—40, graph each equation using a graphing 
utility. 


35. —2x? + 2xy + y2 + 5x +4=0 
36. x"? + 5xy — 3y? + 5y + 8=0 


37.x7 + 2xny + y? + 4y+1=0 


1 
38. x? ree 2y =0 


39, 2x? — 2xy + 5y? — 2x -10=0 


40. 2x? + 3xy + 3y?-y-7=0 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


41. Derive Equation (2) of the change-of-coordinates formula. 


42. Suppose you are given the equation Ax? + y? — 3 = 0. 
What values of A will give the equation of a hyperbola? 
What values of A will give the equation of an ellipse? 


43. Suppose you are given the equation x? + xy + Cy” + 
x — 3 =0. What value of C will give the equation of a 
parabola? 


44, Without trying to graph, show that there are vo real number 
values x and y such that x? + 2y?+1=0. 
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10.5 Polar Equations of Conic Sections 


Recall that the definition of a parabola was given in terms of a line (the directrix) and 
a point not on the line (a focus). It is also possible to give a single definition of all three 
conic sections in terms of a directrix and a focus. We will use this definition to find the 
equations of conic sections in polar coordinates. The advantage of this approach is that 
it enables us to unify the derivation of the equations of all three conic sections. 


> Graph a conic given in polar 
form 


Polar Equation of a Conic Using the focus-directrix definition, we now derive 
the polar equation of a conic whose directrix is the vertical line lying to the left of the 


Figure 10.5.1 pole and whose focus is at the pole. Refer to Figure 10.5.1. From the definition of 
eccentricity, 
dist(P, F) _ 4 
L dist(P, L) 
Directrix r 
dist(P, LL)“ 
a 
# 
a dist(P, L) = d + dist(F, T 
d+dist(F,T) ~ eine eer 
Peer =e dist(F, T) = rcos 0 


r = e(d + rcos 6) 
r= ed + ercos@ 


r — ercos 0 = ed Combine like terms 
r(1 — ecos 0) = ed Factor out r 
ed 
p= —_— 2 Divide by 1 — ecos 0 


~ 1—ecosé 


848 Chapter 10 © Conic Sections 


Other cases can be derived similarly. The polar equations of conic sections are given 
in Table 10.5.1. 


Table 10.5.1 Polar Equations of Conics 


ed 
— 


eae Ellipse with vertices at@ = 0 Parabola opening to the right Hyperbola with horizontal transverse axis 
eCo8 and 0 = 7 
d 
r= ae Ellipse with vertices at@ = 0 Parabola opening to the left Hyperbola with horizontal transverse axis 
1+ ecosé _ 
and 0 = 7 
d 
r= rR Ellipse with vertices at 0 = = Parabola that opens upward Hyperbola with vertical transverse axis 
— esin 
meu 
and 0 = 5 
ed : - : 7 : Z : 
r= eee Ellipse with vertices at 6 = Oi Parabola that opens downward Hyperbola with vertical transverse axis 
esin 
and 0 = et 
B 
Figures 10.5.2, 10.5.3, and 10.5.4 show some different types of conics in polar 
coordinates. 
Figure 10.5.2 Figure 10.5.3 Figure 10.5.4 


aml Identifying and Graphing the Polar Equation of a Conic 


~ = 3) 
1 — cos@° 


Identify and graph the conic section given by the equation r = 
> Solution 


Step 1 First, determine the eccentricity to identify the conic. Because the equation is 
already in one of the forms given in Table 10.5.1, the coefficient of cos 6 is 
e = 1. Thus the conic is a parabola opening to the right. 


Step 2 Now determine the coordinates of the vertex. Because the vertex of the 
parabola lies on the ray 0 = 7, set 0 = 7 to find r. Thus 
3 _ 3 _2 
l1—cos7wm 1-(-l1) 2 


r= 


3 : 
and (3, rr) is the vertex. 


Technology Note 


When graphing polar 
equations of conics, the 
calculator should be in 


POLAR and RADIAN modes. 


See Figure 10.5.5. 
Keystroke Appendix: 


Section 15 
Figure 10.5.5 
10 
-10 10 
~10 
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Step 3 Find other points on the parabola. Setting 6 = : gives 


Step 4 


r= 


3 3 


=e SU= SC 
cos 2 


= 3. 


Thus (3, z) is one point. Similarly, setting 6 = = gives (3, =") as the third 


point. 
Graph the conic as shown in Figure 10.5.6. 
Figure 10.5.6 
z 
2a 2 a 
3 3 
5a a 
6 6 
e iet 
1a Uda 
6 6 
4n 5a 


[A Check It Out 1: Identify and graph the conic section given by the equation 
2 


1 + cos@’ 


Earl 2 Identifying and Graphing the Polar Equation of a Conic 


4 : : : “ 4 
Identify and graph the conic section given by the equation r = = aun’ 
>Solution 
Step 1 First write the equation in one of the forms in Table 10.5.1. Comparing with 


Step 2 


Step 3 


those equations, we see that the denominator must be put in the form 
1 — esin @. Thus, dividing the numerator and denominator by 2 gives 


2 


r= 


1 — =sin6 
a 


Determine the eccentricity to identify the conic. Because e = 5 1, the equation 


is that of an ellipse. Also, from Table 10.5.1, its major axis is along 0 = si 


‘ P P ‘ : 30 ‘ P 
Find the vertices. The ellipse has its vertices at 6 = z and 6 = oa Substituting 
into the equation gives 


4 4 
r=——_ = = 4. 


2 — sin| — 
2 


Thus one vertex is (4, 7). We used the original equation only to avoid arithmetic 
4 =| 


with fractions. Similarly, the second vertex is given by ( an a 
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Step 4 We will need additional points to graph the ellipse. The easiest points to find 


Figure 10.5.7 
a 
2a 2 z 
3 3 
Sa x 
6 6 
= 7/3 |4}°? 
in Ua 
6 6 
4a a 2m 
3 2a 3 
2 Step 5 


r 


are those where the ellipse intersects the horizontal axis. This occurs at 6 = 0 
and 0 = 7. Setting 6 = 0 gives 


4 
CS 
2 —sinO 
Setting 6 = 7 gives 
4 
r= ————_ = 2. 
2 — sin 7 


Thus two additional points are (2, 0) and (2, 77). 


Use the information above to sketch the ellipse as in Figure 10.5.7. 


[A Check It Out 2: Identify and graph the conic section given by the equation 
2 


~ 2 + cos8" 


[seal 3 Identifying and Graphing the Polar Equation of a Conic 


« g : F ‘ 9 
Identify and graph the conic section given by the equation r = 7a 6one" 
>Solution 
Step 1 First write the equation in one of the forms in Table 10.5.1. Comparing with 


Step 2 


Step 3 


Step 4 


those equations, we see that the denominator must be put in the form 
1 + esin @. Thus, dividing the numerator and denominator by 3 gives 


3 


r= ————_.. 
1+ 2sin 0 
Determine the eccentricity to identify the conic. Because e = 2 > 1, the equa- 
tion is that of a hyperbola. Also, from Table 10.5.1, its transverse axis is vertical. 
3 , 
= and 6 = a Substi- 


Find the vertices. The hyperbola has its vertices at 0 = 3 


tuting into the equation gives 


Thus one vertex is (1, <), Similarly, the second vertex is given by (-3, =). 
We will need additional points to graph the hyperbola. The easiest points to 
find are those where the hyperbola intersects the horizontal axis. This occurs 


at 0 = 0 and 0 = a. Setting 0 = 0 gives 


ee 
1 + 2sin 0 
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Setting 6 = 7 gives 


3 


r= ——_—__ = 
1+ 2sin7 


Thus two additional points are (3, 0) and (3, 77). These points are not sufficient 


to graph the upper branch of the hyperbola. Plot additional points by choos- 


: 2 
ing 6 = 5 and @ ==. 


Ss 
w/> 
| 


3) 


7 PIE O938 BIEOOS 


Step 5 Use the information to sketch the hyperbola as in Figure 10.5.8. 


Figure 10.5.8 


[A Check It Out 3: Identify and graph the conic section given by the equation 
4 


re 2—-4sne 


10.5 Key Points 


» The polar equation of a conic section with a focus at the pole is given by 


ed ed 
r= —— or r=——. 
1 +ecos@ 1+esin@ 


If 0 < e < 1, the conic is an ellipse. 
If e = 1, the conic is a parabola. 


If e > 1, the conic is a hyperbola. 


» The ratio e is known as the eccentricity of the conic. 
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10.5 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. True or False: (2, 77) and (—2, 0) represent the same point. 
7 30 i 
2. True or False: (3, z) and (3, = represent the same point. 


3. The graph of r= 5 isa 


4. The graph of 06 = visa 


»® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 5—12, identify the conic section given by each of the 
equations. 


3 1 
5.1 = 6.6 = —— 
1+ 6sin@é 1 + 0.75 cos @ 
2 1 
r= : 3.7 = : 
1 — sind 1 + 2sin 0 
6 8 
Lr => 10. r = ————_ 
3 — 3sin0 8 — 4sin 0 
3 12 
ll. r = —— 12.r = ———— 
1 — 0.6 sin 6 4 — 8cosé 


18 20 
21.7 = ————_ 22.6 = ———_—_—_ 
6 + 12cosé 5 + 10sin 0 
6 4 
23.r= - 24.r= 
6 — 8siné 2+ 5cosé 
4 15 
25.r = ————_ 26.7 = —————_ 
3 — 3cos0 5+ 2sin0 


In Exercises 27—32, use an appropriate identity to transform each 
of the equations to one of the forms shown in Table 10.5.1. Then 
identify the conic section. 


1 1 
21 = 28.r = 


: 7 
l= sin(« _ =) 
2 


1 3 
29.r : 30.r= 
3 + sin(@ + 7) 


4 1 
31l.r= 32.r= 
1 + 4cos(@ + 7) 


In Exercises 33—36, graph each equation using a graphing 
utility. 


In Exercises 13-26, identify and graph the conic section given by 


V2 


33.7 = ——— 
1+ sind 


5.6 


34.7 = ——_ 
1 + 0.7 sin@ 


each of the equations. 


1 1 
13.r = ————_— 14.r = ————_~ 
1 — sin@ 1 + sin @ 
4 
b.r= 16. r = ————_ 
1+ 2cos@ 1 — 2sin0 
1 2 
17.7 = ————_——_ 18.7 = ——_ 
1 — 0.5 cos @ 1+ 0.5 sin @ 
6 16 
19.r = ————_ 20. r = ————_ 
6+ 3sin@ 8 — 4cos@ 


5 


7 
1- 3cor( 0 + =) 
6 


How is this graph different from the ones studied in this 
section? 


35.r= 


1 


36. = 
: 7 
1+ OL7 sin(4 + =) 


How is this graph different from the ones studied in this 
section? 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


37. Find the equation of a parabola in polar form whose 
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40. = Graph the following equations on the same screen. 
What do you observe as e gets close to 0? 


focus is at the pole and whose vertex is (1, 77). (a) r= — + (b) r= a 
1+ 0.4sin 6 1 + 0.2 sin @ 
38. Find the equation of an ellipse in polar form that has ec- _ 1 ae 1 
centricity 0.5 and a directrix with equation x = 2. on 1+0.1sin@ r= 1 + 0.01 sind 


39. Find the equation of an ellipse in polar form that has 


eccentricity 0.3 and a directrix with equation y = —3. 


10.6 Parametric Equations 


Objectives 


> Graph parametric equations 


> Convert parametric equa- 
tions to rectangular form 


> Solve applied problems 


Table 10.6.1 


using parametric equations 


2 
Mo 24 

| EVE 

Figure 10.6.1 

yh 

of (.) = (6,9) 

gt 

T+ 

6+ 

5+ 

4+ 

3+ 

ot 

1+ 

Ze = 09 —_ 
0 1 2 3 4 5 6 


> 
x 


In this section, we examine equations where the x and y coordinates of a set of points 
are described in terms of another variable, called a parameter. That is, the x and y 
coordinates are given by parametric equations. This representation is especially 
useful when representing moving objects, such as satellites, aircraft carriers, or even 
subatomic particles. The reason is that parametric equations take into account not 
only an object’s position but also the direction of its motion. To see an application of 
parametric equations, we can examine the motion of a remotely controlled vehicle, as 
in Example 1. 


Example fl Motion of a Vehicle 7 


An engineer tracking the motion of a remotely controlled vehicle creates a data table 
as follows. For each value of time t, she records the x and y coordinates of the vehicle 
relative to a fixed coordinate system. Her data is given in Table 10.6.1. Plot just the x 
and y values as coordinate points in the xy-plane. Indicate the corresponding value of 
t. As t increases, show the direction in which the vehicle is moving. 


Solution The points are plotted in Figure 10.6.1. From the graph, the vehicle appears 
to be moving in a straight line. Note that in addition to the xy coordinates, there is also 
information in the graph about the direction of the vehicle. This extra information, com- 
ing from the variable ¢, is not available when we graph a function of the form y = f(x). 

If it is known that x and y are linear functions of 1, the x coordinate can be written 
as a function of t—in this case, as x = 2t. Similarly, the y coordinate can be written as 
a function of tas y = 3t. 


4 Check It Out 1: If the vehicle continues in the same direction, what will its xy coor- 
dinates be att = 4? © 


In Example 1, we saw that the x and y coordinates describing the motion of a ve- 
hicle could be separately described using a variable t. Expressing x and y in terms of t 
is referred to as a parametric representation of x and y. The variable tis called a pa- 
rameter. We now give the formal definition of parametric equations. 
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Figure 10.6.2 


(-3, 4) 


Conic Sections 


(2,9) 


Parametric Equations 


Let f and g be continuous functions of t on an interval [t,, t,]. If 


x=f@ and y=g@) 


then the set of all such points (x, y) is called a plane curve. The set of equations 
defining x and y are called parametric equations. The variable 1 is called a 
parameter. 


To graph parametric equations, you make a table of values of t, x, and y. Then plot 
the xy-coordinate pairs, and indicate the direction of increasing t by arrows. We next 
give examples of parametric equations and their graphs. 


eal 2 Graph of a Set of Parametric Equations 


Letx =t-—landy=?? for -2 <1 3. 

(a) Make a table of values for x and y with t = —2, —1, 0, 1, 2, 3. 

(b) Plot the (x, y) points in the table, and sketch a smooth curve through the points. 
Use arrows to indicate the direction of increasing t. 

> Solution 


(a) Table 10.6.2 is filled in by substituting the given values of t, one by one, for the ex- 
pressions for x and y. 


Table 10.6.2 


(b) Now plot each coordinate pair (x, y) in the table, and connect the points with a 
smooth curve. As ¢ increases, the curve is traced from left to right, as shown in Fig- 
ure 10.6.2. This is indicated by the direction of the arrows. 

Note that the curve begins at (—3, 4) and ends at (2, 9) because 1 is restricted 
to a specific interval. 


[A Check It Out 2; Sketch a graph of the curve given by the equations x = —t and 
y=rfor0=r1=3. 


Converting a Parametric Equation to Rectangular Form 


To get an idea of the shape of the graph of a set of parametric equations, it is useful to 
convert them to rectangular form; that is, eliminate the ¢ parameter to get an equation 
in x and y only. Keep in mind that when we eliminate the parameter t, the information 
regarding direction and motion is completely lost. Also, if the values of t are con- 
strained, so will the values of x and y be restricted in the resulting equation. The fol- 
lowing two examples illustrate these ideas. 


Technology Note | 


Plot! Plote Plot3 


Figure 10.6.5 
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[=a 3 Eliminating tin Parametric Equations 


Write the set of parametric equations x = t — 1 and y = 77, where —2 =t < 3, in an 
equivalent rectangular form. 


Solution Solve for tin the equation for x to get t = x + 1. Substitute in the equation 
for y to obtain 
y=2=(« + 1). 


Because x =t¢— 1 and —2 <1 3, x is restricted to the interval [—3, 2]. Thus 
y=(x+ 1)°, -3 = x S 2, is an equivalent rectangular form. The graph of the set of 
parametric equations is the portion of the parabola y = (x + 1)? with x restricted to 
the interval | —3, 2]. See Figure 10.6.4. 


Figure 10.6.4 


[A Check It Out 3: Write the set of parametric equations x = t — 2 and y = 2”, where 
—1 <tr 2, in an equivalent rectangular form. © 


eee | 4 Writing Parametric Equations in Rectangular Form 


Letx = -,y=V4—-—7; -2=1=2. 
(a) Sketch the curve given by this set of parametric equations. 


(b) Find an equivalent rectangular equation for these parametric equations, and note 
any restrictions on the variables. 


>Solution 
(a) We start by making a table of values of t, x, and y. See Table 10.6.3. 


Table 10.6.3 


=e] =) |e Na lee 
2 1|@| =1 | —2 
O|WS 19) 0 


Note that as t increases, a semicircle is traced out counterclockwise, as shown 
in Figure 10.6.5. 


856 Chapter 10 © Conic Sections 


Table 10.6.4 
CO (ose Fe ig Ve 
| 4 
Beatie 
2 
Ge eae | SIGs 
2 2 
Figure 10.6.6 
yh 
a+ 
aod |. een 
Se 2 | -2..3°°% 
-l+ 
29: 


(b) Because x = —2, substitute in the expression for y = V4 — 2 to obtain 
y= V4 — x? Substitute t = —x 
y=4- x Square both sides 
7+ y=4 Add x’ to each side 


This is the equation of a circle of radius 2 with center (0, 0). 

The rectangular equation does not tell you that y = 0. This information is ob- 
tained only from the parametric representation—that is, from y = V4 — 71? = 0. 
Thus the complete representation of the parametric equations in rectangular form is 


r+y=4, y=0. 


[AW Check It Out 4: Sketch the curve given by the equations x = 72, y = V2 — 23 
0 <1 1 and find an equivalent rectangular equation. 


Note A rectangular equation is useful for sketching the graph of a set of 


parametric equations. However, it may not always be possible to eliminate 
the parameter t to produce a rectangular equation. Also, the rectangular 


equation does not give additional information about motion and direction 


that t provides. 


The functions describing x and y in a set of parametric equations are often trigono- 
metric functions, as illustrated in the next example. 


leanne 5 Parametric Representation of an Ellipse 


Sketch the curve given by the parametric equations x = 2cost; y=sinz,0 StS 7. 
Convert to rectangular coordinates to verify that it is the top half of an ellipse. 


Solution Make a table of values for t, x, and y. See Table 10.6.4. Plotting these val- 
ues, we see that the top half of an ellipse is obtained, as shown in Figure 10.6.6. The 
direction of increasing t is counterclockwise. 

To verify that this is an ellipse, note that 


Fs . 
3 costand y = sin t. 


Thus 


2 
(:) + y? = (cosa? + (sind? = 1 
by the Pythagorean identity. The equation of the ellipse in standard rectangular form is 
2 2 
aia + y a | 

4 1 


withO<y<=1. 


Figure 10.6.7 
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[AW Check It Out 5: Sketch the curve given by the parametric equations x = 2 cos 4 
y=2sn50Sts7. O 


Applications of Parametric Equations 


At the beginning of this section, we discussed the position (x, y) of an automated ve- 
hicle at time t by gathering data. Another type of motion that can be modeled by para- 
metric equations is that of an object propelled upward at an angle 6 with an initial 
velocity vp. This type of motion is called projectile motion. 


Equations for Projectile Motion 
The parametric equations for the path of a projectile are 
x= vu)(cos6)t and y= —162? + u(sind)t +h 


where vp is the initial speed in feet per second, @ is the angle of inclination, and h 
is the initial height of the projectile. 


These equations neglect the effect of air resistance and are usually derived in a first- 
year physics course. 


anal 6 Projectile Motion - 


A professional tennis player hits a tennis ball with an initial speed of 140 feet per second 
at a height of 2 feet and an angle of 10° with respect to the horizontal. See Figure 10.6.7. 
(Source: http://www.aroundhawaii.com/speed_training.html) 


(a) Find the parametric equations that give the position of the ball as a function of time. 
(b) When is the ball at its maximum height? What is its maximum height? 

(c) What is the horizontal distance traveled? 

>Solution 


(a) From the equations of projectile motion, we have 


x = v,cos(@)t 


(140) cos(10°)z Use vp = 140 and 0 = 10° 


137.87t Answer rounded to two decimal places 


y = —162? + vo(sin@)t + h 


I 


—1627 + (140) sin(10°%)z + 2 Use vp = 140, 0 = 10°, andh = 2 
= —162? + 24.31r + 2 Answer rounded to two decimal places 


(b) To find the maximum height, first note that the vertical position, given by y, is a 
quadratic function in rt. Thus the ball is at its maximum height at the vertex: 


—b  —24.31 
2a -2(—16) 


t= = 0.76 second 


Using the expression for y, we find that the maximum height is 


y = —16(0.76)? + 24.31(0.76) + 2 = 11.23 feet. 
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(c) First solve the equation y = 0 to find out how long the ball is in the air. 


—162? + 24.312 + 2=0 Set y=O 
pa 22431 + V(24.31)? — 4(—16)(2) «Use quadratic 
2(—16) formula 
_ 24.31 + V24.31 + 128 
=32 


= 1.60 seconds 


We disregard the negative value of t because it is not realistic. The horizontal dis- 
tance traveled is 


x(1.60) = 137.87(1.60) = 220.592 feet. 
LW Check It Out 6: A golf ball is hit from the ground with an initial speed of 150 feet 


per second at an angle of 30° with respect to the horizontal. Find the parametric equa- 
tions that give the position of the ball as a function of time. © 


10.6 Key Points 


» Let f and g be continuous functions of ¢ on an interval [¢,, t,]. Then 
x=f@ and y=g@ 
are parametric equations for x and y. The variable r is called a parameter. 


» By eliminating the parameter #, we can get an equation in x and y only. 


» The parametric equations for projectile motion are given by 
x= u,(cos6)t and y= —162? + u(sind)t +h 


where vp is the initial speed in feet per second, 0 is the angle of inclination, and h 
is the initial height of the projectile. 


10.6 Exercises 


Skills This set of exercises will reinforce the skills illus- 7.x=tt1, y 27 = hs 2223 
trated in this section. 


Bx=t-1l, y=r’+2,051=4 
In Exercises 1-10, sketch the graph of the parametric equations. . = 


Indicate the direction of increasing t. 


lx=t y=r-2,08t53 
10.*«=7, y=24,051r<4 


2: 2t, 44,-25t=52 ‘ eet : : 
° - In Exercises 11-20, eliminate the parameter t to find an equiva- 


lent equation with y in terms of x. Give any restrictions on x. 
3.x th y= 2t+3,-l1st=2 Sketch the corresponding graph, indicating the direction of in- 
creasing t. 


ll.x=r-2, y ’,-3s1<=2 


6.x=t y=3-1,-351<53 13.x=e'5 y=e,r=0 


14.x=e, y=e,1=0 


15.x=3cost, y=3snzi,0S1tS 27 
16.x=4cost, y=4sinz0S1tS5 27 
17.x=3cost, y=4sinzi,0S1tS 27 
18.x=2cost, y=sintz,0StS 27 
19.x = cost, yo sect, 0=7<F 


. T 
.x=sint, yresct,O<1S5 


=| In Exercises 21—24, use a graphing utility to graph the para- 
metric equations and answer the given questions. 


21.x=cost, y=(cost)?, 0<t<=7a. Graph again for 
0 =t< 27. What do you observe? 


22.x =tcost, 
is produced? 


y=tsint, 0 <1 = 47. What type of shape 


23.x=2(t-—sind, y=2(1—-—cosd, OS rt 27. Will y 
ever be negative? Explain. 


24.x=2sint, y=4cosz, 0 St 27. Is the direction of 
increasing t clockwise or counterclockwise? 


In Exercises 25-28, show that each of the pairs of parametric 
equations gives the same rectangular representation but different 
graphs and restrictions on x and/or y. 


3B.(yx=t y=un058t52 
(b)x=2?, y=?,0<1=2 


1 1 
26.(a)x=—, f= SS 
(b)x=t-1, y=(t-1%,1s51=2 
27.(ax=tt1, y=rt2,-2s5r51 
(b)x=27, y=r4+1,-2<t=1 
28. (a) x t v= -t-—2,-35tS2 
(b)x=277, y=-2,-3=51=2 


» Applications In this set of exercises, you will use para- 
metic equations to study real-world problems. 


29. Projectile Motion Sara kicks a soccer ball from the ground 
with an initial velocity of 120 feet per second at an angle 
of 30° to the horizontal. 

(a) Find the parametric equations that give the position 
of the ball as a function of time. 


30. 


31. 


32. 


33. 


34. 


35. 
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(b) When is the ball at its maximum height, to the nearest 
hundredth of a second? What is its maximum height, 
to the nearest tenth of a foot? 

(c) How far did the ball travel? Round your answer to 
the nearest foot. 


Projectile Motion Jim kicks a football from the ground 
with an initial velocity of 140 feet per second at an angle 
of 45° to the horizontal. 

(a) Find the parametric equations that give the position of 
the ball as a function of time. 

(b) When is the ball at its maximum height, to the 
nearest hundredth of a second? What is its 
maximum height, to the nearest tenth of 
a foot? 

(c) How far did the ball travel? Round your answer to 
the nearest foot. 


Projectile Motion Suppose Jacob hits a baseball from a tee 
that is 3 feet tall. He hits the ball with an initial velocity of 
100 feet per second at an angle of 60° to the horizontal. 
What is the maximum distance the ball will travel? 


Projectile Motion Suppose Jacob hits a baseball from a tee 
that is 3 feet tall. He hits the ball with an initial velocity 
of 120 feet per second at an angle of 50° to the horizon- 
tal. What is the maximum distance the ball will travel? 


Leisure Sara’s favorite ride at the fair is the carousel. Her 
favorite horse to ride makes a path that is a circle of radius 
10 feet as the carousel spins around. She gets on the horse 
when it is at point (10, 0), and the carousel turns in a coun- 
terclockwise direction. Find parametric equations of the 
form x = acos(bt) and y = asin(b2), with a and b to be 
determined, that describe her motion if she requires 15 sec- 
onds for one complete revolution. 


Geometry In an amusement park, Jason rides a go-cart on 
an elliptical track. The equation 
2 
e@+2 =] 
16 
may be used to describe the shape of the track. 
(a) Find parametric equations of the form x = acos(bt) 
and y = csin(62), with a, b, and c to be determined, 
if he starts at the point (0, 4), travels in a 
counterclockwise direction, and requires 4 minutes 
to make one complete loop. 


(b) What are Jason’s coordinates at t = 1 second? 


Sports A ball is kicked from the ground at an angle of 30° 
to the horizontal and lands 350 feet away 4 seconds later. 
Find the initial velocity of the ball to the nearest whole 
number. 


860 Chapter 10 © Conic Sections 

36. Sports A golf ball is hit from the ground at an angle @ 
with an initial speed of 114 feet per second and lands 
300 feet away after 3 seconds. Find the angle 6 with the 
horizontal when the ball was hit. Round to the nearest 
degree. 


37. Video Game Design A video game developer gives a para- 
metric representation of the motion of one of the game’s 
characters, at time t, as 


x=f(@) and y=g@ 


where the table of values for f and g are as given. 


Sketch the motion of the game character in the xy plane, 
indicating the direction of increasing t. Assume that the 
path between successive points is a straight line. 


38. Robotics A robot has x and y coordinates at time ¢ given 
by the parametric equations 
x=f@ and y= eg 


where the table of values for f and g are as given. 


il | 2 
a | i | @ 
O12) 0 


Sketch the motion of the robot in the xy plane, indicating 
the direction of increasing t. Assume that the path between 
successive points is a straight line. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


1 — 
oo g4ei 
0 = t= 10, indicating direction of increasing t. Will (0, 0) 
ever be reached? Explain. 


39.Graph the parametric equations x = for 


40. Explain why the following statement is wrong. “The 
graph of x = “y = =, t ~ 0, is the same as that of y = 2x 


because y = 2(*) = 2x.” 


41. Explain why there is a difference between the graphs of 
the following sets (a) and (b). 


(ax=thy=tt+1,0sSr51 
(b)x=-4ny=-t+1,0StS1 
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Chapter 10 Summary 


Section 10.1 The Parabola 
Concept Illustration Study and Review 
Parabola with vertical axis of symmetry yt 


Axis of symmetry Examples 1, 4 


Equation (x — h)? = 4p(y — k) Chapter 10 Review, 


Opening Upward if p > 0, Exercises 1-16 


downward if p < 0 


Focus 
Vertex (h, k) Vertex (A, k) (h, k +p) 
Focus (hk+p) | #4""5=7275 +-— Directrix 


> 


x 


Directrix y=k-p I 
(x-hY =4p(y —k), p > 0 


Axis of x=h 
symmetry y4 Axis of symmetry 
el ieee +—— Directrix 
y=k —p 
Vertex (h, k) 
x 
(x-h) =4p(y—4), p <0 
Parabola with horizontal axis of symmetry V4 Directrix x =h—p Examples 2, 3, 5, 6 


Equation (y— k)? = 4p(x — h) Chapter 10 Review, 


Exercises 1-16 


Vertex 


Opening To the right if p > 0, to (h, B S aivat 


the left if p < 0 mens 
Vertex (h, k) oe a ee 


Focus 


Focus (h + p, kR) (A + p, k) 
Directrix x=h-p x 

»—k2 = 4p(x—h), p> 0 
Rear ee (v—k)? =4p@—h), p> 
symmetry 


yA Directrix x =h-—p 


Vertex 


Focus\ (2, 4) Axis of 
(h+p,k | symmetry 
ee ees eo — 


(v-k? =4p(x -h), p< 0 
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Section 10.2 The Ellipse 
Concept 


Ellipse with horizontal major axis 


Gay Gan 


Illustration 


Equation z Bp 1 

Center (h, k) 

Foci (= @ Dy Ga & Dp 
c=aVe=e 

Vertices (h — a, k) and (h + a, k) 


Major axis 


Minor axis 


Parallel to x-axis between 
(h — a, k) and (h + a, k) 


Parallel to y-axis between 
(h, k — b) and (h, k + b) 


Ellipse with vertical major axis 


Equation 


Center 


Foci 


Vertices 


Major axis 


Minor axis 


CSO Oa iae 
PB Y @ 

(A; R) 

Us 12 = Ob Wh 12 =F Oy 

c= Vee 

(h, k — a) and (h, k + a) 


Parallel to y-axis between 
(h, k — a) and (h, k + a) 


Parallel to x-axis between 
(h — 6, k) and (h + 6, k) 


1 


Section 10.3 The Hyperbola 


Concept 


Hyperbola with horizontal transverse axis 


Equation 


Center 


Foci 


Vertices 


Transverse 
axis 


Asymptotes 


(CEO Cas 
cm Be 

aab>0 

(hy k) 

(A= & Ds @ ar @ I2)y 

eas 

(h — a, k), (h + a, k) 


Parallel to x-axis between 
(h — a, k) and (h + a, k) 


1, 


b 
Bien am a 


and y= ~2(— nh) +h 


Vertex (#*—5) Major 
(h—a, k) axis 
yA Vertex 
Focus (h,k+a) 


(h,k+c) 


(h 


Illustration 


BY 


—b,k) Focus 


(h, k-c) 


Vertex 
(h, ka) 


N 
“ky NS 
Center 
Transverse 
axis 


Study and Review 


Examples 1, 3 


Chapter 10 Review, 
Exercises 18-34 


Examples 2, 4 


Chapter 10 Review, 
Exercises 18—34 


Study and Review 
Examples 2, 5, 6 


Chapter 10 Review, 
Exercises 35-50 


Continued 


Section 10.3 The Hyperbola 
Concept 


Hyperbola with vertical transverse axis 


(Oman Ga iok 


Equation Zz re 1, 
ab>0o0 

Center (h, k) 

Foci (512 = On CEL ae Ob 
c=VP+ HR 

Vertices im 12 = @)y Ue Ib ar 

Transverse Parallel to y-axis between 

axis Cm 2 = @) etae| (ey [2 3P @) 

Asymptotes y= ae = /p)) a le 


and y= —S(@ —h) +k 


Illustration 


yh 
F, (h, k +0) 


y 7’ Asymptote 
y= (ab) Yee y=-(alb) 
(x-h)+k SR ay 


Vertices <Z 


Section 10.4 Rotation of Axes; General Form of Conic Sections 


Concept 
General equation of a conic section 
Equation: 

Ax? + Bxy + Cy? + Dx + Ey 4 0 


The graph of this equation is 

* a parabola if B? — 44C = 0. 
* a hyperbola if B? — 4AC > 0. 
* an ellipse if B? — 44C < 0. 


Rotation of axes 
The general equation for a conic section can 
be rewritten without a wv term as 
Al’ + Civ? + D'ut+ E'v+ F’ =0 

by rotating the x- and y-axes through an 
angle 0, where 
A-C 

32 


cot 20 = 


Illustration 
The graph of 

x? + xy + y? + 6x -4=0 
is an ellipse because 


B’ — 44C =  — 4(1)(1) = -3 <0. 


7 


Let xy = 1. Then cot 26 = 0, so 0 = me 
Thus xy = 1 can be rewritten as 


we 

~—~-z=1 

2 2 
by rotating the x- and y-axes through an 
angle 0 = e 


Chapter 10 © Summary 


Study and Review 
Examples 1, 4 


Chapter 10 Review, 
Exercises 35-50 


Study and Review 
Example 2 


Chapter 10 Review, 
Exercises 55-58 


Examples 3-5 


Chapter 10 Review, 
Exercises 55-58 
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Section 10.5 Polar Equations of Conic Sections 


Concept 


Polar equation of a conic section 
The polar equation of a conic section with a 


ed 
focus at the pole is given by r = ———___ 
ad 1 + ecos@é 


or r = —————_.. 
1+esin@ 


¢ If 0 <e< 1, the conic is an ellipse. 
¢ If e = 1, the conic is a parabola. 
¢ Ife > 1, the conic is a hyperbola. 


The ratio e is known as the eccentricity of 
the conic. 


Section 10.6 Parametric Equations 
Concept 


Parametric equations 
Let fand g be continuous functions of ¢ on 
an interval [t,, t,]. Then 


x= fo 


are parametric equations for x and y. The 
variable ¢ is called a parameter and can be 
eliminated to get an equation in x and y. 


and y= g() 


Projectile motion 
The parametric equations for projectile 
motion are 


x = Uo(cos O)t, 
y = —162? + u(sin@)t + h 


where vp is the initial speed in feet per 
second, @ is the angle of inclination, and h is 
the initial height of the projectile. 


Illustration 


3 
The graph of the equation r = 


parabola, because e = 1. 


a 
2. 


wy 


Illustration 


The equation of a semicircle of radius 2 
can be given parametrically as x = 2 cost 
and y = 2sint,0 =1= 7. Using 

cos*t + sin?t = 1, we can eliminate r¢ to 
getx’? + y? =4 for -2<=x=2,0<y=2. 


An object is thrown from the ground 
(h = 0) at 120 feet per second at an angle 
of 30°. The equations of its motion are 
given by 
x = 120(cos 30°)t ~ 103.922 
y = —162? + 120(sin 30°)¢ + 0 
= —162? + 602. 


——— isa 
1 + cosé 


Study and Review 


Examples 1-3 


Chapter 10 Review, 
Exercises 59-62 


Study and Review 
Examples 1—5 


Chapter 10 Review, 
Exercises 63—68 


Example 6 


Chapter 10 Review, 
Exercise 74 
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Review Exercises 


Section 10.1 


In Exercises 1-10, find the vertex, focus, and directrix of the 
parabola. Sketch the parabola. 


1.x? = 12y 2.(¢-7)=y-1 
3.7 = 4x 4.(y — 4)? = -—(& + 2) 
5.x? —6x =y 6.x7 + 2x + 3y =5 


8.7 — 8y + 4= 4x 


Ee ee 


9, ES) 7y? = x 10.5 


x? + 3x-y=0 


In Exercises 11-16, find the equation of the parabola with vertex 
at (h, k) satisfying the given conditions. Sketch the parabola. 


11. Vertical axis of symmetry; vertex at (0, 0); passes through 
the point (—2, —6) 


12. Focus at (0, 2); directrix y = —2 
13. Focus at (0, —5); directrix y = 5 


14. Horizontal axis of symmetry; vertex at (0, 0); passes 
through the point (1, 6) 


15. Vertex at (2, 0); directrix x = —2 
16. Vertex at (1, —4); directrix x = 6 


Section 10.2 


In Exercises 17-28, find the vertices and foci of the ellipse given 
by the equation. Sketch the ellipse. 


2 2 — 7)? 2 
17, +2-=1 ee are aes 
4. 1 64 25 
+ 2)? — 1) 2 2 
je ee 24 oe ay 
25 16 4. 9 
25 =2) 
a Lei 
9 16 9 
23. 3 3x7 +? =7 = 10 


25.x* — 4x + 6y* — 20=0 


26. 4y? — 32y + 3x7 + 12x + 40 =0 


27. 4y* — 24y + 7x? + 42x + 71 =0 


28. 3x? + 18x + 2y? + 8y + 17 =0 


In Exercises 29-34, find the equation in standard form of the 
ellipse centered at (0, 0). 


29. One vertex at (0, 5); one focus at (0, 3) 

30. Major axis of length 8; foci at (0, —2), (0, 2) 
31. One vertex at (0, 6); one focus at (0, 4) 

32. One vertex at (5, 0); one focus at (3, 0) 

33. Major axis of length 10; foci at (—3, 0), (3, 0) 


34. One vertex at (—6, 0); one focus at (1, 0) 


Section 10.3 


In Exercises 35—44, find the center, vertices, foci, and asymptotes 
for each hyperbola. Sketch the hyperbola. 


2 2 2 2 
y x (y- 1) x 
BB oa aS] 36; 1 
36. 25 25 36 
+ 2) — 1) 2 2 
gg EE ag 58 eg 
4 4 9 9 
2 + 2)? 
cai. aa, 
4 9 
— 1) _ 2 
jp C2 =? 5 
4 1 


41. 16y? — x? — 4x = 20 


42. y? + 10y — 4x? — lox +5 =0 


8x? — y* = 64 


+ 42x — 5y? — 50y = 307 
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In Exercises 45—S0, find the standard form of the equation of each 
hyperbola. 
45. Foci at (0, 6), (0, —6); transverse axis of length 4 


46. Vertices at (—2, —6), (—2, 2); one focus at (—2, —9) 


47. Transverse axis of length 6; center at (3, —4); one focus 
at (3, 1) 


48. Vertices at (3,0), (—3,0); slope of one asymptote 
is —4 


49. Transverse axis of length 8; center at (—4, 2); one focus 
at (2, 2) 


50. Foci at (—7, —1), (3, —1); slope of one asymptote is —3 


Section 10.4 


51. If (x, v) = (2, 0), find the coordinates in the uv system, 
obtained by rotating x- and y-axes by a 


52. If (x, vy) = (0, —3), find the coordinates in the uv system, 


obtained by rotating the x- and y-axes by Bf 


53. If the uv system is obtained by rotating the x- and y-axes 
by 3 and (u, v) = (—4, 0), find the coordinates in the xy 


system. 


54. If the uv system is obtained by rotating the x- and y-axes 
by a and (u, v) = (0, —2), find the coordinates in the 


xy system. 


For each of the equations in Exercises 55—58: 
(a) Identify the conic section. 


(6) Write the equation in the uv-coordinate system so that there 1s 
no uv term in the equation. 


(c) Find the vertex or vertices, and graph. 


55.x7 -6=0 


56. —2x? + 2xyV3 - 6 =0 


1 1 
58.5%" + xy 4 ao 2xnV2 + 2yV2 = 0 


Section 10.5 


In Exercises 59-62, identify and graph the conic section given by 
each of the equations. 


8 
59.6 = ————_ 60. r = ———_—— 
1 — sind 1+ 3sin0 

4 
ee 62.r = ————_ 
2—-—2cos0 1 — 2cos0 


Section 10.6 


In Exercises 63—68, eliminate the parameter t to find an equivalent 
equation with y in terms of x. Give any restrictions on x. Sketch 
the corresponding graph, indicating the direction of increasing t. 


63.x=-t yu=2tt+1,t2=0 


64.x=r-1, y 6-3 =t=3 


65.x t+2, y=,-2<1=2 
66.x=2?7, y=-t-2<51<2 


67.x 


2sint, y=2cost,0 StS 27 


68.x=sint, y=2cos,0S$ts7 


Applications 


69. Gardening The foliage in a planter takes the form of a 
parabola with a base that is 10 feet across. If the plant at 
the center is 6 feet tall and the heights of the plants taper 
off to zero toward each end of the base, how far from the 
center are the plants that are 4 feet tall? 


70. Water Flow As a stream of water goes over the edge of a 
cliff, it forms a waterfall that takes the shape of one-half of 
a parabola. The equation of the parabola is y = —64x°, 
where x and y are measured with respect to the edge of the 
cliff. How high is the cliff if the water hits the ground below 
at a horizontal distance of 3 feet from the edge of the cliff? 


71. Astronomy The orbit of the planet Pluto around the sun is 
an ellipse with a major axis of about 80 astronomical units 
(AU), where 1 AU is approximately 92,600,000 miles. 
If the distance between the foci is one-fourth the length 
of the major axis, how long (in AU) is the minor axis? 


72. Sporting Equipment The head of a tennis racket is in the 
shape of an ellipse. The ratio of the length of its major 


i i ; ea 2 . 
axis to the length of its minor axis is 7 If the longer di- 


mension of the head of the racket is 15 inches, how far is 
each focus from the center? 


73. Landscaping The borders of the plantings in the two sec- 
tions of a mathematician’s garden form the branches of 
a hyperbola whose vertices are 16 feet apart. There are 
only two rosebushes in the garden, one at each focus 
of the hyperbola. If the transverse axis is horizontal and 
the slope of one of the asymptotes is 4, how far apart are 


the rosebushes? 
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74. Projectile Motion A tennis ball is hit from a height of 
4 feet above the ground with an initial velocity of 120 feet 
per second at an angle of 30° to the horizontal. 

(a) Find parametric equations that give the position of 
the ball as a function of time. 

(b) When is the ball at its maximum height, to the 
nearest thousandth of a second? What is its 
maximum height, to the nearest hundredth of 
a foot? 


Test 


In Exercises 1 and 2, find the vertex, focus, and directrix of the 
parabola. Sketch the parabola. 


1. (y + 3)? 12(x + 1) 


2.7 — 4y + 4x =0 


In Exercises 3 and 4, find the equation, in standard form, of the 
parabola with vertex at (h, k) satisfying the given conditions. 


3. Vertical axis of symmetry; vertex at (0, —2); passes 
through the point (4, 0) 
4. Focus at (3, 0); directrix x = —3 


In Exercises 5 and 6, find the vertices and foci of each ellipse. 
Sketch the ellipse. 


ray . (y= By _ 
16 .—«S 


2, + 2 
Sy AO AY 
9 4 


D5 1 


6 1 


In Exercises 7 and 8, find the equation of the ellipse in standard 
form. 


7. 4x? + 8x + y? =0 


8. Foci at (0, 3), (0, —3); one vertex at (0, —5) 


In Exercises 9 and 10, find the center, vertices, foci, and asymp- 
totes for each hyperbola. Sketch the hyperbola. 


2 


9.2 x? =1 
4 
+ 2)" ‘i 
ig OE ng 
9 16 


In Exercises 11 and 12, find the standard form of the equation of 
the hyperbola. 


11. Foci at (3, 0), (—3, 0); transverse axis of length 2 


12. Vertices at (0, 1), (0, —1); slope of one asymptote is —3 


In Exercises 13 and 14: 
(a) Identify the conic section. 


(6) Write the equation in the uv-coordinate system so that there ts 
no uv term in the equation. 


(c) Find the vertex or vertices in uv coordinates, and graph. 


1 1 
13.5% xy + 59? «V2 —yV2=0 


14. 3x? + 4xyV3 + 7y2-9=0 


6 
15. Identify and graph the equation r = -—__. 
3 — 6siné 

16. Identify and h th ti : 
. Identify and gra equation r = ————. 
ogre = 4+ 2cos0 


In Exercises 17 and 18, eliminate the parameter t to find an 
equivalent equation with y in terms of x. Give any restrictions on 
x. Sketch the corresponding graph, indicating the direction of 
increasing t. 


17.x t+2, y ?+1,-2=<1=2 


18.x=—3costz y=sint,0Sts7 


19.A museum plans to design a whispering gallery whose 
cross-section is the top half of an ellipse. Because of the 
reflective properties of ellipses, a whisper from someone 
standing at one focus can be heard by a person standing 
at the other focus. If the dimensions of the gallery are as 
shown, how far from the gallery’s center should two peo- 
ple stand so that they can hear each other’s whispers? 
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20. A small microphone with a parabolic cross-section meas- 21. Projectile Motion A ball is thrown upward from a height of 3 
ures 2 inches across and 4 inches deep. The sound feet above the ground with an initial velocity of 100 feet per sec- 
receiver should be placed at the focus for best reception. ond at an angle of 30° to the horizontal. 


How far from the vertex of the parabola should the 


F eee er (a) Find parametric equations that give the position of 
sound receiver be placed: 


the ball as a function of time. 
(b) Find the horizontal distance traveled by the ball, to 


2 in the nearest foot. 


Chapter 


CS | 8 


ia 


na bicycle race with many participants, you might ask how many different possibili- 
ties exist for the first-place and second-place finishes. Determining the possibilities 
involves a counting technique known as the multiplication principle. See Example 1 
in Section 11.4. In this chapter you will study various topics in algebra, including 
sequences, counting methods, probability, and mathematical induction. These concepts 
are used in a variety of applications, such as finance, sports, pharmacology, and biology, 


as well as in advanced courses in mathematics. 369 
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11.1 Sequences 


Objectives 


> Define and identify an 
arithmetic sequence 


> Define and identify a 
geometric sequence 


> Compute the terms of an 
arithmetic or a geometric 
sequence 


> Apply arithmetic and 
geometric sequences to 
word problems 


Many investment firms provide information 
about their investment products using charts 


similar to that in Figure 11.1.1. This chart Figure 11.1.1 


applies to a hypothetical scenario in which a 
savings bond pays interest at the rate of 7% | Value of reinvested income 
j Income taken in cash 
compounded annually. It illustrates the Sia corsa Waineatee 
enormous difference in earnings that can re- § ra years 
: . 38,697 
sult from investing the same amount of 
7 . 3 . Value after 
money in two different investment strategies. 20 years 
In the first strategy, all the income from ae 
the investment during any given year is with- $14,000 
drawn from the account at the end of that 
year. In the second strategy, the income is $10,000 $10,000 


reinvested each year. From the chart, it is 
clear that after 20 years the yield on the investment from the second strategy is much 
higher than the yield from the first strategy. In this section, we discuss the mathemat- 
ics needed to analyze these types of situations, and we see why the results for the two 
strategies are so different. 


Example [ft Investment with Interest Not Reinvested 


Example 5 in Section 11.1 builds upon this example. ++ 


According to Figure 11.1.1, the $10,000 bond investment yields interest at an annual 
rate of 7%. In the first strategy, the interest income for any given year is withdrawn 
from the account at the end of that year, and so the interest is not reinvested. Make a 
table in which you list the interest along with the total value of the investment at the 
end of each of the first 5 years. 


Solution Each year, interest in the amount of $700 is paid on the fixed investment of 
$10,000. The total value of the investment-related assets at the end of any given year 
is simply the sum of the interest earned during that year and the total value of the 
investment-related assets at the end of the previous year. The information is summa- 
rized in Table 11.1.1. 


Table 11.1.1 

Ea ee reer 
0 0 10,000 
1 700 10,000 + 700 = 10,700 
2 700 10,700 + 700 = 11,400 
3 700 11,400 + 700 = 12,100 
4 700 12,100 + 700 = 12,800 
5 700 12,800 + 700 = 13,500 


[A Check It Out 1: Rework Example 1 for the case in which the annual rate of interest 
is 5%. Ol 
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In Example 1, we listed the total value of the investment-related assets at the ends 
of only whole numbers of years (specifically, 0, 1, 2, 3, 4, and 5 years) after the initial 
investment. For the purpose of making lists of this kind, it would be convenient to use 
a function that is defined only for nonnegative integers. A function of this type is 
known as a sequence. The definition of a sequence follows. 


Definition of a Sequence 


A sequence is a function f(7) whose domain is the set of all nonnegative integers 
(i.e., 2 = 0, 1, 2, 3,...) and whose range is a subset of the set of all real numbers. 
The numbers f(0), f(1), f(2),... are called the terms of the sequence. 

For a nonnegative number 2, it is conventional to denote the term that 
corresponds to n by a, rather than by f(m). We shall use both notations in our 
discussion. 


In Example 1, suppose we want to find the total value of the investment-related assets 
after 20 years. Rather than explicitly compute the values of f(0), f(1), f(2),..., (20) one 
by one, which is rather tedious, it would be more useful to find a general rule for the terms 
of the sequence. This is what we did for functions in Chapter 1. Next we will study some 
special types of sequences for which such a general rule exists. 


Arithmetic Sequences 


[aa 2 The Rule for an Investment with Interest Not Reinvested 


Figure 11.1.1 showed a $10,000 investment that yielded interest at an annual rate of 
7%. In the first strategy, the interest income was not reinvested. Find a rule to gener- 
ate the total value of the investment-related assets after m years. 


Solution From Table 11.1.1, you can see that 

Total value after 1 year = 10,000 + (1)700 = 10,700 
since $700 interest is paid at the end of the first year. Also, 

Total value after 4 years = 10,000 + (4)700 = 12,800. 


Note that adding $700 to the total value of the investment at the end of each year has 
the same effect as adding a suitable multiple of $700 to the initial investment of $10,000. 
Now we can find a rule for the total value of the investment after 7 years. 


The value after 7 years = 10,000 + (7)700 = 10,000 + 700n 


If we denote the total value of the investment-related assets after 1 years by f(n), we 
find that the rule is 


f() = 10,000 + 700n. 


A rule such as this is much more compact than a table. 


[A Check It Out 2; Rework Example 2 for the case in which the annual rate of interest 
is 5%. O 
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In Example 2, we took a starting amount of $10,000 and added a fixed amount of 
$700 to it every year. A sequence in which we set the starting value ay to a certain 
number and add a fixed number d to any term of the sequence to get the next term is 
known as an arithmetic sequence. 


Discover and Learn Definition of Arithmetic Sequence 


Use function notation to write the Each term of an arithmetic sequence is given by the rule 
general form of the rule for an 


arithmetic sequence. a, — a + nd, n= 0; I, 2; 3,... 


where dp is the starting value of the sequence and d is the common difference 
between successive terms. That is, 


d= a, — 4 = @, — 4 = a, — an... 


eeigal 3 Using the First Few Terms to Find a Rule 


Table 11.1.2 gives the first four terms of an arithmetic sequence. 


Table 11.1.2 


— 
iS) 


(a) Find the rule corresponding to the given sequence. 


b) U: le to find ayo. 
Discover and Learn (by Use yourule te itd Hig 


> Solution 
The rule for the arithmetic 
sequence in Example 3 is given (a) We first find the common difference d between successive terms of the sequence. 
by a, = —1 — 2n. We can Note that 
write the rule as a function of Q, — Ay = a — a, = a3 — a = —2. 
n:f(n) = —2n — 1, where n is any 
nonnegative integer. What is the Thus, d = —2. Since a) = —1, the general rule is then given by 
domain of f? What is the range a, = 4 + dn=—1 + (—2)n— >a, = —-1 — 2n. 
of £? Plot the graph of f. How is it 
different from the graph of the (b) To find a,), simply substitute m = 10 into the rule, which gives 
function glx) = —2x — 1, where = 1 2(10) = —21. 


x is any real number? 


[AW Check It Out 3; Check that the rule generated in part (a) of Example 3 gives the 
correct values for the four terms listed in Table 11.1.2. M 


leara| 4 Using Any Two Terms to Find a Rule 


Suppose two terms of an arithmetic sequence are ag = 10 and a,, = 26. What is the 
rule for this sequence? 
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eee Solution Because this is an arithmetic sequence, we know that the difference be- 


ee ee eel tween any two successive terms is a constant, d. We can use the given terms to con- 
struct Table 11.1.3. 


my Thus 10 + 4d = 26. To find d, we solve this equation. 
9 1@) ar al 
10 + 4d = 20=>Sd=4 
10 IQ) se 247@! 
11 10 + 3d The rule for the sequence is then a, = a) + 4n. We still need to find ap, the starting 


value. We could construct another table and work our way backward, but that would 
be too tedious. Instead, we use the information available to us to find an equation in 
which ay is the only unknown. 


12 10+ 4d= 26 


A, = Ay + 4n Known rule so far 

10 = a) + 4(8) Substitute n = & and ag = 10 
A graphing utility in 10 = ay + 32 Simplify 

SEQUENCE mode can be —22 = ay Solve for ap 


used to graph the terms of a 
sequence. Figure 11.1.2 


Technology Note 


Thus the rule for this sequence is given by 


shows the graph of the GQ, = —22 + An. 

sequence a, = —1 — 2n, 

n=0,1,2,3,.... [A Check It Out 4: 

Keystroke Appendix: (a) Check that the rule in Example 4 is correct. 

Section 14 (b) Find the rule for the arithmetic sequence with terms a) = 15 and a,, = 6. © 


Figure 11.1.2 
Geometric Sequences 


We saw that arithmetic sequences are formed by setting the starting value a) equal to 
a certain number and then adding a fixed number d to any term of the sequence to get 
the next term. Another way to generate a sequence is to set the starting value a) equal 
to a certain number and then multiply any term of the sequence by a fixed number r 
to get the next term. A simple example is when we start with the number 2 and keep 
multiplying by 2, which gives the sequence 2, 4, 8, 16,.... A sequence generated in this 
manner is called a geometric sequence. 

We now examine the second strategy of the investment scenario discussed earlier 
in this section. 


lea 5 The Rule for an Investment with Interest Reinvested 


$-- This example builds on Example 1 in Section 11.1. 


Suppose $10,000 is invested in a savings bond that pays 7% interest compounded 
annually, and suppose all of the interest is reinvested. This is the second investment 
strategy for the hypothetical scenario illustrated by the chart in Figure 11.1.1. 


(a) Make a table in which you list the interest along with the total value of the invest- 
ment at the end of each of the first 5 years. 


(b) Compare your table with Table 11.1.1 in Example 1. 
(c) Find the general rule for the total amount in the account after 7 years. 


(d) Find the value of the investment after 20 years. Compare your result with the 
amount given in Figure 11.1.1. 
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>Solution 


(a) The total value after 1 year is 


Just in Time 


Review compound interest 


in Section 5.2. Initialvalue + 7% interest 
— = 10,000 + (0.07)(10,000) Substitute data 
= (1 + 0.07)(10,000) Factor out 10,000 
= (1.07)(10,000). Simplify 


Because the interest is compounded annually, the total value after 2 years is the 
sum of the total value after 1 year plus 7% of that value: 
Total value after 1 year + 7% of that total 
= (1.07)(10,000) + (0.07)(1.07)(10,000) Substitute data 
= (1 + 0.07)(1.07)(10,000) Factor out 1.07(10,000) 
1.07(1.07) (10,000) Simplify 
= (1.07)7(10,000). 


Continuing in this manner, we can generate Table 11.1.4. We have written the total 
value both in exponential notation and as a numerical value. 


Table 11.1.4 

Year Interest ($) ——TotalValue (S$) 
0 0.00 10,000.00 
1 700.00 (1.07)(10,000) = 10,700.00 
2D 749.00 (1.07)?(10,000) = 11,449.00 
3 801.43 (1.07)?(10,000) ~ 12,250.43 
4 857.53 (1.07)4(10,000) ~ 13,107.96 
5 917.56 (1.07)?(10,000) ~ 14,025.52 


(b) In Example 1, the total value of the investment-related assets after 5 years was 
$13,500. When the interest is compounded, the total value after 5 years is $14,025.52. 
Thus reinvesting the interest income rather than spending it yields a higher return 
after 5 years. Note that the initial investments and the interest rates for the two invest- 
ment strategies were identical. 


(c) Note from Table 11.1.4 that the total value at the end of 7 years is 1.07” times the 
initial investment of $10,000. If a,, is the amount after 7 years, then the rule for a, 
is given by 


a, = (1.07)"(10,000) = (10,000)(1.07)”. 
(d) After 20 years, the investment is worth 
10,000(1.07)”° = $38,696.84. 


This is equal to the amount given in Figure 11.1.1. 


[A Check It Out 5: Rework parts (c) and (d) of Example 5 for the case in which the 
annual rate of interest is 5%. © 


In Example 5, any term of the sequence could have been found by multiplying the 
previous term by a fixed number. A sequence obtained in this manner is called a geo- 
metric sequence, which we now define. 
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Discover and Learn 


Use function notation to write 
the general form of the rule for 
a geometric sequence. 


[Ee 6 Using Two Consecutive Terms to Find a Rule 


Find the rule for the geometric sequence with terms a, = 12 and a; = 24. 


SF 


Technology Note Solution Because a, and a; are successive terms of the sequence, a3 = ra. To find r, 
we solve this equation. 


The rule for the sequence is then a,, = a)(2)”. 
Next we find ap, the starting value. We use the information available to us to write 
an equation in which ay is the only unknown. 


a, = ao(2)” Known rule so far 
12 = a,(2)? Substitute n = 2 and a, = 12 
12 = 4a) Simplify 

3=4) Solve for ao 


Hence, the rule for this sequence is 


a, = 3(2)". 


LW Check It Out 6: 
(a) Verify that the rule in Example 6 is correct. 
(b) Find the rule for the geometric sequence with terms a, = 54 and a, = 162. © 


[eal 7 Using Two Nonconsecutive Terms to Find a Rule 


Find the rule for the geometric sequence with terms a, = 32 and a; = 4. 


Table 11.1.5 


2 a Solution Unlike in Example 6, we do not have successive terms here. To find the 


2 BD ratio r between successive terms, we can set up a table to summarize the information 
3 32r we are given. See Table 11.1.5. 
From the last row, we have 
4 1G2n) = 321 
5 | rG2r) =32r = 4 327? = 4p = or =>. 


2 
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Table 11.1.6 


Fundamental 
Second 
Third 

Fourth 


5)5) 
110 
165 
220 


m= More Topics in Algebra 


: - 1\" 2 : 
Thus the rule for this sequence is a, = a,(5) . We still need to find ap, the starting 


value. We can use the information available to us to construct an equation in which ay 
is the only unknown: 


Known rule so far 


) 
ll 
Q 
oO 
aw 
Ole 
5 


1 
32 = 23) Substitute n = 2 and a, = 32 


1 
32 = a4) Simplify 
4 
a) = 128 Solve for ao 


Hence, the rule for this geometric sequence is 


= 128 Z ; 
an a}° 


: 1 : 
Note that the ratio r= a 1. The terms of this sequence get smaller as 7 gets larger. 


LW Check It Out 7: 
(a) Verify that the rule in Example 7 is correct. 
(b) Find the rule for the geometric sequence with terms a, = 3 and a, = 81. © 


Applications of Arithmetic and Geometric Sequences 


Sequences are used in a wide variety of situations. In particular, they are used to model 
processes in which there are discrete jumps from one stage to the next. The following 
examples will examine applications from music and biology. 


[ema 8 A Vibrating String 


A string of a musical stringed instrument vibrates in many modes, called harmonics. 
Associated with each harmonic is its freguency, which is expressed in units of cycles per 
second, or Hertz (Hz). The harmonic with the lowest frequency is known as the 
fundamental mode; all the other harmonics are known as overtones. Table 11.1.6 lists 
the frequencies corresponding to the first four harmonics of a string of a certain 
instrument. 


(a) What type of sequence do the frequencies form: arithmetic, geometric, or neither? 
(b) Find the frequency corresponding to the fifth harmonic. 

(c) Find the frequency corresponding to the mth harmonic. 

> Solution 


(a) Because the difference between successive harmonics is constant at 55 Hz, the se- 
quence is arithmetic. 


(b) From Table 11.1.6, the fourth harmonic is 220 Hz. Thus the fifth harmonic is 
220 + d= 220 + 55 = 275 Hz. 
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Table 11.1.7 (c) The common difference is d = 55. Denote the frequency of the mth harmonic by 
a to 1 = 1, 2, 3,.... From the table, f, = 55, fp = 110 = 55(2), fp = 105 = 55(3), 


oa and so on. Thus we have 
Tis = 55n, n= 1, 2, io eee 


Fundamental 35 . . 
Note that this sequence begins at 7 = 1. 
Second 70 
Third 140 lof Check It Out 8: Rework Example 8 for the case in which the frequencies of the first 
Fourth 280 four harmonics are as shown in Table 11.1.7. B 


leeate| 9 DNA Fragments - 


When scientists conduct tests using DNA, they often need larger samples of DNA than 
can be readily obtained. A method of duplicating specific fragments of DNA, known as 
Polymerase Chain Reaction (PCR), was invented in 1983 by biochemist Kary Mullis, who 
later won the Nobel Prize in Chemistry for his work. After each cycle of the PCR process, 
the number of DNA fragments doubles. This procedure has a number of applications, in- 
cluding diagnosis of genetic diseases and investigation of criminal activities. 
Suppose a biologist begins with a sample of 1000 DNA fragments. 
(a) What type of sequence is generated by the repeated application of the PCR process? 
(b) How many DNA fragments will there be after five cycles of the PCR process? 
(c) How many DNA fragments will there be after 1 cycles of the PCR process? 
(d) Laboratories typically require millions of DNA fragments to conduct proper tests. 
How many cycles of the PCR process are needed to produce one million fragments? 
(e) Each cycle of the PCR process takes approximately 30 minutes. How long will it 
take to generate one million DNA fragments? 


>Solution 


(a) Because the number of DNA fragments doubles after each cycle of the PCR 
process, the resulting sequence of the number of DNA fragments is geometric. 


(b) The doubling of DNA fragments after each cycle is summarized in Table 11.1.8. 


Table 11.1.8 

Number of Cycles Number of Fragments 
0 1000 
1 2(1000) = 2000 
2 2(2000) = 27(1000) = 4000 
3} 23(1000) = 8000 
4 2*(1000) = 16,000 
5 2°(1000) = 32,000 


From the table, the number of DNA fragments after five cycles is 
1000(2)? = 32,000. 


(c) Let F(m) denote the number of DNA fragments after 7 cycles. Because the com- 
mon ratio is 2 and the initial number of fragments is 1000, we can write 


F(n) = 1000(2)". 
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(d) To compute the number of cycles needed to produce one million DNA fragments, 
solve the following equation for 7. 


1000(2)” = 1,000,000 Set F(n) equal to 1,000,000 


2” = 1000 Isolate exponential term: divide 
both sides of equation by 1000 


Because 1 appears as an exponent, use logarithms to solve for 7. 


log 2” = log 1000 Take common log of both sides 
n log 2 = log 1000 
ae Solve for n 
log 2 log 2 
n ~ 9.966 


The number of cycles must be a whole number. Thus 10 cycles of the PCR process 
are needed to produce at least one million DNA fragments. 

(e) Each cycle lasts 30 minutes, so it will take 10(30) = 300 minutes, or 5 hours, to 
produce one million DNA fragments. 


[MW Check It Out 9: How long will it take to produce one million fragments of DNA if 
the biologist in Example 9 starts with 2000 fragments of DNA? 


11.1 Key Points 


» A sequence is a function f(m) whose domain is the set of all nonnegative integers 
and whose range is a subset of the set of all real numbers. The numbers /(0), 
fC); f(2),... are called the terms of the sequence. 


» Each term of an arithmetic sequence is given by the rule 
a, = A + nd,n = 0, 1, 2, 3,... 


where a, is the starting value of the sequence and d is the common difference 
between successive terms. 


» A geometric sequence is defined by the rule 
a, = aor", n = 0, 1, 2, 3,... 


where ap is the initial value of the sequence and r # 0 is the fixed ratio between 
successive terms. 


11.1 Exercises 


» Just in Time Exercises These exercises correspond to the 2. If interest on an account is compounded quarterly, what is 

Just in Time references in this section. Complete them to the value of n in the compound interest formula? 

review topics relevant to the remaining exercises. 

3. A bank is advertising an account with an interest rate of 
4%, compounded semiannually. A customer opens an 
account with an initial deposit of $100 and makes no 
more deposits or withdrawals. What will the account 
balance be at the end of 2 years? 


1. True or False: If an amount P is invested in an account 
that pays interest at rate r and the interest is compounded 
n times per year, then after t years the amount in the ac- 


count will be 
nt 
A(t) = afi ” *) 
n 


4. A bank is advertising an account with an interest rate of 
6%, compounded yearly. A customer opens an account 
with an initial deposit of $100 and makes no more 
deposits or withdrawals. What will the account balance 
be at the end of 2 years? 


» Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 5—20, find the terms ag, a1, and ap for each sequence. 


5.a, =4+ 6n 6.4a,=3°+ 5n 
1 Oy = =) + 3n 8.a, = —3 + 2n 
9.a, = —4— 4n 10.a, = —3 — 3n 
ll.a, =8-— 2n 12.4, =5 = 3n 
13. a, = 7(4") 14. a, = 3(2”) 
15.a, = 5(3”) 16. a, = 6(5”) 
17.4, = —206”% 18. a, = —4(6") 
19.a, = —3(5”) 20. a, = —5(2”) 


In Exercises 21-32, find the rule for the arithmetic sequence hav- 
ing the given terms. 


21. 22. 

OF el @| i 
> fe 
23. 24. 
a: : m:.: 
ie 
25. 26. 

WO) | WZ ie Il 
aes mb» 


27. The common difference dis 5 and ay = 55. 
28. The common difference dis 2 and a; = 24. 
29. The common difference dis —2 and ag = 5. 
30. The common difference dis —3 and aj) = 7. 
31. The common difference d is ; and b, = 13. 


1 
32. The common difference d is aq and cy = 7. 
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In Exercises 33-44, find the rule for the geometric sequence hav- 
ing the given terms. 


33, 34. 
Bo. | 
ms it 

35. 36. 

_ = 
| 128 


39. The common ratio r is 2 and a; = 128. 


40. The common ratio r is 3 and a, = —162. 
3 81 
41. The common ratio r is a and b, = rs. 
. _A 64 
42. The common ratio r is 3 and ¢3 = 57" 


43. The common ratio ris 5 and a, = 2500. 


44, The common ratio r is 4 and ag = 12,288. 


In Exercises 45-50, fill in the missing terms of each arithmetic 
sequence. 


45. 


nN 
a 
Ss) 
a 
QD 


nN 
@ 


i) 
| 
i) 


UW 

= 
° 
= 
~ 
w 


In Exercises 51-56, fill in the missing terms of each geometric 
sequence. 


51. 
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: 54. 
0 1 a | 3) 0 1 wy) 3) 


10 50 12 36 


55. 56. 
@) ul] 2 es @]il |] 2 3 
es na 
4 8 Q | 27 
In Exercises 57—68, state whether the sequence 1s arithmetic or 
geometric. 
DLs: Ly, 35:95: Lycee 58.4, 10, 16, 22,... 
59.2, 6, 18, 54,... 60..8,.55:25-— 1s: 
61.—7, =115.—155:=19,.. 62.3, 15, 75, 375,... 
111 
03.) 5 Soe 64. 0.929, 0.939, 0.949... 
2 6 18 
111 6115 )=«=119 
65 66. 0.9, 0.81, 0.729,... 


67 


“1000° 1000° 1000°"” 


. 0.4, 0.8, 1.6, 3.2,... 68. 0.4, 0.9, 1.4, 1.9,... 


Applications In this set of exercises, you will use se- 
quences to study real-world problems. 


69 


70. 


TA, 


. Investment An income-producing investment valued at 
$2000 pays interest at an annual rate of 6%. Assume that 
the interest is taken out as income and therefore is not 
compounded. 

(a) Make a table in which you list the initial investment 
along with the total value of the investment-related 
assets (initial investment plus total interest earned) 
at the end of each of the first 4 years. 

(b) What is the total value of the investment-related 
assets after n years? 


Investment An income-producing investment valued at 

$3000 pays interest at an annual rate of 4.5%. Assume 

that the interest is taken out as income and therefore is 
not compounded. 

(a) Make a table in which you list the initial investment 
along with the total value of the investment-related 
assets (initial investment plus total interest earned) 
at the end of each of the first 4 years. 

(b) What is the total value of the investment-related 
assets after 7 years? 


Knitting Knitting, whether by hand or by machine, uses a 
sequence of stitches and proceeds row by row. Suppose 
you knit 100 stitches for the bottommost row and in- 


72. 


73. 


7A. 


75. 


76. 


crease the number of stitches in each row thereafter by 4. 
This is a standard way to make the sleeve portion of a 
sweater. 

(a) What type of sequence does the number of stitches 
in each row produce: arithmetic, geometric, or 
neither? 

(b) Find a rule that gives the number of stitches in the 
nth row. 

(c) How many rows must be knitted to end with a row 
of 168 stitches? 


Knitting New trends in knitting involve creating vibrant 
patterns with geometric shapes. Suppose you want to 
knit a large right triarigle. You start with 85 stitches and 
decrease each row thereafter by 2 stitches. 

(a) What type of sequence does the number of stitches 
in each row produce: arithmetic, geometric, or 
neither? 

(b) Find a rule that gives the number of stitches for the 
nth row. 

(c) How many rows must be knitted to end with a row 
of just one stitch? 


Music In music, the frequencies of a certain sequence of 
tones that are an octave apart are 


55 Hz, 110 Hz, 220 Hz,... 


where Hz (Hertz) is a unit of frequency (1 Hz = 1 cycle 

per second). 

(a) Is this an arithmetic or a geometric sequence? 
Explain. 

(b) Compute the next two terms of the sequence. 

(c) Find a rule for the frequency of the mth tone. 


Sports The men’s and women’s U.S. Open tennis tourna- 

ments are elimination tournaments. Each tournament 

starts with 128 players in 64 separate matches. After the 

first round of competition, 64 players are left. The process 

continues until the final championship match has been 

played. 

(a) What type of sequence gives the number of players 
left after each round? 

(b) How many rounds of competition are there in each 
tournament? 


Salary An employee starting with an annual salary of 
$40,000 will receive a salary increase of 4% at the end of 
each year. What type of sequence would you use to find 
her salary after 6 years on the job? What is her salary after 
6 years? 


Salary An employee starting with an annual salary of 
$40,000 will receive a salary increase of $2000 at the end 
of each year. What type of sequence would you use to 


find his salary after 5 years on the job? What is his salary 
after 5 years? 


77. Biology A cell divides into two cells every hour. 
(a) How many cells will there be after 4 hours if we start 
with 10,000 cells? 
(b) Is this a geometric sequence or an arithmetic 
sequence? 
(c) How long will it take for the number of cells to equal 
1,280,000? 


structures. Job A has a starting salary of $30,000 with an 
increase of 4% per year. Job B has a starting salary of 
$35,000 with an increase of $500 per year. During what 
years will Job A pay more? During what years will Job B 
pay more? 


79.Geometry A sequence of square boards is made as fol- 

lows. The first board has dimensions 1 inch by 1 inch, the 

second has dimensions 2 inches by 2 inches, the third has 

dimensions 3 inches by 3 inches, and so on. 

(a) What type of sequence is formed by the perimeters of 
the boards? Explain. 

(b) Write a rule for the sequence formed by the areas of 
the boards. Is the sequence arithmetic, geometric, or 
neither? Explain your answer. 


| Social Security The following table gives the average 
monthly Social Security payment, in dollars, for retired 
workers for the years 2000 to 2003. (Source: Social 
Security Administration) 


2000 2001 2002 2003 


Perea | S10) sci olan Mocs 


(a) Is this sequence better approximated by an 
arithmetic sequence or a geometric sequence? 
Explain. 

(b) Use the regression capabilities of your graphing 
calculator to find a suitable function that models this 
data. Make sure that 1 represents the number of 
years after 2000. 


Recreation The following table gives the amount of 
money, in billions of dollars, spent on recreation in the 
United States from 1999 to 2002. (Source: Bureau of 
Economic Analysis) 


1999 2000 2001 2002 


Nei | O24) | O29) 
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Assume that this sequence of expenditures approximates 

an arithmetic sequence. 

(a) If nm represents the number of years since 1999, use 
the linear regression capabilities of your graphing 
calculator to find a function of the form 
f(n) = a + nd, n= 0, 1, 2, 3,..., that models these 
expenditures. 

(b) Use your model to project the amount spent on 
recreation in 2007. 


Concepts This set of exercises will draw on the ideas 
presented in this section and your general math back- 
ground. 


82. Is 4, 4, 4,... an arithmetic sequence, a geometric sequence, 
or both? Explain. 


83. What are the terms of the sequence generated by the 
expression a, = a) + nd, d = 0? 


84. What are the terms of the sequence generated by the 
expression a,, = dor", r= 1? 


85. You are given two terms of a sequence: a, = 1 anda; = 9. 

(a) Find the rule for this sequence, assuming it is 
arithmetic. 

(b) Find the rule for this sequence, assuming it is 
geometric. 

(c) Find ay4,...,ag for the sequence in part (a). 

(d) Find ay4,...,ag for the sequence in part (b). 

(e) Which sequence grows faster, the one in part (a) or 
the one in part (b)? Explain your answer. 


86. Consider the sequence 
1, 10, 100, 1000, 10,000,.... 


In this an arithmetic sequence or a geometric sequence? 
Explain. Now take the common logarithm of each term in 
this sequence. Is the new sequence arithmetic or geomet- 
ric? Explain. 


87. Find the next two terms in the geometric sequence whose 
first three terms are (1 + x), (1 + x)?, and (1 + x)?. What 
is the common ratio r in this case? 


88. Suppose a, b, and c are three consecutive terms in an 
i é atc 
arithmetic sequence. Show that b = ao 


89. If ap, a), a,... is a geometric sequence, what kind of 
sequence is a, a}, a3,...2? Explain your reasoning. 
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11.2 Sums of Terms of Sequences 


Objectives 


> Find the sum of terms of 
an arithmetic sequence 


>» Understand and work with 
summation notation 


> Find the sum of terms of a 
geometric sequence 

> Find the sum of an infinite 
geometric series 


> Apply sums of arithmetic 
and geometric sequences 
to word problems 


1st day 2nd day 3rd day 


On the first day of Christmas, my true love sent to me 

a partridge in a pear tree. 

On the second day of Christmas, my true love sent to me 

two turtle doves and a partridge 1n a pear tree. 

On the third day of Christmas, my true love sent to me 

three French hens, two turtle doves, and a partridge in a pear tree. 


Source: William Henry Husk, Songs of the Nativity, 1868. 


In the holiday song Twelve Days of Christmas, what is the total number of gifts the lucky 
person will receive on the twelfth day? This is an example of finding the sum of num- 
bers in a sequence. This section will examine sums of numbers generated by special 
types of sequences. 


Sum of Terms of an Arithmetic Sequence 


leanne Direct Calculation of the Sum of Terms of a Sequence 


Consider the song Twelve Days of Christmas, discussed at the beginning of this section. 
(a) How many gifts will be received on the twelfth day? 


(b) If the pattern in the song continues, can you find a general formula for the num- 
ber of gifts received on the mth day, where 7 is even? 


>Solution 


(a) In this problem, we consider the sequence 1, 2, 3, 4,..., 7. We see that a, =n, 
n = 1, 2, 3,.... This is an arithmetic sequence with a common difference of 1. To 
find the number of gifts received on the twelfth day, we certainly could obtain the 
answer by adding the numbers a, through a,,. However, we will approach the prob- 
lem in a way that will help us to find a general formula for the total number of gifts 
received on any particular day. 
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From Figure 11.2.1, we see that the first and last (twelfth) numbers in the 
sequence add to 13. The second and eleventh numbers also add to 13. 


Figure 11.2.1 


1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 


—————— 
| 13 | 


13 


The same is true of four more sums: the sum of the third and tenth numbers, the 
sum of the fourth and ninth numbers, the sum of the fifth and eighth numbers, and 
the sum of the sixth and seventh numbers each add to 13. We thus have six pairs 
of numbers, each of which adds to 13. The sum is 


1+24+3+-+-+12=(14+12)+(2+1)+3+10) +--+ (+7 
=(0)(13)= 78, 


Thus the fortunate person receiving the gifts will receive a total of 78 gifts on the 
twelfth day. 


(b) To find the total number of gifts received on the mth day, where n is even, we find 
the sum 1+2+3+-:--:-++n. See Figure 11.2.2. 


Figure 11.2.2 
2+(n-l)=n+1 


L, 25 35.45 3,65. 75 <acy 2 — Im 
nae 


Applying the technique from part (a) gives 
14+2+3+-::+(m-l1)4+n 


=(1+n+(24+Mm-1))4+¢-°°+ (z + (2 + :)) See Figure 11.2.2 


2 
=(n+1)+(m4+1)+---+(m4+1) Evaluate within parentheses 
SS 
5 times 
n n(n + 1) n 
= 5 (n+ 1)= 3 : There are > pairs of numbers 


The number of gifts given on the mth day is met. 


Because we are given that 7 is even, we have > Pairs of numbers to sum in 
this calculation. 


[A Check It Out 1: Assuming the gift-giving pattern in Example 1 continues, find the 
number of gifts that would be received on the fifteenth day. © 
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Discover and Learn 


Compute the sum of the first 

Nn positive integers for various val- 
ues of 7. Plot your results as a 
function of 7. What do you ob- 
serve about the graph? What type 
of function does it represent? 


Discover and Learn 


Check your understanding of the 
formula given at the right by 
computing the sum of the first 
20 terms of the arithmetic 
sequence 


Bld, G14, oxen 


More Topics in Algebra 


If n is odd, you can use the technique from Example | to find the sum of the first 
n positive integers, but then you will have a leftover term to deal with. However, it can 
be shown that the same formula holds for the sum regardless of whether 7 is even or 
odd. This leads to the following result. 


Sum of Numbers from 1 to n 


Let 7 be a positive integer. Then 


= n(n + 1) 


L+2+3+¢+-+-¢n 5 


The type of formula discussed in Example 1 arises in many situations. We can use 
it to find the general formula for the sum of the first m terms of any arithmetic se- 
quence. Let a; = a) + jd,j = 0, 1, 2,..., be an arithmetic sequence, and let 7 be a posi- 
tive integer. To find the sum of the terms a) through a,,_,;, proceed as follows. 

We wish to find 


S, = +a, +a,+-+-+++a4,_). 


The quantities that we know are ap, d, and n. If we can obtain a formula that contains 
just these quantities, we can compute the sum of any number of terms very easily. 
From the general form for a;, we have 


S,= 4 +a, +a,+-++++a4a,_, 


= dy + (ay + d) + (ay + 2d) + +++ + (ay + (n— 1d) 


=a tat-::+:+at+d+2d+---+ m-—1)d Collect like terms 


SF) 
n times 


=(natdit+2+---+(™m-1) 
ed 


Factor out d 


Use formula for 


= (nda + a 
2 142404 (0-1) 


= - (2a) + d(n — 1)). Factor out 5 


We can stop at this point, since we have found a formula for the sum that contains only 
the known quantities, a), d, and n. We can also write another formula for S, by using 
the fact that a,_; = a) + d(n — 1). This gives 


S, =a ta,+a,+-+++a,_; 


- A (2a) + d(n — 1)) Use formula for sum 
n n ; 
= 3 (a) + (ag + dn — 1))) = 3 (aj) + a,-1). Substitute a,_, = ap + d(n — 1) 


We now have the following formula for the sum of the first 7 terms of an arithmetic 
sequence. 
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lame 2 Calculating the Sum from the First Few Terms 


Technology Note Find the sum of the first 11 terms of the arithmetic sequence 
25 55 85 115-133.%53 


Solution For the given sequence, the first term, a), equals 2 and the common differ- 
ence, d, equals 3. The sequence can be written as 


a,= 2+ 37,7 = 0, 1, 2, 3,.... 


The sum of the first 11 terms is then found by using the sum formula. 


S,= - (2a) + d(n — 1)) We know ao, d, and n 


11 
= = (2(2) + 3(11 — 1)) Substitute a7 = 2,n=N,andd=3 


sum(seg(2+3n, n, O, 
10, 1) 


187 11 
| = es (34) = 187 Simplify 


[A Check It Out 2; Find the sum of the first 20 terms of the arithmetic sequence 
2, 4, 6, 8, 10,.... 


The next example uses an alternate formula for finding the sum of an arithmetic 
sequence. 


Example 3 Calculating 


the Sum from the Initial and Final Terms 


Find the sum of all even numbers between 2 and 100, inclusive. 


Solution Here, we are given the initial term and the final term of the sequence. Thus 
the formula 


n 
S, = = (ay + dy 
n 2 (a ay ) 


can be used. There are 50 even numbers between 2 and 100, inclusive. Substituting 
ay = 2, agg = 100, and n = 50, we have 


50 
S59 = - (a + @,—1) = 7 (a + ayo) = > (2 + 100) = 2550. 
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Table 11.2.1 


A & WY bd 
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15 


[A Check It Out 3; Find the sum of all odd numbers between 3 and 51, inclusive. © 


Summation Notation 


It can be very cumbersome to write out the sum of the terms of a sequence (such as 
the sum 1 + 2 +--+ + 7) in the form ofa string of numbers separated by plus signs. 
Fortunately, there is a shorthand notation, known as summation notation, that can 
be used to indicate a sum. The capital Greek letter sigma, >, is used to denote a sum. 
In addition, a variable known as an index, ranging over some set of consecutive inte- 
gers, keeps track of the terms in the sum. 

Consider the following example of summation notation. 


n 


The sum 1 + 2 +--+ +n would be written as >i. 
i=l 


The details of this notation are illustrated below. 


Index 7 ends at n 


J 


n 
Summation symbol — SP Expression to be evaluated and summed 
i=1 
Index 7 starts at 1 


The best way to understand summation notation is to work with it. The next two ex- 
amples illustrate the use of summation notation. 


Example (2 Expanding a Sum Given in Summation Notation 


Expand the following sums given in summation notation. Do not evaluate. 
5 6 
(a) 23i = (b) D7 
i=2 i=3 


>Solution 


(a) We see that 7 goes from 2 to 5. Make a table of values corresponding to each term 
in the sum. From Table 11.2.1, 


5 
3S 3i=6+9+124 15. 
1=2 


6 


(b) To expand >’ 7 we first observe that 7 goes from 3 to 6. Every term in this sum is 
i=3 
7 (.e., the numbers to be summed do not depend on 1, which simply “counts” the 
terms). Therefore, 


6 

S7=7+7+7+7. 
= —_—  —_ 

1=3 1=3 i=4 i=5 i=6 


7 
[A Check It Out 4: Expand the sum given by >) 47. Do not evaluate. © 


1=3, 
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[ze 5 Writing an Expanded Sum in Summation Notation 


Write the sum —2 — 4 —- 6 — 8 — -- + — 20 using summation notation and evaluate. 


Solution Note that each term in the sum can be written as —27, and that 7 ranges 
from 1 to 10. Therefore, this sum can be written as 


10 
Ss =-2i. 
i=1 
When using summation notation, the index 7 is always incremented in steps of 1 as it 
goes from its starting value to its ending value. 
Using the formula for the sum of terms in an arithmetic sequence, 


10 
S= > [-2 + -20] = -110. 


LW Check It Out 5: Write the sum 4 + 8 + 12 +--+ + 36 using summation notation, 
and evaluate. Ml 


Sum of Terms of a Geometric Sequence 


Just as with arithmetic sequences, it is possible to find the sum of a finite number of 
terms of a geometric sequence. 

Recall that a geometric sequence is given by the rule a; = apr’, j = 0, 1, 2,.... We 
want to examine the sum of the first 7 terms. That is, 


n=1 
S) aor? = ay + aor + agr? +++ + + agr™). 
j=0 


Note We have used the letter j here for the index. The actual letter used for 
the index does not matter, as long as we are consistent —the variable used for 


the index must be the same as the variable used for the expression that is to be 


evaluated and summed. 


To find a formula for this sum, we first write the sum as follows. 


n-1 
S, = SY aor? = a)(1 trtrrtre tere tr™ 
j=0 


It turns out that 
l-r"=(1-ntrtrtrtee tr", 


You can easily check this equation for m = 1, 2, 3. It holds true for all other positive 
integers 7 as well. Therefore, if r ~ 1, we can write 


1-—r"” 


lL =r 


HSltrtrr?t re tee tr, 


Substituting this expression into the expression for S,,, we then have the formula for 
the sum of terms of a geometric sequence. 
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Discover and Learn 


Check the formula for S,, for 
n= 1,2, 3. 


le-amal 6 Direct Application of the Summation Formula 


Find the sum of the first five terms of the sequence a; = 5), j= 0,1, 2;.... 


: 1 . 
Solution Here, ay = an 3, and n = 5. Using the formula for the sum of terms of 
a geometric sequence, we have 


Ss=—(1+34+ 374+ 334+ 34 


Lae 
(5) 
_1/1-243)\_ 121 
“2 4) 2° 


[W Check It Qut 6: Find the sum of the first six terms of the sequence a; = 1024 (3) 
j=0,1,2,.... B 


penne 7 Finding the Sum if the Formula Cannot Be Directly Applied 


5 
Find the sum > 3(2)/~!. 


jml 


j 
> 


Solution Note that this sum is not quite in the form to which our formula for the 
sum of terms of a geometric sequence can be applied, because 


» the value of the index begins with 1 instead of 0; and 
» the exponent is; — 1 rather than 7. 


To see how we can approach this problem, first write out the terms in the sum. 


5 
> 3(2)-* = 3(2)° + 3(2)! + 3(2)? + 3(2)? + 3(2)* 
= = 3 + 3(2) + 3(2)? + 3(2)? + 3(2) 
(=) 
=3 ao=3,n=5,r=2 
1-2 
= 93 


5 
LW Check It Out 7: Find the sum >\5(3)'-?. 
i=2 
When computing a sum of terms of a sequence, it often helps to write out the first 
few terms and the last few terms. Then it should be clear what should be substituted 
into the formula for the sum. This is particularly true for applications. 
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Infinite Geometric Series 


The sum of the terms of an infinite geometric sequence is called an infinite geomet- 
ric series. If the terms of the geometric sequence are increasing—for instance, if 
r > 1—then the sum will increase to infinity. However, it can be shown that if |r| < 1, 
then the infinite geometric series has a finite sum. 


Eel 8 sum of an Infinite Geometric Series 


Determine whether each of the following infinite geometric series has a sum. If so, find 
the sum. 


oe 
ee ee ee ie ae Be an 
(@) OTS Tae ie 


>Solution 


(a) For this geometric series, r = 2 because each term is twice the previous term. Thus 
|r| = 2. The series does not have a sum because |r| > 1. 


: : : F : 1 
(b) For this geometric series, each term is one-half the previous term. Thus r = rs 


1. : 
Because |r| = 3 Is less than 1, the series has a sum. We use the formula for the sum 


of an infinite geometric series to find the sum. 


ao 1 


— eid 
1-7 1 1 
1- S 3 


[WY Check It Out 8: Find the following sum: 2 + ; 2 ; ie = +--- E 


S= 2 


Applications 


The notion of summing terms of a particular sequence occurs in a variety of applica- 
tions. Two such applications are discussed in the next two examples. 


ata 9 Seating Capacity 7 


An auditorium has 30 seats in the front row. Each subsequent row has two seats more 
than the row directly in front of it. If there are 12 rows in the auditorium, how many 
seats are there altogether? 


890 Chapter 11 


Just In Time 
Review compound 


More Topics in Algebra 


interest in Example 5 in 


Section 11.1. 


/ 


Solution From the statement of the problem, we see that the second row must have 
32 seats, the third row must have 34 seats, and so on. Therefore, this is an arithmetic 
sequence with a, = 30 and common difference d = 2. Also, m = 12 because there are 
12 rows of seats. We then have 


Sp = . (2a) + d(n — 1)) We know ao, d, and n 
12 ; 
= cs (2(30) + 2(12 — 1)) Substitute ap = 30,n = 12, and d= 2 
12 ae 
= a + 2(11)) = 492. Simplify 


Thus there are 492 seats in the auditorium. 


LW Check It Out 9: Rework Example 9 for the case in which there are 25 seats in the 
front row, each subsequent row has two seats more than the row directly in front of it, 
and there are 10 rows. © 


Annuities are investments in which a fixed amount of money is invested each year. 
The interest earned on the investment is compounded annually. Example 10 discusses 
a specific case of an annuity. 


eel 1 0 Annuity 


Suppose $2000 is deposited initially (and at the end of each year) into an annuity that 
pays 5% interest compounded annually. What is the total amount in the account at the 
end of 10 years? 


Solution The interest earned on the $2000 that is deposited in any given year will 
not begin to be paid until a year later. Thus, by the end of the tenth year, only 9 years’ 
worth of interest will have been paid on the amount deposited at the end of the first 
year, and only 1 year’s worth of interest will have been paid on the amount deposited 
at the end of the ninth year. No interest will have been paid on the amount deposited 
at the end of the tenth year, since that deposit will just have been made. 

This information is summarized in Table 11.2.2. The compound interest formula 
has been used to calculate the total value of each $2000 deposit for 10 years after the 
account was opened. 


Table 11.2.2 
0 1 Jim 9 10 
2000 2000 ne: 2000 2000 
2000(1.05)'° 2000(1.05)° --- 2000(1.05) 2000 


To find the total amount, we must add all these amounts: 


Amount at end of 10 years = 2000 + 2000(1.05) +--+ + 2000(1.05)? 
+ 2000(1.05)!° 
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Using ay = 2000, 2 = 11, and r = 1.05 in the geometric sum formula, we find that 
this sum is 


_ 11 
s = 2000(4 wen | 


1= 1.05 
= 28,413.57. 


Thus there will be $28,413.57 in the account at the end of 10 years. 


LW Check It Out 10: Rework Example 10 for the case in which the interest rate is 4% 
compounded annually. © 


11.2 Key Points 


» Let a; = a) + jd, j = 0, 1, 2,..., be an arithmetic sequence, and let 7 be a posi- 
tive integer. The sum of the v terms from ay to a,,_, is given by 


Sy = ay + a +++ + ay =F ay + din - 1) 


n 
= 2 (ay + a,-1). 


» The summation symbol is indicated by the Greek letter > (sigma). 


Index 7 ends at n 


y 


n 
Summation symbol —> >) 7? — Expression to be evaluated and summed 
i=1 


t 


Index 2 starts at 1 


» Leta; = aor’, j= 0, 1, 2,..., be a geometric sequence. The sum of the 7 terms 
from dp to a,,_, is given by 


» If |r| < 1, then the infinite geometric series 


Gg dor agr® A agr? eee tage 3 


ao 


has the sum S = » apr’ = 


i=0 L2 
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11.2 Exercises 


» Just in Time Exercises These exercises correspond to the 
Just in Time references in this section. Complete them to 
review topics relevant to the remaining exercises. 


1. True or False: If a bank is advertising an account that 
pays 7% interest compounded quarterly, interest will be 
computed 6 times per year. 


2. True or False: A bank is advertising an account that pays 
6% interest, compounded monthly. A customer opens an 
account of this type and leaves money in the account for 
5 years. Over the 5 years, interest will be deposited into 
the account 60 times. 


3. A bank is advertising an account with an interest rate of 
2%, compounded semiannually. A customer opens an ac- 
count with an initial deposit of $1000 and makes no 
more deposits or withdrawals. What will the account bal- 
ance be at the end of 2 years? 


4. A bank is advertising an account with an interest rate of 
5%, compounded quarterly. A customer opens an ac- 
count with an initial deposit of $1000 and makes no 
more deposits or withdrawals. What will the account bal- 
ance be at the end of 2 years? 


® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 5—10, find the sum of the first 14 terms of each arith- 
metic sequence. 


5. 3, 6, 9, 12, 15,... 6. 4, 8, 12, 16, 20,... 
7. —6, —1, 4, 9,... 8. —8, —5, —2, 1, 4,... 
9.2, 7, 12, 17, 22,... 10. 6, 13, 20, 27,... 


In Exercises 11-16, find the sum of the first eight terms of each 
geometric sequence. 


11.3, 6, 12, 24,... 12.4, 8, 16, 32,... 


Oe eae 14.12, 4 
PAA Be Aieee : ed 


Qo | 


ka 
aie 


15.2, 3,2, 24 1106" 
2 war. 4-7" * > aac a 9 


gees 


In Exercises 17—42, find the sum. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


2h 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


37. 


39. 


41. 


34+64+9+-+-+90 
1+54+94-+-4+53 
10+134+16++--+55 

8+ 12+ 164 + 72 
4+9+144 + (5n + 4) 
1+3+54 + (2n + 1) 
1+5+25 +--+ + 78,125 
1+4+16+---+ 1024 
2+6+18+--++ 1458 
7+ 144+ 28+--+ +896 


Sum of the odd integers from 5 to 125, inclusive 
Sum of the odd integers from 35 to 105, inclusive 
Sum of the odd integers from 27 to 115, inclusive 
Sum of the odd integers from 51 to 205, inclusive 


Sum of the even integers from 4 to 130, inclusive 


Sum of the even integers from 8 to 160, inclusive 
Sum of the even integers from 10 to 102, inclusive 
Sum of the even integers from 20 to 200, inclusive 

6 5 

¥' (21) 36. >, (—37) 
i=0 i=0 

10 7 

2G + 2%) a8, 5 + Ay) 
i=0 i=0 

4/1\i 5 /9\k 
i=0\2 r=0\3 

4 5 

¥ 803) 42, 5.5(2') 
i=0 i=0 


In Exercises 43-54, (a) write using summation notation, and 
(b) find the sum. 


43.2+4+6+:::++ 40 


44.1+4+7+°+-++ 58 


45.a+ 2a+ 3a+:-:+:+ 60a 


46.22 + 42+ 62+:---+ 202 


47.2+4+8+---++ 1024 


48.3 +9+27+--++ + 59,049 


49.ata@tat:::+aq” 


50.22 + 62° + 182° +--+ + 48621! 


51. The sum of the first 25 terms of the sequence defined by 
a, = 2.5n,n = 0, 1, 2,... 


52. The sum of the first 50 terms of the sequence defined by 
a4, = 6.5n, n = 0, 1, 2,... 


53. The sum of the first 45 terms of the sequence defined by 
a, = (0.5)”, n = 0, 1, 2,... 


54. The sum of the first 60 terms of the sequence defined by 
a, = (0.4)”, n = 0, 1, 2,... 


In Exercises 55—66, evaluate the sum. For each sum, state whether 
it is arithmetic or geometric. Depending on your answer, state the 
value of d or r. 


6 8 
55. >, (2k + 1) 56. > (3k - 1) 
k=0 k=0 


20 18 
57. >, (0.5k) 58. >, (0.25) 


k=0 k=0 


6 7 (3\k+1 
56.3 2"! 60. > (2) 


k=0 r-0\4 
10 9 
61. >, (0.5)*~4 62. >, (0.25)*~3 
k=5 k=4 
5 9 
63. >, 2(0.5)* 64. >, 3(0.25)* 
k=1 k=1 


5 


65. 5 (3(k + 2) + 3(k - D) 
0 


k= 


6 
66. >, (2(2k + 4) — 2(k + 1)) 
k=0 
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In Exercises 67—76, determine whether the infinite geometric series 
has a sum. If so, find the sum. 

3... 3 


67.6 + 3 foes 
2 4 


68.8+4+2+1+-::: 


69.9+341+24+24 
. 3° 9° 
3 3 
70.12+3+—+—+::: 
4 12 


71.4+8+ 16+ 32+::: 


74, >, 3(0.25)* 
k=0 


00 1 k fo) 1 kh 
75. >, 3( — 76. > 5(— 
p=0 \5 z=0 \8 


Applications In this set of exercises, you will use 
sequences and their sums to study real-world problems. 


77. Stacking Displays A store clerk is told to stack cookie 
boxes in a pyramid pattern for a store display, as pictured. 


Etc. 


(a) If the clerk has 55 boxes, how many boxes must be 
placed in the bottom row if all the boxes are to be 
displayed at one time? 

(b) The store manager gives the clerk 15 more boxes 
and tells her to use all 70 boxes to build a display in 
the same pyramid pattern. The clerk replies that that 
would be impossible. Explain why she is correct. 

(c) The clerk offers to start with 70 boxes and make a 
display in the same pyramid pattern—and to do it 
in such a way that as few boxes as possible will be 
left over. How many boxes will be in the bottom 
row? How many boxes will be left over? 
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78. Communication Many large corporations have in place an 
emergency telephone chain in which one employee in 
each division is designated to be the first called in the 
case of an emergency. That employee then calls three em- 
ployees within the division, each of whom in turn calls 
three employees, and so on. The chain stops once all the 
employees have been notified of the emergency. 

(a) Write the first five terms of the sequence that 
represents the number of people called at each 
step of the chain. (The first step consists of just 
the “designated” employee being called.) Is 
this an arithmetic sequence or a geometric 
sequence? 

(b) Use an appropriate formula to answer the following 
question: How many steps of the chain are needed 
to notify all the employees of a corporate division 
with 600 employees? 

(c) Explain why this method of notification is very efficient. 


79. Education Savings The parents of a newborn child decide 
to start saving for the child’s college education. At the end 
of each calendar year, they put $1500 into an Educational 
Savings Account (ESA) that pays 6% interest compounded 
annually. What will be the total amount in the account 
18 years after they make their initial deposit? 


80. Retirement Savings Maria is a recent college graduate 
who wants to take advantage of an individual retirement 
account known as a Roth IRA. In order to build savings 
for her retirement, she wants to put $2500 at the end of 
each calendar year into an IRA that pays 5.5% interest 
compounded annually. If she stays with this plan, what 
will be the total amount in the account 40 years after she 
makes her initial deposit? 


81. Physics A ball dropped to the floor from a height of 
10 feet bounces back up to a point that is three-fourths as 
high. If the ball continues to bounce up and down, and if 
after each bounce it reaches a point that is three-fourths 
as high as the point reached on the previous bounce, cal- 
culate the total distance the ball travels from the time it is 
dropped to the time it hits the floor for the third time. 


82. Television Piracy The loss of revenue to an industry due to 
piracy can be staggering. For example, a newspaper article 
reported that the pay television industry in Asia lost nearly 
$1.3 billion in potential revenue in 2003 because of the 
use of stolen television signals. The loss was projected to 
grow at a rate of 10% per year. (Source: The Financial Times) 
(a) Assuming the projection was accurate, how much did 
the pay television industry in Asia lose in the years 
2004, 2005, and 2006? 

(b) Assuming the projected trend has prevailed to the 
present time and will continue into the future, what 


is the projected loss in revenue for the year that is 
n years after 2003? 

(c) Find the total loss of revenue for the years 2003 to 
2012, inclusive. 


83. Literature The following poem (As I Was Going to St. Ives, 
circa 1730) refers to the name of a quaint old village in 
Cornwall, England. (Source: www.rhymes.org.uk) 


As I was going to St. Ives 

I met a man with seven wives. 
Every wife had seven sacks, 
Every sack had seven cats, 

Every cat had seven kits. 

Kits, cats, sacks, and wives, 

How many were going to St. Ives? 


(a) Use the sum of a sequence of numbers to express the 
number of people and objects (combined) that the 
author of this poem encountered while going to 
St. Ives. Do not evaluate the sum. Is this the sum of 
terms of an arithmetic sequence or a geometric 
sequence? Explain. 

(b) Use an appropriate formula to find the sum from 
part (a). 


84. Dimensions A carpet warehouse needs to calculate the 
diameter of a rolled carpet given its length, width, 
and thickness. If the diameter of the carpet roll can 
be predicted ahead of time, the warehouse will know how 
much to order so as not to exceed warehouse capacity. 
Assume that the carpet is rolled lengthwise. The cross- 
section of the carpet roll is then a spiral. To simplify the 
problem, approximate the spiral cross-section by a set of 
n concentric circles whose radii differ by the thickness t. 
Calculate the number of circles 7 using the fact that the 
sum of the circumferences of the 7 circles must equal the 
given length. How can you find the diameter once you 
know n? 


Concepts This set of exercises will draw on the ideas pre- 

sented in this section and your general math background. 

85. The first term of an arithmetic sequence is 4. The sum of 
the first three terms of the sequence is 24. Use summa- 
tion notation to express the sum of the first eight terms 
of this sequence, and use an appropriate formula to find 
the sum. 


86. Find the following sum: 


rl) fed) oovenfreg 


(Hint: Expand first.) 


87. Given two terms of an arithmetic sequence, a, = 14 and 
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4 
89. For a geometric sequence, find ay if >) a; = 3 and 


8 j=0 
as = 2, find >) a,. (Hint: First find d and ay.) gas 
k=1 2° 
88. Given two terms of a geometric sequence, a) = —1 and 


5 
ta = 27, find 5 Gj. 


j=0 


11.3 General Sequences and Series 


Objectives 


> Generate terms of a general 
sequence 


> Find a rule for a sequence 
given a few terms 


> Generate terms of a recur- 
sively defined sequence 


> Find a rule for a recursively 
defined sequence 


> Calculate partial sums of 
terms of a sequence 


> Apply general sequences to 
word problems 


The number of spirals in the head of a sunflower forms 
a sequence that does not fit the pattern of an arith- 
metic or a geometric sequence. This is only one exam- 
ple of the many different types of sequences that can 
be studied. In this section, we will discuss sequences 
in a more general setting. The Fibonacci sequence il- 
lustrated by the sunflower pattern will be discussed in 
Example 6. 


Sequences Given by a Rule 


Recall that the terms of arithmetic and geometric sequences are generated by specific 
types of rules. We can generate other types of sequences simply by using other kinds 
of rules. The following examples illustrate some of the types of sequences that can be 
generated in this way. 


Example [l Generating a Sequence from a Rule 


Find the first four terms of each of the following sequences. 
(a) a, = n’, n = 0, 1, 2, 3,... 


(b) f(@™) = 


sh = 03 1525. Byes 
n+1 


>Solution 


(a) To find the first four terms, successively substitute n = 0, 1, 2, 3 into the formula 
a, = n’, which gives 


Gy = (0)" = 0, a, = (1)? = 1, a = (2)? = 4, as = (3)? = 9. 


(b) Substitute n = 0, 1, 2, 3 into f(n) = ——, which gives 


1 1 1 1 1 1 


jaf ° oo = >a, = =>, a, >= — 


a= 


1 
1+1 2 eT. 3 a4] 4 


[AW Check It Out 1: Find the first four terms of the sequence defined by a, = 1 + 2n’, 
n= 0,1, 2, 3,.... O 
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[ema 2 Using the First Few Terms to Find the Rule 


Assuming that the pattern continues, find a rule for the sequence whose first four 
terms are as given. 


(a) 1, 8, 27, 64 


"AO 16 
> Solution 


(a) The given terms are all perfect cubes. Thus the rule for this sequence is 
a,=w, n=1, 2, 3.... 


Note that this sequence starts with 7 = 1. 


(b) Examining the terms, we see that each term is the reciprocal of a perfect square. 
Thus the rule is 


[AW Check It Out 2: Find a rule for the sequence whose first four terms are 


11 1 
1, Qo) Ap aS a 
8 27 64 


Alternating Sequences 


In an alternating sequence, the terms alternate between positive and negative num- 
bers. The next example involves finding a rule for a simple sequence of this type. 


lesan 3 Finding the Rule for an Alternating Sequence 


Assuming that the given pattern continues, find a rule for the sequence whose terms 
are given by 


Lys. 1 15. Lye Use 


Solution The terms of this sequence consist only of 1 and —1, with the two numbers 
alternating. One way to write a rule for this sequence is 


a, — (=1)5 n=0, il 25 io eee 


This rule works because —1 raised to an even power will equal 1, while —1 raised to 
an odd power will equal —1. Since the value of 1 alternates between even and odd 
numbers, the rule a, = (—1)” produces the sequence 


1, =1, 15 =1,.15. =Vsscs: 


[AW Check It Out 3: Find a rule for the sequence whose terms are given by 


=1, 15 —-131,-1, 1)... 0 


Table 11.3.1 


G@puj~sZl aye 


Table 11.3.2 


Discover and Learn 


Graph the sequence u(n) = 


(-1)' —_,, with n ranging 
ip aes 


from 1 to 50. What do you observe 
about the function values as 7 
gets larger? 
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Example Generating and Graphing Terms of a Sequence 


Let f(m) = (—1)"(n? + 1). Fill in Table 11.3.1 and plot the first five terms of the 
sequence. 


Solution To fill in the table, substitute n = 0, 1, 2, 3, 4 (in succession) into the expres- 
sion for f(7). 
O=FYuwyYrth= Moy= 1 
1D =a += GD = =2 
ID=FIyYey+h= Qe 4 
faa +) =)do)==10 
14 = er iy= apn= 7 


See Table 11.3.2. 

The first five terms of the sequence are plotted in Figure 11.3.1. Note that the dots 
are not connected. Because the function fis a sequence, its domain consists of the set 
of all nonnegative integers. Thus fis not defined for any number that lies between two 
consecutive nonnegative integers. 


Figure 11.3.1 
y 
20 
15 


[A Check It Out 4: Let f(n) = (-1)"(—), n = 1, 2, 3,.... Fill in Table 11.3.3 and plot 
the first five terms of the sequence. 


Table 11.3.3 


Recursively Defined Sequences 


Some sequences are defined by expressing the mth term a,, as a function of one or more 
of the preceding terms rather than as a function of v alone, and specifying the value of 
the first term of the sequence, or the values of the first several terms. A sequence gen- 
erated in this manner is called a recursively defined sequence. Example 5 illustrates 
such a sequence. 
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Discover and Learn 


Find the first four terms of the 
sequence defined recursively by 
4) = 1, a, = 3a,_-1 
= Wy 2) Sie 
What type of sequence is generated? 


Find a rule for the nth term of the 
sequence that depends only on 7. 


[ema 5 Generating Terms of a Recursively Defined Sequence 


Find the first four terms of the sequence defined recursively by 
a=1, a4,=3+4,-,;, n= 1, 2, 3,.... 


What type of sequence is generated? Find a rule for the mth term of the sequence that 
depends only on 7. 


Solution The general rule for a,, is defined using a,,_,, the term just preceding a,,. The 
first four terms are 


a=1 Given 
q4=3+a=3+1= 4 Rule for a, with n = 1 
a%=3+a=3+4= 7 Rule for a, with n = 2 
a4,=3+a,=3+7=10 Rule for a, with n = 3 
The terms of this sequence are thus 
1, 4, 7, 10,.... 


This is an arithmetic sequence with a common difference of 3. Using the formula for 
the mth term of an arithmetic sequence, we can write 


Ay = A + nd=1 + 3n. 


LW Check It Out 5: Consider the recursively defined sequence 
b=1, b=1-6,,, n=1, 2, 3,.... 


(a) Find the first five terms of the sequence. 


(b) What is the range of the function f that corresponds to this sequence (i.e., the 
function f(”) = b,,n = 1, 2, 3,...)? © 


The next example deals with the Fibonacci sequence, which was discussed briefly 
at the beginning of this section. 


ae 6 Generating Terms of the Fibonacci Sequence 


Find the first five terms of the Fibonacci sequence, defined recursively as follows. 


fo _ 1,ft = 1, fh, = fii + fr—2 n= 2, By... 


Solution The recursive definition of the Fibonacci sequence states that the term f, (for 
n = 2) is the sum of the two preceding terms. We can compute the first five terms as follows. 


j=l: A=! Given 

h=fhth=1l+1=2 Substitute n = 2 

bh=h+fh=24+1=3 Substitute n = 3 

fh=hth=3+2=5 Substitute n = 4 
Hence, the first five terms of the Fibonacci sequence are 


1, 1, 2, 3, 5. 


[W Check It Out 6: Generate the terms tss Sos f73 and fg of the Fibonacci sequence. 
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Partial Sums 


It is sometimes necessary to find the sum of two or more consecutive terms of a given 
sequence of numbers. In Section 11.2, we found sums of terms of arithmetic and 
geometric sequences. In this section, we extend the discussion to include sums of 
terms of other types of sequences. 

Suppose we want to denote the sum of the first m terms of the sequence 
Ap) Qj 42.... Using the summation notation from Section 11.2, we have the following. 


Some partial sums will be computed in the following examples. 


[Bente 7 Direct Calculation of a Partial Sum of a Sequence 


Compute each sum. 
4 3 

Qasr GC e+) 
i=0 i=0 

>Solution 


(a) We consecutively substitute 0, 1, 2, 3, and 4 for 7 in the expression 7” and then add 
the results. 


P=0+174+274+37+4=0414+4+9+4 16=30 


Ms 


i=0 


(b) By consecutively substituting 0, 1, 2, and 3 for 7 in the expression (—1)‘(27 + 1) 
and then adding the results, we obtain 


3 
> (-DI@i + 1) = (- 12) +: 1) + CF D'@d) + DY + (-172Q) + D 
= + (-D3(2(3) + 1) 
= 1(1) + (-1)(3) + (2)6) + (-1)(7) = 1-3 4+5-7=-4. 


[A Check It Out 7: Compute the following sums. 


5 
(@) G+) 
j=0 


4 
(b) > (6k — 5) & 
k=0 
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Figure 11.3.2 


Amount of drug (in mg) 


50 


40 © 
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Applications 


Sequences are extremely useful in studying events that happen at regular intervals. 
This is usually done with a recursive sequence. We illustrate this idea in the next 
example. 


Earal 8 Drug Dose 


An initial dose of 40 milligrams of the pain reliever acetaminophen is given to a pa- 
tient. Subsequent doses of 20 milligrams each are administered every 5 hours. Just be- 
fore each 20-milligram dose is given, the amount of acetaminophen in the patient’s 
bloodstream is 25% of the total amount in the bloodstream just after the previous dose 
was administered. 


(a) Let a, represent the initial amount of the drug in the bloodstream and, for m = 1, let 
a, represent the amount in the bloodstream immediately after the mth 20-milligram 
dose is given. Make a table of values for a) through ag. 


(b) Plot the values you tabulated in part (a). What do you observe? 
(c) With the aid of the values you tabulated in part (a), find a recursive definition of a,,. 


>Solution 
(a) We construct Table 11.3.4 as follows. 
Table 11.3.4 

0 40 Initial amount 
1 (0.25)(40) + 20 = 30 Amount remaining from prior dose + new dose 
2} (0.25) (30) + 20 = 27.5 Amount remaining from prior dose + new dose 
3} (0.25)(27.5) + 20 = 26.875 Amount remaining from prior dose + new dose 
4  (0.25)(26.875) + 20 ~ 26.72 Amount remaining from prior dose + new dose 
5 (0.25)(26.72) + 20 = 26.68 Amount remaining from prior dose + new dose 
6 (0.25)(26.68) + 20 = 26.67 Amount remaining from prior dose + new dose 


(b) The values of a, the amount of acetaminophen in the bloodstream after the nth 20- 
milligram dose, are plotted in Figure 11.3.2. 
Note that as 7 increases, the amount of the drug in the bloodstream seems to 
approach a constant amount of approximately 26.67 milligrams. This is known as 
reaching steady state. 


(c) Examining the table of values closely, we see that 


a, = (0.25)(previous amount) + 20 = 0.25a,_, + 20. 


[AW Check It Out 8: Rework Example 8 for the case in which the initial dose of aceta- 
minophen is 40 milligrams, subsequent doses of 20 milligrams are given every 5 hours 
thereafter, and, just before each 20-milligram dose is administered, the amount of the 
drug in the patient’s bloodstream is only 20% of the total amount in the bloodstream 
just after the previous dose was given. & 
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11.3 Key Points 


11.3 Exercises 


» A general rule for the terms a,, of a sequence can be used to generate terms of 
the sequence. 


» In an alternating sequence, the terms alternate between positive and negative 
values. 


» In a recursively defined sequence, the mth term is defined by using the preced- 
ing terms, along with the first term or first several terms. 
n-1 
» The nth partial sum of the sequence ap; a, a5... is denoted by >) a,. 
i=0 


» Skills This set of exercises will reinforce the skills illus- a" =i 


trated in this section. 


12. g(n) = —z—, n = 1, 2, 3,... 
n 


In Exercises 1-18, find the first five terms of the sequence. 


l.a, = —4n + 6,n = 0, 1, 2, 3,... 


2. a, = 6n + 2,n = 0, 1, 2, 3... 


1 n 
3. ay — (3) n= 0, 1, 25 Disa 


5 n 
4.a, = -(3). n= 0, 1, 2, 3,... 
2 


5.b, =n’ + 4,n=0, 1, 2, 3,... 


6. b, = —6n° ae 1, n= 0, 1, 2. Dictate 


n 
7.f(”) = Oe + 1 n= aks 25 chee 


SI0l= = 


9G, = C1 tn = 0.15.25 Dyin 


10. a, = (—1)"2"*}, n = 0, 1, 2, 35... 


n 


2 1 
ll. g(n) = yt hs 25 aes 


n+ 


25: Doce 


13.a, = V2n + 4,n = 0, 1, 2, 3,... 


25 
14.a, = ae n= 1, 2, 3,... 


15.a, =n’? + 2,n=0, 1, 2, 3,... 
16.4, = 2 +n, n= 0, 1, 2, 3,... 
17. a, = 2n?, n = 0, 1, 2, 3,... 


18.4, = Cir? 2 = 0; 1, 253.0. 


In Exercises 19-28, find a rule for each sequence whose first four 
terms are given. Assume that the given pattern will continue. 


19.=2, =—6; =10, —14,... 20:35:25 15. U2 sce 


ee 22.1, 


1 
’ 210? 277°" 


1 
7] We Ue 
2 


Ble 
co |e 


OS MWB ANS, Bots 24. V2, 2, V6,V/8,... 


a a | 

25.1, 0.4, 0.16, 0.064,... 26.1.5, 
VY 16° 64 

27. V3, V6, 3, V12,... 28. 2, 2V2, 2V3, 4 
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In Exercises 29-36, find the first four terms of the recursively 
defined sequence. 


29. a) = 63 a, = @,_; — 2,n = 1, 2, 3,... 


30..a@) = —3; a, = a,-) + 2.5," = 1, 2, 35... 


31. b, = 45 b, = —b, 1, = 2, 3, 45... 


32. b; = 2; b, = —by-1, n = 2, 3, 45... 


2 


33.a9 = —13 a4, = 4,-) tn n= 1, 25 35... 


34.a) = 45a, = a,_; — n,n = 1, 2, 3,... 


35.b, = V3; b, = Vb,_; + 3,0 = 2, 3,4... 


b, 
36. b; = V3; b, = jisinn2, 3, 45... 


In Exercises 37—40, find the first four terms of the recursively 
defined sequence. Find the rule for a,, in terms of just n. 


37.a) = —4; a, = a,-; + 2,n = 1, 2, 3,... 


38. a) = 33 a, = a,_-; + 1.5, = 1, 2, 3,... 
1 

39.6, = 636, = 5 b,-1) 2 = 2, 3, 4,... 
3 

40. b, = 7; b, 4 b,-1> n = 2, 3, 4,... 


» Applications In this set of exercises, you will use general 
sequences and series to study real-world problems. 


41.Games A popular electronic game originally sold for 

$200. The price of the game was adjusted annually by 

just enough to keep up with inflation. Assume that the 

rate of inflation was 4% per year. 

(a) For 1 = 0, let p, be the price of the game 7 years 
after it was put on the market. Define p,, 
recursively. 

(b) Find an expression for p,, in terms of just 7. 

(c) What was the price of the game 3 years after it was 
put on the market? 

(d) How many years after the game was put on the 
market did the price first exceed $250? 

(e) How many years after the game was put on the 
market did the price first exceed $300? 


42. Compensation A certain company rewards its employ- 
ees with annual bonuses that grow with the number of 
years the employee remains with the company. At the 
end of the first full year of employment, an employee’s 
bonus is $1000. At the end of each full year beyond 
the first, the employee receives $1000 plus 50% of the 
previous year’s bonus. 

(a) What bonuses does an employee receive after each of 
the first four full years of employment? 

(b) For 1 = 0, let b, be the bonus received after 7 full 
years of employment. Define 6, recursively. 


43. Manufacturing One product line offered by a window 
manufacturer consists of rectangular windows that are 
36 inches in height. The widths of the windows range 
from 18 inches to 54 inches, in increments of half an inch. 
(a) Give an expression for the perimeter P, of the 

nth window in this product line, where P, is the 
perimeter of the smallest window, P, is the perimeter 
of the second-smallest window, and so on. 

(b) Give an expression for the area A,, of the nth window 
in this product line, where Ap is the area of the 
smallest window, A, is the area of the second- 
smallest window, and so on. 

(c) What are the dimensions, perimeter, and area of the 
sixth-smallest window in this product line? 

(d) If the smallest window sells for $250 and the prices 
of the windows are graduated at the rate of $10 for 
every half-inch of additional width, what is the total 
cost (ignoring sales tax) of one 19.5-inch-wide 
window and five 36-inch-wide windows? 


44. Horticulture The Morales family bought a Christmas tree. 
As soon as they got the tree home and set it up, they put 
3 quarts of water into the tree holder. Every day there- 
after, they awoke to find that half of the water from the 
previous day was gone, so they added a quart of water. 
(a) For = 0, let w, be the volume of water in the tree 

holder (just after water was added) n days after the 
tree was set up in the home of the Morales family. 
Define w,, recursively. 

(b) How many days after the tree was initially set up 
did the family awake to find that the water level 
had dipped below the 1.1-quart mark for the first 
time? 

(c) When, if ever, did the family awake to find that the 
water level had dipped below the 1-quart mark for 
the first time? Explain. 


45. Fundraising During a recent month, students contributed 
money at school for the benefit of flood victims in another 
part of the country. One enterprising student, Matt, asked 
his aunt to donate money on his behalf. She agreed that 
on each day that Matt contributed, she would match his 
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donation plus donate 10 cents more. There were 21 school 

days during the month in question. From the second 

school day on, Matt donated 3 cents more than he gave 

on the previous school day. In total, Matt and his aunt 

contributed $17.22. 

(a) How much money did Matt contribute on the first 
school day of the month in question? 

(b) What was Matt’s total contribution for that 
month? 


(c) How much did Matt’s aunt donate on his behalf? 


Distribution Kara gives a pencil to every child who comes 
to her house trick-or-treating on Halloween. The first 
year she did this, she bought 120 pencils, which turned 
out to be one-third more pencils than she needed. Kara 
kept the extras to hand out the next year. The second 
year, she bought x new pencils (to add to the supply she 
had left over from the first year). One-fourth of all the 
pencils she had to give to trick-or-treaters the second 
year (the new pencils plus the extras from the first year) 
were left over. The third year, she again bought x new 
pencils, and one-fifth of the total number available for 
handout that year were left over. 

(a) How many trick-or-treaters went to Kara’s house the 
first year, and how many pencils were left over that 
year? 

(b) Give expressions (in terms of x) for the total number 
of pencils available for handout the second year and 
the number of children who came to Kara’s house 
trick-or-treating that year. 

(c) Give expressions (in terms of x) for the total number 
of pencils available for handout the third year and 
the number of trick-or-treaters who went to Kara’s 
house that year. 
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(d) If Kara had 14 pencils left over the third year, what 
is the value of x? 

(e) Use the value of x that you found in part (d) to 
determine the number of children who came to 
Kara’s house trick-or-treating the second year and 
the number who came the third year. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


47. 


48. 


49. 


50. 


51. 


52. 


Find the smallest positive integer m such that 


|="-9b| = 81 if b, = 3n? — 2,n=0, 1, 2,.... 


For v = 1, let V, be the volume of a cube that is units 
on a side. Using summation notation, give an expression 
for the sum of V, over the first six positive integers n, and 
find the sum. 


A sequence 4p, a), a,... has the property that a, = 
3a,-,; + 2 for n = 1, 2, 3,.... If a; = 134, what is the 
value of ao? 


A sequence 6, b,, 6,,... has the property that b, = 


n+ 3 * ba 
of? )5,-1 for n = 1, 2, 3,..., where c is a positive con- 


stant to be determined. Find c if b, = 25 and b, = 315. 


Ifa, = 1 — (a,_1)° forn = 1, 2, 3,..., for what value(s) of 
dp is the sequence dp, a), a2,... an alternating sequence? 


Ifa, = Va,—-, + re for n = 1, 2, 3,..., for what value(s) 


of a) are all the terms of the sequence dp, aj, a... 
defined? 


11.4 Counting Methods 


Objectives 


> Use the multiplication 
> Use permutations ina 
>» Use combinations in a 


> Distinguish between 


principle for counting 


counting problem 


counting problem 


permutations and 
combinations 


Multiplication Principle 


Many applications involve counting the number of ways certain events can occur. For 
example, consider a bicycle race with many participants. One could ask how many 
possibilities exist for the first-place and second-place finishes. Answering this question 
involves the use of counting strategies, which we discuss in this section. 


Basic to almost all counting problems is a simple rule that relies on multiplication. We 
can think of this rule in terms of setting up slots and filling each slot with one of the 
factors in the multiplication. In some cases, different slots can contain the same 
number; in other cases, each slot must contain a unique number. We illustrate this 


concept in the next two examples. 
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[senna | Filling Slots with Numbers: No Repetition 


Example 9 in Section 11.4 builds upon this example. ++ 


Suppose 10 members of a cycling club are practicing for a race. From among these 
members, how many possibilities are there for the first-place and second-place 
finishes? 


Solution Let us make two slots, one for first place and one for second place, and decide 
how many possibilities there are for each slot. From the given information, there are 
10 possibilities for the first-place finish, since any of the 10 participants could win the 
race. For each possible first-place winner, there are only 9 possibilities for the second- 
place finish, since no one can finish in both first place and second place. See Table 11.4.1. 


Table 11.4.1 


10 9 


To get the total number of possibilities for the first-place and second-place finishes, we 
must multiply the number of possibilities for the first slot by the number of possibilities 
for the second slot. Because there are 10 of the former and 9 of the latter, we write 


Total = first-place possibilities X second-place possibilities 
= (10)(9) = 90. 


Thus there are 90 different ways of filling the first- and second-place positions. 


[A Check It Out 1: Find the total number of possibilities for the first-place, second- 
place, and third-place finishes in a horse race in which 12 horses compete. 


eal 2 Filling Slots with Numbers That Can Be Repeated 


You wish to form a three-digit number, with each digit ranging from 1 to 9. You may 
use the same digit more than once. How many three-digit numbers can you make? 


Solution We use the same strategy as in Example 1, in the sense of filling slots. Now, 
however, we have three slots to fill, one for each of the three digits in the number we 
are forming. There are nine possibilities for each slot, since 


» each digit is to be from the set {1, 2,..., 9}; and 
> any number in that set may fill any slot. 


See Table 11.4.2. 


Table 11.4.2 


g) 9) 9) 
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By the multiplication technique used in Example 1, there are 81 possibilities for just 
the first two digits. For each of these 81 two-digit numbers, there are nine possibilities 
for the third digit. 


Total = possibilities for first < possibilities for second X possibilities for third 
=9xX9xX9=729 


Thus there are 729 different three-digit numbers that can be formed from the digits 1 
through 9. 

Notice how this example differs from Example 1. Here, we can use the same digit 
more than once, and so we have nine possibilities for each slot. In the first example, 
we had to reduce the number of possibilities for the second slot by 1. 


[A Check It Out 2: How many three-digit numbers can be formed if the first digit can 
be anything but zero and there is no restriction on the second and third digits? Ml 


The preceding two examples illustrate an important rule known as the multipli- 
cation principle. 


Multiplication Principle 


Suppose there are 7 slots to fill. Let a, be the number of possibilities for the first 
slot, a, the number of possibilities for the second slot, and so on. Then the total 
number of ways in which the v slots can be filled is 


@iy 2% Oa 2% Wi XK 8 2° XX Gry 


Permutations 


Certain types of counting situations happen so frequently that they have a specific 
name attached to them. For example, one may be interested in knowing the number 
of ways in which a particular set of objects can be ordered or arranged. Each way of 
ordering or arranging a certain set of objects is called a permutation of those objects. 


[ame 3 Filling Just As Many Slots As There Are Objects 


How many different four-block towers can be built with a given set of four different 
colored blocks? 


Solution Think of the problem as that of arranging four blocks in four slots, from 
bottom to top. 


1 possibility 


3 possibilities 


—_ 
<— 2 possibilities 
ea 
= 


4 possibilities 


Using the multiplication principle and the fact that any block can be used only once, 
we see that there are (4)(3)(2)(1) = 24 different towers that can be built. 


[A Check It Out 3: In how many ways can the letters of the word TRAIN be arranged? ll 
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The product of the first 7 natural numbers occurs so frequently that it has a special 
name, n factorial, which is written as 7!. 


Definition of n factorial (n!) 
Let 7 be a positive integer. Then 

a = 7@ = We = Zoo DOO 
The quantity 0! is defined to be 1. 


Using this definition, we can say that there are 4! ways to build the four-block tower 
in Example 3. 


eeapal 4 Using Factorial Notation 


Use factorial notation to calculate the number of ways in which seven people can be 
arranged in a row for a photograph. 


Solution There are seven slots available for the seven people. The first slot has seven 
possibilities, the second slot has only six possibilities (no one can be in both the first 
position and the second position for the photograph), and so on. Using the multipli- 
cation principle, we see that 


Number of arrangements = (7)(6)(5) +--+ (1) = 7!. 


[A Check It Out 4; Use factorial notation to give the number of ways in which 16 people 
can form a line while waiting to get on a ride at an amusement park. 


Arrangements also exist in which the number of slots is less than the number of 
available objects. How do we use factorials to count the arrangements in this case? The 
next example explores such a situation. 


[enol 5 Filling Fewer Slots Than There Are Objects 


A store manager has six different candy boxes, but spaces for only four of them on the 
shelf. In how many ways can the boxes be arranged horizontally on the shelf? 


Solution Since there are four “slots” on the shelf, we can create the following diagram: 
| one of 6 boxes | one of 5 boxes | one of 4 boxes | one of 3 boxes | 
Therefore, the number of ways in which the boxes can be arranged is 


(6)(5)(4)(3) = 360. 


[W Check It Out 5: A total of seven people want to hone up on their archery skills, and 
there are only three targets available for them to practice on. In how many ways can 
the targets be assigned if each target is to be used by only one archer? 


Recall that a permutation is an arrangement of objects. Motivated by Example 5, 
we now give the formal definition of a permutation. 


Discover and Learn 


Show that the two expressions for 
P(n, r) given at the right are 
equivalent. 


Technology Note 


Using the Probability menu, 
you can calculate P(5, 3) 
using your graphing utility. 
See Figure 11.4.1. 


Keystroke Appendix: 
Section 4 


Figure 11.4.1 


5 nPr 3 
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Definition of Permutation 


Given n distinct objects and r slots to fill, the number of r-permutations of 
n objects (i.e., the number of permutations of r objects from the collection of 
n objects) is denoted by P(n, r). 


IEG B) = (HH = eee a = v ae I) 
Using the definition of factorial, the expression for P(n, r) can also be written as 


| 
P@,) = eal 


Note that the definition of P(n, r) is really just a new name for an application of the 
multiplication principle. Other common notations for P(n, r) include P,,, and ,P. 
The following example illustrates the use of permutation notation. 


laeate| 6 Using Permutation Notation 


A fast-food restaurant holds a promotion in which each customer scratches off three 
boxes on a ticket. Each box contains a picture of one of five items: a burger, a bag of 
fries, a shake, a pie, or a salad. The item in the first box is free. The item in the second 
box can be purchased at a 50% discount, and the item in the third box can be bought 
at 25% off. Using permutation notation, determine the number of different tickets that 
are possible if each picture can be used only once per ticket. 


Solution On any given ticket, there are pictures of three of the five items, in some order 
or other. Thus each ticket represents a permutation of three objects from a collection of 
five objects. Therefore, the number of different tickets is 


PO, 2) = GAO) = 00. 
Note that the second formula for P(5, 3) gives the same answer: 


5! 51 120 
ae ae ae 


Use whichever formula you find to be more helpful. 


[AW Check It Out 6: Use permutation notation to find the number of ways in which 
eight teachers’ aides at an elementary school can be assigned to cafeteria duty during 
a 5-day week. Only one aide has cafeteria duty each day, and no one takes cafeteria 
duty more than once during the week. 


Certain problems can be solved only by combining different counting strategies. 
Thus it is important to read problems carefully and think them through, and not just 
memorize formulas. The next example illustrates this point. 


[ara 7 Filling Two Sets of Slots That Are Independent of Each Other 


A group photograph is taken with four children in the front row and five adults in the 
back row. How many different photographs are possible? 
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Solution Break up the problem into two parts. 
1. There are 4! ways to arrange the children in the front row. 
2. There are 5! ways to arrange the adults in the back row. 


How can we use these two pieces of information? 

Note that for each arrangement of the children in the front, there are 5! ways to 
arrange the adults in the back. Since there are 4! ways to arrange the children in the 
front, we have the following. 


Total number of photographs = (ways to arrange kids)(ways to arrange adults) 


= 415! = (24)(120) = 2880 


[AW Check It Out 7; There are two special parking areas in a small company: one with 
three spaces for SUVs and one with five spaces for cars. There are three employees 
who drive their SUVs to work and five who drive their cars. How many different 
arrangements of employee vehicles in the special lots are possible? & 


Combinations 


In a permutation, we are counting the number of ways in which a certain set of objects 
can be ordered. However, the way in which objects are ordered is not always relevant. 
The next example illustrates this concept. 


earl 8 Selecting Objects When Order Is Irrelevant 


You have three textbooks on your desk: history (H), English (E), and mathematics (M). 
You choose two of them to put in your book bag. In how many ways can you do this? 


Solution Let us first list all the different ways in which the books can be chosen. See 
Table 11.4.3. 


Table 11.4.3 
HE HM EM 
EH MH ME 


In the book bag, the order doesn’t matter. The only thing that counts is which two 
books are in the bag. Therefore, HE and EH in Table 11.4.3 count as only one possi- 
bility, and similarly for HM and MH and for EM and ME. Therefore, 


ways to arrange any two of three books 


Number of ways = 
ways to arrange any set of two books 


_ BO) _ 6 _ 
a a 


Thus there are 3 ways to choose two books to go into the book bag. 
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[AW Check It Out 8: Rework Example 8 for the case in which you have four textbooks 
(history, English, mathematics, and biology) and you put two of them in your 
book bag. © 


Definition of Combination 


Let r and 7 be positive integers with r S n. A selection of r objects from a set of 
n objects, without regard to the order of the selected objects, is called a combina- 
tion. A combination is denoted by 


Ci, or GI 
th 


n 
To compute C(”, r) or ( I we use the following strategy. 
if 


n : : 
( = ways to choose r objects from 7 objects 
f 


ways to fill r slots 


ways to arrange any set of r elements 


_ @M@ = Meee @ =r VY 
r! 


Note Other common notations for C(n, r) include C,,,.and ,C,. Note that 
(") is not the fraction (*). 
Ni 


There is another useful formula for computing C(n, 1). 


Formula for Computing C(n, r) 
Ca, r) = (") = ways to choose r objects from 7 objects 


ways to fill r slots 


ways to arrange any set of r elements 


_ 2@ 2) n! 
r| Ga = pla 


We use the idea of combinations in the next two examples. 
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Technology Note 


Using the Probability menu, 
you can calculate C(10, 2) 
using your graphing utility. 
See Figure 11.4.2. 


Keystroke Appendix: 
Section 4 


Figure 11.4.2 


10 nCr 2 


Discover and Learn 


When computing factorials of 
large numbers, a calculator may 
give an overflow error. In such a 
case, it may be easier to simplify 
the expression for the permutation 


or combination before evaluating 


5 : 100! 
it. To see this, evaluate 95151 0" 


your calculator. What happens? 
How can you simplify the expres- 
sion to get the correct value using 
your calculator? 


[ema 9 Using Combination Notation 


$- This example builds on Example 1 in Section 11.4. 


Suppose a cycling club has 10 members. From among the members of the club, how 
many ways are there to select a two-person committee? How is this situation different 
from that in Example 1? 


Solution Within the committee, the order of the members chosen does not matter. 
All that matters is that there are two committee members. Thus, the number of ways 
to choose the committee members is 


10)(9 
C(10, 2) = 10)(9) = 45. 
2! 
We can also use the formula 
10! 


In Example 1, we computed the number of possibilities for first and second place in a 
race. Those are two distinct positions. There, order mattered; in this example it does not. 


LAW Check It Out 9: A physics lab is equipped with 12 workstations. There are 15 students 
in one of the physics classes. Assume that all the workstations are in use during the lab 
period, and that each workstation is being used by a student from the class. If only one 
student is stationed at each workstation, how many possibilities are there for the 
particular group of students using the workstations? Ml 


[zene 1 0 Selecting Objects from Two Different Sets 


A six-member student board is formed with three male students and three female stu- 
dents. If there are five male candidates and six female candidates, how many different 
student boards are possible? 

Solution We need to break this problem into separate parts. 


» In how many ways can three male board members be chosen from the five male 
candidates? 
Because order does not matter, the number of ways this can be done is 


5 (5)(4)@) 
(3) an a 


> In how many ways can three female board members be chosen from the six female 
candidates? 
Because order does not matter, the number of ways this can be done is 


6\ _ 6! — )6)(4 _ 20 
3 (6 — 3)!3! 3! j 


Here we used the second formula to calculate the number of combinations. 
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» For each group of three male board members, there are 20 possible groups of three 
females. Using the multiplication principle, the total number of possible student 
boards is calculated as follows. 


Total number of student boards = (number of three-male groups) 
X (number of three-female groups) 


5\/6 
= (3)(5) = (10)(20) = 200 


[AW Check It Out 10: A person who takes advantage of the combo special at a certain 
restaurant gets his or her choice of two of the eight main dishes on the menu and three 
of the six side dishes. How many different combos are there to choose from? 


11.4 Key Points 


» The multiplication principle: Suppose there are 7 slots to fill. Let a, be the 
number of possibilities for the first slot, a, the number of possibilities for the 
second slot, and so on, with a, representing the number of possibilities for the kth 
slot. Then the total number of ways that the 7 slots can be filled is 


Total possibilities = a, X a, X ax X +++ X ay. 
» For 7 a positive integer, n! = n(n — 1)(m — 2)-- - ()(2)(1), with O! = 1. 
» The number of r-permutations of n objects is given by 


n! 


P(n, r) = @—or 


In a permutation, order matters. 


» When the order of the objects does not matter, the selection of r objects at a time 
from a set of 7 objects is called a combination: 


C ni 
= el 

11.4 Exercises 
» Skills This set of exercises will reinforce the skills illus- 6! 7! 
trated in this section. 5. al 6. 31 
In Exercises 1-22, evaluate. 

7. P(A, 3) 8. P(5, 3) 

1. 4! 2. 6! 
9. P(7, 5) 10. P(8, 4) 


5! 
3e 
2! 


4, 
3) 11. P(8, 5) 12. P(9, 4) 
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13. 


15. 


17. 


19. 


21. 


23. 


24. 


25. 


26. 


21s 


28. 


29 


30. 


31, 


32. 


33: 


34. 
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C(4, 3) 14. C6, 3) 


C(8, 5) 16. C9, 4) 


“() 
(me) 


Write out all possible three-letter arrangements of the 
letters B, C, Z. 


Write out all possible two-letter arrangements of letters 
selected from B, C, Z. 


John, Maria, Susan, and Angelo want to form a subcom- 
mittee consisting of only three of them. List all the different 
subcommittees possible. 


List all the possible ways in which two marbles from a set 
of three marbles labeled 1, 2, and 3 can be chosen. 


How many different photographs are possible if four 
children line up in a row? 


How many different photographs are possible if six 
college students line up in a row? 


.How many different photographs are possible if two 


children sit in the front row and three adults sit in the 
back row? 


How many different photographs are possible if four 
children sit in the front row and two adults sit in the 
back row? 


How many different three-person committees can be 
formed in a club with 12 members? 


How many different four-person committees can be 
formed in a club with 12 members? 


In how many different ways can Sara give her friend 
Brittany two pieces of candy from a bag containing 
10 different pieces of candy? 


In how many different ways can Jason give his friend 
Dylan three pieces of candy from a bag containing eight 
different pieces of candy? 


35. 


36. 


37. 


In how many different ways can four people be chosen to 
receive a prize package from a group of 20 people at the 
grand opening of a local supermarket? 


In how many different ways can five people be chosen to 
receive a prize package from a group of 50 people at the 
grand opening of a local supermarket? 


There are eight books in a box. There is space on a book- 
shelf for only three books. How many different three-book 
arrangements are possible? 


» Applications In this set of exercises, you will use counting 
methods to study real-world problems. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


Investments A stock analyst plans to include in her 
portfolio stocks from four of the 10 top-performing com- 
panies featured in a finance journal. In how many ways 
can she do this? 


Book List An editor received a short list of 20 books that 
his company is considering for publication. If he can only 
choose six of these books to be published this year, in 
how many different ways can he choose? 


Collectibles A doll collector has a collection of 22 differ- 
ent dolls. She wants to display four of them on her living 
room shelf. In how many different ways can she display 
the dolls? 


Collectibles If the collector in Exercise 40 decides to give 
one of her dolls to each of her four nieces, in how many dif- 
ferent ways can she give the dolls to her nieces? 


Sports The manager of a baseball team of 12 players wants 
to assign infield positions (first base, second base, third 
base, catcher, pitcher, and shortstop). In how many differ- 
ent ways can the manager make the assignments if each of 
the players can play any infield position? 


Crafts Mary is making a gift basket for her friend Kate’s 
birthday. She is planning to include two different eye 
shadow packs, two different lipsticks, and one blush. The 
store in which she is shopping has 10 different eye 
shadow packs, five different lipsticks, and three different 
blushes available for purchase. In how many different 
ways can Mary make up her gift basket? 


Sports Adnan is purchasing supplies for a weekend fish- 
ing trip. He needs to buy three different lures, one spool 
of line, and one rod-and-reel. The store in which he is 
shopping has 25 different lures, three different spools of 
line, and seven different rod-and-reels. In how many 
different ways can Adnan purchase what he needs for his 
trip? 


45. 


40. 


47. 


48. 


49. 


50. 


D1. 


D2. 


53. 


54. 


55. 


Horse Racing In how many different orders can 15 horses 
in the Kentucky Derby finish in the top three spots if 
there are no ties? 


Modern Dance The choreographer Twyla Tharp has 11 male 
and 11 female dancers in her dance company. Suppose she 
wants to arrange a dance consisting of a lead pair of a male 
and a female dancer. In how many ways can she do this, as- 
suming all dancers are qualified for the lead? (Source: www. 


twylatharp.org) 


Sports The Lake Wobegon Little League has to win four 
of their seven games to earn an “above average” certificate 
of distinction. In how many ways can this be done? 


Hardware A combination lock can be opened by turning 
the dial of the lock to three predetermined numbers 
ranging from 0 to 35. A number can be used more than 
once. How many different three-number arrangements 
are possible? Why is a combination lock not a good name 
for this type of lock? 


License Plates How many different license plates can be 
made by using two letters, followed by three digits, fol- 
lowed by one letter? 


Airline Routes There are five different airline routes from 
New York to Minneapolis and seven different airline 
routes from Minneapolis to Los Angeles. How many dif- 
ferent trips are possible from New York to Los Angeles 
with a connection in Minneapolis? 


Lottery The lottery game Powerball is played by choosing 
six different numbers from 1 through 53, and an extra 
number from 1 through 44 for the “Powerball.” How 
many different combinations are possible? (Source: Iowa 
State Lottery) 


Card Game A standard card deck has 52 cards. How 
many five-card hands are possible from a standard deck? 


Card Game A standard card deck has 52 cards. A bridge 
hand has 13 cards. How many bridge hands are possible 
from a standard deck? 


Card Game How many five-card hands consisting of all 
red cards are possible from a standard deck of 52 cards? 


Photography A wedding photographer lines up four peo- 
ple plus the bride and groom for a photograph. If the 
bride and groom stand side-by-side, how many different 
photographs are possible? 


56. 


Dili. 


58. 


59. 


60. 
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Computer Security A password for a computer system 
consists of six characters. Each character must be a digit 
or a letter of the alphabet. Assume that passwords are not 
case-sensitive. How many passwords are possible? How 
many passwords are possible if a password must contain 
at least one digit? (Hint for second part: How many pass- 
words are there containing just letters?) 


Computer Security Rework Exercise 56 for the case in 
which the passwords are case-sensitive. 


Retail Store The Woosamotta University bookstore sells 
“W. U.” T-shirts in four sizes: S, M, L, and XL. Both the 
blue and yellow shirts are available in all four sizes, but 
the red shirts come in only small and medium. What is 
the minimum number of W. U. T-shirts the bookstore 
should stock if it wishes to have available at least one of 
each size and color? 


Car Options You are shopping for a new car and have nar- 
rowed your search to three models, two colors, and four 
optional features. These are detailed below. 


Honda Civic, Hyundai 
Elantra, Ford Focus 


White, red 


Alarm system, 
CD/MP3 player, 
sun roof, custom wheels 


How many different cars are there to choose from 
(a) if you want no optional features? 

(b) if you want all four optional features? 

(c) if you want any two of the optional features? 
(d) if you want at most two of the optional features? 


Board Game In the board game Mastermind, one of two 
players chooses at most four pegs to place in a row of four 
slots, and then hides the colors and positions of the pegs 
from his opponent. Each peg comes in one of six colors, 
and the player can use a color more than once. Also, one 
or more of the slots can be left unfilled. 

(a) How many different ways are there to arrange the 
pegs in the four-slot row? In this game, the order in 
which the pegs are arranged matters. 

(b) The Mastermind website states: “With 2401 
combinations possible, it’s a mind-bending 
challenge every time!” Is combination the appropriate 
mathematical term to use here? Explain. This is 
an instance of how everyday language and 
mathematical language can be contradictory. 

(Source: www.pressman.com) 
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Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


61. Given n points (7 = 3) such that no three of them lie on 
the same line, how many different line segments can be 
drawn connecting exactly two of the 7 points? 


62. Write out all the different four-digit numbers possible 
using the numbers 1, 1, 2, 3. Why is your number of pos- 


sibilities not equal to 4!? 


63. A diagonal of a polygon is defined as a line segment with 


More Topics in Algebra 


64. How many different six-letter arrangements are there of 
the letters in the word PIPPIN? This exercise involves a 
slightly different strategy than the strategies discussed in 
the Examples. 


» First draw six slots for six letters. In how many 
ways can you put the three P’s in the slots? 


» You have three slots left over. In how many ways 
can you place the two I’s? 


» The last slot, by default, will contain the N. 


» Put together the information outlined above to 
come up with a solution. 


endpoints at a pair of nonadjacent vertices of the polygon. 


How many diagonals does a pentagon have? an octagon? 
an n-gon (that is, a polygon with 7 sides)? 


65. Use the strategy outlined in Exercise 64 to find the 
number of different 11-letter arrangements of the letters 
in the word MISSISSIPPI. 


11.5 Probability 


Objectives 
> Define and identify out- 
comes and events 


> Calculate probabilities of 
equally likely events 


> Define and identify mutually 
exclusive events 


> Calculate probabilities of 
mutually exclusive events 


> Calculate probabilities of 
complements of events 


> Apply probabilities to 
problems involving collected 
data 


The notion of chance is something we deal with every day. Weather forecasts, Super 
Bowl predictions, and auto insurance rates all incorporate elements of chance. The 
mathematical study of chance behavior is called probability. This section will cover 
some basic ideas in the study of probability. 


Basic Notions of Probability 


Our next example examines a person’s chance of winning a prize on a game show. 


Example fl Calculating the Chance of Winning a Specific Prize 


Example 4 in Section 11.5 builds upon this example. ++ 


During a certain episode, the television game show Wheel of Fortune had a wheel with 
24 sectors. One sector was marked “Trip to Hawaii” and two of the other sectors were 
marked “Bonus.” What is a contestant’s chance of winning the trip to Hawaii? What is 
his or her chance of winning a bonus? Assume that the wheel is equally likely to land 
on any of the 24 sectors. 


Solution Because only one of the 24 sectors is marked “Trip to Hawaii,” there is a 


a chance of winning that prize, since we have assumed that the wheel is equally likely 


to land on any of the 24 sectors. 


: i ee 2 
Using the same argument, the chances of winning a bonus are oa 9! Go: 


4 Check It Out 1: In Example 1, if three of the 24 sectors are marked “Bankrupt,” 
what is a contestant’s chance of landing on a “Bankrupt” sector? Ml 


In order to study these notions further, we need to introduce two new terms, out- 
come and event. 


Figure 11.5.1 
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Definition of Outcome and Event 


» An outcome is a possible result of an experiment. Here, an experiment simply 
denotes an activity that yields random results. 


» An event is a collection of outcomes. 


[ara 2. Rolling a Six-Sided Die 


What are the possible outcomes when a six-sided die is rolled and the number on the 
top face is recorded? What is the event that the number on the top face is even? 


Solution Each face of a die is marked with a unique number from 1 to 6, so the pos- 
sible outcomes are 


1, 2, 3, 4, 5, 6. 
The event that the number on the top face is even is 


{2, 4, 6}. 


rg Check It Out 2; What is the event that a six-sided die is rolled and the number on 
the top face is at least 2 but no greater than 5? 


An event is generally given in set notation. The set consisting of all possible out- 
comes for a certain situation under consideration is called the sample space, which 
is often denoted by the letter S. For example, the sample space in Example 2 is 
S = {1, 2, 3, 4, 5, 6}. 


Beutel 3 Tossing a Coin Three Times in Succession 


A coin is tossed three times and the sequence of heads and tails that occurs is recorded. 
(a) What is the sample space for this experiment? 

(b) What is the event that at least two heads occur? 

(c) What is the event that exactly two heads occur? 

>Solution 


(a) Using the multiplication principle, we know that there are a total of eight possible 
outcomes. Next we list the possible outcomes. A tree diagram is helpful for doing 
this. It lists the possibilities for the first toss and then branches out to list the pos- 
sibilities for the second and third tosses, respectively. See Figure 11.5.1. 

From the tree diagram, we see that the sample space is 


{HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}. 
(b) The event that az least two heads occur is 
{HHH, HHT, HTH, THH}. 
(c) The event that exactly two heads occur is 
{HHT, HTH, THH}. 


Note that the event in part (c) is different from the event in part (b). This illustrates 
the importance of paying careful attention to the wording of probability problems. 
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[A Check It Out 3; A coin is tossed four times and the sequence of heads and tails that 
occurs is recorded. 


(a) What is the sample space for this experiment? 
(b) What is the event that exactly three tails occur? 
(c) What is the event that at most two heads occur? ™ 


We are now in a good position to give a formal definition of probability. 


Throughout this textbook, we have been discussing functions. The probability of 
an event can also be thought of as a function. Because an event is described as a set, 
the probability function has a particular set as its domain and the numbers in the in- 
terval [0, 1] as its range. 

We now calculate the probabilities of some of the events described in the previous 
examples. 


Beane 4 Probability of Winning a Specific Prize 


$-- This example builds on Example 1 in Section 11.5. 


What is the probability of winning a trip to Hawaii in the Wheel of Fortune game in 
Example 1? Use the probability formula to find the answer. 


Solution We know that the total number of outcomes is 24, since there are 24 dif- 
ferent sectors in which the wheel can stop. Let E be the event that the wheel stops in 
the “trip to Hawaii” sector. Calculate P(E )as follows. 


number of outcomesinE 1 


P(E) = = 
f) number of outcomesinS 24 


This is exactly what we figured out intuitively in Example 1. Using mathematical ter- 
minology helps us to generalize our ideas and make them precise. 
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[AW Check It Out 4: Use the definition of probability to find the probability of winning 
a bonus in the Wheel of Fortune game in Example 1. © 


[eel 5 Probability of a Specific Event in a Coin-Tossing Experiment 


Suppose a coin is tossed three times. What is the probability of obtaining at least two 
heads? 


Solution Here, E is the event of obtaining at least two heads. To find the probability 
of E, we use the answers to parts (a) and (b) of Example 3. 
number of ways to get at least two heads 4 


P(E) = —WWH So Ft 
ce number of outcomes in S 8 


[A Check It Out 5: What is the probability of obtaining at most three heads when a 
coin is tossed four times? ll 


Mutually Exclusive Events 


Many applications entail finding a probability that involves two events. If the events 
have no overlap, they are said to be mutually exclusive. Next we examine some pairs 
of events that may or may not be mutually exclusive. 


Eeenntel| 6 Deciding Whether Events Are Mutually Exclusive 


Decide which of the following pairs of events are mutually exclusive. 
(a) “Drawing a queen” and “drawing a king” from a deck of 52 cards. 


(b) “Drawing a queen” and “drawing a spade” from a deck of 52 cards. 


>Solution 
(a) A card cannot be both a king and a queen. Therefore, the event of drawing a king 
and the event of drawing a queen have no overlap and are mutually exclusive. 


(b) The event of drawing a queen overlaps with the event of drawing a spade because 
drawing the queen of spades is an element of both events. Therefore, these two 
events are not mutually exclusive. 


[W Check It Out 6: Decide which of the following pairs of events are mutually exclusive. 
(a) When rolling a die, “rolling a 2” and “rolling the smallest possible even number.” 


(b) “Drawing a club” and “drawing a red card” from a deck of 52 cards. © 


When two events are mutually exclusive, the probability of one or the other occur- 
ring is easy to compute—you simply add up the two respective probabilities. 


Computing the Probability of Mutually Exclusive Events 


Let F and G be two mutually exclusive events. Then 


PCF or G) = P(F) + P(G). 
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3 Discover and Learn 


How would you find the proba- 
bility of drawing a queen ora 
spade from a deck of 52 cards? 


] [ema 7 Combining the Probabilities of Mutually Exclusive Events 


Find the probability of drawing a queen or a king from a deck of 52 cards. 


Solution Drawing a king and drawing a queen are mutually exclusive events, since 
they cannot both happen on one draw. See Example 6 for details. Therefore, 


P(queen or king) = P(queen) + P(king) 


4 4 
= — + — 
52° 52 
cae seme 
52 13° 


The probability of drawing a queen or a king from a deck of 52 cards is =. 


LW Check It Out 7: Find the probability of tossing three heads or three tails in three 
tosses of a coin. © 


earl 8 Rolling a Pair of Six-Sided Dice 


Example 10 in Section 11.5 builds upon this example. + 


Figure 11.5.2 shows all the possibilities for the numbers on the top faces when rolling 
a pair of dice. 


Figure 11.5.2 


Find the following. 

(a) The probability of rolling a sum of 5 

(b) The probability of rolling a sum of 6 or 7 
(c) The probability of rolling a sum of 13 
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Solution We examine Figure 11.5.2 to help us answer the questions. Note that there 

are 36 different possible outcomes when rolling the two dice. All 36 outcomes are 

equally likely. 

(a) Probability of rolling a sum of 5: All the possibilities resulting in a sum of 5 are 
listed in the fourth row of the figure. Written in set notation, the event of rolling a 
sum of 5 is 


{(4, 1), (1, 4), (3, 2), (2, 3)}. 
Because all of the possibilities are equally likely, the probability of this event is 


4 1 
Pcrolling asum of 5) = =— or -—. 
( g = 55 9 
(b) Probability of rolling a sum of 6 or 7: These two events are mutually exclusive, 
since they cannot happen at the same time. From the figure, there are five ways to 
roll a sum of 6 and six ways to roll a sum of 7. Therefore, 


Pcrolling a sum of 6 or 7) = P(rolling a sum of 6) + P(rolling a sum of 7) 
5 6 11 


36 36 36 


(c) Probability of rolling a sum of 13: It is not possible to roll a sum of 13 with two 
six-sided dice whose faces are uniquely numbered from 1 to 6. Therefore, 


0 
Polling a sum of 13) = 36 = 0. 


[A Check It Out 8: When rolling two dice, find the probability of rolling a sum that is 
an even number less than or equal to 6. © 


Complement of an Event 


This section will deal with the probability of an event not happening, which is known 
as the complement of the event. Complements of events occur all the time in daily 
life. Example 9 explores one such everyday application. 


fal 9 Calculating the Probability of the Complement of an Event 


Suppose you are told that the probability of rain today is 0.6. What is the probability 
that it will nor rain? 


Solution Because the total probability must be 1, the probability of nor raining is 


P(mo rain) = 1 — P(rain) = 1 — 0.6 = 0.4. 


[A Check It Out 9: If the probability of passing an English course is 0.8, what is the 
probability of not passing the English course? Ml 


Definition of the Complement of an Event 


The set of all outcomes in a sample space that do ot belong to event E is called 
the complement of E and is denoted by E’. 
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Discover and Learn 


If you draw a box to represent 
some event £, how would you 
represent F’? 


By definition, E and E’ are mutually exclusive. Thus, because either E or E’ is certain 
to happen, we can write 


PCE or E') = P(E) + P(E’) = 1. 
This gives us a way to calculate P(E’): 
P(E’) = 1 — P(E). 


Complements are very helpful in determining certain types of probabilities. 


[Example 0 Using the Complement of an Event to Find a Probability 


$-- This example builds on Example 8 in Section 11.5. 


Refer to Figure 11.5.2 in Example 8, which lists all the possible outcomes of rolling 
two dice. What is the probability of rolling a sum of at least 4? 


Solution It is much easier to figure out the number of ways in which the sum is not 
at least 4. The sum is not at least 4 when the sum is equal to 2 or 3. There are only 
three ways in which this can happen. Thus, 


3 
P(not rolling a sum of at least 4) = 36° 


Using complements, 


Pcrolling a sum of at least 4) = 1 — P(nor rolling a sum of at least 4) 


53 
36 12° 


[A Check It Out 10: In tossing a coin four times, what is the probability of getting at 
least two tails? © 


Calculating Probabilities from Percentages 


In real life, probabilities are often calculated from data that is expressed in terms of 
percentages. In fact, probabilities are often quoted in terms of percentages. To be con- 
sistent with the mathematical definition of probability, we will convert all percentages 
to their equivalent values between 0 and 1. 


Example fl 1 Converting Percentages to Probabilities 


Every spring, the National Basketball Association holds a lottery to determine which 
team will get first pick of its number 1 draft choice from a pool of college players. The 
teams with poorer records have a higher chance of winning the lottery than those with 
better records. Table 11.5.1 lists the percentage chance that each team had of getting 
first pick of its number 1 draft choice for the year 2002. (Source: National Basketball 
Association) 


Section 11.5 © Probability 921 


Table 11.5.1 
Golden State Warriors 22) 
Chicago Bulls PP) 55) 
Memphis Grizzlies W527 
Denver Nuggets 12.0 
Houston Rockets 8.9 
Cleveland Cavaliers 6.4 
New York Knicks 4.4 
Atlanta Hawks 2.9 
Phoenix Suns 15) 
Miami Heat 1.4 
Washington Wizards 0.7 
L.A. Clippers 0.6 
Milwaukee Bucks 0.5 


Find the probability of 

(a) the Bulls or the Warriors getting first draft pick. 

(b) the Clippers not getting first draft pick. 

Solution First note that these probabilities are not equal— the teams with the poorer 


records have a higher chance of getting first pick. Also, convert the percentages into 
their respective decimal equivalents. 


(a) The probability of the Bulls or the Warriors getting first draft pick is 
P(Bulls or Warriors) = P(Bulls) + P(Warriors) = 0.225 + 0.225 = 0.45. 


We have used the fact that the two events are mutually exclusive, since the two 
teams cannot both get first draft pick. 
(b) Using the formula for computing the complement of an event, the probability of 
the Clippers nor getting first draft pick is 
P(not Clippers) = 1 — P(Clippers) = 1 — 0.006 = 0.994. 


Thus the probability is very high that the Clippers will not get first draft pick. 


[A Check It Out 11: Use Table 11.5.1 from Example 11 to find the probability of 
(a) the Atlanta Hawks or the L.A. Clippers getting first draft pick. 
(b) the New York Knicks nor getting first draft pick. © 


11.5 Key Points 


» An outcome is any possibility resulting from an experiment. Here, an experiment 
simply denotes an activity yielding random results. 


» An event is a collection (set) of outcomes. 
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» A sample space is the set consisting of all possible outcomes for a certain situa- 
tion under consideration. 

» Assume that a sample space S consists of equally likely outcomes. Then the proba- 
bility of an event E, denoted by P(E), is defined as 


P(E) = 


number of outcomes in £ 


number of outcomes in S’ 


Note that 0 = P(E) = 1. 


» Two events F and G are mutually exclusive if they have no overlap. In this case, 


P(F or G) = P(F) + P(G). 


» The set of all outcomes in a sample space that do not belong to event E is called the 
complement of E and is denoted by E’. The probability of E’ is PLE’) = 1 — P(B). 


11.5 Exercises 


Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1-4, consider the following experiment: toss a coin 
twice and record the sequence of heads and tails. 


1. What is the sample space (for tossing a coin twice)? 
2. What is the event that you get at least one head? 


3. What is the complement of the event that you get at least 
one head? 


4. Calculate the probability of the event in Exercise 3. 


In Exercises 5—8, consider the following experiment: roll a die and 
record the number on the top face. 


5. What is the event that the number on the top face is odd? 


6. What is the complement of the event that the number on 
the top face is odd? 


7. What is the probability that the number on the top face 
is greater than or equal to 5? 


8. What is the probability that the number on the top face 
is less than 1? 


In Exercises 9—12, consider the following experiment: draw a sin- 
gle card from a standard deck of 52 cards. 


9. What is the event that the card is a spade? 


10. What is the complement of the event that the card is a 
spade? Describe in words only. 


11. What is the probability that the card drawn is the ace of 
spades? 


12. What is the probability that the card drawn is the 2 of clubs? 


In Exercises 13-16, consider the following experiment: pick one 
coin out of a bag that contains one quarter, one dime, one nickel, 
and one penny. 


13. Give the sample space (for picking one coin out of the bag). 


14. What is the complement of the event that the coin you 
pick has a value of 10 cents? 


15. What is the probability of picking a nickel? 


16. What is the probability of picking a quarter or a penny? 
In Exercises 17-22, answer True or False. 


17. When rolling a die, “rolling a 2” and “rolling an even num- 
ber” are mutually exclusive events. 


18. When randomly picking a card from a standard deck of 
52 cards, “picking a queen” and “picking a jack” are mu- 
tually exclusive events. 


19. Consider the roll of a die. The complement of the event 
“rolling an even number” is “rolling a 1, a 3, ora 5.” 


20. Consider randomly picking a card from a standard deck 
of 52 cards. The complement of the event “picking a 
black card” is “picking a heart.” 


21. When picking one coin at random from a bag that con- 
tains one quarter, one dime, one nickel, and one penny, 
“picking a coin with a value of more than one cent” and 
“picking a penny” are mutually exclusive events. 


22. Consider picking one coin from a bag that contains one 
quarter, one dime, one nickel, and one penny. The com- 
plement of the event “picking a quarter or a nickel” is 
“picking a dime or a nickel.” 


» Applications In this set of exercises, you will use proba- 
bility to study real-world problems. 


23. Coin Toss A coin is tossed four times and the number of 
heads that appear is counted. Fill in the following table list- 
ing the probabilities of obtaining various numbers of 
heads. What do you observe? Are all of these outcomes 
equally likely? 


24. Cards If a card is drawn from a standard deck of 52 cards, 
what is the probability that it is a heart? 


25. Cards Ifa card is drawn from a standard deck of 52 cards, 
what is the probability that it is an ace? 


26. Candy Colors Students in a college math class counted 
29 packages (1.5 ounces each) of plain M&M’S® and 
recorded the following color distribution. 


Red Blue Green Yellow Brown Orange Total 


PAiTks} | Way | 2Xoil | OS) 549 139 1649 
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If one M&M is drawn at random from the total, find the fol- 
lowing probabilities. 

(a) The probability of getting a red candy 

(b) The probability of getting a red or a green candy 

(c) The probability of nor getting a blue candy 


27. Cards What is the probability of drawing the 4 of clubs 
from a standard deck of 52 cards? 


28. Card Game During the play of a card game, you have 
seen 20 of the 52 cards in the deck and none of them is 
the 4 of clubs. You need the 4 of clubs to win the game. 
What is the probability that you will win the game on the 
next card drawn? 


29. Cards What is the probability of drawing a face card 
(a face card is a jack, queen, or king) from a standard 
deck of 52 cards? 


30. Cards What is the probability of drawing a red face card 
(a face card is a jack, queen, or king) from a standard 
deck of 52 cards? 


In Exercises 31-34, use counting principles from Section 11.4 to 
calculate the number of outcomes. 


31. Dice Games A pair of dice, one blue and one green, are 
rolled and the number showing on the top of each die is 
recorded. What is the probability that the sum of the 
numbers on the two dice is 7? 


32. Dice Games Refer to Exercise 31. What is the probability 
that the sum is 10? 


33. Movie Theater Seating A group of friends, five girls and 
five boys, wants to go to the movies on Friday night. The 
friends select, at random, two of their group to go to the 
ticket office to purchase the tickets. What is the proba- 
bility that the two selected are both boys? 


34. Movie Theater Seating Refer to Exercise 33. What is the 
probability that the two selected are a boy and a girl? 


Phone Numbers Exercises 35—38 involve dialing the last four 
digits of a phone number that has an area code of 907 and an ex- 
change of 316. The exchange consists of the first three digits of the 
seven-digit phone number. 


35. How many outcomes are there for dialing the last four 
digits of a phone number? 


36. How many possible outcomes are in the event that the 
first three (of the last four) digits you dial are 726, in that 
order? 


37. What is the probability that the (last four) digits you dial 
are different from one another? 
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38. What is the probability that all of the (last four) digits you 
dial are different from all the digits of the area code and 
different from all the digits of the exchange? Assume each 
digit can be repeated. 


39. Refer to Exercise 33. What is the probability that Ann 
(who is one of the five girls) is selected? 


40. The 10 friends in Exercise 33 all have different last names. 
The seats they purchased for the movie are numbered 1 
through 10. If the tickets are distributed among the friends 
at random, what is the probability the friends will be 
seated in alphabetical order from seat 1 to seat 10? 


41. Card Game During the play of a card game, you see 20 of 
52 cards in the deck drawn and discarded and none of 
them is a black 4. You need a black 4 to win the game. 
What is the probability that you will win the game on the 
next card drawn? 


42. Roulette A roulette wheel has 38 sectors. Two of the sec- 
tors are green and are numbered 0 and 00, respectively, 
and the other 36 sectors are equally divided between red 
and black. The wheel is spun and a ball lands in one of 
the 38 sectors. 

(a) What is the probability of the ball landing in a red 
sector? 

(b) What is the probability of the ball landing in a green 
sector? 

(c) If you bet $1 on a red sector and the ball lands 
in a red sector, you will win another $1. Otherwise, 
you will lose the dollar that you bet. Do you think 
this is a fair game? That is, do you have the same 
chance of wining as you do of losing? Why or 
why not? 


43. Dart Game Many probabilities are computed by using ra- 
tios of areas. This exercise illustrates such a scenario. 
What is the probability of hitting the shaded inner region 
of the dart board in the figure if all of the points within 
the larger circle are equally likely to be hit by the dart? 
You may assume that the dart will never land anywhere 
outside the larger circle. 


44. Card Probabilities Suppose five cards are drawn from a 
standard deck of 52 cards. Find the probability that all 
five cards are black. (Hint: Use the counting principles 
from Section 11.4.) 


45. Card Probabilities If a card is drawn from a standard deck 
of 52 cards, the probability of drawing a king or a spade 


: 17 . ‘ 
is not =. Explain. What is the correct answer? 


Slot Machines A slot machine has four reels, with 10 symbols on 
each reel. Assume that there is exactly one cherry symbol on 
each reel. Use this information and the counting principles from 
Section 11.4 when solving Exercises 46-48. 


46. What is the probability of getting four cherries? 
47. What is the probability of getting exactly three cherries? 


48. What is the probability of getting at least one cherry? 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


49. Consider rolling a pair of dice. Which, if either, of the fol- 
lowing events has a higher probability: “rolling a sum that 
is odd” or “rolling a sum that is even?” 


50. Each card in a standard deck of 52 cards belongs to one 
of four different suits: hearts, diamonds, spades, or 
clubs. There are 13 cards in each suit. Consider a sce- 
nario in which you draw five cards from the deck, one at 
a time, and record only the suit to which each card 
drawn belongs. 

(a) Describe the sample space. 

(b) What is the probability that the set of five cards you 
draw consists of two spades, one heart, one diamond, 
and one club (drawn in any order)? 

(c) What is the probability that exactly two of the five 
cards you draw are from the same suit? 


51.In a telephone survey, people are asked whether they 

have seen each of four different films. Their answers for 

each film (yes or no) are recorded. 

(a) What is the sample space? 

(b) What is the probability that a respondent has seen 
exactly two of the four films? 

(c) Assuming that all outcomes are equally likely, what 
is the probability that a respondent has seen all 
four films? 


52. Assume that the probability of winning $5 in the lottery 


(on one lottery ticket) for any given week is ea) and 
consider the following argument. “Henry buys a lottery 
ticket every week, but he hasn’t won $5 in any of the pre- 
vious 49 weeks, so he is assured of winning $5 this week.” 


Is this a valid argument? Explain. 
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54. Assume that two coins are picked out of the bag, one at 


a time, and the first coin is put back into the bag before 

the second coin is chosen. 

(a) How many outcomes are there? (Hint: Count the 
possibilities for the first coin and the possibilities for 
the second coin.) 


In Exercises 53 and 54, consider a bag that contains eight coins: 


(b) What is the probability of picking two coins of equal 
value? 


three quarters, two dimes, one nickel, and two pennies. 


53. Assume that two coins are chosen from the bag. 


(a) How many ways are there to choose two coins from 


the bag? 


(b) What is the probability of choosing two coins of 


equal value? 


11.6 The Binomial Theorem 


Objectives 


> Calculate the variable parts 
of terms in a binomial 
expansion 


> Calculate binomial 
coefficients 


> Expand a binomial using 
the Binomial Theorem 


> Find the /th term of a 
binomial expansion 


> Relate combinations to the 
Binomial Theorem 


When applying algebraic techniques in order to solve a problem, it is sometimes nec- 
essary to write a quantity of the form (a + 6)" as the sum of its terms. Because a + b 
is a binomial, this process is called a binomial expansion. You already know the 
following: 


I 


(a+b'=a+b 


(a+b? =a? 4+ 2abt+v’ 
Building on these expansions, we can write out (a + b)’ as 
(a+ bY = (a+ db)(a + 5)’. 
We then can expand (a + 6)’, multiply (a + 6) by the result, and simplify. 
(a + b)? = (a+ d)(a + BY” 
= (a+ b)(a* + 2ab + b’) 
=a’ + 3a’b + 3ab’ + bP 
As the exponent on the binomial increases to numbers larger than 3, multiplying out 
the entire expression to find all the terms becomes more tedious. Fortunately, in this 


section we discuss a way to find all the terms of the expansion without having to mul- 
tiply repeatedly. 


Observations: 
Note the following about the expansion of (a + b)”, where n is a positive integer. 
» The first term of the expansion is a”, and the last term is 6”. 


» For each successive term after a”, the exponent on b increases by 1 while the ex- 
ponent on a decreases by 1. 


» For any term in the expansion, the sum of the exponents on a and 6 is n. 


926 Chapter 11 


| More Topics in Algebra 


[ema 1 Finding the Variable Parts of the Terms in a Binomial Expansion 


Consider the expansion of (a + b)*. 
(a) Write down the variable parts of all the terms that occur in the expansion. 
(b) What is the sum of the exponents on a and b for each term of the expansion? 


>Solution 


(a) First write 
(a+ b)*=(at b)(at+ db)(at d\(at b). 


From the second bulleted item in the preceding list of observations, the variable 
parts of all the terms that occur in the expansion are 


a’, a’b, a*b’, ab’, b*. 


(b) The sum of the exponents on a and 6 for each term of the expansion is 4. 


[AW Check It Out 1; Consider the expansion of (x — y)°. 
(a) Write down the variable parts of all the terms that occur in the expansion. 
(b) What is the sum of the exponents on x and y for each term of the expansion? 


The Binomial Theorem 


Recall the definition of m factorial from Section 11.4. 


Bante 2 Calculating Factorials and Binomial Coefficients 


Evaluate the following expressions. 
(a) 5! 


©) (5) 
© (3) 
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>Solution 
(a) 5!=5-4-3-2-1=120 
(b) Applying the formula for binomial coefficients, 


6\ 6! _ 6 
3) ( —3)!3! 313! 


6°:5-4-3-2-1 


5\ 5! =! 
(c) 2) (6 —2)!12! 312! 


5+4-3-2-1 
= =10 
G-2-D@-1) 


6 
[AW Check It Out 2: Evaluate (‘). a 


“G2 DG2-) 


20. 


Now that we have a method for finding each of the coefficients in the expansion of 


(a + 6)", we present the Binomial Theorem. 


Virtually any variable or constant can take the place of a and b in the Binomial Theo- 
rem. The next two examples illustrate the use of this theorem. 


Expand (3 + 2y)*. 


Example 3 Expanding a Binomial Raised to the Fourth Power 


Solution We apply the Binomial Theorem with a = 3, b = 2y, and n = 4. 


4 4 
3 + 2y)t = (5) (3)4 + (‘Joren Substitute a = 3, b = 2y,andn=4 


4 4 4 
$ (S)oren + (Soren 4 ( Jen 


= (1)(81) + (4)(27)(2y) + (6)(9) (497) + (4G) By") 


rave (6)-(2)- 


)=()-am(t- 


= 81 + 216y + 216y” + 96y? + 16y* Simplify 


= 16y4 + 96y? + 216y” + 216y + 81 


LW Check It Out 3: Expand (2y — x)*. & 
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[ema 4 Expanding a Binomial Raised to the Fifth Power 


Expand (22 — y)°. 
Solution First write 22 — y as 22 + (—y). We apply the Binomial Theorem with 
= 22,b= —-y, andn=5. 


(22-3)? = 22 + (-y)° = (SJex” + (FJeatew + (Jerr 


5 5 5 
: (Jes + ( Jest 4 (Z)ow 


= (1)(3227) + (5)(162*)(—y) + (10) (82*)(y”) + (10)(42”)(—y’) 
+ 5) @z2)(y*) + C)(—y’) 
= 322° — 80z4y + 80z°y* — 40z2y? + 10zy* — y? Simplify 


[A Check It Out 4; Expand (3u + 2v)°. 


The ith Term of a Binomial Expansion 


In many instances, we may be interested only in a particular term or terms of a bino- 
mial expansion. In such cases, we can use the following formula, which is a direct re- 
sult of examining the individual terms of the Binomial Theorem. 


[eal 5 Finding a Specific Term of a Binomial Expansion 


Find the fourth term in the expansion of (3x + 5)°. 


Solution Using the formula for the ith term of a binomial expansion with a = 3x, 
= 5,n = 6, andi = 4, we obtain 


(, u Jerror = (Sjonrey 
= (20)(27)x?(125) = 67,500x?. 


[W Check It Out 5: Find the second term in the expansion of (3x + 5)°. & 


Combinations and the Binomial Theorem 


If you studied combinations in Section 11.4, you may have noticed that the formula 
for the binomial expansion uses exactly the same notation as combinations. This is not 
a coincidence. To illustrate this relationship, we consider the expansion of (a + b)? 
using counting methods. 
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lal 6 Using Counting Methods to Generate a Binomial Expansion 


Justify the equality (a + b)? = a + 3a’b + 3ab’ + b° by using a counting argument. 
Solution We first write 
(at+ bP? =(a+t b)(a + b)(a +t bd). 


When this product is multiplied out, we see that each term of the expansion will be a 
product of a’s and b’s. The total number of a’s and 0’s in each term is exactly three. We 
can make three slots, each corresponding to either an a or ab: 


LILI 


There is only one possible way to have a’s in all three slots. Thus there is only one term 
of the form a?. How many ways are there to have two a’s and one 6? Multiplying two 
a’s and one b gives a term of the form a*b. Note that once we choose the two a’s, the 
placement of the b is automatic. There are C(3, 2) = 3 ways to choose two a’s for the 
three slots. Thus there are three ways to get a term of the form ab: 


aab aba baa 


Therefore, a?b must have a coefficient of 3. Using the same argument, we see that there 
are three ways to get a term of the form ab’. Finally, there is only one way to get b’s in 
all three slots. Putting this all together, we have 


(a+b)? =a + 3a’b + 3ab? + Bb’. 
LW Check It Out 6: Use a counting argument to show that in the expansion of (a + 5)’, 


5 5 
the coefficient of a7b’ is i Show that this is equal to @) oO 


11.6 Key Points 


» In the expansion of (a + 6)”, the coefficient of the term a” 'b’ is 


n\ _ n! 
r) (nr 


where r = n and r and 7 are integers. 


» The Binomial Theorem: Let 7 be a positive integer. Then 


@a+o=> ("enw 


i=0 


= ("art (atte + [lar 2ert ee + ("ber 
0 1 2 n 


» The 7th term of (a + 0)” is given by 


(, n Jarier 
a= 1 


where 7 and 7 are positive integers, with 1 =<:<n+1. 
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11.6 Exercises 


® Skills This set of exercises will reinforce the skills illus- 
trated in this section. 


In Exercises 1—4, write down the variable parts of the terms in the 
expansion of the binomial. 


1. (a + 6)? 2.(a + 6)° 


3. (x + y)? 4. (x + y)® 


In Exercises 5—16, evaluate each expression. 


5.4! 6. 6! 
3! 4! 
door So. 
2! 3! 


In Exercises 17-28, use the binomial theorem to expand the 
expression. 


17. (x + 2)4 18. (x — 3)? 
19. (2x — 1)? 20. (2x + 3)4 
21.(3 + y)° 22. (4 — z)* 
23. (x — 3z)4 24. (22 + y)? 
25. (x? + 1)? 26. (x? — 2)3 
27. (y — 2x)* 28. (g + 4x)? 


In Exercises 29—42, use the Binomial Theorem to find the indi- 
cated term or coefficient. 


29. The coefficient of x? when expanding (x + 4)° 


30. The coefficient of y? when expanding (y — 3)° 


31. The coefficient of x° when expanding (3x + 2)° 


32. The coefficient of y* when expanding (2y + 1)’ 
33. The coefficient of x® when expanding (x + 1)® 
34. The coefficient of y’ when expanding (y — 3)!° 
35. The third term in the expansion of (x — 4)° 

36. The fourth term in the expansion of (x + 3)° 
37. The sixth term in the expansion of (x + 4y)? 
38. The seventh term in the expansion of (a + 26)° 
39. The fifth term in the expansion of (3x — 2)° 
40. The fifth term in the expansion of (3x + 1)8 
41. The fourth term in the expansion of (4x — 2)° 


42. The fourth term in the expansion of (3x — 1)8 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


43. Show that (") = ( . ) where 0 = r Sn, with n and 
r n 


r integers. 
n 
44. Show that (*) = 1. 


45. Evaluate the following. 
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11.7 Mathematical Induction 


Objective 


> Prove a statement by 
mathematical induction 


Table 11.7.1 
1 2 
2) 
8 12 
4 20 
5) 30 


Discover and Learn 


What pattern do you observe for 
the sum of the first 7 odd integers? 


Many mathematical facts are established by first observing a pattern, then making a 
conjecture about the general nature of the pattern, and finally proving the conjecture. 
In order to prove a conjecture, we use existing facts, combine them in such a way that 
they are relevant to the conjecture, and proceed in a logical manner until the truth of 
the conjecture is established. 

For example, let us make a conjecture regarding the sum of the first 7 even integers. 
First, we look for a pattern: 


2=2 

2+4=6 
2+4+6=12 
2+4+6+8= 20 
2+4+6+8+4+ 10= 30 


From the equations above, we can build Table 11.7.1. The numbers in the “sum” col- 
umn in the table can be factored as follows: 2=1-:2, 6=2-3, 12=3-4, 
20 = 4-5, and 30 = 5 - 6. Noting the values of 1 to which the factorizations corre- 
spond, we make our conjecture: 


The sum of the first n even integers is n(n + 1). 


According to our calculations, this conjecture holds true for 7 up to and including 5. 
But does it hold true for all 7? To establish the pattern for all values of n, we must prove 
the conjecture. Simply substituting various values of 7 is not feasible because we would 
have to verify the statement for infinitely many v. A more practical proof technique is 
needed. We next introduce a proof method called mathematical induction, which is 
typically used to prove statements such as this. 


Mathematical Induction 


Before giving a formal definition of mathematical induction, we take our discussion of 
the sum of the first 7 even integers and introduce some new notation that we will need 
in order to work with this type of proof. 

First, the conjecture is given a name: P,. The subscript 7 means that the conjecture 
depends on n. Stating our conjecture, we write 


P,: The sum of the first 7 even integers is n(n + 1). 
For some specific values of 1, the conjecture reads as follows: 


P,: The sum of the first 8 even integers is 8 - 9 = 72. 

P,,: The sum of the first 12 even integers is 12 - 13 = 156. 

P,: The sum of the first k even integers is R(R + 1). 

P,,.,: The sum of the first k + 1 even integers is (k + 1)(R + 2). 


We now state the principle of mathematical induction, which we will need to complete 
the proof of our conjecture. 
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The Principle of Mathematical Induction 


Let 7 be a natural number and let P, be a statement that depends on n. If 


1. P, is true, and 


2. for all positive integers k, P,,, can be shown to be true if P, is assumed to be 
true, then P, is true for all natural numbers n. 


The underlying scheme behind proof by induction consists of two key pieces: 


1. Proof of the base case: proving that P is true 

2. Use the assumption that P, is true for a general value of k to show that P,,, is true 
Taken together, these two pieces prove that P, holds true for every natural number 7. 
The assumption that P,is true is known as the induction hypothesis. 


In proving statements by induction, we often have to take an expression contain- 
ing the variable k and replace k with k + 1. Example 1 illustrates this process. 


Example fl Replacing k with k + 1 in an Algebraic Expression 


Replace k with k + 1 in the following. 
R(k + 1)(2k + 1) 


(a) 3* — 1 (b) 5 


> Solution 
(a) Replacing k by k + 1, we obtain 
aktl =]. 
(b) Replacing k by k + 1 and simplifying, we obtain 
(R+1)(kR+1)+1)(22(R+1)4+1) 
6 


—_ k+ 1) + 2)@R + 3) 
6 : 


[AW Check It Out 1; Replace k by k + 1 in 2k(k + 2). & 


We now return to the conjecture we made at the beginning of this section, and 
prove it by induction. 


eral 2 Proving a Formula by Induction 


Prove the following formula by induction: 
2+4+-+-+++2n=n(n+ 1) 


Solution This is just the statement that we conjectured earlier, but in the form of an 
equation. Recall that we denoted this statement by P,, so we denote the proposed 
equation by P, as well. 
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First we must prove that P, is true for 7 = 1. We do this by replacing every 7 in P, 
with a 1, and then demonstrating that the result is true. 
P:2(1) =1(01 + 1) 


Since 2(1) = 1(1 + 1), we see that PF, is true. 
Next we state P, and assume that P, is true. 


Pi2+4+4+---+2k=kR+1) 


Finally, we state P,,; and use the assumption that P, is true to prove that P,,, holds 
true as well. 


Payi2t4t-+++2kR+2R+D)=(R+ IR +2) 


To prove P,.;, we start with the expression on the left-hand side of P,, and show that 
it is equal to the expression on the right-hand side. 


2+44+---+2k+2(R+1) Left-hand side of P,,, 


=k(k+1)+2(k + 1) Induction hypothesis: P,is true 
=k? +k+2k+2 Expand 

=k? + 3k+2 Combine like terms 

= (k+ 1)(R + 2) Factor 


We see that the result, (k + 1)(R + 2), is the expression on the right-hand side of P, , ,. 
Thus, by mathematical induction, P, is true for all natural numbers 7. 


LW Check It Out 2: Prove the following formula by mathematical induction: 
14+3+5+-:-+(Qn-l=r Oo 


Earal 3 Proving a Summation Formula by Induction 


Prove the following formula by induction: 


_ n(n + 1) 


1L+24+3+---+n : 


Solution First denote the proposed equation by P, and prove that it holds true for 
n = 1. Replacing every n with a 1, we get 


1a +1 
Ripa tet). 
2 


Clearly this is true, so P, holds. 
Next state P, and assume that P, is true. 


7 k(k + 1) 


Prlt2+3+4+---+k A 


Finally, state P,,, and use the assumption that P, is true to prove that P,,, holds 
true as well. 


(k + 1)(k + 2) 


Balt 24+3t+-+-+k+R4+Y= = 
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Show that the expression on the left-hand side of P,, is equal to the expression on the 
right-hand side. 


L243 beret RR + 1 Left-hand side of P, 


k(k + 1) 
— aos +kt+1 Induction hypothesis: P,is true 


_ kk +1) +241) 


Use common denominator 


2 

R+k+2k+2 

= Expand 
2 

kh? + 3k +2 ae 
=— a Combine like terms 

k+1)(kR+2 
= : ) Factor 


(k + 1)(k + 2) 


We see that the result, , is the expression on the right-hand side of P,., 


Thus, by mathematical induction, P, is true for all natural numbers n. 


[A Check It Out 3: Prove by induction: 2 +5+8+:::+ (3n—-1)= 5n(3n +1). Hf 


Eee 4 Proving a Formula for Partial Sums by Induction 


Prove by induction: 
Le2e2 $2 be36 +2 = 2 —1 


Solution First denote the proposed equation by P, and prove that it holds true for 
n = 1 by replacing every v with a 1. 


P:1=2!-1 


It is easy to see that P is true. 
Next state P, and assume that P, is true. 


PADS Peo peg port] a= 1 


Finally, state P,,; and use the induction hypothesis (the assumption that P, is true) 
to show that P,,, holds true as well. 


Ragleee eS pat Se ee aor KI 


1+2+27+274+---+ 2% 14 9% Left-hand side of P,.., 


=2*'—1+ 2% Induction hypothesis: P,is true 
= 2(2") - 1 Combine like terms 
=o al Simplify 


We see that the result, 2**! — 1, is the expression on the right-hand side of P, , ,. Thus, 
by mathematical induction, P, is true for all natural numbers 7. 

4" — 1 
—_ 


[A Check It Out 4; Prove by induction: 1 + 4+ 47 +---+ 47 1= | 
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You may wonder how we get the formulas to prove by induction in the first place. 
Many of these formulas are arrived at by first examining patterns and then coming up 
with a general formula using various mathematical facts. A complete discussion of how 
to obtain these formulas is beyond the scope of this book. 


11.7 Key Points 


The Principle of Mathematical Induction is stated as follows: Let 7 be a natural 
number and let P, be a statement that depends on n. If 


1. B is true, and 


2. for all positive integers k, P,,, can be shown to be true if P, is assumed to be 


true, 


then P, is true for all natural numbers zn. 


11.7 Exercises 


» Skills This set of exercises will reinforce the skills illus- (At OO a cg n(n + 1)? 
trated in this section. —- 4 
In Exercises 1—4, replace k by k + 1 in each expression. 
14.1 $24 2? ee ort ao 1 
1. k(k + 1)(R + 2) 2.3"-1 
2n—1)n+1 
k F ree eos Oe sn J 
3: 4. 3 
k+1 l+k 
ip ee ae = 
In Exercises 5—25, prove the statement by induction. "7-2 °° 2. 3 3-4 n(n + 1) = are | 
5.34+54+---4+ (2n4+ 1) =n + 2) 
17.1-24+2-3+3:-4+--++nm+t1) 
6.2+6+10+:--+ (4n— 2) = 2n es TE 
3 
n(3n — 1) 
71+4+7+:-:: 3n— 2 ee | 
: 2 C145 ES p.154grs2 
2 
8.5+4+3 6 J 11 a | 
il a ee 19.145 457% +0 e4 4 571 
4 
20.l+rt+r 4 f tl =A? r a positive integer, 
+ eee _ => 2 
10.34+9+4+ 15+ + (6n — 3) = 3n weed 
1 Wo. 4th ae 
11.2+5+8+---+(3n-1) 5nn Ef) 21.3 1 is divisible by 2. 


n(n + 1)(2n + 1) 
6 


12.177 +27+37+---+77 


22. 


23. 


n> — n+ 3 is divisible by 3. 


n’ + 3n is divisible by 2. 
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24.n? + nis even. 


25.2" > n. 


Concepts This set of exercises will draw on the ideas pre- 
sented in this section and your general math background. 


Induction 1s not the only method of proving that a statement 1s 
true. Exercises 26-29 suggest alternate methods for proving 
statements. 


26. By factoring n? + n, na natural number, show that n? + n 
is divisible by 2. 


27. By factoring a’ — 6°, a and b positive integers, show that 


n(3n — 1) 


28. Prove that 1+ 4+7+--:+ (3n—- 2) A by 
using the formula for the sum of terms of an arithmetic 
sequence. 

29.Prove that 1 +4+42+---+471=4 = : by using 


the formula for the sum of terms of a geometric sequence. 


a — b’ is divisible by a — b. 


Chapter 11 Summary 


Section 11.1 Sequences 
Concept 


Sequence 

A sequence is a function f(7) whose 
domain is the set of all nonnegative integers 
and whose range is a subset of the set of all 
real numbers. The numbers f(0), f(1), 
f(2),... are called the terms of the 
sequence. 


Definition of an arithmetic sequence 
Each term of an arithmetic sequence is 
given by the rule 


a, = a + nd, n = 0, 1, 2, 3... 


where dp is the starting value of the 
sequence and d is the common difference 
between successive terms. 


Definition of a geometric sequence 
A geometric sequence is defined by the rule 
a, = aor",n = 0, 1, 2, 3,... 


where dp is the initial value of the sequence 
and r ¥ 0 is the fixed ratio between 
successive terms. 


Illustration 


1, 4, 7, 10,... is a sequence. 1, 4, and 7 are 
some of the terms. 


The sequence 4, 7, 10, 13,... is an 
arithmetic sequence because a, = 4 + 3n, 
n= 0, 1, 2, 3,..., with d= 3. 


The sequence 4, 8, 16, 32,... is a geometric 
sequence because a,, = 4(2)”, 
n= 0, 1, 2, 3,..., with r= 2. 


Study and Review 


Examples 1-4, 8 


Chapter 11 Review, 
Exercises 1-4 


Examples 5-7, 9 


Chapter 11 Review, 
Exercises 5-8 


Section 11.2 Sums of Terms of Sequences 


Concept 


Sum of the first 7 terms of an arithmetic 
sequence 

Let a; = a + jd, j = 0, 1, 2,..., be an 
arithmetic sequence, and let 7 be a positive 
integer. The sum of the 7 terms from ay to 
a, 1 1S given by 


S,=A ta,t-::+a,- 
” (2a) + d(n — 1)) 
2 
= (ay + ay—1) 
== iG a, — i) 
2 0 n—1 


Summation notation 
The summation symbol is indicated by 
the Greek letter > (sigma). 


Index 7 ends at 7 
Expression to be 
= Sj — evaluated 
i=1 and summed 


Summation 
symbol 


Index 7 starts at 1 


Sum of the first 7 terms of a geometric sequence 
Let a; = dor’, j= 0, 1, 2,..., be a geometric 
sequence. The sum of the 7 terms from ay to 
a, 1 1S given by 


Sum of an infinite geometric series 

If |r| < 1, then the infinite geometric 
series dy + agr + apr? + agri +--+ + 
aor” + +++ has the sum 


Illustration 


Using d = 2, 


a = 3,andn=5, 


The sum 2+4+6+8+ 10 canbe 


5 


written as >) 
i=1 


21. 


Using r = 2, n = 4, and a) = 6, 


1-24 
6+12+24+48=6 = 90. 


1-2 


The sum 
i ieee cee | 1 
1+ t + t 2 
2 4 8 1 
1-— 
2 
1 
because |r| = 3 <1. 


Chapter 11 Summary 


Study and Review 
Examples 1-3, 9 


Chapter 11 Review, 
Exercises 9-12 


Examples 4, 5 


Chapter 11 Review, 
Exercises 13, 14 


Examples 6, 7, 10 


Chapter 11 Review, 
Exercises 13—20 


Example 8 


Chapter 11 Review, 
Exercises 21-24 
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Section 11.3 General Sequences and Series 


Concept 


Sequences given by a rule 

A general rule for the terms a, of a 
sequence can be used to generate terms of 
the sequence. 


Alternating sequences 

In an alternating sequence, the terms 
alternate between positive and negative 
values. 


Recursively defined sequences 

Recursively defined sequences define the 
nth term by using the preceding terms, 
along with the first term or first several 
terms. 


Partial sums 
The nth partial sum of a sequence 
{a,,} is given by 


n-1 


> Qj. 
i=0 


Section 11.4 Counting Methods 


Concept 


Illustration 


The first four terms of the sequence 
generated by the rule a, = n? + 1, 
n= 0, 1, 2, 3,..., are 1, 2,5, 10. 


The sequence a,, = (—1)"2n, 

n = 0, 1, 2, 3,..., is an alternating sequence. 
The first four terms of this sequence are 

0, —2, 4, —6. 


The sequence a,, = 24,1, A = 1, isa 
recursively defined sequence. The first five 
terms of this sequence are 1, 2, 4, 8, 16. 


3 
The partial sum SY (? + 1) is 


0 
1+2+5+10= 18. 


Illustration 


Study and Review 


Examples 1, 2 


Chapter 11 Review, 
Exercises 25-34 


Examples 3, 4 


Chapter 11 Review, 
Exercises 33, 34 


Examples 5, 6, 8 
Chapter 11 Review, 
Exercises 35-38 
Example 7 


Chapter 11 Review, 
Exercises 39, 40 


Study and Review 


Multiplication principle 

Suppose there are 7 slots to fill. Let a, be 
the number of possibilities for the first slot, 
a, the number of possibilities for the second 
slot, and so on, with a, representing the 
number of possibilities for the kth slot. Then 
the total number of ways in which the n slots 
can be filled is 


Total possibilities = a; X a, X a3 X+ ++ Xa, 


Definition of m! (7 factorial) 
Let 1 be a positive integer. Then 


n! = n(n — 1)(n — 2)- +: (3)(2)(1). 
The quantity 0! = 1. 


Definition of permutation 
Given n distinct objects and r slots to fill, the 


number of r-permutations of n objects is 
n\ 


am- nl 


given by P(n, r) = 
order matters. 


In a permutation, 


If there are 10 people and four chairs are 
available, the number of possible seating 
arrangements is 10-9-8- 7 = 5040, 
assuming all four chairs are filled. 


The number 4! is 44 =4-3-2-1= 24. 


If there are five distinct objects and three 
slots to fill, and the order matters, the 
number of ways to permute the five objects 


is PG, 3) => = 60. 


Examples 1, 2 


Chapter 11 Review, 
Exercises 43-45 


Examples 3, 4 
Chapter 11 Review, 
Exercises 41, 42 
Examples 5—7 


Chapter 11 Review, 
Exercises 41, 43-45, 48 


Continued 


Section 11.4 Counting Methods 
Concept 


Definition of combination 

Let r and 7 be positive integers with r = n. 
When the order of the objects does not 
matter, the selection of r objects at a time 
from a set of m objects is called a 


n! 


combination: C(n, r) = ————. 
(n — rylrl 


Section 11.5 Probability 


Concept 


Illustration 


If order does not matter, the number of 


ways to select three objects from a collection 
! 

of five objects is C(5, 3) = a3 = 10. Note 

the difference between C(5, 3) and P(5, 3). 


Illustration 
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Study and Review 


Examples 8-10 


Chapter 11 Review, 
Exercises 46, 47 


Study and Review 


Basic terminology 

¢ An outcome is any possibility resulting 
from an experiment. Here, an experiment 
simply denotes an activity yielding 
random results. 

¢ An event is a collection (set) of 
outcomes. 

« A sample space is the set consisting of 
all possible outcomes for a certain 
situation under consideration. 


Definition of probability 

Assume that a sample space S consists of 
equally likely outcomes. Then the 
probability of an event E, denoted by 
P(E), is defined as 


number of outcomes in E 


P(E) = . 
number of outcomes in S 


Note that 0 = P(E) = 1. 


Mutually exclusive events 
Two events F and G are mutually exclusive 
if they have no overlap. In this case, 


PCF or G) = P(F) + P(G). 


Complement of an event 

The set of all outcomes in a sample space 
that do not belong to event E is called the 
complement of E and is denoted by EF’. 
The probability of BE’ is P(E’) = 1 — P(E). 


You roll a six-sided die and record the side 

of the die that lands face up. 

¢ The possible outcomes are rolling any 
whole number between | and 6. 

¢ One possible event is rolling an even 
number. 

¢ The sample space for the die-rolling 
experiment is {1, 2, 3, 4, 5, 6}. 


In the die-rolling experiment, the probability 


: 23 1 
of rolling an even number is ae 


In the die-rolling experiment, the event of 
rolling an even number and the event of 
rolling an odd number are mutually 
exclusive. 


In the die-rolling experiment, the 
complement of rolling a 1 is rolling any 
whole number from 2 through 6. 


Examples 1—5 


Chapter 11 Review, 
Exercises 49-53 


Examples 1-5 


Chapter 11 Review, 
Exercises 54, 55 


Examples 6-8 


Chapter 11 Review, 
Exercises 52, 56 


Examples 9, 10 


Chapter 11 Review, 
Exercise 53 
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Section 11.6 The Binomial Theorem 


Concept 


Binomial coefficients 

Let n and r be nonnegative integers with 
r = n. In the expansion of (a + b)”, the 
coefficient of the term a” 'b" is 


n\ n! 
r}) (n—nirl 


The Binomial Theorem 
Let 1 be a positive integer. Then 


aires @ia 


i=0 


_ n qi + n a" 1b 
0 1 
+ (Jerse a ae (")o 
2 n 


The ith term of (a + 6)” is given by 
n 

i-1 

positive integers, with 1 =i<n+1. 


a"~'*1)'"!) where n and i are 


Illustration 


In the expansion of (3 + 4)’, the coefficient 


of 3” is 
ee 
2 1!2! , 


3 3 
Cray = (s)er + (‘Jere 


3 3 
+ (JJoror - (2)eroy 


= 27 + 27y + Oy? +5? 


The second term of (3 + ¥)? is 


3 
(?)senye = 3(9)y = 27y. 


Section 11.7 Mathematical Induction 


Concept 


Principle of mathematical induction 
Let 7 be a natural number and let P, be a 
statement that depends on n. If 
1. P is true, and 
2. for all positive integers k, P,,, can 
be shown to be true if P, is assumed to 
be true 


then P, is true for all natural numbers 7. 


Illustration 


P, is the base case, which must be proved; P, 
is the induction hypothesis and is assumed. 
Then P,.,, is proved. 


Study and Review 


Examples 1, 2 


Chapter 11 Review, 
Exercises 57-64 


Examples 3—5 


Chapter 11 Review, 
Exercises 57-64 


Study and Review 


Examples 1-4 


Chapter 11 Review, 
Exercises 65—70 


Chapter 11 
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Review Exercises 


Section 11.1 


In Exercises 1—4, find a rule for an arithmetic sequence that fits 
the given information. 


3. The common difference d is 4 and a, = 9. 


4. The common difference dis —2 and a, = 10. 


In Exercises 5—8, find a rule for a geometric sequence that fits the 
given information. 


a 1 
is Ea 


7. The common ratio r is 3 and a; = 54. 


: et 
8. The common ratio r is 5 and b, = 9. 


Section 11.2 


In Exercises 9-12, find the sum of the terms of the arithmetic 
sequence using the summation formula. 


9.1+5 


O+-+++6l 


10.2. 7 12 6 ee sF 102 


11. The sum of the first 20 terms of the sequence defined by 
a, —4+5n, n= 0, 1, 2,... 


12. The sum of the first 15 terms of the sequence defined by 
a4, = 2 — 3n,n= 0, 1, 2,... 


In Exercises 13-16, find the sum of the terms of the geometric 
sequence using the summation formula. 


13.4+ 8+ 16+ 32 + 64 + 128 + 256 
14.0.6 + 1.8 + 5.4 + 16.2 

5 1 n 
1D: om 

3(3) 


7 
16. } GB)" 


i=0 


In Exercises 17-20, (a) write using summation notation and (6) 
find the sum using the summation formula. 


17. The first 25 terms of the series defined by a, = 3n, 
n= 0,1, 2,3)... 


18. The first 10 terms of the series defined by a, = 2.5n, 
n=0Q, 1, 2, 3,... 


19. The first eight terms of the series defined by a, = 2”, 
n= 0, 1, 2, 3,... 


W.ata@tat-::-:t+a*a4#0,a4l 


In Exercises 21-24, determine whether the infinite geometric series 
has a sum. If so, find the sum. 


i, a 
2.1+i+—t::: 
39 
1 
22.27+9+3+1+>4 
3 
23.1 + 11+ 1.21 + 1.331 +--- 
4 8 
24.34+2+-—4 
3° 9 


Section 11.3 
In Exercises 25—34, find the first five terms of the sequence. 


25.a, = —2n+ 5,n = 0, 1, 2, 35... 


26.a, = 4n + 1,n=0, 1, 2, 35... 


1 n 
27. a, = -(3) ,n=0, 1, 2, 3,... 


2 n 
28. a, = -(2) ,n=0, 1, 2, 3,... 


29.b, = —n* + 1,n=0, 1, 2, 35... 
30. b, = 3n? — 1,n=0, 1, 2, 3,... 


n 
w+ 


31.f(n) = »n= 1, 2,3)... 
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1 
32.f (0) = sa w= 1, 2,3, 
ae 


1 


1 \" 
33.4, = ( or($)o0= 1,23. 


34. a, = (—1)"(2n + 3), n = 1, 2, 3)... 


In Exercises 35-38, find the first four terms of the recursively de- 
fined sequence. 


35.a) = 45 a, = a,_-; + 3,n = 1, 2, 3,... 

36. a 23 a, = @,-, + 0.5," = 1, 2, 3,... 
37. ag 13 a, = a,-; + 2n,n = 1, 2, 3,... 
38. b, = V2; 6, b,-; + 2,n = 2, 3,4... 


In Exercises 39 and 40, find the partial sum. 


3 
40. >) (-1)'i + 1) 


i=0 i=0 


Section 11.4 


In Exercises 41 and 42, evaluate. 


(b) PG, 4) (c) P(4, 4) — (d) PC; 3) 


5! 4 
42.{a) 3 (b) C5;4) (©) (‘) (d) C(, 3) 


43.How many different photographs are possible if five 
adults line up in a row? 


44. How many different photographs with exactly four col- 
lege students are possible if there are six college students 
to select from? Here, order matters. 


45. How many different photographs are possible if four chil- 
dren stand in the front row and three adults stand in the 
back row? 


46. How many three-person committees can be formed in a 
club with 10 members? 


47. How many five-letter words, including nonsense words, 
can be made from the letters in the word TABLE? 


48. You have three English books, two history books, and 
three physics books. 


(a) How many ways are there to arrange all these books 
on a shelf? 


(b) How many ways are there to arrange the books if 
they must be grouped together by subject? 


Section 11.5 


In Exercises 49-54, use this scenario: A coin is tossed three times 
and the sequence of heads and tails is recorded. 


49. List all the possible outcomes for this problem. 
50. What is the event that you get at least one head? 
51. What is the sample space for this problem? 


52. Are the events of getting all tails and getting all heads 
mutually exclusive? 


53. What is the complement of the event that you get at least 
one head? 


54. Calculate the probability of the event that you get at least 
one head. 


55.A bag consists of three red marbles, two white marbles, 
and four green marbles. If one marble is chosen randomly, 
what is the probability that the marble is white? 


56. You are dealt one card from an ordinary deck of 52 cards. 
What is the probability that it is an ace of hearts or an ace 
of spades? 


Section 11.6 


In Exercises 57-60, expand each expression using the Binomial 
Theorem. 


57. (x + 3)4 58. (2x + 1)? 


59. (3x + y)3 60. (32 — 2w)* 


In Exercises 61—64, use the Binomial Theorem to find the indi- 
cated term or coefficient. 


61. The coefficient of x* when expanding (x + 3)? 
62. The coefficient of y*? when expanding (2y + 1)° 
63. The second term in the expansion of (x + 2y)? 


64. The third term in the expansion of (y — z)* 


Section 11.7 


In Exercises 65—70, use mathematical induction to prove the 


Statement. 
1 1 1 1 
65.1 + t free 2 
2 4 edi Qn 
+1 + 1)@ +2 
ea bee Da 


2 6 


67.(n + 1)? + nis odd. 


68. n° + 2n is divisible by 3. 


3 
69.3 +6+9 ea eee d) 
70.1+5+9+--+:+ (4n — 3) =n(2n —- 1) 
Applications 


71. Compensation Carolyn has worked as an accountant for 
the same firm for the past 8 years. Her annual starting 
salary with her current employer was $36,000. Each year, 
on the anniversary of her first day on the job with this 
firm, she has been given a raise of $1500. What was her 
annual salary just after her fifth anniversary with the 
company? 


72. Basketball Playoffs An elimination basketball tournament is 
held, with 32 teams participating. All the teams play in the 
first round, with each team playing against just one other 
team. The losing teams in the first round are eliminated, 
and the winning teams advance to the second round. This 
process continues for additional rounds, until all but one 
team have been eliminated. How many rounds of games 
were played in the tournament? 


Chapter 11 


1. Find a rule for an arithmetic sequence with ay = 8 and 
a,=11. 


2. Find a rule for an arithmetic sequence with common dif- 
ference d = 5 and a, = 27. 


3. Find a rule for a geometric sequence with a) = 15 and 
a, = 5, 


73. 


74. 


75. 


76. 


77 


78. 


4. 


Chapter 11 © Test 943 
Graduation All 69 graduates of a middle school attended 
their commencement ceremony, and they all posed for 
the class photograph. They formed six rows for the 
photo, with one row in back of another. The number of 
graduates in each row beyond the first (front) row in- 
creased by 1. How many graduates were in the back row 
of the photo? 


Sports There are 11 swimmers on a swim team. How 
many different ways could a swim team be formed from 
a pool of 18 swimmers, assuming that every swimmer is 
qualified to be on the team? 


Clothing A men’s plaid shirt is available in three different 
color schemes, each of which is manufactured in 10 dif- 
ferent sizes. If you wanted to buy this shirt, how many 
different combinations of color scheme and size would 
you have to choose from? 


Telephone Directory Julio wants to contact a friend who 
has long since moved out of his area. Julio doesn’t have his 
friend’s mailing address or e-mail address, and all he 
knows about the friend’s current phone number is the 
area code and the exchange. (The exchange consists of 
the first three digits of the seven-digit phone number.) 
Julio has no choice but to dial phone numbers at random. 
What is the maximum number of phone numbers he 
would have to dial in order to reach his friend? 


. Card Game Kim takes part in a card game in which every 


player is dealt a hand of five cards from a standard 52- 
card deck. What is the probability that the hand dealt to 
her consists of five red cards, if she is dealt the first five 
cards? 


Cryptography A secret code is made up of a sequence of 
four letters of the alphabet. What is the probability that 
all four letters of the code are identical? 


Test 


Find a rule for a geometric sequence with common ratio 


2 
r=; and a, = 2. 


. Find the following sum using a formula for the sum of 


terms:5+8+11+4+-:---+ 104. 


. Find the sum of the first 30 terms of the sequence de- 


fined by a, = —2 + 4n,n = 0, 1, 2,.... 
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7. 


10. 


11. 


12. 


13; 


14. 


15. 


More Topics in Algebra 


Write the following sequence using summation notation, 
and find its sum: a, = 5”, n = 0, 1, 2, 3,..., 9. 


. Find the first four terms of the sequence defined by 


a, 2n? + 2,n=0, 1, 2, 3,.... 


. Find the first five terms of the sequence defined by 


a, = (—1)"(2)', 2 = 0, 1, 25 3s... 


Write the first five terms of the following recursively de- 
fined sequence: a) = 4; a, = a,_; — n,n = 1, 2, 3,.... 


3 
Evaluate the following partial sum: >) (37 + 2) 
i=0 


Evaluate the following. 


5! 
@a (b) CO, 4) 
(c) P@, 1) (d) PO, 4) 


How many committees of three people are possible in a 
club with 12 members? 


How many six-letter words, including nonsense words, 
can be made with the letters in the word SAMPLE? 


If you have four mathematics books, two biology books, 
and three chemistry books, how many ways are there to 
arrange the books on one row of a bookshelf if they must 
be grouped by subject? 


In Exercises 16-18, consider a bag containing four red marbles, 
five blue marbles, and two white marbles. One marble is drawn 
randomly from the bag and its color is recorded. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


List all the possible outcomes for this problem. 
What is the probability that a white marble is drawn? 
What is the probability that a blue marble is nor drawn? 


You are dealt one card from an ordinary deck of 52 cards. 
What is the probability that it is the queen of hearts or 
the jack of spades? 


Expand using the Binomial Theorem: (3x + 2)* 
Prove by induction: 2 + 6 + 10 +-+++ (4n — 2) = 2n? 


A clothing store sells a “fashion kit” consisting of three 
pairs of pants, four shirts, and two jackets. How many dif- 
ferent outfits, each consisting of a pair of pants, a shirt, and 
a jacket, can be put together using this kit? 


A license plate number consists of two letters followed by 
three nonzero digits. How many different license plates 
are possible, assuming no letter or digit can be used more 
than once? 
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946 Appendix A © Keystroke Guide for the TI-83/84 Calculator Series 


his appendix is designed to help you effectively use your TI-83 or TI-84 series cal- 
culator to explore the mathematical ideas and applications in this textbook. The 
keystrokes for both the TI-83 and TI-84 families of calculators are the same. Only 
the colors of the keys differ. 

Review Sections A.1—A.4 to learn about the basic operations you can perform on your cal- 
culator, especially if you are a new user. These sections are prerequisite to the later material 
in the appendix, which shows specific keystrokes for corresponding examples in the textbook. 
Keystrokes are grouped by main topics, such as “graphing functions” or “solving equations.” 

Today's calculators have many features, and so there is often more than one way to 
work a problem. Most of the keystrokes in this appendix illustrate only one technique, but 
you should feel free to explore other ways to accomplish the same task. 


A.1 Keys on Your Calculator 


The row of buttons just below the screen is used to create graphs and tables. See Fig- 
ure A.1.1 (taken from the TI-84). 


Figure A.1.1 


STAT PLOT F TBLSET F2 FORMAT F3 CALC F4 TABLE FS 


A second set of keys is used for navigation and to access various mathematical func- 
tions. See Figure A.1.2. On the TI-84, blue is used for the function keys. On the 
TI-83, yellow is used for the function keys. 


Figure A.1.2 


The key accesses the 


blue function above each 
key on the TI-84. 


Arrow keys 
move the cursor 
on the screen. 


The| ALPHA | key accesses 


the green letter or character 
above each key on the 
TI-84. 


The | MATH | key brings up a menu 


with various mathematical functions. 


Throughout this appendix, the keystrokes corresponding to the functions above a key 
will be denoted by (2ND) (KEY (Name of function above key)]. For example, the keystroke for 


the CALCULATE menu will be given by (2ND) (TRACE (CALQ)}. 


A.2 Getting Started 


Initializing Your Calculator 


Calculator On/Off Turn the calculator on with the button. Turn the calculator off 


with the button. 


Figure A.2.1 


NORMAL Sie SNE; 

ene 0123456789 
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Figure A.2.2 


24+U*5-3 
(5+4)/(1+2) 
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Home Screen When you turn the calculator on, the Home Screen is displayed. This is 
where you enter expressions and instructions to compute numeric results. You can always 


get to the Home Screen from another window mode by pressing MODE (QUIT)]. Press 
to clear the Home Screen. 


The Cursor A blinking box called a cursor determines the current position on the 
screen and is moved around by the arrow keys. 


Changing the Screen Contrast Press and the up arrow key to make the display 
darker, or press and the down arrow key to make it lighter. 


Initializing the MODE In the MODE menu, accessed by pressing (mode), highlight 
the first entry in each row unless directed to do otherwise. See Figure A.2.1. Press 


to exit the MODE menu. 


Arithmetic Operations 


Calculations Key in the expression in the Home Screen and then press (enter). The 
standard arithmetic operation symbols are used. 


Subtraction Symbol and Negative Sign These are different keys. To enter a negative 
number, use ((-)). This key appears directly beneath the 3 key. To subtract, use (—), directly 


above the (+) key. 


Order of Operations Working outward from the inner parentheses, operations are 
performed from left to right. Exponentiation and any operations under a radical sym- 
bol are evaluated first, followed by multiplications and divisions, and then additions 
and subtractions. 

If you want to change the algebraic order, you must use parentheses. Parentheses 
also must be used around the numerator and denominator in fractions. See Section P.1 
for more information. 


eee 1 Evaluating Simple Expressions 


Use a calculator to evaluate the following. 
(aj2+4:-5-3 

5+ 4 

1+2 


(b) 


>Solution 
(a) Press 2 (+) 4 (x) 5(-)3. The answer is 19. See Figure A.2.2. 


(b) Press (() 5 (+) 40) (=) (9.1 (+) 2 (0). The answer is 3. Note that the numerator and 
denominator must be entered using parentheses. See Figure A.2.2. © 


Menus and Submenus 


The TI-83 and TI-84 Plus operate using menus and submenus. When you press a menu 
key such as on the calculator, the submenus are listed in the top row of the 
screen. The highlighted submenu is displayed. Use the right and left arrow keys to 
move to the other submenus. To exit a menu, press (mobE (quit). The following 


example shows how to access a menu or submenu item. 
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Figure A.2.3 


Mittal NUM CPX PRB 


7+ fMax( 


-49/8>Dec 
| 


sores 


[eee 2. Using the MATH Menu 


Change = into decimal form using the MATH menu. 


Solution There are two ways to access a MATH menu item. Use whichever you pre- 
fer. The keystrokes in this appendix use Method A to access menu items. 


Method A Use a number to select the menu item. Enter 49 (=) 8 on the Home 
Screen. Press and then 2 for 2:»Dec. Press (enter). The answer is 
—6.125. See Figure A.2.3. 


Method B Use an arrow key to select the menu item. Enter 49 (+) 8 on the Home 
Screen. Press and use the down arrow key to move to 2:»Dec. Press 


(ENTER) (ENTER). The answer is —6.125. 


A.3 Editing and Deleting 


The following explains how to edit entries in the command line. 


Change the Current Entry Move the blinking cursor to the current entry and type in 
the new entry, which replaces the old entry. 


Delete the Current Entry Move the cursor to the character and press (DEL). 


Insert a New Entry Move the cursor to the character after the insertion point and 


press to type in new text or symbols. 


Edit a Previous Entry In the Home Screen, press (2ND) (ENTER (ENTRY)] to recall the latest 
entry, and edit it as explained above. You may continue to press (2ND) (ENTER (ENTRY)) to 
recall even earlier entries. 


Clear Data To completely delete data from memory, press and then 


2 for 2: Delete and delete from any of the given menus. Press to 
exit the menu. 


A.4 Entering and Evaluating Common Expressions 


Expressions can be entered on the Home Screen or in the equation editor by pressing 
the editor. Expressions that can be readily evaluated are usually entered on the 
Home Screen. Order of operations always applies, so you must use parentheses if you 
wish to change the order. See Section P.1 for details. 

Your calculator contains many built-in functions, such as LN and e”*. Built-in 
functions can be accessed via the keyboard, the various menus, or the Catalog, which 
is a Menu containing an alphabetical list of all functions. When using built-in func- 
tions, a left parenthesis is often included so that you only have to enter the input value 
and then type the right parenthesis to complete the expression. 

The following table illustrates various examples of entering expressions. You may 
not yet have studied the expressions for numbers 8-14, but you can come back to them 
as needed. 
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EXPRESSION KEYSTROKES 


(ENTERED ON HOME SCREEN) EXAMPLE (PRESS AFTER EACH ENTRY) 
1. Rational expression = = j 2 (=) (0 (% 14») (-) 10) 
2. Change decimal to fraction 0.5 (MATH); press 1 for 1:»Frac 
3. Absolute value [5| (maTH)(5); press 1 for 1: abs( and 
then press 5 and 
4. Square root Vie (2nd) (20/ )) 12 0) 
5. Root from MATH menu Y 16 4(matH); press 5 for 5 :W and 
then press (() 16 
Root from Home Screen 116 16(\(J1(=)4 
6. Square 6 (2) or 6(4)2 
7. Power (x, T, 0, n) (4)7 
8. Natural exponential aa 
function e (2ND) 3 
9. Natural logarithm LN) (x7, @,n) (-)2 0) 
10. Common logarithm log(x + 1)| (toc) (x 1 4,n) (+) 10) 
11. Logarithm to base b log,x Q (LN) (<7, a7) 0) (=) (9 (LN) 2 0) 
(use change-of-base 
formula) 


12. Factorial 


7(matH)(>)(¢)(G); press 4 for 4:! 
8 (mats) (5)(E)(); 


press 3 for 3:nCr and then press 4 


14. Permutation 3B 8 (matH) (5)(6) (6); 


press 2 for 2:nPr and then press 3 
15. Scientific notation S10 3 AEE)) 4 


a 


13. Combination 


Evaluating Variable Expressions 


You can store the value of a variable and then use it to evaluate expressions. From the 
Figure A.4.1 Home Screen, you can assign the variable any name from A to Z. 


eral 1 Evaluating an Expression Containing One Variable 


Assign the value of —1 to the variable A and evaluate 2A’ + 4A — 1. Then evaluate the 
expression for A = 3. 


-1>A 
2A%2+4A-1 
a 


SSA 


2A*2+4A-1 PSolution Access the Home Screen. 


1. Store the value of —1 by pressing ({(-)} 1 (sto) (ALPHA ] A (ENTER). 


2.Enter the expression as follows: 2 (ALPHA) A(*)2 (+) 4(ALPHA) A (—) 1 (enter). The 
calculator will display the answer of —3. See Figure A.4.1. 
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Figure A.4.2 


-2>A—:1>B:1/2 oC 
(A+2B%2)/(3C) 


Figure A.4.3 


0.125>Frac 
a 


3. If you want to evaluate the expression for A = 3, store the value of 3 in A as follows: 


3 (sto) (ALPHA) A(eNnTER). Now recall the variable expression by pressing 
(ENTER (ENTRY)} (2ND) (ENTER (ENTRY))(ENTER). The answer is 29. See Figure A.4.1. © 


You can also evaluate expressions containing more than one variable. 


le=anal 2 Evaluating an Expression Containing Many Variables 


Evaluate the expression = = for A = —2,B = 1, and C = . 


> Solution 


1. Assign a value to each variable: 


(() 2 (sto) (acpHa) A (ALPHA) (:} 1 (STO) (ALPHA) B (ALPHA) (-) 


1 (+) 2 (sto) (ALPHA) C (enter) 


Only the value of C is displayed, but the other values will be stored in memory. The 
colon allows you to enter multiple statements on one line. 


2. Enter the expression: 


(( (AtPHA) A (+) 2 (ALPHA) B(4}2 ()) (=) (0 3 CD) (Enter 


The answer of 0 is displayed. See Figure A.4.2. The fractional expression must be 
entered using parentheses to separate the numerator and denominator. You can 
change the values of the variables and reevaluate the expression as shown in the 
previous example. © 


Using the CATALOG Function 


The CATALOG function, the function above the 0 key, is an alphabetic list of all the 
functions and symbols available on the calculator. Most of them are in a menu or on 
the keyboard, but you can use the CATALOG when you forget which menu you need. 


le-—ral 3 Using the CATALOG 


Use the CATALOG to convert 0.125 to a fraction. 


> Solution 
1. Enter 0.125 on the Home Screen: 0.125. 


2. Press 0 (CATALOG)]. Since you want to convert to a fraction, your function 


begins with the letter F. Press (cos (F)). You do not need to press or 
because the CATALOG is set up to directly accept alphabetical input. Use (vy) to 
scroll to the command PF rac. 


3. Press (Enter). The answer 1/8 is displayed. See Figure A.4.3. & 


A.5 Entering and Evaluating Functions 


You must enter functions into the Y= Editor in order to generate tables and graphs. 
Once the function is entered, it can be evaluated at different values of the input variable. 
When defining a function in the Y= Editor, only X is allowed as the input variable. If 
your function uses a different letter for the input variable, you must rewrite the func- 
tion in terms of X before entering it into the Y= Editor. 
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[apa 1 Evaluating a Function 


Figure A.5.1 Enter the function f(x) = x” + 2 and find f(3) and f(-1). 


Plotl Plot2 Plot3 Solution 
1. Press to access the editor. In the Y= Editor, enter the definition for Y1 as follows: 
2 (+) 2. Note that the equal sign is highlighted. See Figure A.5.1. 
2. To evaluate Y1(3): 
(a) Press to return to the Home Screen. 
(b) To access the function Y1, press and use the right arrow key to highlight 
the Y-VARS submenu. 


(c) Press 1 to access the FUNCTION menu and press 1 for the function Y1. This 
is the only way to access any named function. 


(d) You will now be on the Home Screen showing Y1. Complete the expression by 
typing (() 3 ()) (enter). The answer, 11, is displayed. See Figure A.5.2. 


Figure A.5.2 


FUNCTION Y, (3) 


11 
2: Parametric... : | 


3. To evaluate Yi(—1), press (2ND) (ENTER (ENTRY)] to recall the previous line. Move the 


cursor to highlight 3, delete it, and replace it with 1. Press to get the 
answer, 3. 


Alternate Method Enter the function as in Step 1. You can use the TABLE menu in 
ASK mode to evaluate a function. See Section A.6 for details. © 


Figure A.5.3 Selecting and Deselecting Functions in the Y= Editor Move the cursor to the equal 
sign and press (enter). When the equal sign is highlighted, the function is selected. 
When it is not highlighted, the function is not selected. 

You can enter more than one function in the Y= Editor. Figure A.5.3 shows two 
functions entered in the Y= Editor. 


Plot] Plote Plot3 


Deleting Functions in the Y= Editor Move the cursor to the right of the equal sign of 
the function you wish to delete. Press (CLEAR). 


A.6 Building a Table 


To create a table of values for a function, use the commands [2ND] (GRAPH (TABLE) } and 
(2ND) (wiINDOw (TBLSET)). The function must be entered using the Y= Editor. 


ene 1 Generating a Table Automatically 


Display a table of values for f(x) = ox — 2,x = —5, —4, —3,.... 
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> Solution 
1. Press and enter the function as Y1: 


(O 2()3 0) (x7. 6,n) (-)2. See Figure A.6.1. 


2. Press (2ND) (window (TBLsET)}. Fill in the following: 


> Tblstart= 5; ATb1=1 

» Highlight Auto for both Indpnt: and Depend: options. This sets the beginning 
X value and the change in each X value. The highlighted Auto option for the in- 
dependent variable will automatically generate the X values. 


> Press (2ND} (GRAPH (TABLE)). See Figure A.6.2. 


Figure A.6.1 Figure A.6.2 Generating tables 


TABLE SETUP 
TblStart="5 
ATbI=1 
Indpnt: im! Ask 
Depend: iim Ask 


Plotl Plote Plot3 


Example 2 shows how to manually enter the values for the independent variable. 


Figure A.6.3 ears 2 Generating a Table Manually 


Plot] Plot2 Plot3 Display a table of values for f(x) = V4 — x, x = 4, 3, 2,0, —1, —5. 
J 


>Solution 
1. In the Y= Editor, enter the function as Y1. See Figure A.6.3. 


(anv) (0/0) 4 EF) 74.7) 0) 


2. Press (2ND) ( WINDOW (TBLSET) ). Fill in the following: 


> Tblstart= 5; ATb1=1 
» Highlight Ask for Indpnt and Auto for Depend. The Ask option for the 
independent variable is highlighted to manually generate the X values. See 
Figure A.6.4. 
3. Press (2ND]} (GRAPH (TABLE) ]. The table is displayed with no entries. Move the cursor 
to the first entry position in the X input column to enter the X values. Press 


(©) 5 (enter) ((-)) 1 (Ener) 0 (enter) 2 (ENTER) 3 (ENTER) 4 (ENTER). 


As each input value is entered, the corresponding output value appears in the 
Yi column. See Figure A.6.4. © 


Figure A.6.4 


TABLE SETUP 
TblStart=-5 
ATbl=1 
Indpnt: Auto GER 
Depend:Giim Ask 
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A.7 Graphing Linear, Quadratic, and Piecewise-Defined Functions 


To graph a function on a calculator, first enter the function in the Y= Editor. Then 
choose a window setting by specifying the minimum and maximum values of x and y. 
You can use a table of values to help you determine these values. Window settings are 
abbreviated as [Xmax, Xmin] (Xscl) by [Ymax, Ymin] (Yscl). Xscl and Yscl define the 
distance between the tick marks on the x- and y-axes, respectively. If Xscl = 1 or 
Yscl = 1, these values will be omitted from the keystroke sequence. 


[Beant 1 Graphing a Function _ 


2 ‘ P : 
Graph y = 3% — 2 by using a table of values to choose an appropriate window. 


>Solution 
1. Enter the function. Press (y=) (() 2 (+) 3 ()} (x, 1, 4,n} (-) 2 to enter the function as Y1 
Figure A.7.1 in the equation editor. See Figure A.7.1. 


2. Generate the table. Press (2ND] (winDow (TBLSET)) and fill in the following: Tolstart= 
| & (2/3)X-28 —5; ATb1= 1; highlight Auto for both Indpnt: and Depend: and press 
j= (GRAPH (TABLE) ]. See Figure A.7.2. 


3. Scroll through the table. The function crosses the x-axis at (3, 0) and the y-axis at 
(0, —2). These values must be displayed in the window. A window size of [ —7, 7] 
by [—7, 5] will show the x- and y-intercepts and also give a good view of the graph. 
Other choices are also possible. 

4,Enter the window dimensions by pressing (window). Then set Xmin= Ts 


Xmax= 7, Xscl=1 and Ymin= 7, Ymax= 5, Yscl= 1. Press (GRAPH). The graph 
in Figure A.7.3 is displayed. 


Plot! Plot2 Plot3 
We 
\Y 


Figure A.7.2 Figure A.7.3 


TABLE SETUP 
TblStart="5 
ATtl=l 

Indpnt: [Thy 

Depend: 


-7 ia 


You can also graph a function by using built-in window settings accessed from the 
menu. This will be discussed in the following section. 


enna 2 Built-in Window Settings 


. 2 1 3 é : 
Graph the lines y = 3% at and y = 5% 7 using the decimal, standard, and square 
window settings. 


> Solution 
1. Press and enter ((-)) 2 (=) 3 (xT, 4, n) (+) 1 (+) 3 (enter) for Yi. 
2. For Y2, enter 3 (=) 2 (x, 1, 9, n) (-) 7 (enter). 
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3. The keystrokes for each type of window are summarized in the following table. 


STANDARD 
Press and then 4. Press and then 6. Press and then 5. 
10 
-10 10 

-10 
The lines look perpendicular. The lines do not look The lines look perpendicular. 
The units on both axes have the perpendicular. The units on each The units on both axes have the 
same size. However, the window axis have different sizes. same size. 


size 1s not big enough. 


To see the true shape of a circle, an ellipse, or any other figure, you will need to use a 
decimal or a square window. 


ema 3 Graphing a Quadratic Function 


Graph the function f(x) = x? + x — 12. 
>Solution 


1. Enter the function as Y1 in the equation editor by pressing 


(v=) (%1.6,7) C2) G) & tn) ) 12. 


If you simply press 6 to graph in a standard window, you will not obtain a 
Figure A.7.4 complete picture. Part of the parabola will be cut off. See Figure A.7.4. Since the 


‘i graph of this function is a parabola, the vertex should be visible on your graph. 


2. Generate a table of values to help you locate the vertex. Press (2ND) (WINDOW (TBLSET)] 
and fill in the following: Tblstart= 10, ATb1= 1, highlight Auto for both 
Indpnt: and Depend:. Press (2ND} (GRAPH (TABLE) ). Refer to Section A.6 for more 
details. Scrolling through the table, you can see that the Y1 values decrease until X = 0 
and then start to increase. The vertex is near the point (0, — 12). See Figure A.7.5. 

3. Press and enter window settings such as[—10, 10] by [—14, 10] or some- 

-10 thing similar. See Figure A.7.6. 


4. Press and a complete graph is displayed. See Figure A.7.7. 


—10 10 


Figure A.7.5 Figure A.7.6 Figure A.7.7 


Figure A.7.8 


Plot Plot2 Plot3 
\Y, B 3(X<) 
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[pare 4 Graphing a Piecewise-Defined Function 


35. x <1 


Graph the pi ise-defined function H(x) = : 
rap e piecewise-defined function H(x) {, +x, x21 
> Solution 


1. Assign a different name to each piece of the function in the Y= Editor and state the 
x values for which each piece is defined. In the Y= Editor, enter 


Yi = 3 (( (x7, 6, n) (2ND) (MATH (TEST). 


Press 5 to choose 5:<. Then enter 1 ())- 
Enter Y2 = (9 1 (+) (%1.0,") (1) (Q (%7.0,n) (2ND) (MATH (TEST). Press 4 for 4:2. 
Then enter 1 ()). See Figure A.7.8. 


2. Press 6 to get the graph. See Figure A.7.9. 


3. At x = 1, the function jumps from 3 to 2, and the screen may show a line connect- 
ing these values. This is not part of the actual graph. To keep the calculator from con- 


necting across the jump, press and set the mode to DOT. Now press (GRAPH). 
See Figures A.7.10 and A.7.11. 


Figure A.7.9 Figure A.7.10 Figure A.7.11 
10 
Newel SCI ENG 
sme 0123456789 
-10 10 
ial atbi re/Gi 
ej)ee HORIZ G-T 
—10 -10 


To describe an interval such as 1 = x S 3 for a piecewise-defined function, you 


must rewrite the interval as x = 1 and x = 3. To enter and, press and 


select the LOGIC submenu. Press 1 for 1: and. 


A.8 Graphing Polynomials, Rational Functions, and Inequalities 


Figure A.8.1 


10 


=f 8 


For more complicated functions such as polynomials, you may have to try a few window 
settings before you get a reasonable view of the graph. 


Era! 1 Graphing a Polynomial Function 


Graph the function f(x) = (x — 6)?(« + 2)”. 
>Solution 
1. In the Y= Editor, enter 
0 kta) O63 0 kta) O20M2 
2. Since this polynomial has zeros at x = 6 and x = —2, choose Xmin and Xmax so 


that the zeros lie between them. Press and choose the settings [—4, 8] by 
[—10, 10]. Press (GRaPH). Note that a part of the graph is cut off. See Figure A.8.1. 
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Figure A.8.4 
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10 


3. Press and press 0 for 0: Zoom Fit to fit the y values. Now you can see the 
zeros and the end behavior of the function. See Figure A.8.2. 

4.'To get a better view of the middle portion of the graph, press and set 
Ymin= 2000, Ymax= 2000, Ysc1= 500 and press (GRAPH). The graph shown in 
Figure A.8.3 is displayed. The zeros, end behavior, and shape of the graph between 
the zeros are now visible on the screen. 


Figure A.8.2 Figure A.8.3 


800 2000 


—4000 ~2000 i 


Care is required when using a graphing calculator to graph a rational function be- 
cause of the presence of vertical asymptotes. By default, the calculator will graph in 
CONNECTED mode. This can give strange views when vertical asymptotes are pres- 
ent. This situation is illustrated in Example 2. 


[zm 2 Graphing a Rational Function 


Graph f(x) = ae) in a standard window. Change to DOT mode and graph again in 
the standard window. 
>Solution 


1. Enter Yi= 1/(X — 1) in the Y= Editor. Note that you must enclose the denomina- 
tor X — 1 in parentheses. Press and then 6 for b:ZStandard to get the 
graph in Figure A.8.4 in the standard window. 


2. The vertical line that connects the negative and positive portions of the graph is not 
the vertical asymptote. To get around this, you can set the mode to DOT by press- 
ing (MoDE), selecting DOT, and then pressing (ENTER). Press to display the 
function again in the standard window. See Figure A.8.5. You will no longer see 
the vertical line. However, the collection of dots results in poor resolution. Make 
sure you reset the mode to CONNECTED for graphing other types of functions. 

Because the vertical asymptote is at x = 1, we can also use a decimal window in 
CONNECTED mode to display the graph. Press and then 4. Because the x 
values increase by 0.1 in a decimal window, the calculator will simply omit the value 
x = 1 and will not connect the positive and negative values. See Figure A.8.6. 


Figure A.8.5 Figure A.8.6 
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If you know that a vertical asymptote occurs at a number that is an integer multi- 
ple of 0.1, then using a decimal window in CONNECTED mode gives the best pic- 
ture. For any other window, use the DOT mode. 


Graphing Inequalities 
You can shade the area above or below a function entered in the Y= Editor by using 
the marker setting to the left of the function. 


exae| 3 Graphing a System of Inequalities 


Graph the following system of inequalities. 


y2x 
ys-x 


Solution To satisfy this system of inequalities, we must shade the area above y = x 
and below y = —x. 
1.In the Y= Editor, enter in Yi and then use the (<) key to move to the 
leftmost end of the screen. Press to activate the “shade above” com- 
Figure A.8.7 mand. See Figure A.8.7. 
2.In the Y= Editor, enter in Y2 and then use the (<) key to move to the 
leftmost end of the screen. Press (EnTER) (ENTER) (ENTER) to activate the “shade below” 
command. See Figure A.8.7. 
3. Press 6 to graph. The region in the xy plane satisfying both inequalities is 
shaded, along with both the horizontal and vertical lines. See Figure A.8.8. 


Plot] Plote Plot3 


Figure A.8.8 


-10 @ 


A.9 Solving Equations 


There are two ways to solve an equation on a graphing calculator. One is by calculat- 
ing the zero(s) of the corresponding functions and the other is by finding the inter- 
section of the graphs of the two functions. 


Solving an Equation Using the ZERO Feature 


To solve an equation using the ZERO feature, you first must write the equation in the 
form f(x) = 0. You then proceed to find the zero(s). 


eee 1 Solving a Quadratic Equation Using the ZERO Feature 


Find all real number solutions of 3x” — 6x — 1 =0. 


958 Appendix A = Keystroke Guide for the TI-83/84 Calculator Series 


Solution Solving the equation is the same as finding the real zeros of f(x) = 3x? — 
6x — 1. 
1. In the Y= Editor, enter Y1 = 3 (x, T, 0,0) (2) (-} 6(% 10,0] (-}1. 
2. Press and use a window setting of [—5, 5] by [—5, 5]. If needed, refer to 
Section A.7 for more details. See Figure A.9.1. 
3. Press to display the CALCULATE menu. 


4. Press 2 for 2: zero to find a real zero. You are prompted for a left bound. Move the 
arrow key to the left of one of the zeros and press (Enter). See Figure A.9.2. 


5. You are now prompted for a right bound. Use (6) to move to the right of the zero 
on the graph and press (enter). See Figure A.9.3. 


Figure A.9.2 Figure A.9.3 


Figure A.9.1 


Y1=3X42-6X-1 WIESKA2S XSI 


Left Bound? Right Bound? 
ear ‘ X= 110638298 LY =-1.604346 


6. Now you will need a guess for the zero. See Figure A.9.4. Move the cursor very 
near to the zero on the graph and press (enter). The zero is x ~ —0.1547005. See 
Figure A.9.5. The other zero, at x ~ 2.1547005, can be found similarly. 


Figure A.9.4 Figure A.9.5 


Me eer 


Guess? 


X= ~.106383 


Solving an Equation Using the INTERSECT Feature 


You can also solve an equation by using the intersect option from the CALCULATE 
menu. 


ema 2 Solving an Equation Using the INTERSECT Feature 


Solve the equation 2x + 1 = —3x + 11. 
Solution Solving this equation is the same as finding the intersection of the lines 
y, = 2x + 1 andy = —3x + 11. 

1. In the Y= Editor, enterY1 = 2x + 1 andY2 = —3x + 11. Use the key to enter 


the negative sign. Press 6 to graph in the standard window. See Section A.7 
for details. 
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2. Press to display the CALCULATE menu. 


3. Press 5 for 5: intersect to find the intersection point(s). 
4. Press when asked for the first and second curves. See Figure A.9.6. 


5. Now you will need a guess for the intersection point. See Figure A.9.7. Move the 
cursor very near to the intersection point on the graph and press (Enter). The 
intersection is at x = 2, y = 5, or (2, 5). See Figure A.9.8. 


Figure A.9.6 Figure A.9.7 Figure A.9.8 


Y2="3X+ll 


First curve? Guess? 
X=1.7021277 tY=5.893617 


A.10 Finding the Maximum and Minimum of a Function 


To obtain the maximum and minimum values of a function, also referred to as turn- 
ing points or extrema, use the CALCULATE menu. 


Een 1 Determining Local Extrema 


Find the local maximum and minimum values of f(x) = —2x* + 8x’. 


>Solution 


1. Enter Y1 = —2x* + 8x? in the Y= Editor and graph the function in the standard 
window. See Section A.7 for basic graphing details. 

2. To get a better view of the locations of the maxima and minima, adjust the window 
size to|—5, 5| by [—10, 10]. For other problems, you may have to adjust the win- 
dow size first just to see the maxima and minima. See Figure A.10.1. 

3. Each extremum must be computed separately. To calculate the maximum in the 
first quadrant, press (2ND) (TRACE (CALC) and then 4 for 4:maximum. You are 
prompted for Left Bound. See Figure A.10.2. 


4. Use the left or right arrow keys to move to the /eft of this maximum. Press (ENTER). 


Figure A.10.1 Figure A.10.2 


Yl="2X4U+8X2 


Left Bound? 
X=.9574U681 CY = 5.652913 


—-10 
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5. You are next prompted for Right Bound. Use the left or right arrow keys to move 
to the right of this maximum. Press (ENTER). Note that » and < show the interval on 
which the calculator program looks for a maximum. See Figure A.10.3. 

6. You are now prompted for Guess. See Figure A.10.4. Move the cursor very close 
to the maximum on the graph and press (ENTER). The maximum is at x ~ 1.414214, 
y= 8. See Figure A.10.5. Similarly, the other maximum can be found at 
x ~ —1.414214, y = 8. You can also find that the minimum is at x = 0, y = 0. 


Figure A.10.3 Figure A.10.4 Figure A.10.5 


Right Bound? 
X=1.8085106 cY =4.7705885 X=1.59574Y7 cY =7.4028917 X=1.4142137_ LY=8 


A.11 Complex Numbers 


Figure A.11.1 To enter complex numbers into the calculator, you first must set the mode to a + 1 
by accessing the MODE menu. Move the arrow keys until a + 07 is highlighted. Press 
aa BE Ee ae (ENTER}. See Figure A.11.1. Press to exit the menu. 
RADIAN The imaginary number 7 = V/-1 is accessed by pressing ()), on the bot- 
tom row of the keyboard. For instance, to enter 2 + 32 from the Home Screen, press 
2 (2) 3 GRD) (4). 


REAL Egg rei 
eye HORIZ G-T 


le-—anal 1 Operations with Complex Numbers 


(a) Subtract: (1 + 7) — (2 — 1) 
(b) Multiply: (1 + 37)(2 — 47) 
(c) Find the conjugate of 1 + 22. 


2 
i d) Divide: ——_. 
Figure A.11.2 (d) Divide 34.2; 


(1+i)-(2-i) >Solution 

(1431)(2—Ui) All of the following operations are entered in the Home Screen. 

(a) Enter (() 1 (+) (2nd) CH) 0) ©) (2 © (2nd) (4)0) (enter). The result is —1 + 21. 
See Figure A.11.2. 


(b) Enter (( 1 (+) 3 (2nd) ()() (Q 2 (-) 4 (2nd) (-)0) (enter). The result is 14 + 22. 
See Figure A.11.2. 
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(c) Press (matH)(>)(c) to highlight CPX. Press 1 for 1: con j( and enter 1 (+) 2 
(enTER). The result is 1 — 27. See Figures A.11.3 and Figure A.11.4. 


(d) Enter 2 (=) (Q()3 (4) 2 (2nd) (@)) (Enter). Press 1 to access pPl:Frac 
and press (ENTER). The result is S = <i. See Figure A.11.5. 


Figure A.11.3 Figure A.11.4 Figure A.11.5 


2/{ -3+ei ) 
-.4615384615-.3... 
Ans>Frac 


-6/13-4/13i 


A.12 Fitting Curves to Data (Regression) 


You can use the graphing calculator to fit a line or curve through a set of data points. 
This procedure is referred to as curve-fitting or regression. 


[eae 1 Modeling the Relation Between Body Weight and Organ Weight 


The table at the left gives the body weights of laboratory rats and the corresponding 
weights of their hearts, in grams. All data points are given to five significant digits. 


281.58 
285.03 
290.03 
295.16 
300.63 
313.46 


Figure A.12.1 


1.0353 
1.0534 
1.0726 
1.1034 
1.1842 
1.2673 


(Source: NASA Life Sciences Data Archive, 2005) 
Find an expression for the /inear function that best fits the given data points, and 
graph the function. 
>Solution 
1. Enter the data into the calculator as follows. 
(a) Press 1 to display the list editor. Clear any existing data from each list by 


pressing («) (CLEAR) (ENTER) 


(b) Highlight the first entry position in L1. Enter the values for the independent 


variable, body weight, here. Enter 281.58 285.03 290.03 
295.16 300.63 313.46 (ENTER). 


(c) Use the arrow keys to highlight the first position in L2. Enter 1.0353 (enter) 


1.0534 1.0726 1.1034 1.1842 1.2673 (enter). The 
table in Figure A.12.1 is displayed. 


2. Construct the graph. 
(a) Press and turn off or clear any functions. 


(b) Press (2ND] (Y= (STAT PLOT)) 1 to select 1:Plotl. 
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Figure A.12.2 (c) Highlight 0n and press to turn Plot 1 on. See Figure A.12.2. 
(d) Highlight the following selections and press (Enter). See Figure A.12.2. 
Plot2 Plot3 
Fee 
Type: Ba L: dh Type? Scatter Plot 
HH WOH [|--~ (the first icon) 

Xlist:Li rae 

Ylist:L2 Xlist? Li 

Mark: + -: Valea siti lee 

Mark: ° 

Figure A.12.3 (e) Press 9 for 1: ZoomStat for the scatter plot of the data. See Figure A.12.3. 


3. Find the linear function of best fit. 
(a) Press (6) to display the CALCULATE menu. 


(b) Press 4 to select regression type 4:LinReg(ax+b) and then press (enter). The 
regression coefficients and equation are displayed. See Figure A.12.4. The lin- 
ear equation of best fit is 


y ~ 0.0075854x — 1.1131. 


4. To plot the line of best fit, you must first copy the equation into the Y= Editor and 
then graph. 


(a) Press to display the equation editor. Move to an empty space. 
(b) Press 5 to access 5: Statistics. Press (s)(s) to move to E@ and then 


press 1 for 1:RegE@. The current regression equation will be copied to the Y= 
Editor. 


(c) Press (GRAPH). See Figure A.12.5. 
Figure A.12.4 Figure A.12.5 


LinReg 

y = ax+b 

a= .0075853596 
b = -1.1131184Y48 


To fit functions other than linear functions to a data set, follow the same steps as 
in the previous example, but use the corresponding number for the desired regression 
type in Step 3(b). For example, you can find a quadratic function of best fit by press- 
ing 5 in Step 3(b). 


A.13 Matrices 


To enter matrices, access the matrix menu by pressing (x1 (MATRIX), (On the TI- 
83, enter (2nd) (eTMATAX).) 


[Beant 1 Entering Matrices _ 


3 1 -10 -8 
Enter the matrix 1 1 —2 -—4]| as matrix A. 
—2 0 9 5 
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> Solution 
1. Press (2ND) (x-1 (MATRIX) (>]() to access the EDIT submenu. 


2. Press 1 to select 1:[A] and press (Enter). The row dimension is highlighted. Now 
press 3 {ENTER}. Next, the column dimension is highlighted. Press 4 (enter). You have 
requested a 3 X 4 matrix. See Figure A.13.1. 


Figure A.13.1 


Scie MATH ale MATRIX[A] 3 XU 
: 0 0 


Figure A.13.2 3. The first position is highlighted. Enter the individual elements of the matrix as follows. 


a) Press 3 (ENTER). 
MATRIX[A] 3 XY (a) (EMER) 
(| 


1 10 (b) The second position in row 1 is highlighted. Press 1 (Enter). 


: a l ce (c) The third position in row 1 is highlighted. Press 10 (ENTER). 


Continue in this manner until all the elements have been entered. The entire ma- 
trix does not fit on one screen. See Figure A.13.2. Press (¢) to view the last column 
of the matrix. 


. Press to save the matrix. To access the matrix A from the Home 
Screen, press (x (MATRIX). Select the NAMES submenu. Press 1 to select 
1: [A] and then press (enter). You can also just press since 1: is already 


selected. The matrix A now appears on the Home Screen. See Figure A.13.3. 


aN 


Figure A.13.3 


MATH EDIT [Al 
3x 10 -8] 
ee 

[209 Si 


Gauss-Jordan Elimination 


Your calculator will compute the reduced row echelon form, abbreviated rref, of a ma- 
trix using Gauss-Jordan elimination. 


Exe! 2 Gauss- Jordan Elimination 


Solve the following system of equations. 
3x +y—- 10z = -8 
xty-2z=-4 
—2x+9z= 5 


964 Appendix A ° 


Keystroke Guide for the Tl-83/84 Calculator Series 


>Solution 


1. The augmented matrix for this system is the matrix from the previous example. 
Enter it as matrix A if you have not already done so. 


2. From the Home Screen, Press (x (MATRIX). Press (¢) to highlight MATH. Press 


B to access the command B:rref. You will see rref on the Home Screen. 
See Figure A.13.4. 


3. Input the name of the matrix by pressing (x (MaTRIX)). Select the NAMES sub- 
menu. Press 1 to select 1:[A]. Close the parentheses by pressing ()) (ENTER). 

4. The matrix in Figure A.13.5 is displayed. You can read off the answers: x = 2, 
y= —4,and z= 1. 


Figure A.13.4 Figure A.13.5 


NAMES [Wai EDIT rref[ 
det[ 
ali 


: identity( 
6: randM[( 
7+ augment( 


Matrix Arithmetic and Inverses 


To perform arithmetic with matrices on the calculator, first enter and store the matrices in 
the MATRIX menu, as shown in Example 1. The arithmetic operations are performed 
on the Home Screen, with the matrices pasted in from the MATRIX » NAMES submenu. 


Banvtel 3 Matrix Arithmetic 


Let A, B, and C be given as follows. 


i. oO =4 
gel? > Oo) pele asl, Gele ~% 
2-5 1/ ante 


Find the following. 
(a)B+C (b) AC 


Solution Enter the matrices A, B, and C using the technique described in Example 1. 
Then do the following. 


(a) On the Home Screen, press (x1 (MATRIX)). Choose B in the NAMES submenu by 


pressing 2. Press (+). Press and press 3 to choose C in the NAMES 
submenu. Press to perform the computation. See Figure A.13.6. An error 
message will be displayed if you try to add or subtract matrices of unequal dimensions. 


Figure A.13.6 


[B]+[C] 
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(b) On the Home Screen, press (x (maTRIX)). Choose A in the NAMES submenu 


by pressing 1. Press the (x) sign. Press and press 3 to choose C 
in the NAMES submenu. Press to perform the computation. See Fig- 
ure A.13.7. 


Figure A.13.7 


[Al*[C] 
2 =e 
[ -10 -37]] 


Matrix Inverses and Determinants 


Ee 4 Finding a Matrix Inverse and a Determinant 


Find the inverse and determinant of the square matrix 


3 3 9 
A= I 0. 2}. 
—2 3 0 
> Solution 
1. Enter the matrix A as directed in Example 1. On the Home Screen, display A by 


Figure A.13.8 


ie 3} Sh 
fl O02) 
e2 3) Op 


Ol 


pressing and then choose A by pressing 1. See Figure A.13.8. 


. To find the inverse, press (x-' (MATRIX)](ENTER]. Only part of the matrix shows on 


the screen. Use the left and right arrow keys to scroll through the rest of the 
matrix. 


. To change the decimals to fractions, press 1 for »1:Frac and then press 


(enter). See Figure A.13.9. 


. To check your work, store the inverse in B as follows. Press (2NnD} ((—) (ANs)] (sto > 


(x (maTRIX)). Press 2 to store in 2:[B] and press (ENTER). 


Multiply matrix A by its inverse B as instructed in the section on matrix arith- 
metic. You should see the identity matrix. 


.To compute det(A), press (x1 (MATRIX)). Press (¢) to highlight MATH. Then 


press 1 for 1:det(. Display the matrix name A as in Step 1, and press ()) (EnTER). 
The answer is —3. See Figure A.13.10. 


Figure A.13.9 Figure A.13.10 
[[2 det([A]) 
[1.333333333 
[-1 Oo 


Ans>Frac 
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A.14 Sequences and Series 


To plot sequences, you must change a setting in the MODE menu: 
1. Press {move} (Vv) (Vv) (v)(&)(e)(G) to highlight Seq. 


ea 2. Press {ENTER] (2ND] [MODE (QUIT)]. Remember to change back to FUNCTION mode 
once you finish working with sequences. 


Plot! Plot2 Plot3 
nMin=0 
\u(n)B100+5n 


u(aMin) 100 
te n= bee a [Bante 1 Entering and Graphing a Sequence 


v(nMin)= 
\wi (m= Graph the sequence defined by u(n) = 100 + 5n, n = 0, 1, 2, 3,..., 30. 
w(naMin)= 


Solution Make sure you have set the calculator to SEQUENCE mode as outlined in 
the beginning of this section. 


1. In the Y= Editor, set nMin to 0. Then enter 100 + 5n for u(m). The variable 7 is 
entered by pressing (x,1,¢,n). Since n=0 is the minimum 7 value, enter 
u(nMin) = 100. See Figure A.14.1. 


2. Press [2ND] [GRAPH (TABLE) ] to see a table of values, as shown in Figure A.14.2. 


3. The plot will start at 1 = 0 and end at m = 30. From the table, the u(m) values 
range from 100 to 250. Enter the data as shown in the following screens and press 


(GraPH). See Figure A.14.3. 


Figure A.14.3 


Figure A.14.2 


WINDOW WINDOW 
nMin =O tPlotStep =! 
nMax=30 Xmin =O 
PlotStart=1 Xmax=30 


PlotStep =! Xscl = 

Xmin =O Ymin =100 
Xmax=30 Ymax=300 
tXscl =1 Yscl =20 


anal 2 Summing the Terms of a Sequence 


Find the sum of the first 11 terms of the sequence defined by a;= 2+ 3), 
P= 0515. 2 vais 


Solution From the Home Screen, press (2ND) (STAT (LIST) ()(S)5 to choose the sum 
function. Then press (2ND) (sTAT (List) (>) 5 to choose the seq function. Enter 


2 (+) 3 (%1.a2) ©) <1.) (0) 10 1) 0) (enter). 
The answer is 187. See Figure A.14.4. 


Figure A.14.4 


sum(seg(2+3n, n, O 


, 10)) 
187 
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A.15 Trigonometry 


Figure A.15.1 


Seimeeng 
0123456789 


menses HORIZ G-T 


Trigonometric functions can be applied to angles specified in degrees or radians. You 
should be careful to set the calculator in the correct mode. Press to get the screen 
in Figure A.15.1. Select either RADIAN or DEGREE in the menu and press (ENTER). This 

will set the calculator in the appropriate mode. Press to exit the 


menu. 


Entering Trigonometric Functions You can access the sine, cosine, and tangent func- 
tions by pressing (SIN), (cos), and (TAN), respectively, and then entering the angle measure. 


Entering Inverse Trigonometric Functions You can access the inverse sine, inverse 
cosine, and inverse tangent functions by pressing (2ND) (SIN (SIN-‘)), (2ND) (Cos (cos~')}, and 
(TAN (TAN-’)), respectively, and then entering the angle measure. Figures A.15.2 
and A.15.3 show sample calculations on the Home Screen in RADIAN and DEGREE 
mode, respectively. 


Figure A.15.2 Figure A.15.3 


sin(z/4) sin(45) 

.7071067812 .7071067812 
cos |(.5) cos |(.5) 

1.047197551 


tan !(1) tan l(1) 


.7853981634 - 


earl 1 Decimal and DMS Notation 


With the calculator in DEGREE mode, convert 
(a) 10° 15’ 30” to decimal degrees. 
(b) 43.23° to degrees, minutes, seconds (DMS). 


>Solution 


(a) To enter an angle with degrees, minutes, and seconds, first go to the Home Screen. 


1. Enter 10 to access the ANGLE menu. Press 1 to enter the 
degree symbol. See Figure A.15.4. 


2. Next, enter 15 (APPS(ANGLE)). From the ANGLE menu, press 2 to enter the 


minute symbol. 


3. Finally, press 30(atPHA)(+(")) (ENTER). The answer is 10.25833333. See Fig- 
ure A.15.4. 


Figure A.15.4 


(@Piss’sia)" 
(Oe 5833333 
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(b) From the Home Screen, do the following: enter 43.23 to access 


the ANGLE menu. Press 4 (enter) to choose the 4:»DMS function. The answer is 
43° 13’ 48”. See Figure A.15.5. 


Figure A.15.5 


43.23>0DMS 
43°13'48" 


You graph trigonometric functions the same way as other functions: enter the func- 
tion in the equation editor, choose an appropriate window, and graph. A special win- 
dow setting for trigonometric functions appears under the ZOOM menu. 


lea 2 Graphing Trigonometric Functions 


Graph Yi = sin 2x using the special window for trigonometric functions. 


> Solution 
1. Make sure the calculator is in RADIAN mode. Press (y=) (sin) 2 (x, T, 6, n) ()- 


2. Press 7 to access 7:Ztrig, the default trigonometric window. The graph 
is shown in Figure A.15.6. The current window setting can be displayed by press- 
ing (window). The default setting for this window is Xmin = —27, Xmax = 27, 


Xscl = _ Ymin = —4, Ymax = 4, Yscl = 1. See Figure A.15.6. 


Figure A.15.6 
4 
WINDOW 
Xmin= -6.152285... 
Xmax= 6.1522856... 
27 Qn XSite SV7iUZSibshe 
Ymin= -4Y 
Ymax= Y 
Yselle il 
Xres= | 
-4 


3. Since the amplitude of this function is only 1, change the window setting so that 
Ymin = —1.5, Ymax = 1.5, Yscl = 0.25 and press again. This gives the 
graph in Figure A.15.7. 


Figure A.15.7 
13. 
WINDOW 
Xmin= -6.152285... 
Xmax= 6.1522856... 
on on Xscl= 1.5707963... 


Ymax= 1. 
Woel= . 
Xres= | 


=155 


Figure A.15.9 


Plot! Plot2 Plot3 
\r) BI Ucos(24) 


Figure A.15.10 


WINDOW 
7 G@step= .1308996... 
Xmin= -5 
Xmax= 5 
Xscl=1 
Yili: =) 
Ymax= 5 
Yscl=1 


Figure A.15.13 
abs(-1+iv (3)) 


angle(-1+iv (3)) 
2.094395102 
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Polar Equations ‘To graph polar equations, you must first set the calculator in 
POLAR mode. Press and press the down arrow key until you get to the fourth 


line. Select POL for polar mode and press (ENTER). Press to exit the 
menu. See Figure A.15.8. 


Eel 3 Graphing Polar Equations 


Graph r = 4 cos 26. 


>Solution 
1. Make sure the calculator is in RADIAN and POLAR modes. Press 4 
2 0). See Figure A.15.9. 
2. Press (wiNDOw). We set @min = 0, @max = 27, Ostep = ve This gives the range 
of values for 6. Since r ranges between —4 and 4, the physical window dimensions 


were set to Xmin = —5, Xmax=5, Xscl=1 and Ymin = —5, Ymax = 5, 
Yscl = 1. See Figure A.15.10. 


3. Press to get the graph in Figure A.15.11. Note that the graph looks slightly 
squashed—this is because the window is not a square window. To get the correct 
scaling, press 5 for the 5: Square option. See Figure A.15.12. 


Figure A.15.11 Figure A.15.12 


=9 5 -7.58 7.58 


5 5 


Magnitude of a Complex Number ‘To find the magnitude of a complex number so 
that it can be written in polar form, first make sure that the calculator is in the a + 01 
mode. See Section A.11. 

To find the magnitude of —1 + 73, from the Home Screen press (G) (6) to 
select the CPX menu. Press 5 for 5: abs(. Press ((-)) 1+ (2nd) (-() (2ND) (204) 30) 0) 
(ENTER). The answer is 2. See Figure A.15.13. 


Angle of a Complex Number To find the angle of —1 + iV’3, from the Home Screen 


press (>)(G) to select the CPX menu. Press 4 for 4: angle(. Press 1+ 


()) (2ND) (x2(V))3 0) 0) (Enter). The answer is approximately 2.0944, in radians. See 
Figure A.15.13. 
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A.16 Parametric Equations 


To graph parametric equations, you must first set the calculator in PARAMETRIC 
mode. Press and press the down arrow key until you get to the fourth line. Select 


PAR for parametric mode and press (ENTER). Press to exit the menu. 
See Figure A.16.1. 


[sem 1 Graphing Parametric Equations 


Graph x =t-1,y=2? for -2<=1S3. 


> Solution 


1. First, make sure the calculator is in PARAMETRIC mode. In the Y= Editor, for 
XIT, press — 1. For Yit, press (2). See Figure A.16.2. 
2. Press (window). Enter Tmin = —2, Tmax = 3, Xmin = —10, Xmax = 10, 


Ymin = —10, Ymax = 10. Leave Tstep, Xscl, and Yscl to their default values. See 
Figure A.16.3. 


3. Press to obtain the graph in Figure A.16.4. 


Figure A.16.2 Figure A.16.3 


Plot] Plot2 Plot3 WINDOW 
Tmin= -2 
Tmax= 3 
Tstep= .1308996... 


OX tial 

Xmax= 10 

Xscl=1 
LYmin= -108f 


Figure A.16.4 


Answers to Check It Out Exercises 


Chapter P, Section 1 
Check It Out 1 (page 3) 


Distributive property of multiplication over addition 


Check It Out 2 (page 5) 


All real numbers greater than or equal to 3 and less than or 
equal to 5 


01234567 
Check It Out 3 (page 6) 
[-5, 4] 
Check It Out 4 (page 6) 
—1 
Check It Out 5 (page 7) 
9 


Check It Out 6 (page 8) 
18 


Check It Out 7 (page 9) 
—6 


Chapter P, Section 2 


Check It Out 1 (page 12) 


460; In 2011, there will be 460 students in the elementary 
school. 


Check It Out 2 (page 13) 


Check It Out 3 (page 14) 
256x? 


yl? 


Check It Out 4 (page 15) 
3.15 X 10°? 


Check It Out 5 (page 15) 
0.000705 


Check It Out 6 (page 16) 
198 people per square kilometer 


Check It Out 7 (page 17) 
Four 


Check It Out 8 (page 17) 
110 miles 


Chapter P, Section 3 


Check It Out 1 (page 20) 
3 


Check It Out 2 (page 21) 
5V/2 
2 


Check It Out 3 (page 22) 
3V5; xy? Wx? 

Check It Out 4 (page 22) 
-2 + 2V3 


Check It Out 5 (page 23) 
(+ x)Vx 


Check It Out 6 (page 23) 
=2 

Check It Out 7 (page 24) 
(@) 4 () 64 ©) > 
Check It Out 8 (page 25) 
(a) 32 (b) a 
Chapter P, Section 4 
Check It Out 1 (page 28) 


4x°—3x” + 7; degree: 5; terms: 4x?, —3x?, 7; 


coefficients: a; = 4, a, 


Check It Out 2 (page 29) 
xt + x3 + 3x? + 5x — 4 
Check It Out 3 (page 29) 
—12x° 


Check It Out 4 (page 30) 


2x? + 5x — 12 
Check It Out 5 (page 30) 
6x? — 13x — 5 


Check It Out 6 (page 31) 
3y? + 3y? — 13y + 15 


Chapter P, Section 5 


Check It Out 1 (page 34) 
5y(1 + 2y — 5y’) 


7; constant term: ay) = 7 


S1 


S2 Answers to Check It Out Exercises 


Check It Out 2 (page 34) 
(x + 4)(x + 3) 


Check It Out 3 (page 36) 
2(x + 5)(x — 1) 


Check It Out 4 (page 37) 
(2x — 3)(x + 2) 


Check It Out 5 (page 38) 
4(y + 5)(y — 5) 
Chapter P, Section 6 
Check It Out 1 (page 41) 


x#1,—-1 

Check It Out 2 (page 41) 
x—-2 

x+3 


Check It Out 3 (page 42) 
(x + 1)(« + 2) 
x= 2 


Check It Out 4 (page 43) 
x +3 
x 


Check It Out 5 (page 44) 
=20cr 1 
x?—4 


Check It Out 6 (page 45) 
= 

yx — y) 

Check It Out 7 (page 45) 
2y+1 

x — 2y 

Chapter P, Section 7 
Check It Out 1 (page 49) 


9 
36 + a a ~ 50.137square inches 


Check It Out 2 (page 50) 


1 
V= 3 m(1.5)?(5) ~ 11.781 cubic inches 


Check It Out 3 (page 51) 
s/2 


Check It Out 4 (page 51) 
2V 13 feet ~ 7.21 feet 


Chapter P, Section 8 
Check It Out 1 (page 54) 
x=6 

Check It Out 2 (page 54) 
x=5 


Check It Out 3 (page 55) 
2 


pan 
3 


Check It Out 4 (page 55) 


21+ 2w = 20; w= 10 


Chapter 1, Section 1 


Check It Out 1 (page 69) 
(a) 165 miles 


(b) d(8.25) = 20(8.25) = 165 


Check It Out 2 (page 70) 


(a) This is not a function. 


(b) This is a function. 
Check It Out 3 (page 71) 


This table represents a function because each input value has 
only one corresponding output value. 


Check It Out 4 (page 72) 


(a) 1 
(b) -—a’ — 2a4+ 1 
(c) —x* +2 


Check It Out 5 (page 72) 
3 


5 


Check It Out 6 (page 73) 
The rate is $1.06. 


Check It Out 7 (page 74) 
T(August) ~ 80°F 
Check It Out 8 (page 75) 
(a) (—™, ©) 
(b) [4, %) 

1 1 
@(-»-4)u(-4 


(d) (4, ©) 


Chapter 1, Section 2 


Check It Out 1 (page 80) 
1980 


Check It Out 2 (page 81) 


This set of points does not define a function. 


Check It Out 3 (page 82) 


The domain of the function is (-®, ©), The range of the 
function is (—%, ©), 


Check It Out 4 (page 83) 
The domain of the function is (—%, ©). The range of the 
function is [—2, ©). 


Check It Out 5 (page 84) 


The domain of the function is [4, ©). The range of the 
function is [0, ©). 


SCHNWAUDIOY 


0123456789% 


Check It Out 6 (page 85) 
No. The graph does not pass the vertical line test. 


Check It Out 7 (page 86) 


fQ) = 15 and f(—3) = 1 


Chapter 1, Section 3 


Check It Out 1 (page 91) 


(a) Let the variables be defined as follows: 

Input variable: x (amount of sales generated in one week, in 
dollars) 

Output variable: P(x) (pay for that week, in dollars) 

(b) Eduardo’s pay for a given week consists of a fixed portion, 
$500, plus a commission based on the amount of sales 
generated that week. Since he receives 15% of the sales 
generated, the commission portion of his pay is given by 0.15x. 
Hence his total pay for the week is given by 


Pay = fixed portion + commission portion 
P(x) = 500 + 0.15x. 
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(c) Sales, Pay, 
x P(x) 


0 A 
0 1000 =2000 


Check It Out 2 (page 91) 

(a) g(x) = —2x +5 is a linear function, where m = —2 and 
1 

b= 3° 

(b) f(x) = x? + 4 is not a linear function. 


(c) H(x) = 3x is a linear function, where m = 3 and b = 0. 


Check It Out 3 (page 93) 
1 Yh 


m= — 
14 


(9, 4) 


tt 
-6-4-2 | 2\4 6 8 10* 


-4 ao Me = 
“el Xo x,=14 


Check It Out 4 (page 95) 


The equation is y = 2x — :: The point (=, 0) lies on the line 
1 1 
because 0 = (=) cae 


Check It Out 5 (page 96) 


poh ad 
ees ee 
- 2 2 


Check It Out 6 (page 97) 
1 7 


= — + — 
a ae 


Check It Out 7 (page 97) 


3 5 

ae ea 
a oer 
Check It Out 8 (page 98) 
y=-1 
Check It Out 9 (page 99) 
x=4 
Check It Out 10 (page 100) 
y=4x+ 6 
Check It Out 11 (page 101) 

Jha 
oe 7* 


S4 Answers to Check It Out Exercises = Chapter 2 


Chapter 1, Section 4 


Check It Out 1 (page 107) 

(a) BQ = 1400 + 300t 

(b) $3800 

(c) t=6 

(d) The slope of the line is 300. It signifies that Jocelyn’s 
bonus will increase by $300 for each year that she works for 
the company. The y-intercept is (0, 1400). It signifies that 
Jocelyn will receive a bonus of $1400 to start, at time ¢ = 0. 
The graphical interpretation is shown below. 


Check It Out 2 (page 108) 
F(x) = 2x + 2.5; f(-1) = 0.5 


Check It Out 3 (page 109) 


(a) The input variable, t, is the number of years after purchase 
of the car. The output variable, v, is the value of the car after 

t years. 

(b) v@ = —2000r + 14,000 

(c) v(0O) = 14,000 

(d) t=7 


Check It Out 4 (page 110) 
(a) The graph of the function is shown below. 


15,000 
(0, 14,000) 


0 (7, 0) 


The values of ¢ are greater than or equal to zero because the 
function represents the number of years since 2002. 

(b) The y-intercept is (0, 14,000). The original purchase price 
of the car is $14,000. 

(c) t=7 

(d) At time t = 7, the value of the car is $0. 

Check It Out 5 (page 112) 

h(275) = 0.97289 gram 


Check It Out 6 (page 113) 


Check It Out 7 (page 114) 
k = 12,500 


Chapter 1, Section 5 
Check It Out 1 (page 120) 
t = 262.5 minutes 

Check It Out 2 (page 121) 
d, _ 1) 


Check It Out 3 (page 123) 


In interval notation, these values are (2, ©). 


Check It Out 4 (page 124) 
(-2, 00) 

Check It Out 5 (page 125) 
ere 

Check It Out 6 (page 126) 
psilll.l1l1 


Check It Out 7 (page 127) 
x = 95.0°F 


Check It Out 8 (page 128) 


250 
3 
pound is higher for revenue to exceed cost. 


q> . Fewer pounds need to be sold when the price per 


Chapter 2, Section 1 


Check It Out 1 (page 143) 
(a) 5V2 


Check It Out 2 (page 144) 
(x — 4)? + (y+ 1+? =9 


Check It Out 3 (page 144) 
(e — 3)? + (y + 1)? = 18 
Check It Out 4 (page 146) 


(x + 1)? + (y — 3)? = 16. The center is (—1, 3) and the radius 
is 4. 


5.71] ay ++_|5,7] 


Chapter 2, Section 2 


Check It Out 1 (page 151) 
P@ =8 + 0.7t 


Check It Out 2 (page 153) 


2x7 + 5x 4+ 3 
iesE 2 


f 1 
Oa Gat DEED) 
Check It Out 3 (page 154) 

(a) 8 


(a) (f+ 8)@) 


1 
(b) es 
Check It Out 4 (page 155) 
$105 
Check It Out 5 (page 157) 
(fe 9(-) = 73 (g°f)(-1) = —3 
Check It Out 6 (page 158) 
f°g= Vx + 1. The domain of fo gis [—1, ©). 


Check It Out 7 (page 158) 
A possible set of functions is g(x) = x? + 9 and f(x) = x°. 


Check It Out 8 (page 159) 


fx + h) ~ f@) 
h 


2x—h 
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Chapter 2, Section 3 


Check It Out 1 (page 164) 
The domain of f(x) and g(x) is (-%, ©). The range of f(x) is 
[0, 0), and the range of g(x) is [3, ©). 


-3-2-10123* 


Check It Out 2 (page 165) 
The domain of f(x) and g(x) is (~™, ©). The range of f(x) 
and g(x) is [0, ©). 


-3-2-10123* 


Check It Out 3 (page 167) 
The graph is that of g(x) = Vx moved to the right by 2 and 


upward by 1. 
y 
2 yer 
1 
ei 2 4 ae 


Check It Out 4 (page 169) 

(a) The graph is that of f(x) = x? stretched vertically away 
from the x-axis by a factor by 3 and reflected across the 
x-axis. 


S6 Answers to Check It Out Exercises = Chapter 2 


(b) The graph is that of f(x) = |x| moved to the right by 
1 unit, reflected across the x-axis, and moved upward 
by 2 units. 


Check It Out 5 (page 170) 
g(x) =3Vx+2+1 


2 02 4 6* 


Check It Out 6 (page 173) 


Chapter 2, Section 4 
Check It Out 1 (page 181) 
(a) Even (b) Neither odd nor even 


Check It Out 2 (page 182) 
fis decreasing on the intervals (—2, 1) and (2, 5). 


Check It Out 3 (page 183) 
14 


Check It Out 4 (page 184) 


Increase in distance traveled 200 — 100 
Increase in amount of gasoline used 10-5 
_ 100 
5) 
_ 20 miles 
7 gallon 


Chapter 2, Section 5 
Check It Out 1 (page 189) 


The solution set is {3 ~2}, 


Check It Out 2 (page 191) 


7 5 ee el 
on -4-3-2-1 0 1 2 3 
2 2 


Check It Out 3 (page 192) 


—~—o-__ _ 
|lx- 6| =3 2345678910 


Check It Out 4 (page 193) 
|x -49| >5 


Chapter 2, Section 6 
Check It Out 1 (page 196) 
2.50; At 9 P.M., the fare is $2.50. 


Check It Out 2 (page 196) 
(a) H(4) = -3 
(b) H(-3) = 1 


Check It Out 3 (page 197) 


Check It Out 4 (page 198) 


40, if x = 700 
CO = : 

40 + 0.1(x — 700), if x > 700 
Check It Out 5 (page 199) 
1-25) ==3 


Chapter 3, Section 1 


Check It Out 1 (page 214) 
A=601-P 


Check It Out 2 (page 216) 

The domain of both functions is (—%®, ©), and the range of 
both functions is [0, ©). Both graphs open upward, and the 
graph of g(x) is scaled by a factor of 0.5 compared with the 


graph of f(x). 


—4-3-2-101234%* 


Check It Out 3 (page 217) 
The lowest point on the graph is (2, —1). 


Check It Out 4 (page 218) 


f(x) = 3(x — 2)? — 5. The vertex of the parabola is the point 
(2, —5), which is a minimum point. 


Check It Out 5 (page 220) 


(a) The vertex of the function is (1, 1). 

(b) The axis of symmetry is t = 1. 

(c) Two additional points on the graph are (0, —2) and 

(25, =2) 

(d) The function is increasing on the interval (—%, 1) and 
decreasing on the interval (1, ©). The range of the function is 
( —o, 1 ]. 


Check It Out 6 (page 221) 


30 feet X 30 feet produces a maximum area of 900 square 
feet. 


Check It Out 7 (page 222) 
c(12) = 0.0428(12)? — 0.5229(12) + 16.364 ~ 16.252% 


Check It Out 8 (page 224) 


The values produced by the model are off by less than 6% 
from the actual values. 


Chapter 3, Section 2 
Check It Out 1 (page 231) 


2 
x=-—-—andx=1 
5 


Check It Out 2 (page 233) 


The x-intercepts are (-3, 0) and (2, 0). The zeros are x = -; 
and x = 2. 


Check It Out 3 (page 233) 
f(x) = x7 + 2x — 8 


Answers to Check It Out Exercises ™ Chapter 2 S7 


Check It Out 4 (page 234) 
x= V5 andx = -V5 


Check It Out 5 (page 235) 


The zeros are x = 1 + we andx = 1 V8 The x-intercepts 
V6 V6 
are (1 + a 0) and (1 > ia 0). 


Check It Out 6 (page 237) 


The zeros are x = 1 + ve and x = 1 V8 The x-intercepts 


are (1 + ve) and (1 = ue 0). 


Check It Out 7 (page 238) 
x=2 


Check It Out 8 (page 239) 


There are no real solutions. The value of the discriminant is 
=, 


Check It Out 9 (page 240) 
t ~ 3.27 seconds 


Check It Out 10 (page 240) 


Sometime during 1992 and sometime during 1998 


Chapter 3, Section 3 
Check It Out 1 (page 246) 


x= +37 

Check It Out 2 (page 247) 
2 

51, 61V3, 37 


Check It Out 3 (page 247) 
1, Vi, 


Check It Out 4 (page 248) 
1 
W/5 + 01, ( 1+V2)+0,0+ 7% 


Check It Out 5 (page 248) 


The real part is W5 and the imaginary part is 0; the real part 
is(-1 + V2) and the imaginary part is 0; the real part is 0 
1 


and the imaginary part is a° 

Check It Out 6 (page 249) 

(a) -1+ 37 (b) -2+7 (c) 7 
Check It Out 7 (page 250) 

—7 + 261 


Check It Out 8 (page 251) 
—34+71 


S8 Answers to Check It Out Exercises ™ Chapter 4 


Check It Out 9 (page 251) 


58; a real number 


Check It Out 10 (page 251) 


Check It Out 11 (page 252) 
1 


s = — + —Z5 no x-intercepts 
3 3 


Check It Out 12 (page 253) 
3. V7. 
t=—-—t ae 


47 


Chapter 3, Section 4 


Check It Out 1 (page 257) 
(a) —2 <x <3, or[-—2, 3] 
(b) x < —2 or x > 3, or (—™, —2) U (3, ©) 


Check It Out 2 (page 259) 


The solution set is x S —7 or x = 1, or (-®, —7] U[1, ©). 


Check It Out 3 (page 260) 
The solution set is x > > or x < 1, or (-™, 1) U G, °°), 


Check It Out 4 (page 261) 


é p 3 V17 3 V17 
The solution set is ~-> — ——~=x ZS —--~+-—_,or 
4 4 4 4 
3 Vi7 3, vi] 
4 4? 4° 4f 


Check It Out 5 (page 262) 
The solution set is -© < x < %, or (—%, 0%), 
Check It Out 6 (page 263) 
(a) The revenue equation remains 

R(q) = —0.1q? + 2009. 
(b) The cost equation becomes 

C(q) = 25,000 + 15q. 
(c) Now that the profit equation is 

P(q) 0.1¢? + 185q — 25,000 


the values of g such that —0.1g? + 185g — 25,000 > 0 
are 147 = g = 1703 (to produce between 147 and 
1703 units). 


Chapter 3, Section 5 
Check It Out 1 (page 266) 
V6 


x=+landx=+—i 


2 


Check It Out 2 (page 267) 
3 


18 and = V3 


Check It Out 3 (page 268) 
x=landx=-—2 


Check It Out 4 (page 269) 


x=landx=-—1 


Check It Out 5 (page 270) 
x=1 


Check It Out 6 (page 270) 


(= - Ne 
x 


25 
250 
=~ }(35) 2 350 
25 


(10)(35) = 350 


10) = 350 


Je 


Check It Out 7 (page 272) 


x = 8.6524 kilometers along the river from point B 


Chapter 4, Section 1 


Check It Out 1 (page 285) 
4x? — 32x? + 64x 


Check It Out 2 (page 285) 


(a) Polynomial function of degree 0; ay = 6 
(b) Polynomial function of degree 2; a, = 1 
(c) Not a polynomial function 


Check It Out 3 (page 288) 


J 
7 
6 
5 
4 
3 


1 


-4-3-2-10123 4% 


Check It Out 4 (page 291) 
(a) Behaves like y = —3x?: h(x) > —®© as x > +; 
h(x) > +0 as x > —0, 


+00 


(b) Behaves like y = 2x7: s(x) > + as x > +%; s(x) 


asx —-%, 


> 


Check It Out 5 (page 291) 
ak —2, 0, 23 (-2, 0); (0, 0); (2, 0) 


Check It Out 6 (page 293) 
f(x) > -® as x > +%; f(x) > +% asx — —&, (0, 0), 
(-3, 0); QB, 0) 


Check It Out 7 (page 294) 


Check It Out 8 (page 295) 
1,752,000 


Chapter 4, Section 2 


Check It Out 1 (page 300) 


x = 0 has multiplicity 2, so the graph will touch the x-axis at 
(0, 0). x = 5 has multiplicity 2, so the graph will touch the 
x-axis at (5, 0). 


Check It Out 2 (page 301) 
(a) Neither 
(b) Odd 


Check It Out 3 (page 302) 
Local minimum at (0.7746, —0.1859) 
Local maximum at (—0.7746, 0.1859) 


Check It Out 4 (page 303) 
f(x) = x? — 2x? —-x +2 
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Check It Out 5 (page 305) 
75.5 million people 


Chapter 4, Section 3 
Check It Out 1 (page 309) 


Quotient: x + 3; remainder: 0 


Check It Out 2 (page 311) 


Quotient: 3x? + x — 1; remainder: 0 


Check It Out 3 (page 312) 


—3 
3x? — 2x +24 
x+1 


Check It Out 4 (page 313) 
—2x7 +x4+1 


Check It Out 5 (page 313) 
37 


Check It Out 6 (page 314) 
Yes; p(1) = 0 


Chapter 4, Section 4 

Check It Out 1 (page 316) 

p(-2) 16+44+10+2=0 
p(x) = (« — 1)(2x — 1)(x + 2) 


Check It Out 2 (page 317) 


Check It Out 3 (page 319) 
x=-ltt 
2 
Check It Out 4 (page 319) 
(—2, 0), (—0.3028, 0), (3.3028, 0) 


Check It Out 5 (page 321) 


3 
= —2, 1, _) 


S10 Answers to Check It Out Exercises ™ Chapter 5 


Check It Out 6 (page 322) Check It Out 6 (page 341) 


The number of positive zeros is 3 or 1. The number of negative 
zeros is 1. 


Chapter 4, Section 5 


Check It Out 1 (page 326) 
2 


Check It Out 2 (page 326) 


Check It Out 7 (page 342) 
h(t) = (t — 6)(t? + 5) 


Sek 2 
Check It Out 3 (page 327) 
h(t) = (t — 6)(t + iV5)(t — 15) 


Check It Out 4 (page 328) 
p(x) 2(x + 2)?(x — 1)?(x — 4) 


Chapter 4, Section 6 


Check It Out 1 (page 331) 
A(x) = >, where x is the number of miles driven 


per day. 


Check It Out 8 (page 343) 


Check It Out 2 (page 333) 
(—®, 0) U (0, %) 


Chapter 4, Section 7 


Check It Out 1 (page 349) 
[=2, 0] U [2, 00) 


Check It Out 2 (page 349) 


[5, 00) 

Check It Out 3 (page 335) 

ieee 3 Check It Out 3 (page 350) 
(—2, 1) 

Check It Out 4 (page 337) 

y=0 Check It Out 4 (page 351) 
Gi 

Check It Out 5 (page 339) i”) 


Chapter 5, Section 1 


Check It Out 1 (page 365) 


(Go L)(x) = oe = x. Because gallons of fuel are converted 


to liters of fuel and then back to gallons, the input is the same 
as the output, where x represents gallons of fuel. 


Check It Out 2 (page 366) 


f(g) 2(z+2) eet Soy 


Ps ee es ae ee Ae 


Check It Out 3 (page 367) 


fia) =242 

4 4 
(fof) = FCF-2@0) (2 +2) sogeg—5=% 
CP N@ =f sey =F?) +2 =x 243 =x 


Since (f° f-!)(x) = (f~!°f)(x) = x, the inverse checks. 


Check It Out 4 (page 369) 


Assuming f(a) = f(b), we must show that a = 6. Substituting for 
f(@ = f(b), 4a — 6 = 4b — 6. Adding 6 to both sides, 4a = 4b. 
Dividing both sides by 4, a = b. So, f(x) = 4x — 6 is 
one-to-one. 


Check It Out 5 (page 370) 
The graph of f(x) = 5 + : is a reflection of the graph of 
f(x) = 3x — 2 about the line y = x. 


Check It Out 6 (page 371) 

(a) To show that fis one-to-one, assume f(a) = f(b) and 
determine if a = 6. Assuming —a? + 2 = —6? + 2, subtract 2 
from both sides. Then, multiply both sides of —a? = —b? by 
—1.Take the cube root of both sides of a? = b? to get 

a=b. 


(b) f1@) = 2-0)" 
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Check It Out 7 (page 372) 


Due to the domain restriction x = 0, the function f 
passes the horizontal line test. The function is thus 
one-to-one and therefore has an inverse. 


fi@=WVx =xl4 x= 0. 


Chapter 5, Section 2 


Check It Out 1 (page 376) 


P(9) = 512. This means that there are 512 bacteria present 
after 9 hours. 


Check It Out 2 (page 378) 


As x — +0, the value of g(x) gets very large. As x — —©%, the 
value of g(x) gets extremely small, but never reaches zero. The 
range is (0, ©). 


1 
310 = 0.0000169 


1 
3 = 0.00412 


1 
3 0.1111 


0.3333 
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Check It Out 3 (page 379) Check It Out 5 (page 382) 

As x — —©, the value of g(x) gets very large. As x — +, the The y-intercept is (0, 1). To determine the range of h, note that e 
value of g(x) gets extremely small, but never reaches zero. The raised to any power is positive, and every positive number can be 
range is (0, 9). expressed as e raised to a power. The domain is all real numbers 


and the range is all positive real numbers. As x —> —©, the value 
of h(x) gets increasingly large. As x —> +, the value of h(x) gets 
increasingly close to zero, but never actually reaches zero. 


= 60,466,176 


el = 22,026.47 
& ~ 148.413 
& = 7.389 
e! = 2.7182 


= 7776 


e=1 
e | = 0.3679 
e 7 = 0.1353 
e > ~ 0.00674 
e 1° = 0.0000454 


0.1667 
6? = 0.02778 
6 > = 0.000129 
6 '° = 0.0000000165 


Check It Out 6 (page 383) 
— t 
Check It Out 4 (page 380) at.) = 12,000(0.9) 
As s — +, the value of h(s) continues to decrease. As s > —%, 
the value of h(s) gets increasingly close to zero, but never actually 
reaches zero. The domain is all real numbers. The range is 

(-© > 0) : 


-4 0 4 8 12 16 # 


0.0000169 
Check It Out 7 (page 384) 


$162.89 


Check It Out 8 (page 385) 


—0.1111 (a) $3644.01 
(b) $3645.93 


Check It Out 9 (page 386) 
~ 11.58 years 


0.00412 


7500 


Intersection 
0{X =11.58131. .Y = 7000. | 145 
3500 
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Chapter 5, Section 3 Check It Out 8 (page 397) 
Check It Out 1 (page 391) log, 15 = In 15 ~1511 
t=6 In 6 


Check It Out 2 (page 393) 


Check It Out 9 (page 400) 
The domain of g(x) is (0, ©) and the range is (-, ©). The 


Logarithmic | Exponential ‘ : 
vertical asymptote is x = 0. 


Statement Statement 


log;27 = 3 


1 
logy a 


Check It Out 10 (page 401) 
1 ~ 15,848,9321, 


log, 64 = 3 


Check It Out 11 (page 402) 
1 ro 
logo V10 = 4 log(9.3 X 10%) ~ 8.9685 


Chapter 5, Section 4 
Check It Out 4 (page 394) Check It Out 1 (page 408) 


(a) log, 36 = 2 log 2500 ~ 3.3979. This is a close approximation to four 
(b) log, 613 = 5 decimal places of the value given by a calculator. 


(c) 10'°8? = 9 


Check It Out 5 (page 394) Check It Out 2 (page 409) 


x= 125 1 1 
log 4 — 3 logx + | logy 


Check It Out 6 (page 395) 


log 1073 = : and In e#? = 7 

Check It Out 3 (page 410) 
Check It Out 7 (page 396) 
Approximating the x-value corresponding to f(x) = 8 ona 
graph of f(x) = e* will provide an accurate value for In 8, 
although with less precision than the value produced by a 
calculator, which is In 8 ~ 2.0794. 


1 
7 os 1) — log(x? + 4) 


Check It Out 4 (page 411) 


10 ; x3 
oO 
Pt? et 
~1) Intersection —~————|4 Check It Out 5 (page 412) 
X= 2.079415 Y = 8 


2 7.495 
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Chapter 5, Section 5 Check It Out 5 (page 431) 
Compared to the projection of 484 million given by the model, 
Check It Out 1 (page 415) 
a the U.S. Census Bureau projection of 468 million differs by less 
than 4%. 
Check It Out 2 (page 416) 
102e-! = 3* Chapter 6, Section 1 
log; 10°" = log; 3* Check It Out 1 (page 446) 
(2x — 1)dog, 10) = x i 
2x log; 10 — log; 10 = x 2 meters 
2x log; 10 — x = log; 10 
x(2 log; 16°— 1) = log; 10 Check It Out 2 (page 448) 
log; 10 
x = = 0.6567 
2 log; 10-1 
Check It Out 3 (page 416) 
t ~ 0.7324 
Check It Out 4 (page 417) 
t ~ 6.73 years 
Check It Out 5 (page 418) Check It Out 3 (page 449) 
C(9) ~ 0.014 cent per megabyte S10, 820 
Check It Out 6 (page 419) Check It Out 4 (page 450) 
t ~ 23.22 hours 18", 108 
Check It Out 7 (page 419) Check It Out 5 (page 451) 
Hi 
x= 32 = radians 
Check It Out 8 (page 420) 
225 Check It Out 6 (page 451) 
60° 
Check It Out 9 (page 420) 
ees'3 164 Check It Out 7 (page 452) 
157 
Check It Out 10 (page 421) 71 meters = 11.7810 meters 
x ~ 1.998 weeks 
Check It Out 8 (page 452) 
5a inches ~ 15.708 inches 
Chapter 5, Section 6 Check It Out 9 (page 454) 
Check It Out 1 (page 427) 1807 inches per minute 
AQnaae Check It Out 10 (page 454) 
Check It Out 2 (page 428) (a) 106,061 radians perhour (b) 16,880 revolutions per hour 
Approximately 321 million people Check It Out 11 (page 455) 
Check It Out 3 (page 429) 20.5125° 
$18,290 billion Check It Out 12 (page 455) 
Check It Out 4 (page 430) 73° 50! 24" 
10,000 Chapter 6, Section 2 


Check It Out 1 (page 461) 


; 4 3 5 5 
sin 0 3 cos 6 57 ae gi se 8 33 sec O = 73 


Intersection 
0X =6.0626984_Y = 9000_ 


we Ul| 


10 cot 9 == 


S 
Qo 


Check It Out 2 (page 462) 
V51 


10 


Check It Out 3 (page 463) 
0.766 


Check It Out 4 (page 465) 
2 


Check It Out 5 (page 465) 
0.8480 


Check It Out 6 (page 466) 
120V3 feet 


Check It Out 7 (page 467) 
About 1072 feet 


Check It Out 8 (page 467) 
About 32.91 feet 


Chapter 6, Section 3 
Check It Out 1 (page 474) 


4, 3 3 
cos 0 5? sin 0 5 tan 0 2 cot 0 


(7) — 
csc 3 


Check It Out 2 (page 475) 
Quadrant IV 
Check It Out 3 (page 475) 
sin 06 = —1; cos 8 = 0 


Check It Out 4 (page 477) 
30° 


Check It Out 5 (page 478) 
—( 4a\ V3 Aa 1 
sin = 5 COS 
3 2 3 2 


Check It Out 6 (page 479) 


cos 495° = _v2 
2 
Check It Out 7 (page 480) 
5 2V5 
cos 6 3 3 tan @ = v5 


Check It Out 8 (page 481) 
cos 197° ~ —0.9563; sec 197° = —1.0457 


Chapter 6, Section 4 
Check It Out 1 (page 486) 
150 
Check It Out 2 (page 487) 
—1 


4 
3 sec 0 
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Check It Out 3 (page 489) 
7 1. @& V3 


cos 5 Sin 


3 2 3 2 


Check It Out 4 (page 491) 


Hs 
6 
Check It Out 5 (page 492) 
V3.1 
2° 2 


Check It Out 6 (page 494) 


Check It Out 7 (page 495) 
(a) —0.964 (b) 0.466 


Check It Out 8 (page 496) 


Check It Out 9 (page 497) 
V2 


2 


Check It Out 10 (page 498) 
V2 


2 


Chapter 6, Section 5 
Check It Out 1 (page 506) 


Check It Out 2 (page 508) 
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Check It Out 3 (page 508) Chapter 6, Section 6 
Check It Out 1 (page 521) 


Check It Out 4 (page 509) 


Check It Out 2 (page 523) 


hibon naw 


Check It Out 5 (page 511) 


Amplitude = 1 ; 
Period = 47 : Check It Out 3 (page 525) 


xz 32 42% 


Check It Out 6 (page 513) 


1 
33 73; —; to the right by ul 
7 2 


Check It Out 7 (page 513) 


1 


Chapter 6, Section 7 


9 Os Check It Out 1 (page 529) 
7 
=] 3 

Check It Out 8 (page 514) Check It Out 2 (page 532) 
(a) 4 seconds; the distance function completes one cycle in 7 
4 seconds. 6 


(b) a the distance function completes of a cycle in 
1 second. Check It Out 3 (page 533) 


(c) 6 centimeters; the maximum distance the block travels is 7 


6 centimeters. 4 


Check It Out 4 (page 534) 
2a 


3 


Check It Out 5 (page 535) 
4 


5 


Check It Out 6 (page 535) 
0 = 4.76° 


Check It Out 7 (page 536) 
0 = 28.69° 


Check It Out 8 (page 537) 


T 


6 


Check It Out 9 (page 537) 
0.3398 


Chapter 7, Section 1 
Check It Out 1 (page 555) 


sin x csc x = sin x = 1 for all x for which the expression 


is defined. 


Check It Out 2 (page 555) 


. 1 cosx , ‘ 
(sec x cot x)(sin? x) : sin” x = sin x 
cos x sin x 


Check It Out 3 (page 556) 


1 
(csc x + cot x)(1 — cos x) ( : t = a cos x) 
sinx  sinx 
1+ 
( : cos :) (1 — cos x) 
sin x 


( 1 — cos? :) (= :) : 
: : sin x 
sin x sin x 

Check It Out 4 (page 557) 


csc x cot? x + csc x = csc x(cot? x + 1) 
= csc x(csc? x) = csc? x 


Check It Out 5 (page 557) 
tan x secx—1)\  tanx(secx—1) _ tan x(secx — 1) 
secx + 1 


sec? x — 1 tan” x 
secx — 1 


sec x= 1 


tan x 


Answers to Check It Out Exercises 


Check It Out 6 (page 558) 


inde = _i+ cost 1 — cos’t 
cos t 1+ cost  cost(1 + cos 2) 
_ sin? ¢ 
cos t(1 + cos £) 
sin? ¢ 
Richt ide: tan’ t cos’ t = sin? t 


cos ¢(1 + cos 2) 


1+ sect _ 1 
1+ 
cos t 
Since the right side is equal to the left side, the identity is 
proven. 


Chapter 7, Section 2 
Check It Out 1 (page 561) 


—sin x 


Check It Out 2 (page 562) 


-2-V3 
Check It Out 3 ((page 563) 
V6 - v2 
4 
Check It Out 4 (page 565) 
6V2—4 
15 
Check It Out 5 (page 566) 
(2 
csc{ —— x 
2 sec x 1 a 
, sec” x 
cos x cosx  cos’x 


Check It Out 6 (page 567) 
Bk 


0 
4 


Check It Out 7 (page 568) 
f@ = V2 sin( + =) 


Check It Out 8 (page 569) 
sinx(cosh—1) | cosxsinh 


h h 


Chapter 7, Section 3 


Check It Out 1 (page 575) 
7 


8 


Check It Out 2 (page 576) 


ee 3 1 1 
sin* x cos 2x 4 cos 4x 
8 2 8 


Chapter 7 $17 


S18 Answers to Check It Out Exercises ™ Chapter 7 


Check It Out 3 (page 579) 
V6+V2 
4 


Check It Out 4 (page 580) 


1 
a (cos x — cos 5x) 


Check It Out 5 (page 580) 


1 
sin 3x cos x = 2 ((sin 3x + x) + sin(3x — x)) 
1. : 
= 3 ((sin 4x) + sin(2x)) 


Check It Out 6 (page 581) 
| 2% x 
2 sin{ — | cos| = 


Chapter 7, Section 4 


Check It Out 1 (page 586) 
72 sin @cos 0 = 18 


Check It Out 2 (page 588) 


T 51 . . 
t= 6 + 2nT, ra + 2n7, where n is an integer 


Check It Out 3 (page 588) 


7 57 : : 
x= S + 2nT, rs + 2n7r, where n is an integer 


Check It Out 4 (page 589) 

= + nz, where n is an integer 

Check It Out 5 (page 590) 

t = 1.2310 + 2n7, 5.0522 + 2n77, where n is an integer 


Check It Out 6 (page 590) 


sin x(2 cosx — 1) =0,x = 0,7, 7, >7 


Check It Out 7 (page 591) 
15° 


Check It Out 8 (page 592) 


aw t+ Qn 


Check It Out 9 (page 592) 
7 
ea 
2 
Check It Out 10 (page 593) 
‘eed 
2° 2 


Check It Out 11 (page 594 
2 


Intersection 
X= .73908513 LY = .73908513 


x ~ 0.7391 


Chapter 8, Section 1 

Check It Out 1 (page 606) 

C = 120°; a = 3.9493; b = 7.4223 

Check It Out 2 (page 607) 

A= 70°; a= 83¢ ~ 5.4723 

Check It Out 3 (page 608) 

B = 20.6332°; C ~ 89.3668°; c = 8.5129 


Check It Out 4 (page 609) 


C = 69.4354°; B ~ 60.5646°; b ~ 10.2320 or 
C = 110.5647°; B ~ 19.4353°; b ~ 3.9093 


Check It Out 5 (page 609) 


snB sind 
b a 
sinB _ sin 80 
15 9 
15 sin 80 
sin B = >1 


Check It Out 6 (page 610) 
h = 17.74 feet 


Check It Out 7 (page 611) 
19.32 miles 


Chapter 8, Section 2 


Check It Out 1 (page 617) 
A = 86.4167°, B = 34.7719°, C = 58.8114° 


Check It Out 2 (page 618) 
a ~ 16.7602 


Check It Out 3 (page 619) 
About 64.78 miles per hour 


Check It Out 4 (page 620) 
About 156.92 square units 


Check It Out 5 (page 621) 
Approximately 18.97 


Answers to Check It Out Exercises ® Chapter8 $19 


Chapter 8, Section 3 Check It Out 3 (page 638) 
Check It Out 1 (page 627) 


Check It Out 4 (page 640) 


r= 3sin0 


(+3) (6B) (44%) (8-9) 


Check It Out 3 (page 630) 
(-V3, -1) 


Check It Out 4 (page 632) 
(ava iz) 


2 
e+ (, _ 3) a3 
Check It Out 5 (page 633) 2 4 
r? + 2rcos@ = 3 


Check It Out 5 (page 642) 
Check It Out 6 (page 633) r = 3 sin(20) 
x? + (y — 1)? = 15 circle with center (0, 1) and radius 1 


Chapter 8, Section 4 


Check It Out 1 (page 636) 
r=3 


Check It Out 6 (page 643) 
r? = 9 cos(26) 


Check It Out 7 (page 645) 
r= 2(1 — sin 6) 


$20 Answers to Check It Out Exercises 


Check It Out 8 (page 645) 
r=1— 4cos@é 


4 


Chapter 8, Section 5 


Check It Out 1 (page 651) 
V17; 165.9638° 


Check It Out 2 (page 651) 
(—17.5700, —13.2399) 


Check It Out 3 (page 652) 
(8, =5) 


Check It Out 4 (page 653) 
(1, 22) 


Check It Out 5 (page 653) 
(a) (5,—-2) — (b) 


Check It Out 7 (page 655) 
6i — 55 


Check It Out 8 (page 655) 
(—3.86, —4.60) 


Check It Out 9 (page 656) 
20.44 mph, S45.7°E 


Check It Out 10 (page 657) 


Chapter 8 


r=5+3sin0 


The normal force is 45.9627 pounds. Thus the net force on 
the box has magnitude of 38.5673 pounds and is directed 


along the negative x-axis. 


Chapter 8, Section 6 


Check It Out 1 (page 661) 
10 


Check It Out 2 (page 663) 
160.3° 


Check It Out 3 (page 663) 


Yes; v:- w= 0 


Check It Out 4 (page 665) 


Check It Out 5 (page 665) 


7 6 15 110 44 
3 Vv. 
: 29° 29 /? ? 29° 29 


Check It Out 6 (page 666) 
4300.55 foot-pounds 


Check It Out 7 (page 667) 
5.66 


Chapter 8, Section 7 
Check It Out 1 (page 672) 


T T 
2V2 — + isin— 
(<os3 isin) 


Check It Out 2 (page 673) 


3 3 


4 io( 17) + sein ( 117 a5, 2, 
3 6 r2sin 6 or 1 


Check It Out 3 (page 673) 
—4 

Check It Out 4 (page 674) 
0.707 — 0.7077; —0.707 + 


Check It Out 5 (page 675) 


t 0.7072 


0.924 + 0.3831; —0.383 4 
0.383 — 0.9247 


Chapter 9, Section 1 
Check It Out 1 (page 689) 


+ 0.924; —0.924 — 0.383%; 


No. 3(15) + 8(15) = 165 < 180 


Check It Out 2 (page 690) 


x=5,y = 25 
Check It Out 3 (page 691) 
y= -2x4+5 
=(y'='=2% + 2) 
=3 False statement 


Check It Out 4 (page 693) 


(5,15), (8, 12), (—10, 30), (20, 0) 


Check It Out 5 (page 695) 
(22, 50) 


Check It Out 6 (page 696) 


Check It Out 8 (page 699) 


x+y 30 y 
x=8 20 
ysis 10 
— °T ho 
y20 


Check It Out 9 (page 700) 
(6, 24); 210 calories 


Chapter 9, Section 2 
Check It Out 1 (page 707) 


No. These allocations do not satisfy 2x + 4y + 5z = 3.5. 


Check It Out 2 (page 708) 
x=10,y Iz 1 


Check It Out 3 (page 711) 
x=ly=0,2=-1 


Check It Out 4 (page 712) 
x ly=3,2 1 


Check It Out 5 (page 713) 


y 10 — 32, x 13 


Check It Out 6 (page 714) 


No solution 


Chapter 9, Section 3 
Check It Out 1 (page 720) 
0 0 -2 |-1 
—2 4 1 0) 

3 4 2 5 


20 


4z 


Answers to Check It Out Exercises © Chapter9 S21 


Check It Out 2 (page 722) 
x=ly=0,2z=-1 


Check It Out 3 (page 723) 


x 2v=1,2 
Answers may vary. 


Check It Out 4 (page 724) 
No solution 


Check It Out 5 (page 726) 
x=ly=1,2z=0 


Check It Out 6 (page 727) 
x=3+ 2u,y 4 — u, z = 2u, u any real number 


Check It Out 7 (page 729) 
w=4,p=6,b=6 


Chapter 9, Section 4 
Check It Out 1 (page 734) 

5.0 4.4 

4.9 4.6 
Check It Out 2 (page 735) 
3 X 33 4; 0 
Check It Out 3 (page 736) 

0 2 6 —6 —6 


(a) | 3.1 45| () {-11 05] @] 11 
-0.5 1 -0.55 -7 0.5 


Check It Out 4 (page 737) 
Baltimore Annapolis 
2002 | 102,000 78,000 
2003 | 108,000 90,000 
2004 |} 114,000 96,000 


Check It Out 5 (page 738) 
6.38 million 


Check It Out 6 (page 740) 
9.5 


Check It Out 7 (page 741) 
E = 
6: =5 
Check It Out 8 (page 742) 
—8 20 —4 
14 —32 6 
2 =5 1 


6 


—0.5 


7 


S22 Answers to Check It Out Exercises ™ Chapter 9 


Check It Out 9 (page 743) 


23, 13 
—44 =) 
—26 =I 
=23 || =13 


Chapter 9, Section 5 
Check It Out 1 (page 749) 


Check It Out 2 (page 752) 
2 5 
en 
Check It Out 3 (page 752) 
1 0 2 1 2 2 1 
1 1 1 2 -l1]/=]0 
1 0 0 i. =] 0 


1 
1 


Check It Out 4 (page 754) 


=> =2 2 
5 2 = 
2 1 -=1 


Check It Out 5 (page 755) 


2 17 4 


a a Ee 


Check It Out 6 (page 756) 


Chapter 9, Section 6 


Check It Out 1 (page 761) 
1 


Check It Out 2 (page 762) 
—4,4 


Check It Out 3 (page 763) 
17 


Check It Out 4 (page 765) 


Check It Out 5 (page 765) 


Yes. D4 0 

Check It Out 6 (page 767) 
4 8 3 

x P| ’ 
a 


Chapter 9, Section 7 


Check It Out 1 (page 772) 
1 2 


x n= 


Check It Out 2 (page 773) 
2 1 


er 
x x+3 


Check It Out 3 (page 774) 
b? — 4ac = (1)? — 4(2)(—3) > 0. Reducible 


Check It Out 4 (page 775) 
3 1 

eat 

xt 1 “= 3 

Check It Out 5 (page 776) 
-2., 3 

ee (x? + 1)? 


Chapter 9, Section 8 

Check It Out 1 (page 779) 

qd, =1); C=1, 1) 

Check It Out 2 (page 780) 
(—1.517, 1.303), (1.517, 1.303) 


Check It Out 3 (page 781) 
(—2.128, —0.470), (—0.202, —4.959), (2.330, 0.429) 


Check It Out 4 (page 782) 


6 in., 4 in. 


Chapter 10, Section 1 


Check It Out 1 (page 800) 


The focus is at (0, —2), the equation of the directrix is y = 2, 
and the equation of the axis of symmetry is x = 0. 


Check It Out 2 (page 801) 
yy? = 8x 


Check It Out 3 (page 803) 
(x + 2)? = -8(y- 7) 


Check It Out 4 (page 805) 
Vertex: (2, —1); focus: (2, 0); directrix: y = —2 


Check It Out 5 (page 805) 


8 
a 
(@@) y= 4% 


(b) The coordinates of the focus are (G, 0}, so the bulb should 


be placed ; of an inch away from the vertex. 


Chapter 10, Section 2 


Check It Out 1 (page 814) 
Vertices: (0,3) and (0, —3); foci: (0, V5) and (0, -v5); 
major axis lies on the y-axis 


Answers to Check It Out Exercises 


Check It Out 3 (page 815) 


+e 


Check It Out 4 (page 817) 
_ ay2 2 
@= 3" 
5 9 


=1 


Check It Out 5 (page 819) 
_ 42 2 
eS ge 
3 12 


=1 


Check It Out 6 (page 819) 
Approximately 17.43 AU 


Chapter 10, Section 3 
Check It Out 1 (page 827) 


Chapter 10 S23 


Vertices: (2,0) and (—2, 0); foci: (2V2, 0) and (-2v2, 0); 


asymptotes: y = x and y = —x 


Check It Out 2 (page 828) 


yy? x2 


9 7 
Check It Out 3 (page 829) 


Check It Out 4 (page 831) 
x (y= 3) _ 
4 i 


1 


Check It Out 5 (page 832) 
(e+ 1)? (y+ 2) 
9 9 


1 


Check It Out 6 (page 834) 
40V2 inches 


S24 Answers to Check It Out Exercises 


Chapter 10, Section 4 
Check It Out 1 (page 839) 


M3 1 
2°95 


Check It Out 2 (page 840) 
Parabola 


Check It Out 3 (page 841) 
2 2 


u 
Hyperbola; — — — = 1 
yp ola; 5 5 - 


Check It Out 4 (page 842) 
2 2 

Ellipse; ull + - 1 
1 4 


Check It Out 5 (page 843) 
Parabola; uv? = 4v 


4.7 


Chapter 10, Section 5 


Check It Out 1 (page 849) 
2 

(= 

1+ cos@ 


Chapter 10 


Check It Out 2 (page 850) 


Check It Out 3 (page 851) 
4 


—=— 
2 —4sin@ 


Chapter 10, Section 6 


Check It Out 1 (page 853) 
(8, 12) 


Check It Out 2 (page 854) 


(-3, 9) 


-4-3-2-1 0 1% 


Check It Out 3 (page 855) 

y=(«+ 2), -3=x<0 

Check It Out 4 (page 856) 

Qs 

yw=2-x1<y<V2 y 
1540, v3) 
14 
13 


1.2 
1.1 


” (1, 1) 
0 02040608 1 ¥ 


Check It Out 5 (page 857) 


3-2-1012 3% 


Check It Out 6 (page 858) 
x = 1304 y = —162? + 752 


Chapter 11, Section 1 
Check It Out 1 (page 870) 


Year | Interest ($) 


Check It Out 2 (page 871) 
f(n) = 10,000 + 500n 


Check It Out 3 (page 872) 


aA 1 — 2(0) 1, a, 


1 


2(1) 


a> 1 — 2(2) 5, a3 


Check It Out 4 (page 873) 


(a) ag = —22 + 32 = 10; a, = —22 + 48 = 26 


(b) a, = 42 — 3n 
Check It Out 5 (page 874) 


a, = 10,000(1.05)"; 10,000(1.05)”° ~ $26,532.98 


Check It Out 6 (page 875) 


1 


(a) a, = 3(2)? = 125 4; 
Check It Out 7 (page 876) 


3(2)? 


2(3) 


24 


1\ Ly 
(a) a, = 128 3 323 as 128(3) 4 


©) 4, = 50)" 


Check It Out 8 (page 877) 


(a) Geometric 


(b) 560 


(©) A= Olt = 1, 25 3520 


Check It Out 9 (page 878) 
9 cycles 


Chapter 11, Section 2 


Check It Out 1 (page 883) 
120 gifts 

Check It Out 2 (page 885) 
420 


Check It Out 3 (page 886) 
675 


3, 
7 


(b) a, = 2(3)" 


Answers to Check It Out Exercises 


Check It Out 4 (page 886) 


wa 
Yi 4i= 12+ 16 + 204 
1=3 


Check It Out 5 (page 887) 


9 
> 43%; 180 


i=1 


Check It Out 6 (page 888) 
1365 


Check It Out 7 (page 888) 
200 


Check It Out 8 (page 889) 
8 


3 


Check It Out 9 (page 890) 
340 seats 


Check It Out 10 (page 891) 
$26,972.70 


Chapter 11, Section 3 


Check It Out 1 (page 895) 
1, 3, 9, 19 


Check It Out 2 (page 896) 


1 
a, =, n= 1,2,3,... 
n 


Check It Out 3 (page 896) 


ay = (-1)"*1,n =0,1,2,... 


Check It Out 4 (page 897) 


Chapter 11 


Check It Out 5 (page 898) 
(a) 1,0, 1,0, 1 
(b) Range of f(7): {0, 1} 


S25 


S26 Answers to Check It Out Exercises ™ Chapter 11 


Check It Out 6 (page 898) 
8, 13, 21, 34 


Check It Out 7 (page 899) 
(a) 21 (b) 35 


Check It Out 8 (page 900) 
jn a, Amount in 
Bloodstream (mg) 
jot wo 


25.12 
4 | 25.024 
25.0048 


6 | 25.0096 


(c) a, = 0.20a,_, + 20 


Chapter 11, Section 4 
Check It Out 1 (page 904) 
1320 


Check It Out 2 (page 905) 
900 


Check It Out 3 (page 905 
120 


Check It Out 4 (page 906 
16! 


Check It Out 5 (page 906 
210 


Check It Out 6 (page 907 
6720 


Check It Out 7 (page 908) 
720 


Check It Out 8 (page 909) 
6 


Check It Out 9 (page 910) 
455 


Check It Out 10 (page 911) 
560 


Chapter 11, Section 5 


Check It Out 1 (page 914) 
| 


8 


Check It Out 2 (page 915) 
{2, 3, 4, 5} 


Check It Out 3 (page 916) 


(a) {HHHH, HHHT, HHTH, HTHH, THHH, HHTT, 
HTHT, HTTH, THHT, THTH, TTHH, HTTT, THTT, 
TTT, Tris, TTI) 

(b) {HTTT, THTT, TTHT, TTTH} 

(c) {HHTT, HTHT, HTTH, THHT, THTH, TTHH, 
BIT, THTT, TIN Terie, Tir 


Check It Out 4 (page 917) 
a 
12 
Check It Out 5 (page 917) 
15 
16 
Check It Out 6 (page 917) 


(a) Not mutually exclusive 
(b) Mutually exclusive 


Check It Out 7 (page 918) 
i 


4 


Check It Out 8 (page 919) 
1 


4 


Check It Out 9 (page 919) 
0.2 


Check It Out 10 (page 920) 
il 
16 
Check It Out 11 (page 921) 


(a) 0.035 
(b) 0.956 


Chapter 11, Section 6 
Check It Out 1 (page 926) 


(a) es ey, ms =e 0 xy, -y 
(b) 5 

Check It Out 2 (page 927) 

15 

Check It Out 3 (page 927) 

16y* — 32y?x + 24y2x? — 8yx? + x4 


Check It Out 4 (page 928) 
243w? + 810u'v + 1080u?v? + 720u2v? + 240uv* + 32v° 


Check It Out 5 (page 928) 
7290x°? 


Check It Out 6 (page 929) 
5 5! 5! 5 
2 (5—2)!2! 31°05 — 3)! 3 


Chapter 11, Section 7 


Check It Out 1 (page 932) 
2(k + 1)(k + 3) 


Check It Out 2 (page 933) 
F200) =1=(1P 


Assume P,: 1 +345 +:+-:++ (2k-1) =k’. 
Prove P.yy:1 +3 +5 +++: + (2k — 1) 4+ (2(R +1) - 1) 
=(k+ 1)’. 
14+3+5+---+ (2k-1)+(2k+1)-1) 
hk? + (2(kR+1)-1) 
=k? +2k+1 
=(k+1) 
Check It Out 3 (page 934) 
1 
Fie ys CU) St) 
1 
Assume P,:2+5+8+4+::: + (3k —-1) 5 (3k + 1). 
Prove P,.;:2+54+8+---+ (3k -1) + G3(R+4+ 1) - 1) 
1 
5 (R + 1)(3(k +1) 4+ 1). 
2+54+8+-:-+(3k-1) + (3(R+ 1) -1) 
1 1 
k(3k + 1) 4 6k + 
5 RGR + 1) +5 (6k + 4) 
1 
3 (RR + 1) + (6k + 4)) 
1 
= atk + 1)3(kR +1) +1) 
Check It Out 4 (page 934) 
41-1] 
Rts 
3 
ko 
Assume P,: 1 + 4+ 42+ --- +4 4*! : 3 : 
At) — 4 
Prove P..;:1+4+ 4? +---+ 4% 14 Se —— 
Legge ggg geri F ol, yg 
3 
_ 4-14 3(4") 
3 
_ 46+ 344 - 1 
3 
qktl — 


3 


Answers to Check It Out Exercises 


Chapter 11 
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Answers to Odd-Numbered Exercises 


Chapter P Exercises 


Exercise Set P.1 (page 9) 


4 
1. —1,0,10,40 3. —1.67, —1, 0, 0.5, 5 10, 40 


5. 0,10,40 7. —1,0 
9. Associative property of multiplication 


11. 
13. 


15. 


19. 


23. 


29. 
33. 


37. 
47. 
61. 


73. 


85. 
91. 
93. 


Distributive property of multiplication over addition 
Commutative property of multiplication 


17. 


—e—— OO eee OO 
-3-2-1012345 —6-5-4-3-2-1 0 1 


SStoiso 4) 7 TSS Se 
—————0 + > — 

Sg iesa”) «625+ [-3:4] 27. [0, %) 
(-2,4) 31. (1, %) 

[4, 10] 35. [—3, 0) 


aL a <1 Ot 
—2 0 2 4 6 8 1012 —-5-4-3-2-1 0 1 2 


5 4 
2<x<12;(2,12] 39.3.2 41. 253 43. cos 


6 49. —4.5 51. 7 53. —3 55.6 57.9 59. 4.5 


17 
12.2 63.3 65. 15 67. —5 69.4 71. 14 


240 75 =" 77 9 79 at 81 : 83 » 
el : a) i 
5,6,7,8,9 87. [25,36] 89. 20,602 feet 
No; it can be zero, which is neither negative nor positive. 
= 75 


Exercise Set P.2 (page 18) 


1.13 3.10 5.25 7. -5 9. -9 11. 13. =1 


DD 7 3% 19, 
. << xX . 
9 - 4 


. 5.67 X 10° 
. 2.8 x 108 

- 43,670,000 59. 0.008673 61. 0.00000465 
. 6 X 10? 
-3 73.4 (75.4 #77. 12 79. 30 81. 29 
. 3.68 X 104 
- 82.8 people per square mile 89. 31,100 U.S. dollars 


21. 9a*b® 23. —2a*b!? 


10 
1 4 2: 2: 3, 2 4 4 
a a a 


* 16x74 9 3 y xy? 


41. 5.6 X 10° 


37. 39. 5.1 x 1073 
eye? * 3 — 

45. 1.76 X 10° 47. 3.1605 x 10 
51. 371 53. 0.028 55. 596,000 
69. 2x 107 


65. 9.03 X 10’ 67. 2 X 10? 


85.5 x 10°? 


1 
- 129 square feet 93. No.2 4 3 


OK XK OM YVFD 


Exercise Set P.3 (page 26) 


1 2 
1.7 3.5 5.343 7. Z 9. 4\V2 11. 5V/2 13. 16 
—2V/2 VI V/21 
15. 15V2 17. v2 19. 5V6 21. 2 23. 
5 21 5 3 
-2V/2 
25. v2 27. xy°Vx 29. x2yWx?y 31. 3xy?V5x 


3 
33. 6y2z? 35. 2xyW/3x2 37. 19V2 39. -2V64 V3 


41. -4 43. -2V34+V24+1-2V6 
45. V30 + V15 — 2V3-V6 47. -1-V5 


1 1 
49. V3 +V2 51. —~% 53.1 55. —> 57 


1 


32/3 73/4 * qi/i2 
1 1 Ar yl/3 
59. yp? 61. xis 63. JB 65. aE 67. 10V2 inches 


69. About 816 species 71. Yes. 11.163 < 16.464 
73. a= 36,6=8,c=4 75. (—®,&) 
77. Ifa = V10, then a” = 10. Since 3? = 9, a > 3. 


Exercise Set P.4 (page 31) 
1. 5y + 26;1 3. 327-—2t+5;2 5. —4s?-— 65+ 732 
7. —4v? — 333 9. —102? — 324+ 72? +155 
11. 62 + 14 13. —5y? + 5y +3 
15. —9x? + 7x? — 25x —3 17. x? + 4x4 + 6x? — 3x? + 1 
19. —3x° — 3x4 + 3x3 —x-—1 
21. —92° + 224+ 72° — 317-4 23. —9v? + 170 + 6 
25. 927 — 2127 + 21r + 23 27. 287 +5 29. —1827? — 152 
31. 72? — 307-9 33. 724 + 632° — 562 
35. y+ lly + 30 37. —v*-— 9v+ 36 39. 727 + 52t — 32 
41. —28v? — 59v — 30 43. w+ 3u? — 9u — 27 
45. x7 + 8x4+16 47. s*+12s+ 36 49. 2527 + 40¢ + 16 
51. 367 — 360+ 9 53. 927-6241 
55. 2527 — 60t + 36 57. v2 — 81 59. —81s? + 49 
61. v'—9 63. 25y'— 16 65. l6z*— 25 67. x? — 42? 
69. 25s? — 1627, 71. —2? — 1127 — 291 + 6 
73. 2827 + 527 + 232-20 75. x7 + x7 - 13x + 14 
77. —20u’ + 59w — 14W — 85u + 63 
79. 24x 81. a. 4s b. 8s 
83. a. 1000r? + 2000r + 1000 b. $1102.50 
85. (x — 3)? —9 + 6x = x? 
x7 -— 6x +9-9+ 6x =x? 
87. Not if the coefficients of the third degree terms are 
additive inverses 
89.0 91.a=0 


Exercise Set P.5 (page 39) 

1. x? + 12x +36 3. 72x? + 168x +98 5. 9y? — 100 
7. 2x(x* + 3x — 4) 9. —3(y? — 2y + 3) 

11. —272(¢* + 223-5) 13. —5x3(x* — 2x? + 3) 

15. @+x)(«+1) 17. G—- 3)(s + 3)(s — 5) 

19. (2u—1)(2u+ 1)Gut+1) 21. + 1) + 3) 

23. (« — 8) +2) 25. 3(s + 4)(s + 1) 


Al 


A2 Answers to Odd-Numbered Exercises ™ Chapter P 
27. —6(t— 6)(t + 2) 29. —5(z + 6)(z — 2) 

31. Gx +4) — 3) 33. (42 + le - 6) 

35. «@+4)a~-— 4) 37. Gx + 2)(3x — 2) 

39. (y+ V3)(y — V3) 44. 3x + 2) — 2) 43. (x + 3)? 
45. (y— 7)? 47. (2x +1)? 49. Gx - 1)? 51. 3(2x + 1)? 
53. (vy + 4)(9” — 4y + 16) 55. (uw — 5)(u? + 5u + 25) 

57. 2(x — 2)(x? + 2x + 4) 59. (2y + 1)(4y? — 2v + 1) 

61. (= + 6)\(2 + 7) 63. (x + 6)? 65. —(y — 2)? 

67. (z — 8)? 69. —(2y—- 1)(y—-— 3) 71. Gy + 2) 

73. (32-1)? 75. (22 -—5)* 77. 3(22 + 3)(z — 2) 

79. —5(t-—1)(¢+5) 81. —5(2u + 1)(u + 4) 

83. (7 -—s)\(7 +s) 85. (v + 2) — 2) 
87. (—5t+ 2)5t+ 2) 89. 3z2+1)Bz-1) 91. 2 - 16) 
93. 4u3u—5)\(+ 2) 95. —52(2t — 3) + 1) 

97. —52(32 + 4)(z—-1) 99. (y— 2)(y + 2)(2y + 3) 

101. 4x7(x + 2)(x + 3) 103. 3y?(y + 4(y + 2) 

105. —x?(x — 3)(x + 2) 107. 7x?(x — 3)(x + 3) 

109. 5y°(y — 2)(y + 2) 111. 80% + 2)(x? — 2x + 4) 

113. (1 — 2y)\(1 + 2y + 4”) 115. 4x? = (2x7) (2x) 

117. x7 + 6x +9 =(x + 3)? 

119. (2x + 3)(2x — 3)(4x? + 9) 


Exercise Set P.6 (page 46) 


19 
1. 2x(x — 7) 3. («+ 9)(%-—9) 5. —(x — 3)? 7. — 
i ee Hi eas 
. 5X . 9 Xx > 
6 xs 
3 wrtxetil 1 
13. x°@-1),xA-1 15. 17. 
xP xy 
19. : 21, —° pee a) 
(x — 3)(x« + 2) x+6 x(x + 2)(x + 5) 
25 (x? — x + 1)(2x + 1) 5 
° x +2 “(x -— 4x + 1) 
29 (x — 2)(x — 1) x? + 2x + 4 26 3 
‘ x+1 * (x + 2)(x — 2) “x? 
3x — 4 5x + 3 3(x — 5) 
35. 5 “9 . 
x x — 1 (x + 4)(2x — 1) 
4 2x(x* — 3x + 6) 227+ 245 2(x + 2) 
* 3(x + 3)(x — 3) 5(z — 2)? “wt Doe-D 
- —1 2 + 1 
tO OY gg, FO a, 
(x + 4)(« — 4) 3(@ —.5) 1% 
2%.= 11 =8x = "7 x 
53. 5 57. 
(x + 2)(« — 2) (x — 3)(@ + 2) x= 1 
yCy + x) rst x 
59. 7 ‘ * 
x — 2y st + rt + rs Lx 
—2(x + 1) 1 
65. 
(x — 3)(5x — 1) x(x + h) 
x+4 atba-b? 
69. : 
4(x — 2) a+b 


73. $3.50: Average cost per book for 100 booklets 
12 
75. = 77. x=1,y=1 79. Not true for x = 0 


Exercise Set P.7 (page 51) 
1. 24inches 3. 37.699 inches 5. 22 centimeters 


7. 15 square centimeters 9. 28.274 square feet 

11. 197.920 cubic inches 13. 268.083 cubic inches 

15. 226.195 cubic centimeters 17. 113.097 square inches 
19. 62.832 square inches 21. 140.883 square centimeters 
23. (36 + 977) square inches ~ 64.274 square inches 

25. 72 square inches 27.5 29. 26 31. 29 33. V34 
35. 30 feet, 50 square feet 37. 25.133 cubic feet 

39. 3.606 inches 41. 18.850 feet 43. 56.549 cubic inches 
45.r>0 47. 4 


Exercise Set P.8 (page 56) 


1 
lx=1 3.x=-3 5S.x=-3 7.x=-9 9x 


18 
eT 13. x=2 15.x=9 17. x=2 


19 gene 21. x=6 23 — 25. x= 10 

i 5 . is 19 ‘ 
40 1 

27.x=—~ 29. x=— 31. y=5-x 33. y=34+ 2x 
49 7 
a: 

PS a 37. y=5 — 4x 


39. 40x — 200 = 800;x = 25 DVD players 41. 7 inches 

43. 12.5 feet 45. 18 inches 47. 2.5 feet 

49. No. The variable cancels on both sides of the equation, 
leaving the false statement 2 = 0. 

51. Step 2 should be (x + 1) +4=16;x= 11. 


Chapter P Review Exercises (page 63) 


Section P.1 (page 63) 
1. —5,3,8 3. 3,8 5. Associative property of addition 


1 S4ga7e12.) % Spore ON. 10 
13. —3.7 15. —5 17. —22 
Section P.2 (page 64) 
19.2 21. by" 23. as 25. ee 27. 4.67 x 10° 
x y y 
29. 30,010 31. 6.4 10? 33. 2.0 
Section P.3 (page 64) 
35. 5V3 37. SxV2x 39. v2 41. -Vx+4 
“a2 =~ 45. —4 47. 512 49. 36x7/2 51, 3x1/6 


Section P.4 (page 64) 

53. 6y? + 13y* + 24y — 12 55. 92° + 3¢7-— 10 
57. —12u? — 43u—10 59. —2427 4+ 91z— 72 
61. —62? + 1327 — 292 + 40 63. 9x7 -— 4 

65. 25 — 10x + x? 


Section P.5 (page 64) 


67. 427(22 +1) 69% (y+ 4(y+7) 71. (3x + 5)(x - 4 
73. (x + 2)(x — 2) 75. Gu + 7)(3u—7) 77. 2(27 + 8) 
79, 2(xn +1)? 81. 4(x + 2)(x? — 2x + 4) 


Section P.6 (page 65) 


— 2Y(xt1 + 2)? 
83,243,143 95, 2 VEY 4g @t2) 
x-—1 x(x — 2) 
5x 1 2x4 + 11x? + 7x + 78 at+b 
89. 91. 93. 
(x + 1)(« — 3) (x + 3)(« — 3) a 


Section P.7 (page 65) 
95. 12 square inches 97. 615.752 cubic centimeters 
99. 113.097 square inches 101. 2V13 


Section P.8 (page 65) 

1 
103. x =3 105. x= 3 107. x=1 109. y= —-3x+5 
Applications (page 65) 


5 
111. 16X10’ gram 113. 


seconds 


115. 1567 cubic inches 


Chapter P Test (page 66) 


1. —1,1.55,41 2. Distributive property 
9 
ee — OO ‘— —_ 
3. See 4 103 5.7 6. 25 
27 


64 
oa 10. 4x\V3x 


7-—7V5 
4 

16. (5 + 7y)(5 —7y) 17. (2x +5)? 18. (3x — 5)(2x + 1) 

19. x(2x + 3)(2x — 3) 20. Gx -— 7)(~ + 5) 


7. 8.903 X 10° 8. —36x*y!9 9. 
Qx1/3 


11. —30x°/ 12. 13. V2 14.25 15. — 


5 2(2x + 1) 
21. 2(« + 2)(x* — 2x + 4) 22. @+3@—2) 
ae yy ee ee 
(x + 2)(x — 2) x?—4 
25. 3x? + 6x — 4 8x — 6 
(2x + 1)(« — 1)( + 3) =3x- 2 


27. 25a square inches 28. 3607 cubic centimeters 


11 
29. x= 7 30. 2.85 X 10°? grams 31. 1407 cubic inches 


Chapter 1 Exercises 


Exercise Set 1.1 (page 76) 


1. False 3. f(3) = 18; f(—-1) 2; f(0) = 3 
-17 11 

10 == 90S 0-2 

7. £G) = Us f(-1) = 35 f@) =2 

9. (3) = —36; f(-1) = 4; f@) = -6 


11. (3) = V13; f(-1) = 1; f) = 2 
4 
1 FGY = s3F-D) = OF) 


15. f(a) = 4a + 33 f(a + 1) = 4a 4 wi(3) =5 


17. f(a) a +4; f(a +1) a’ — 2a4 xs4() = 


Answers to Odd-Numbered Exercises ™ Chapter1 A3 


V2 
2 


19. f(a) = V3a — 1; f(a + 1) = V3a 4 a4(2) 


1 
AN KG) Sse 1 


23. g(—x) = V6; g(2x) = V6; g(a + h) = V6 

25. g(—x) = —2x — 3; g(2x) = 4x — 3; 

g(a+ h) =2a+ 2h—-3 

27. g(—x) = 3x7; g(2x) = 12x73 g(a + h) = 3a? + 6ah + 3h 


1 1 
29. g(—x) ee aro le dere 
31. g(—x) x? + 3x + 53 g(2x) = —4x” — 6x + 5; 
g(a + h) = —a@ — 2ah — fh? — 3a-—3h+5 
33. a. g(5) =—-1 bz. g(0) =2 


c. g(3) is not defined, because the table does not include a 


value for g(t) at t = 3. 

35. Yes 37. No 39. Yes 41. Yes 43. (—%, ©) 

45. (-®, =1) U (-1, i) 47. (-®, 3) U QB, 00) 

49. (—%, —2) U (-2,2) U(2,%) 51. (—%, 2] 

53. (-%, ©) 55. (—7,%) 57. V(3) = 367 

59. S(30) = 1600. This means that the salesperson receives a 
commission of $1600 when 30 items are sold. 

61. a. d(t) = 451 

b. The car travels 90 miles in 2 hours. d(2) = 90 

c. The domain of the function is the set of all real numbers 
greater than or equal to zero. The range of the function is the 
set of all real numbers greater than or equal to zero. 

63. a. D(Finding Nemo) ~ 350 million dollars. This means the 
dollar amount grossed by Finding Nemo is about 350 million 
dollars. 

b. The domain is the set of movies consisting of Titanic, Star 
Wars, Spiderman, Shrek, and Finding Nemo. 

c. No. As in this case, the domain can be a set of objects. 

65. A(w) = 3w” 

67. a. h(0O) = 100. This means that the height of the ball 

0 seconds after it is dropped—that is, at its starting position— 
is 100 feet. 

b. (2) = 36. This means that the height of the ball 2 seconds 
after it is dropped is 36 feet. 

69. a. This table represents a function because for each year 
(input), there is only one value for per capita consumption 
(output). 

b. S(2001) = 62.6 pounds. This means that in 2001, the 

per capita consumption of high -fructose corn syrup was 

62.6 pounds. 

c. This is reflected in the table by a steady increase over three 
decades. 

71. D(g) = 26g 

73. a. L@®=10t b. M@® =8.2t c. 14.4 tons 

75. c=7 77. Domain: [—1, ©), range: [1, ©) 


Exercise Set 1.2 (page 87) 


1.62 3.4 5.4 
7. No 9. No 11. No 


A4 Answers to Odd-Numbered Exercises 


17. Domain: (—%, ©), 
range: (—%, ©) 


19. Domain: (—%, ©), 
range: (—©%, ©) 


21. Domain: (—%, ©), 
range: (—©%, ©) 


23. Domain: (—®, ©), 
range: (—%, ©) 


12345 


Chapter 1 


1234567* 


25. Domain: (—%, ©), 
range: {4} 


27. Domain: (—%, &), 
range: [0, ©) 


29. Domain: (—®, %), 
range: (—%, 4] 


31. Domain: [—4, °), 
range: [0, ©) 


33. Domain: [0, ©), 
range: [0, ©) 


35. Domain: [0, ©), 
range: [0, ©) 


37. Domain: (—®, ©), 
range: [0, ©) 


a 
ae 123% 


> 
al 123456789%* 


> 
=lj 123456789%* 


y 
10 
8 
6 
4 


—4-3-2-10 123 4% 


39. Domain: (—®, ©), 
range: (—°%, 0] 1 


41. Domain: (—%, ©), yh 

range: [0, ©) 10 
8 
6 
4 


-4-3-2-10123 4% 


43. Domain: (—%, 0], 
range: [0, ©) 


-8-7-6-5-4-3-2-1, | 1* 


45. Domain: (—%, ©), 
range: (—9, ©) 


47. This graph does not depict a function. There are values in 
the domain for which there is more than one corresponding 
value in the range. 

49. This graph depicts a function. There are no values in the 
domain for which there is more than one corresponding value 
in the range. 

51. Domain: (—%, ©), range: (—%, 1] 

53. Domain: (—%, 0), range: [—1, 2] 


55. 30 57. 


59. 5 


10 fst ey 10 


Answers to Odd-Numbered Exercises ™ Chapter 1 A5 
61. a. f(-1) = 1.5, f(0) = 1, f(2) = 0 

b. Domain: (—%, ©) 

c. x-intercept: (2, 0); y-intercept: (0, 1) 

63. a. f(-1) = 1, f(0) = 3, f(2) = 3 

b. Domain: (—%, ©) 

c. No x-intercept; y-intercep: (0, 3) 

65. a. f(—-1) = 1, f(0) = 2, f(2) = 0 

b. Domain: (—%, ©) 

c. x-intercept: (—2, 0) and (2, 0); y-intercept: (0, 2) 

67. a. f(—1) = —1.7, f(O) = —2, f(2) = —2.4 

b. Domain: [—4, ©) 

c. x-intercept: (—4, 0); y-intercept: (0, —2) 

69. a. 2006 b. About $1 billion 

71. Radius is the measure of the distance from the center of 
a sphere to any point on the sphere, and distance is a positive 
number. 


73. D(t) = 55t. The values of t must be greater than or equal 
to zero. 


o 
n 
~ 


10 


100 


0 
0 40 80 120 ¥ 


77. a. F(t) = 10.1t. The units of the input variable are time in 
years and the units of the output variable are tons of 
greenhouse gases. 


A6 Answers to Odd-Numbered Exercises ® Chapter 1 


b. O* = 8.1t 


F(t)=10.1t 


02 4 6 8 10 # 


c. As the value of t increases, the difference between the 
corresponding values of the functions increases. 

79. h(x) decreases as x increases, whereas g(x) increases as x 
increases. 


81. The lowest value of f(x) is 0, whereas the lowest value of 
g(x) is 1. 


83. No. Note that neither the domains nor the ranges are the 
same for these two functions. 


—4-3-2-1 123 4% 


85. The range of f(x) is the set of all real numbers greater 
than or equal to 4. The range of g(x) is the set of all real 
numbers greater than or equal to —4. 


87. The range of f(x) is the set of all real numbers. The range 
of g(x) is the set of all real numbers. 


Exercise Set 1.3 (page 102) 

ly=-6 3.y=2 5. y=20 

7. a. Yes, the equation fits the form f(x) = mx + b, where 
m=3andb=1. 

b. No, the equation does not fit the form f(x) = mx + b. 
c. Yes, the equation fits the form f(x) = mx + 6, where 
m=-—5andb=0. 

d. No, the equation does not fit the form f(x) = mx + b. 


1 
9. —-7 11.0 13. 5 15. Undefined 


2 
17. Undefined 19. 1 21. 9 23. m -2- 1 


25. The values of y do not change as x changes. 


(1,3) (2,3) 
= 


27. Yes, (2, 1) lies on y = —2x + 5. 
29. No, (—1, 0) does not lie on y = —2x + 5. 
31. y = 6x — 1; f(x) = 6x — 1. The slope is 6. The x-intercept 


is (<, 0) and the y-intercept is (0, —1). 


33. y= 2x t+ 35 f(x) = 2x + >. The slope is 2. The x-intercept 
- (-=, 0) and the y-intercept is (0, 2). 
35. y = 3x — 11; f(x) = 3x — 11. The slope is 3. The 


x-intercept is (=, 0) and the y-intercept is (0, —11). 

37. y= 5x +3;fx) = 5x + 3. The slope is 7 The x-intercept 
is (—6, 0) and the y-intercept is (0, 3). 

39. y = 2x + 13; f(x) = 2x + 13. The slope is 2. The 
x-intercept is (-2, 0) and the y-intercept is (0, 13). 


41. y ox 23 f(x) ex 2. The slope is :. The x-intercept 


is (5, 0) and the y-intercept is (0, —2). 


43. y 2x + 6; f(x) 2x + 6. The slope is —2. The 
x-intercept is (3, 0) and the y-intercept is (0, 6). 


4 
3 


; : 1 : : 2 
x-intercept is (-3; 0) and the y-intercept is (0, =), 


45. y 


x4 53 f(x) x =. The slope is =. The 


47. y= —2x + 15; f(x) = —2x + 15. The slope is —2. The 
x-intercept is (2, 0) and the y-intercept is (0, 15). 


49. y x + 33 f(x) 2x + 3. The slope is >. The x-intercept 
is (-2, 0) and the y-intercept is (0, 3). 


Sl. y+ 1 


1 
—5(x — 2) Bank eS eT) 


$5... y= 5: =0@—4) 57. y = 3.6 =.0.9(@— 1,5) 


3 1 
ss. y+1=2(x-3) 61. y=x+1Lf(~)=x+1 
2 6 2 6 
63. y 5* 5 t@) 5 5 


65. x = 2. The equation cannot be expressed as a function 
because the line is not the graph of a function. 


Answers to Odd-Numbered Exercises ™ Chapter 1 A7 


67. 90 69. 10 


-10 -20 


1 
132 V= 8 +2 Dae et 77. y= 


3 3 
9. y= —-3x + li 
79. y 3x+8 81. y ae a 


85.x=4 87.y=-1 8% y=05 91. y=—-3x-1 


83. y = —6x 4 


1 2 3 
2 =e oe eae eee Oe sar ae 


1 
ce ome. 101. y= 2x—-—3 103.x=0 105. x= -2 


107. a. f(x) = 50x + 650 

b. m = 50. This represents the number of additional dollars 
earned for each additional computer sold. b = 650. This 
represents the amount earned if no computers are sold. 

109. a. 173.4 million 

b. The y-intercept of 167 million represents the total number 
of moviegoers in 2003. 

111. a. 980 handbags 

b. 500 handbags. This value represents the number of 
handbags sold in 2003. 

c. 2007 

113. f(t) = 25.50 + 1.5¢ 115. C(S) = 1.06S + 500 

117. a. C(x) = 5x + 5000 

b. The domain is the set of all real numbers greater than or 
equal to zero. The range is the set of all real numbers greater 
than or equal to 5000. 

c. Slope: 5, y-intercept: (0, 5000). The slope represents the 
increase in cost for each additional watch manufactured. 
The y-intercept represents the fixed cost. 

d. $11,250 


0 
0 500 1000 1500 ¥ 


A8 Answers to Odd-Numbered Exercises ® Chapter 1 


119. The graph does not appear in the viewing window. 


The maximum and minimum values of x and y shown in the 
viewing window must be manually changed to accommodate 
the values of this function. 


110 


=110 10 


121 2 1 
~yer-stx- 
5 


125. The function cannot be linear because the ratio of the 
change in g(a) to the change in ¢ is not consistent between 
consecutive points. 

127. m=0;6=4; 90 =4 


Exercise Set 1.4 (page 115) 
1.5 3.5.15 5.88 7. fi) =4x—7 
9. f(x) =2.4x— 9.94 11. f(x) = 15x + 150 


10 
13. R=4,y=4x 15. R= 10,9 = — 
x 


15 
17. R= 3.5,y=3.5x 19. R= = 
6 


1 
21. k= GIs 23, k= 6:9 25. k=5,y = 5x 


6 
98 
27. k = 98, y =— 29. c(n) = 4.50 + 0.07n 
x 


31. F=2C +32 


5 
33. k= re The volume at 60°C is 75 cc. 


10 
35. 12.5 feet 37. — Oe 


39. a. C(m) = 19.95 + 0.99m 

b. The slope is 0.99 and the y-intercept is 19.95. The slope 
refers to the increment of change for each additional mile 
driven. The y-intercept corresponds to the cost of the rental for 
one day when 0 miles are driven. 

ec. $75.39 


41. a. y 


(6, 58) 


(0, 40) 


b. The slope is 3. 

c. The slope represents the number of additional visitors each 
month, in millions. 

d. v(t) = 40 + 3t 

e. 70 million visitors 

43. a. f(t) = 203 + 50r 

b. The slope is 50. It signifies the number of additional cases 
sold each year, in millions. 

c. The y-intercept is 203. It signifies the number of cases sold 
in 2002, in millions. 

45. a. P@® = 3t + 20 

b. 38% 

ce. 2010 

d. No, because the model predicts a percentage of consumers 
over 100% in 2030. 

e. This model cannot accurately predict the buying habits over 
a long period of time. 

47. a. Traffic increased by 6250 vehicles per year. 
Mathematically, this is the slope of a linear model of the 
traffic. 

b. TD) = 62502 + 175,000; T(6) = 212,500 

49. a. The percentage is decreasing over time. 

b. m(t) = —0.114t + 20.34 

$1. a. The number of college students is increasing. 

b. P(x) = 0.38x + 15.24 

c. 19.04 million 

53. a. As the price increases, the number of rings sold 
decreases. 

b. s(x) = —1.55x + 1744 

c. 194 

55. No, because direct variation refers to an equation of the 
form y = kx, noty = kx + b,b #0. 

57. Yes, because there is a constant change in y for each 
incremental change in x. This can be modeled by the equation 
y= 6x. 


Exe! 


rcise Set 1.5 (page 129) 


1. slope; y-intercept 3. True 


5. VA 7 
5 
4 
— 
2: 
1 
—3 -2-1 123¢* 
-l 
9. 
13. (1, 2) 
15. 3, 1) 17. (3, 3) 

19. (-1,3) 21. (-1,1) 23. (-4,-2) 25. (s 
27. (-6,-11) 29 2 31. (7,9) 
° > ; 11° 11 1 
33. (-2,0) 35. (-1,4) 37.x=4 

39. No 41. Yes 
43. [-1, ©) 


Answers to Odd-Numbered Exercises ™ Chapter1 A9 


45. [4, ©) 


47. (10, ©) 


10 20 30 40 * 


49. |-2. ~) 51. (2,%) 53. (-%,1] 55. (-», -2| 


18 3 
57. [3,0) 59. (—4,%) 61. E ~) 63. |-2. 1 


65. (1,5) 67. (—3, 3) 

69. Break-even point: g = 5. Values for which revenue exceeds 
cost:¢ >5 

71. Break-even point: g = 40. Values for which revenue 
exceeds cost: gq > 40 

73. 70 =x = 89.1 75. 21.25 million tickets 

77. $3.54 79. At least 62.5 minutes 

81. The score on the fifth exam must be at least 89. 

83. a. A(m) = 45 

b. Bim) = 25 + 0.25m 

c. Driving 80 miles in a car rented from either company would 
cost $45. 


Intersection 
0| X=80 ..1..Y=45 11.,,4] 100 
0 


85. a. The ratio of students to computers is S(t): 1, where 
S(t) = —0.75t + 8. 
b. In or after 2006 


e 
o 


Intersection 
0|X=6 Y=o35i114/15 
0 
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87. The lines do not intersect. They have the same slope and 
different y-intercepts. When graphed, these functions are 
parallel lines. 


89. The intersection is all coordinate pairs that satisfy either 
equation. The lines intersect at all points on either line. 


Chapter 1 Review Exercises (page 136) 


Section 1.1 (page 136) 
l. a. f(4) =11 b. f(-2)=-7 c«. fa =3a-1 
d. fa+1)=3a+2 


3.2. fA) == bM-D== &fO@-zR 
1 
a i a TSE aT 


5. a. f(4) =9 b. f(—2) =3 ce. f(a) = |2a+ 1| 
d. f(a + 1) = |2a + 3} 

7. Domain: (—%, ©) 

9. Domain: (—%, 2) U (2, ©) 

11. Domain: (—%, ©) 

13. Domain: (—%, ©) 


Section 1.2 (page 137) 
15. Domain: (—%, ©), 
range: {3} 


17. Domain: (—%, ©), 
range: (—©%, ©) 


19. Domain: (—%, ©), 
range: (—, 3] 


21. Domain: (—%, ©), vs 
range: (—©, 0] 


23. Yes 

25. Graphs (b) and (d) are functions because they pass the 
vertical line test. 

27. f(x) does not change as the values of x change, whereas 
g(x) changes as the values of x change. 


5 


5 


29. The graph of h(w) opens upward, whereas the graph of 
f(w) opens downward. 


rr 


Section 1.3 (page 137) 
31. Yes. This is a linear function because it is of the form 


ax + b = 0, where a = 3 and b = 0. 


33. No. This is not a linear function because it cannot be 
written in the form ax + b= 0. 

5 12 
35. ms 37. —— 39.0 


41. f(x) = -2x+7 
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43. f(x) = ox nore 


45. f(x) = -2sx - 


Intersection 
X = .09433962 Y = -.2075472 


73. -6 =x = — 1.3333 


47. f@ =-x+1 


Applications (page 138) 

75. a. About 51% b. 1992 

77. S(20,000) = 2800. This value represents the earnings 
when $20,000 worth of sales are generated. 

79. a. 640 pens 

b. The y-intercept is 400. It represents the number of pens 
sold in 2003. 

c. 2012 

81. 600 units 

83. The break-even point is g = 60 items. 

85. a. They are generally decreasing. 

b. f(x) = —48.8x + 925 ce. 583.4 million 


49. f(x) = -x+ 2 


Section 1.4 (page 138) 


2 
iS oes Bi yHtse = Chapter 1 Test (page 139) 

2 * la. -8 b.-a?+4a-3 «3 d.4 
2. (—%, ©) 3. (—%, 5) U G, %) 


Section 1.5 (page 138) 


57. (3, —1) 4. Domain: (—%, ©) 


59. (0, —1) 5. Domain: [—3, ©) 
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6. Domain: (—%, ©), 
range: (—©%, 4] 


7. No 8. Yes 
9. The variable x is raised to the —1 power. 


7 
10. a. 5 b. Undefined 11. y= —4x —- 1 


12, y=-x+3 13. y= -2x+6 
14. y= —4x—-12 15. y=—-5 16.x=7 
9 9 70 
17. kR=—, y=—=x 18. R= 70, y= — 
2 3" _ 
19. (1, 3) 


» [-29) [38 


22. a. y = 300,000 + 15,000¢ b. In 8 years 
23. 100 minutes 24. 400 units 


Chapter 2 Exercises 


Exercise Set 2.1 (page 148) 
1. hypotenuse 3. 3 5. 4x” — 20x + 25 


15 
7. Distance: 75; midpoint: (- 1, 2) 


9. Distance: 6V2; midpoint: (—7, 17) 
11. Distance: 2V 13; midpoint: (3, 2) 
13. Distance: 14; midpoint: (6, 4) 

: V17__—«; : 3 1 
15. Distance: a midpoint: 3 3 
17. Distance: V(b, — a,)* + (b) — a)’; 

a+b ath 
22. 2 

19. x2 + y? = 25 


midpoint: ( 


21. («4+ 1? +? =9 


9 
25 25. G@-1P + y= 7 


31. (x — 2)? +y?=25 33. (x — 1)? + (y + 2)? = 25 


1\/ 37 25 9 
35. (x—-—|] +y?=— 37. 36 39. = 41. = 
4 4 4 


2 
43. Center: (0, 0); radius:6 45. Center: (1, —2); radius: 6 


47. Center: (8, 0); radius: + 49. Center: (3, —2); radius: 4 
51. Center: (1, —1); radius: 3 

53. Center: (3, 2); radius: 3\V/2 

1 

9° 
59. (x +1)? + (yt 1° =4 
61. Center: (0, 0); radius: 2.5 


4 
=a 


63. Center: (3.5, 0); radius: 


3 
55. Center: 0); radius: 5 57.7 +5? =4 


i=, 


65. a. x7 + y?= 196 b. 287 or about 88 plants 

67. x? + y? = 625 69. 2.5 miles 

71. 4.5 miles 

73. a. A: (0, 0); B: (5, 0); C: (10, 0); D: (15, 0); EB: (20, 0); 
F: (15, 12); G: (10, 12); H: (5,12) b. 118 feet 
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75. (x + 14+ (y—-3P=5 |x| 


, ce (fg)(x) = ye 5 rhe domain is (-»,-2) U (-2.« 


17. 1 19.3 21. —-1 23. : 25.=7 2725 29. =3 


1 
3-2-1 0 1 2% 31. —7 33. —30 35.3 37. a 39.0 41. —2 
77. (x +5)? + (y + 1)? = 64 43. 3 45.0 47. Undefined because g(3) is undefined 


79. (0, -2 — 3V7) and (0, -2 + 3V7) 49. 210 51. 42 53. -6 55.3 57.6 59. V6 


; 61. V6 63. -18 65. = 
Exercise Set 2.2 (page 159) 4 


1. rational expression; zero 3. (—%,%) 5. (—o%, —3]U[3, %) 67. (f° g)(x) =” — 2x 
7. a. (f + g)(x) = 2x — 2. The domain is (—2, ©). (e°f@) =x +2 
b. (f — g(x) = 4x — 8. The domain is (—%, 0). The domain of fe g is (—9,°). 
c. (fe)(x) = —3x? + 14x — 15. The domain is (—20, &). The domain of g ° fis (—%,%). 
f 3x — 5 ee 69. (fog)(x) =x 
d. |-|J@= . The domain is (—%, 3) U (3, ®). (go f)(x) =x 
g =x. 3 i i 00, 00 
9. a. (f+ Ox) =x? + x — 2. The domain is (—%, 00), The domain of f° g is ee 
be (fe) = ek? x 4, The domain is (06, 66), ears sae a - 
ae - (f° g(x) = 3x x 
c. Ne = aed + x — 3. The domain is (—®, ©). Gaonta = Bye dg 
d. (Z)ee = ———.. The domain is (—%, °°). The domain of f° g is (-™, ©). 
& + The domain of g° fis (—%, ©). 
3x: — 1 
11. a. t = . Th ini ° = 
a. (f+ g(x) 25 e domain is 73. (f° g)(x) Spa 
1 1 2 
(-—, 0) U O55 U 3? . (geef@)=-+5 
x 
x-—1 a : . 5 5 
b. (f- g(x) = 2 . The domain is The domain of f° g is (-»,-2) U (-2.) 
x” — XxX 
1 1 The domain of ge fis (—%,0) U (0,%). 
(-%,0) U 0,5 U 2? . 
; 75. (fe g(x) = Bee), 
ce. (fg)(x) = =>. The domain is 18 
2 — ° SS 
if . ; (O°) GP ane 1 
(—2,0) U (0 *) U & ~), The domain of f° g is (—,%). 
1 1 
24" Th in of go fis | —®,- = — 7,0 |, 
ay (2 Ve "he aan is (Ss, 0), 0. Omen OEE ST ( :) i ( 2 ) 
& x 
13. a. (f+ D(x) = Vx — x + 1. The domain is [0, 2). TI. (f° g(x) = V 3x — 3 
b. (f— g(x) = Vx + x — 1. The domain is [0, ©). (ef) = SVE 1-4 
ce. (fe)(x) = —xVx + Vx. The domain is [0, 0). The domain of f° g is (—%, —1]. 
f deg The domain of go fis [—1,%). 
d. (2) = 7: The domain is [0, 1) U (1, ©). 
g ” 79. (f° g)(x) = eh 
1 
15. a. (f+ 9 = |e 4 . The domain is lx 
lie (eof = el 
5 5 lx] — 1 
we U ae . The domain of f° g is (—,1) U (1,%). 
1 The domain of g° fis (-%, -—1) U (-1, 1) U1, ©). 
b. (f- 2) = |x| . The domain is 81. (fe g)(x) =x? 
2x+5 (g°f)(x) =x? — 2x +2 


—oo = U > 00 The domain of f° g is (—%,%),. 
The domain of ge fis (—%,%). 
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|x|? + 1 

83. ene 7 
24] 

ene= a; 


The domain of f° gis (-%, —1) U (-1, 1) U (1, &). 
The domain of g° fis (-, -—1) U (-1, 1) U1, ©). 


9x? — 6x + 1 

35: CO) = 732 = on +O 
a + x? 
(eee) =5—5 


The domain of fo g is (—, %). 
The domain of go fis (-%, -V2) U (-V2, V2) U (V2,). 
87. f(x) = - g(x) =3x—-1 89 f(x) = Vx, e(x) = 4x? -— 1 


91. f@~ = xe E Aye =2x+5 


93. cr eae | 
95. f(x) = 4x — x8, g(x) = 2x + 9 
97. (f° fl) = =! 
99. (fe f)(@ = —¢*. The domain is (—2,°0). 
101. (f° f)(2) = 22 
103. (f° f)@ = 9t + 4. The domain is (—%%, 0%), 

1 

x? — 6x +9+ xh — 3h 


105. 3 107. —2x-—h+1 109. 


111. P() = 75 — 202 
113. 


(f — g)(x) represents how many more hours Employee 1 billed 
for than Employee 2. 


115. ~~ represents the number of students with whom each 
tutor worked during a given week. 

117. (f° R)\(d = 0.82(40 + 22) = 32.8 + 1.64t. This function 
represents the GlobalEx revenue in euros. 

119. (C° A)(r) = 25.80647r’. This function represents the 
surface area of a sphere in square centimeters based on its 
radius in inches. 

121. While there are some functions f and g for which 

(fe) (x) = (fe g)(x) (for example, f(x) = 2x and g(x) = 3x), the 
statement is not true for all functions f and g. For example, it 
is not true for f(x) = x + 5 and g(x) = 2x. 

123. (f+ 29) =axt+b+ (ex+d)=(atoxt+ (+d). 
Because a, b, c, and d are constants, a + cand b + dare 
constants, and so this result is of the form ax + 6. 

(f- 9) =ax+b- (cxt+ d)=(a-—c)xt+ (6- a). 
Because a, b, c, and d are constants, a — c and b — dare 
constants, and so this result is of the form ax + b. 


Exercise Set 2.3 (page 174) 


1. The graph of g(z) is the graph of f(4) = t? moved up by 


1 unit. 


| one 


-3-2-101238 


3. The graph of f(x) is the graph of g(x) = 


by 2 units. 


5. The graph of A(x) is the graph of f(x) = 


right by 2 units. 


7. The graph of F(s) is the graph of f(s) = 


by 5 units. 


9. The graph of f(x) is the graph of g(x) = 


right by 4 units. 


% 2 46 8 10% 


/x moved down 


|x| moved to the 


s* moved to the left 


/x moved to the 


11. The graph of H(x) is the graph of g(x) = |x| moved to the 
right by 2 units and up by 1 unit. 


13. The graph of S(x) is the graph of g(x) = x” moved to the 
left by 3 units and down by 1 unit. 


15. The graph of H(z) is the graph of g(2) = t? stretched 
vertically away from the x-axis by a factor of 3. 


NwRUADAS 


3-2-1012 34 


17. The graph of S(x) is the graph of f(x) = |x| reflected in the 
x-axis and stretched vertically away from the x-axis by a factor 
of 4. 


19. The graph of H(s) is the graph of f(s) = |s| reflected in the 
x-axis and moved down by 3 units. 
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21. The graph of h(x) is the graph of f(x) = |x| reflected in the 
x-axis, compressed vertically toward the x-axis by a factor 
of > moved to the left by 1 unit, and moved down by 3 units. 


23. The graph of g(x) is the graph of f(x) = x? reflected in the 
x-axis, stretched vertically away from the x-axis by a factor of 
3, moved to the left by 2 units, and moved down by 4 units. 


25. The graph of f(x) is the graph of g(x) = |x| compressed 
horizontally toward the y-axis and scaled by a factor of re 


Ms 
4 


3 
2 


—4-3-2-1012 34% 


27. The graph of f(x) is the graph of g(x) = x? compressed 
horizontally toward the y-axis and scaled by a factor of rc 


2-1 0412 


29. The graph of g(x) is the graph of f(x) = Vx compressed 
horizontally toward the y-axis and scaled by a factor of 3° 


y 
4 


2 
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31. The graph is translated to the left by 1 unit. The function 
is g(x) = |x + ll. 

33. The graph is reflected in the x-axis and moved up by 

1 unit. The function is g(x) = —|x| + 1. 

35. The graph is moved to the right by 2 units. The function 
is g(x) = (x — 2)?. 

37. The graph is moved to the right by 1 unit and down by 

2 units. The function is g(x) = (x — 1)? — 2. 

39. ge =|t+ 4|-3 41. gO = —-30- 1)” 


1 
43. k(t) = V—-t+3 45. h() = all +4 


47. 49. 


rn 
(-3, 6) 


t+ 
-4-3-2-1,| 123 4% 


g(x) = fe) -3 


—2| 36 33 
—-1l]} 25 22 
oO} 16 13 
1 9 6 
2 4 1 


69. The graph of f(x) is a translation of h(x) to the left by 
3.5 units, whereas the graph of g(x) is a translation of h(x) up 
by 3.5 units. 


71. The graph of f(x — 4.5) is a translation of the graph of 
f(x) to the right by 4.5 units. 


73. The graphs are different. The graph of —2f(x) is a vertical 
scaling of the graph of f(x) by a factor of 2 away from the 
x-axis, and then a reflection in the x-axis. The graph of f(—2x) 
is a horizontal scaling of the graph of f(x) by a factor of ; 
toward the y-axis, and then a reflection in the y-axis. 


5 


=) 5 


5 
75. The graph of gis the graph of f moved to the right by 7 units. 


2 


Lyd, 


77. T(x) = 0.06P(x) 

79. a. C(x) = 450 + 3x 

b. The graph of the decreased cost function has a lower 
y-intercept but the same slope as the graph of the original 
cost function. 


1000 


81. a. 14 meters b. 34 meters 

ce. The value of s(t) is increased by / meters when h > 0, and 
decreased by |h| meters when h < 0. 

83. g(x) = (x + 5)? is f(x) = x? shifted to the left by 5 units. 
85. a. g(x) = 2|x| + 3 b. g(x) = 2|x| + 6 

c. In part (b), the y-intercept is 3 units higher than in part (a) 
because scaling by 2 after adding 3 units effectively scales the 
original equation by 2 and then moves it up by 6 units, as we 
can see from the equation g(x) = 2(\x| + 3) = 2|x| + 6. 

In part (a), the function is moved up by 3 units after it is 
scaled by 2, as we can see from the equation g(x) = 2|x| + 3. 


Exercise Set 2.4 (page 185) 


1. Even 3. Neither 5. Odd 7. Even 9. Odd 
11. [—2, 2] 13. (0,4) 15. (0,1) 17. Even 


1 
19. Decreasing on (—3, —2) and (3, 4) 21. (0,1) 23. = 


25. 3 27. Decreasing on (0,1) 29. —4 31. Neither 
33. Odd because f(—x) 2(-x) = 2x (—2x) f(x) 
35. Neither, because f(x) # f(—x) and f(—x) ¥ —f(x) 
37. Neither, because f(x) # f(—x) and f(—x) ¥ —f(x) 
39. Odd because f(—x) = 2(—x) (2x) F(x) 
41. Odd because f(—x) = (—x)? — 2(—x) x? + 2x 
—( — 23) =f) 
43. Even because f(—x) = ((—x)? 
i — 3)@" = 4) =f) 

we) 


45.15 47. —-8 49. 10 51. —22 53. —-1 55. Ls 


3)((—x)’ — 4) 


57. The function is neither odd nor even. 


e) 


59. The function is neither odd nor even. 


61. The function is even. 
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63. This is an increasing function because as x increases, R(x) 
increases. That is, if x, > x,, then R(x,) > R(x,). 

65. The average rate of change is 0.05 dollar per year, which 
means that over the interval [0, 4], the value of the stamp 
increases at an average rate of 0.05 dollar each year. 

67. As the endpoints of the interval get closer together, the 
average rate of change over the interval appears to get closer 
and closer to a single value, in this case, 6. 


Average Rate of Change 


69. If fis constant on an interval, it is modeled by the function 

f(x) = c, and the average rate of change on [a, b] is 

f) ~f@ _¢e7e 0 
b-a b-a b-a 

71. If[c, d] is within a decreasing interval, then the function 

is also decreasing on that subinterval, so that for d > c, 

f(d) < f(c). The average rate of change on the interval [c, d] is 

as Because d > c, d — c is positive. Because 

f(@ < fo), f(d) — f(© is negative. The quotient of a negative 

I@ — fO 
d-c 


0. 


and a positive is negative, so is negative. 


Exercise Set 2.5 (page 193) 
1.33.4 5.x>-4 7. -5=x=4 9. {2,—-10} 


23 17 
fi; (2.6) 43. 41,—5) 45: (2. -} 17, {=1,-9} 
: 3 7 
19. No solution 21. {8,2} 23. {5,—3} 25. {2 x 


27. {V7, -V7, 3, —3} 29. No 31. Yes 
33. ———— 35. 
-4-3-2-1 0 1 2 3 


5 ae re 39. 
3-2-1 0 1 2 3 -§ -4 0 4 8 


<r 
—4-3-2-10 12 3 


41. (-%, -4) U (4,%) 43. [—-7, 1] 
——oS 0 OSS 
6-4202 46 8-6 -4-2 0 2 


45. (—%, 4) U (16, ©) 47. (—%, 2) U (5, %) 


—_——oO_—_—_o— _—_—_ O_o 
0 4 8 12 16 —2 0 2 4 6 
8 
49. |—3.4 51. [—22, ~2] 


ee ———++— 
—25-20-15-10-5 0 
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53. (—37, 23) 55. (—%, —4] U[12, ») 


Ee ae ca a a Oneal (SSO 
—50-40-30-20-10 0 10 20 -8-4 0 4 8 12 16 


17 
57. (-2. 1) 59. © 


ee 
-6-4-2 0 2 4 6 
-6 -4 2 0 2 


61. (3.999, 4.001) 


63. |x + 7| =3 


OO _+ 
3.998 3.999 4.000 4.001 4.002 


65. |x — 8| <5 
67. |x + 6.5| >8 
69. a. x=1 


9 eee er oe 


-S 


b. There are no solutions when k = 1. 


=5 


5 1 
c. There are no solutions when k = — oS 


-5 


d. There are no solutions when k = 0. 


5 5] 


71. The solution set is {-4, . 


73. 


75. The solution set is [—4, 4]. 


=5 


77. —30 < T< 10. This means the temperature is always less 
than 10 degrees Fahrenheit but greater than —30 degrees 
Fahrenheit. 

79. If Omaha is assumed to be the origin, then all points 
within 30 miles north or south of the center of Omaha would 
be given by the inequality |x| < 30, where x is a distance 
directly north of Omaha (points due south would be 
represented by a negative distance). 

81. |T — 68| < 1.5 

83. These expressions are not the same because |—3(x + 2)| 
will produce strictly nonnegative values for all real x, whereas 
—3|x + 2| will produce strictly nonpositive values for all real x. 
85. By definition, |x — k| = x — k or k — x. Similarly, 

|k — x| = k — x or x — k. Therefore, these are identical values. 
87. Any equation for which |x| = a, where a is any negative 
number, has no solution. 


Exercise Set 2.6 (page 200) 

1. f(—2) = 15 f0) = 15f0) = 1 
3. f(—2) is undefined. 

1 


1 
#0) = BID => 


5. f(—2) 2; f(0) = 1; fC) = 1 
7. f(—2) 1; (0) = 2; fC) = 2 
9. f(—2) is undefined. 

f(0) = 03 fC) = 1 

11.3 13.3 15. —-4 
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43. a. S(4) = 20.75, which means that 20.75 million portable 
CD players were sold in 2004. b. 32 million 

45. a. $1.06 b. $1.75 c. $1.52 

47. a. Because any call lasting 20 minutes or less will cost $1; 
the cost is not proportional to the length of the call in this 


case. 
I, if0 <r= 20 
b. C® = : 
1+0.7(¢— 20), if¢> 20 
21. vt c. A 5-minute call will cost $1, a 20-minute call will cost $1, 
and a 30-minute call will cost $1.70. 
51. y» 53.1 
7 
6 
5 
4 
3 
2 
1 
0 


o 


123 45% 


29. 


Nw BUS 


Chapter 2 Review Exercises (page 207) 
Section 2.1 (page 207) 


3 1 
1. Distance: V 34; midpoint: (-2. :) 


HFoe 


2 6 8 10 * 


31. f(-1) = 2; f(O) = 2; f(2) is undefined. 

33. Domain: (—%, ©) 17 
Range: {2} U [3, %) 3. Distance: V 41; midpoint: os, 11 
x-intercept(s): none 


y-intercept: (0, 3) 5. (x + 1)? + (y — 2)? =36 7. x2 + (y + 1)? -+ 


2, whenever x < 0 
I~) =) 5 

bias ee whenever x = 0 
35. Domain: (—®, ©) vA 
Range: (—%, 1] 0.5 


x-intercept(s): (—2, 0) and (2, 0) 
y-intercept: (0, 1) 


x+ 2, whenever x = —1 

fx) = 41, whenever —1 <x <1 =} 
=*K + 2, whenever x = 1 

37. 10 39, 5 9. The center is (3, 2) and the radius is .. 


—10 =5 


41. a. $20 b. $70 o 12 3 4% 
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.Th in i 
3x2(x — 4) e domain is 


(-®, 0) U (0, 4) U (4, °°). 


11. The center is (4, —1) and the radius is V 22. d (Z (x) 
o 

y 
4 
2 
[| 
6 


23.0 25.5 27. 7 29. 2 31. -13 33. — 


ae i 35. (fo g)(x) = —x? + 4x 
(g°f)@) =x? +2 


The domain of f° g is (—™, ©). 
The domain of g° fis (-™, ©). 
13. The center is (1, —1) and the radius is 3. 37... (f° 2G) = —x? + 9x — 18 
(gef)(x) = —x? + 3x — 3 

es The domain of f° gis (—®, ©). 

The domain of g° fis (—%, 0). 
1 
39. (fe (x) =z 
nae | 

(°@) = Tm 
The domain of f° gis (-™, —2) U (—2,1) U (1, &). 
The domain of g° fis (—™, 2) U (2, ©). 


__ ft 
aL. (F908) = EG 


10 
x 
ax (ge f)@) = = 
Mi 
-10.7 is The domain of f° g is (—%, ©), 
=5 


The domain of g° fis (-™, —3) U (—3, ©). 
43. 4 45. 4x + 2h —- 3 


Section 2.3 (page 209) 


Section 2.2 (page 208) 47. 


17. a. (f + g)(x) = 4x7 + x + 2. The domain is (—%, ©), 
b. (f — 2x) = 4x? — x. The domain is (—2%, ©). 
c. (fg)(x) = 4x? + 4x? + x + 1. The domain is (—%, 9°), 
2 
d. (2) eo Ste domenie (ee 1, 
g x I 
x + 2x41 


19. a. (f + g)(x) if ay . The domain is 


1. 
(—%, 0) U (, &). 2 
2Qe+1 


2 
x = . . 
b. (f- 2@) aoe . The domain is 


(-®, 0) U (0, ©), 


1 
ec. (fg)(x) = ae ey The domain is (—%, 0) U (0, ©). 


x x7 +1 oo 
d. |-J@ = 5 . The domain is (—%, 0) U (0, ©). 
g x 


3x? — 12x? + 2 - a yt 
21. a. (f+ 2(~) a . The domain is 7 
ae 
(-®, 4) U (4, 00). 
—3x*> + 12x? + 2 
b. (f— g(x) = ee 7 . The domain is | 


(-®, 4) U (4, 0), = 


2 
ce. (fg)(x) = = a domain is (—%, 4) U (4, %). 


59. g(x) = |x — 3) +1 61. g(x) = 2(x + 1)? 
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Section 2.6 (page 210) 


101. 0 103. 3 
105. 


67. The first function moves f(x) = x? to the right by 
1.5 units, and the second function moves f(x) = x? down 
by 1.5 units. 


-1012345 6% 


Applications (page 210) 
10 109. x? + y* = 484 
111. P(t) = 15 + 2.6t 
113. a. C(x) = 410 + 0.35x 
b. S(x) = 18 + 0.014x 
5 5 c. Graph of original cost function shifted downward (Answers 
may vary.) 


700 


Section 2.4 (page 209) 

69. fis increasing on the intervals (—2, 2) and (3, 4). 
71. fis constant on the interval (4, 5). 

73. 1 75. Odd 77. Even 79. Odd 

81. This function is neither even nor odd. oar —— 0 


0.25x, ifx = 10 
2.50 + 0.10x, ifx > 10 


115. a. $3 b. C(x) -{ 


Chapter 2 Test (page 211) 


35 
a5 13 v36; (-2.3) 2. (x — 2)? + (y — 5)? = 36 
3. Center: (—1, 2) 
in 2 ie! | 
iia Radius: 3 
Section 2.5 (page 210) 
TS: 17 
87. {-1,11} 89.4-—,—} 91. {2,3 
{-1, 1} { ; | {2, 3} 


93. (—®, —5) U (-3. ~) 95. [—22, -2] 


Be acre ea a 4.04. 33) Ges. 92h: BS. OS 


— OT OO 2 
-6 -5 -4 -3 -2 - + 2. 1 
a 10; (2 Se dae RS 
g 2x — 1 2 
8 4 
1 a (eee 99. |=1;.3 
( 5 +) [ ] 
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15. 11. The domain for both functions is (—%, ©), The range for 


both functions is [0, °°). 


17. g(x) = |x + 2/ +1 18. g(x) = (2x)? - 1 
19. Neither 20. Even 21. Odd 


1 
22. a. (0,2) bs (—5; 0) «. (2,5) 23. —— 
6 13. The domain for both functions is (—%%, ©). The range for 


24. 20 25. om ms 26. 44, _ f(x) is [1, ©) and the range for g(x) is [—1, ©). 
18 18 2 
28 

27. |-% | 28. (—, 1] U [4, ~) 

28 1012345 

a 

6-4-2 0 2 4 6 

a2 
29. (-2, 7 5 
wares nee 15. The domain for both functions is (—®, ©). The range for 
both functions is [0, ©). 

30. a. b. f(x) = |x - 1 


fx) g(x) 


KE NWR UWS 


-4-3-2-1,] 12% 


31. |x| = 53; Use the center of St. Louis as the origin. 
32. a. $260 million b. P@) = 6.5t — 15 
c. In approximately 3.85 years 

3.50x, 0<x=50 


17. The domain for both functions is (—, ©), The range for 
both functions is [0, ©). 


33. = 
©) = 1175 +3(¢—50), x >50 : 
Six) 5 g(x) 

4 

3 
Chapter 3 Exercises 
Exercise Set 3.1 (page 225) 3-1012342 
1. up 3. tothe left 5. (x — 8)? 7. (8x + 3)? 
9. The domain for both functions is (—°%, ©). The range for 19. b 21. a 23. 25. f 


both functions is (—9, 0]. 27. The vertex is (—2, —1). 


29. The vertex is (—1, —1). 


31. The vertex is (—4, —2). 


33. The function can be written as g(x) = (x + 1)? + 4. The 
vertex is (—1, 4) and it is a minimum point. 
35. The function can be written as w(x) = —(x — 3)? + 13. 


The vertex is (3, 13) and it is a maximum point. 
37. The function can be written as h(x) = (c + 1)" aa 2. 

The vertex is (-3, = 2) and it is a minimum point. 

39. The function can be written as f(x) = 3(x + 1)? — 7. The 
vertex is (—1, —7) and it is a minimum point. 

41. The vertex is (1, 1) and the axis of symmetry is x = 1. 


Points on the parabola include (0, —1) and (2, —1). 


43. The vertex is (2, 1) and the axis of symmetry is x = 2. 
Points on the parabola include (0, —3) and (4, —3). 


Answers to Odd-Numbered Exercises ™ Chapter3 A23 


243° Ld ‘ 5 3 
45. The vertex is G. 2) and the axis of symmetry is x = 7 


Points on the parabola include (0, 5) and (3, 5). 


-1012345* 


47. The vertex is (0, 100) and the axis of symmetry is t = 0. 
Points on the parabola include (2, 36) and (—2, 36). 


AES: 23 ‘ : 
49. The vertex is G. _ =) and the axis of symmetry is 


1 1 1 
t= | Points on the parabola include (0, | and (3, :). 


51. The vertex is (5, 17) and the axis of symmetry is x = 5. 
The function is increasing on the interval (—%, 5) and 
decreasing on the interval (5, ©). The range of the function 
is (—0, 17]. 


53. The vertex is (—1, —5) and the axis of symmetry is 

x = —1. The function is increasing on the interval (—1, ©) and 
decreasing on the interval (-®, —1). The range of the function 
is [—5, ©), 


A24 Answers to Odd-Numbered Exercises = Chapter 3 


55. The vertex is (1, —2) and the axis of symmetry is x = 1. 
The function is increasing on the interval (—©, 1) and 
decreasing on the interval (1, ©). The range of the function 
is (—®, —2]. 


57. The vertex is (- a -*) and the axis of symmetry is 


x = —1. The function is increasing on the interval (—1, ©) and 
decreasing on the interval (—%, —1). The range of the function 


z 9 
1S 74%). 


59. a. (-®,®) b.(—%,0] c. Maximum of 0 
d.x=1 e.(-™,1) f.(1,™) 

61. a. (-%,%) b.[1,%) ec. Minimum of 1 
d.x=-3 e.(-3,%) f.(—%, —3) 

63. The vertex is (0, 20). 30 


65. The vertex is (—0.3536, 0.8232). 


67. The vertex is (1.25, 145). 


160 


—20 


69. a. The axis of symmetry is x = 2. 
b. By symmetry, a third point is (1, —1). 


Cc. y 


71. 6=4 73. 250,000 square feet 

75. a. 39.0625 feet b. 19.53125 feet 

77. 83.8% at 49°F, 2.2% at 47°F 

79. a. model estimate: 8.9534 million; prediction within +% 
of actual value 

b. Predicts 21.335 million 

c. Vertex is (7.99, 7.1875). The function predicts attendance 
decreasing from 10.31 million in 1981 to 7.1875 million in 
1988, and then increasing after that. 

d. 2025 is too many years past data used to create the model. 
e.0 <1 = 20 is a possible answer. 


20 


0 20 
0 
81. $15 
83. a. — 
a 
2 
b. x + 2y + = 24. In terms of y, this is y = 12 — 7 — 7. 


c. The area of the window is 


2 
X. 
"5 
x 
A(x) =x(12 -™ 
4 2 2 
d 2675 4S aa 
x= = 6.72, y= = 3.36; 
rar eA 
gw 1152 + 2880 4 aon eee 
(ir + 4)? e square fee 


85. a. d(t) = a(t — 3)? +: 144 b. a= —-16 
c. d(t) = —16(t — 3)? + 144 

d. Yes. 144 = —16(3 — 3)? + 144 and 

0 = —16(0 — 3)? + 144. 


2 
87. f(x) (5 >) + 5 


89. a. 70 
(10, 68.2) 
(8, 52.9) 
0(5, 35.4) 
4 (3, 24.6) 
(0, 11.8) 
0 in 


0 


b. f(x) = 0.1954x? + 3.6454x + 11.8844 


or 
1995 | 1998 | 2000 | 2003 | 2005 


Actual 


Paw _[us [ae [sa fn [oa 
11.88 | 24.58 53.56 | 67.88 


d. 60.52 e. Error of about 1% in prediction 

91. A linear function has a constant rate of change (slope) 
but a quadratic function does not. A linear function increases 
(or decreases) over its entire domain, but a quadratic function 
decreases and then increases (or increases and then decreases) 
over its domain. 


93. a. (—6,0) b. f(x) _ (x + 1)? + 2 


95. a. h=2,k=8 b.f(x) =a(x —- 2)? +8 c.a=-2 
d. f(x) = —2(x — 2)? +8 e. 10 


Exercise Set 3.2 (page 241) 
1. (x — 8)(x-—5) 3. (e- 1)? 5.9 7. (x — 4)? 
9.x=5andx=-—5 11. x=4andx =3 
2 1 1 
13. x=2andx=—2 15.x=z-andx=-—- 17.x=— 
3 2 2 
19. The x-intercepts are (3, 0) and (—3, 0), and the zeros are 
x=3andx = —3. 
21. The s-intercept is (1, 0), and the zero is s = 1. 


23. The x-intercepts are G. 0) and (—3, 0), and the zeros 


are x = 5 and x = =e 
25. The t-intercepts are (5 F 0) and (—1, 0), and the zeros 


3 
arec= > andt= —l. 


Answers to Odd-Numbered Exercises ™ Chapter3 A25 
27. f(x) = x? + 2x — 3 or, more generally, any equation of the 
form f(x) = n(x”? + 2x — 3),n #0 

29. f(x) = x” + 3x or, more generally, any equation of the 
form f(x) = n(x? + 3x), n #0 

31. f(x) = 2x? — 7x + 3 or, more generally, any equation of 
the form f(x) = n(2x? — 7x + 3),n #0 

33. x= —landx=-3 35.x=1+ V5andx=1-—V5 
37. x= landx=—-2 


39. x 2 OM die = P 3V2 
2 2 
4. x= —-14+ V2andx=—-1- V2 
1 V3 1 V3 
43. x 5° 3 and x a a 
1 V13 1 V13 
45. x + and x = 
2 2 2 2 


47. No real solution 
49. 1= 20 + 10V3 and/= 20 — 10V3 
51. 1=4 + V22 and1=4-— V22 


53 4 2V 10 d 4 2V 10 
lay Oe T nda x 
3. 3 «9 5 3 
55.x=2andx=-2 57.x=1 
1 


59. x = —landx = —-— 


2 
61. x=1+V10andx=1-V10 
es LN pp 
.x oS and x 5 7 


65. The discriminant is 8, so the graph of f has two 
x-intercepts and the equation f(x) = 0 has two real solutions. 
67. The discriminant is —7, so the graph of fhas no 
x-intercepts and the equation f(x) = 0 has no real solutions. 
69. The discriminant is 0, so the graph of f has one x-intercept 
and the equation f(x) = 0 has one real solution. 

71. The vertex is (3, —4). The axis of symmetry is x = 3. The 
x-intercepts are (1, 0) and (5, 0). 


3 (3: 17 : 3 
73. The vertex is (=. *), The axis of symmetry is s = 7 


The s-intercepts are (- + = 0) and G = 0). 


A26 Answers to Odd-Numbered Exercises = Chapter 3 


75. The vertex is (- 2 5 -). The axis of symmetry is t = — a Exercise Set 3.3 (page 253) 
at : 5-Vi3__ 5+ V13 
The function has no intercepts. 1x7 +x-6 3.x7-16 5S. and 
2 2 
y 3—-NVI17T 34+ V17 
: % and 9. 4i 11. 21V3 
8 2 2 
6 2 
‘ 13. 51 15. +4i 17. +2iV2 19. +iV10 
2 21. The real part is 2 and the imaginary part is 0. 
: 23. The real part is 0 and the imaginary part is —77. 
ee ee 25. The real part is 1 + \V/5 and the imaginary part is 0. 
7. a 27. The real part is 1 and the imaginary part is V5. 
29. -2 31. -1-i 33.3+V2 35. -1 
3 6 
37. 2 + 21; —2 + 41,3 + 61; + —t 
1 i 1 5 5! 
39. —1 + 27; —5 + 8139 + 197; = : 
° T 13 T 1; T 13 13 13 
: : . 2 23. 
b. f will have two x-intercepts if c < 0. Because the parabola 41. 7 — 313 1 — 713 22 — 715 13. 13° 
opens upward (a > 0), the vertex has to be below the x-axis 7 5 3 13. 41 1 1755 285 
for the graph of f to intersect the x-axis. 43. 10. 3 4 10 3 4 10 15 2) 818 409 t 
c. f will have two real zeros if c < 0. A zero represents the 5 1 61 V5 118 145 
x-coordinate of an x-intercept, so the same reasoning as in 45. 6 V5i3 6 t 35%; 6 6 % 243 243 z 
part (b) applies. 5 7 5 5 > 44 
d. f will have one x-intercept if c = 0. The vertex has to be on 47. - + 2%; e 5° 3 % 5 | 5 z 
the x-axis for the graph to intersect the x-axis in only one es 
place. For the same reason, f will have one real zero if c = 0. 49. x ove iandx = ave i 
e. f will have no x-intercepts if c > 0. Because the parabola Vm Va 
opens upward (a > 0), the vertex has to be above the x-axis for 51. x 30 jandx = 3 0. 
the graph of f not to intersect the x-axis. For the same reason, f 3 
will have no real zeros if c > 0. 1, V3. sl V3. 
53. x t Zand x 1 
79. a. 1.58 seconds b. 2.5 seconds c. 0515 2.5 2 2 2 2 
81. x in the diagram is either 5 + V10 or 5 — V 10. 1+2V7 1—2V7 
83. 5 feet X 14 feet or 7 feet X 10 feet 55. t= 3 and ¢ = 3 
85. Near the end of 1998 1 +433 1 ~/33 
87. x ~ 3.79 feet 575% 5 and x = 3 
89. a. 4x + 2y = 500 b. y = 250 — 2x i 
c. A(x) = —2x? + 250x d. 62.5 feet X 125 feet 59. x = —4andx = a 


91. a. (300, 0) and (—300, 0). These points represent the 
points at which the arch intersects the ground. 
b. The vertex represents the highest point on the arch. 


61. The zeros of the function f(x) = x” + 2x + 3 are 
-1+ V2iand -1 — V2i. 


Y 63. The zeros of the function f(x) = —3x”? + 2x — 4 are 

-y=-— + 62 1, Vil. 1 Vil. 
Sr Gag ee 5+ Siang; - Si. 
d. y= 555.5 65. The zeros of the function f(x) = 5x? — 2x + 3 are 
93. a. The rate increases by an increasing amount each year 1 vi4; aa 1 via, 
(with the exception of the last year). 5 sere sg 5 5 
b. Linear: y = 54.836 + 2.814%; a — of aig — F(x) = 5x° + 2x + 3 are 
quadratic: y = 0.236x” + 0.649x + 57.386 hae 7 and = = 1. 
c. The quadratic model, because it more closely models the 69. The zeros of the function f(x) = —3x? + 8x — 16 are 
data set. 4, 4v2. 4 4Vv2. 
d. During 1999 3 grands 3 
S$. jf/@)=e +4945 71. The zeros of the function f(¢) = —41” + ¢ — $ are 
97. f(l) = —P + 40/1 and y(Z/) = 100 1. V7. 1 V7. 
99. f(x) = x* — 5x + 6, or any multiple of this function 8 3 and 8 g° 


73. The zeros of the function f(x) = 


z Rear 2 ue. 
4 4 4 4 
75. The zeros of the function f(x) = x? + 2x + 26 are 
1+ 51and —1 — 51. 
77. z2+2=(at bi) + (a- bi) =(at+a)+ (6- bji= 2a 
and z— z= (a+ bi) —- (a— bi) = (a-—a) + (6+ d)i = 201. 
79. Ifz =a+t biand z =a — bi, then 
zt+z (a+bi)+(a-bi) 2a 
2 2 2 
real part of z. 
81.4-—4a 83.a= 
85. x ~ 2.280 — 2.19li and x = 2.280 + 2.1917 
87. x ~ 0.333 + 1.15837 and x ~ 0.333 — 1.15837 
89. a. The vertex is above the x-axis and the parabola opens 


ox? +x+ 1 are 


a. This is equal to the 


upward. Graphically, the parabola does not intersect the x-axis 
and so there are no real zeros of the function graphed. 

b. The vertex form of a parabola is f(x) = a(x — h)? + k. If 
the vertex is at (0, 4), the equation would be f(x) = ax” + 4. If 
a > 0, this parabola would open up. Thus f(x) = 2x? + 4 isa 


possible equation. 

ce. x= +i1V2 

91. a.x7+1 b. +7 

c. (x + 7)(x — 7) represents the factorization of x? + 1, and 
the solutions of (x + 7)(x — 1) = 0 provide the zeros of 

f(x) =x? +1. 

d. (x + 32)(* — 32) e (x + ct)(x — ct) 

93. a. The line of symmetry for the associated parabola is 
x = 0 because f(x) = f(—x), and so (x, f(x)) and (—x, f(—x)) 
are the same distance from (0, f(x)) for all x. 

b. The minimum value of the function is 1, which occurs at 
x=0. 


c. y 


2-1 012 * 


d. The function has two nonreal zeros, since its graph doesn't 
intersect the x-axis. 


Exercise Set 3.4 (page 264) 

The solution set is —1 = x S 2, or[—1, 2]. 

The solution set is —1 < x < 2, or (—1, 2). 

The solution set is t= —2 or t= 0, or (-™, —2] U[0, ©). 
The solution set is t << —2 or t > 0, or (-™, —2) U (0, ©). 
. The solution set is t= —4 or t= 0, or (—®, —4] U [0, ©). 
11. The solution set is —0.5 < x < 2, or [—0.5, 2]. 

13. The solution set is 0 = t S$ 1, or [0, 1]. 

15. The solution set is —-1 = x =< 1, or[—1, 1]. 


ca Ae ana 


Answers to Odd-Numbered Exercises ™ Chapter 3 A27 


17. The solution set is x = lorx = -2, or 
5 

(-m, 3] ur, 0, 

19. The solution set is x = lorx S -%, or 
2 

(-~, -2] u [1 &. 

= 3 1 1 

21. The solution set is a <x<l,or (-3, 1). 

23. The solution set is x = 2 orx = —2, or 
2 

(x, =| U [2, ©), 


3 1 31 
25. The solution set is =5 =x 5? oF [- =| 


2? Si 
27. The solution set is x < 1 or x > 1, or (-™, 1) U (1, ©). 
29. The solution set ip? Tc <3 MY or 
@- 24 Va) 
4 4°4 4} 
31. The solution set is x = 5 VT ory a} MIT ot 
1 VI7 1, VI7 

(—, 5 ae 3%): Js 
33. The solution set is x = VB ory et 5 oF 

1 
a ye 


6 6 6" 6 
35. The solution set is ©. 


37. The solution set is all real values of x. 

39. 0<w < 20 or 30 S w < 50, or (0, 20] U [30, 50) 
41. 0<x=5-— V10or5 + V10 =x < 10, or 

(0, 1.838] U [8.162, 10) 

43. Between 1981 and 1984 or between 1993 and 2000 
45.n=9 

47. If x is a real number, x” = 0 for all real x, so ax” <= 0 only 
ifa=0. 

49. The only solution of (x + 1)? < 0 is x = —1. Thus 
(x + 1)? < 0 has no solution, because any real number 
squared cannot be negative. 


Exercise Set 3.5 (page 273) 

; True 3.3 5. 2x—10 
=+V7 andx = +iV7 

ae x= +V7andx = +V3 


it ease es V2 
3 2 
13.x= 2 andx = +— 
2 
15. x=—landx=W5 17.t= 4) Sand = V 4 
1 
n=" 21. x= 23. x= and x = 
19 5 
13 + V24 13 — V249 
25.x=3 27x z 3 2 de = Z 8 


29. x =0 31. Nosolution 33. x = 0 andx=3 
35. x=22 37.x=+4 39. x= —-8andx=2 
54+ V13 


41. 43. 
. 2 


x=122 45. x=17 
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47. x=3andx=11 49.x=6 51. x=landx=9 3. The vertex is (—3, —1). 


1 
53. x = —landx = — 


27 
55. x ~ 1.4475 5 
Intersection 
3[X = 1.4475. _Y = 2.75_u}4 
0 
57. x ~ 1.0699 4 


Intersection 
0|X = 1.06988U6 _LY = 1.6_4] ¢ 
0 


1 . ; 7. An equivalent function is f(x) = (x — 2)? — 1. The vertex is 
59. k= 5 has one solution, x = 0.866; k = 1 has two solutions, (2, —1) and it is a minimum point. 
9. An equivalent function is f(x) = 4(x + 1)? — 5. The vertex 


is (—1, —5) and it is a minimum point. 


x = 0 and —1; and k = 2 has no solutions. 


11. The vertex is (—1, —6) and the axis of symmetry is 
x = —1. Points on the parabola include (0, —3) and (—2, —3). 


61. $120 

63. 12 hours 

65. 4.681 kilometers east of the starting point 
67. 9.196 kilometers east of the starting point 


69. Vx+1—-2=0 13. The vertex is (-3, 2) and the axis of symmetry is 
(x+1)+4=0 3 ; ; 
The left-hand side of the equation is squared incorrectly (there s = —5. Points on the parabola include (0, 1) and (—3, 1). 


should be a middle term). 

The 2 should be moved to the other side first: Vx + 1 = 2, 
then square both sides: x + 1 = 4, then solve: x = 3. 

71. Four zeros: x = +1, x = +7; two x-intercepts: (1, 0) and 
(-1, 0) 


Chapter 3 Review Exercises (page 280) 


Section 3.1 280 
(page ) . ? 15. The vertex is (-3, = 77) and the axis of symmetry is 
1. The domain of f(x) is (-, ©), and the range of f (x) is 4 8 
[0, ©). The domain of g(x) is (—®, ©), and the range of g(x) is x= =. Points on the parabola include G. 0) and (—3, 0). 
[0, °°). 
v 
Ste) [fe 
6 
4 


2 


-3-2-10123*%* 


17. The vertex is (1, 0) and the axis of symmetry is x = 1. The 
function is increasing on the interval (1, ©) and decreasing on 
the interval (—%, 1). The range of the function is [0, %). 

y 

8 

6 

4 


—2-101234* 


19. The vertex is (2, 3) and the axis of symmetry is x = 2. The 
function is decreasing on the interval (—%, 2) and increasing on 
the interval (2, ©). The range of the function is [3, ©). 


y 
10 


Section 3.2 (page 280) 
21. x=3andx=-—3 23. x=5andx=4 


4 
25. a ee —— 
2 3 

27. The zeros of the function are x = 1 and x = -2, and the 


x-intercepts of the function are (1, 0) and (-3, 0). 
29. The zeros of the function are x = ; and x = —2, and the 
x-intercepts of the function are (5. 0) and (—2, 0). 


31.x=2+ V6andx=2- V6 


33. x 3. V37 d 3 V37 
; oa and x a 5 
-1+ V37 —-1-V37 
35. x= and x = 
6 6 
37. No real solutions 
Se WT Sh NI 
39. t= wade= 2 
3 3 
-V2+2 -V2-2 
41. s 3 and s = a 


43. Because b” — 4ac = (—6)* — 4(1)(4) = 20 > 0, the 
function has two x-intercepts and two real solutions. 

45. Because b* — 4ac = (—6)” — 4(1)(9) = 0, the function has 
one x-intercept and one real solution. 


Section 3.3 (page 280) 


47. The real part is \/3 and the imaginary part is 0. 
49. The real part is 7 and the imaginary part is —2. 
1 


51... 
2 


Answers to Odd-Numbered Exercises = Chapter3 A29 


53. 4-1 
55.x+y=3+14x-y 1 + 71, xy = 14 + 57, and 
Xi 10 1.8 
-=-—4+—; 
y 13. 13 
57.xt+y=05-14,.x —-y = 2.5 — 51, xy = 61 + 4.5, and 
x 
—-=-15 
De 
Le Da a dis 1. 
59.x+y oe me y a led 2 g vand 
x 4 7 
-=-—+ 71 
y 13. 13 
61. The solutions are x ; t VU i andx = 1 Vi 


Possible answer for f(x): These values of x are also the zeros of 
the function f(x) = —x? + x — 3. 
2, V21 2  v21. 


63. The solutions are t : + zand t= = 1. 


Possible answer for f(t): These values of t are also the zeros of 
the function f(@) = 2? + 5¢+ 1. 


Section 3.4 (page 281) 

65. (—%, —2] U[]1, %) 

67. (—%, —2) U (1, %) 

69. x = —2 or x = 2; (—%, —2] U[2, ~) 


1 
Ts. =) 345-33 |-s. == 


73. Sax=a]3a| 
2 2 
75 = 

“2 


TW. 8S 


34+ V13 
x= 3 
2 


37 VB], [3+VB ,, 
3 2 2 > J 


Section 3.5 (page 281) 


79. x = +V3 and x = +2V2 g1. x= 22andx= 293; 
83. x=2andx=1 85.x=Oandx=2 87.x=4 
89. x =3andx=7 


Applications (page 281) 

91. 30 feet X 60 feet 

93. a. The y-intercept is 2.90, and it represents f(0) = 2.9% 
of the total budget in 1980. 

b. There is no year between 1980 and 2000 during which the 
expenditure for airline food was 2% of the total operating 
expenses. Over this interval, the values are always greater than 
or equal to 2.9%. 

c. The model is not a reliable long-term indicator because as t 
increases, the value of f(t) decreases, eventually passing 0 and 
becoming negative. 


A30 Answers to Odd-Numbered Exercises ™ Chapter 4 


Chapter 3 Test (page 282) 
1. f(x) = 2(¢ — 1)? — 1; vertex: (1, —1); minimum point 
2. Vertex: (1, 2); axis of symmetry: x = 1; range: (—%, 2] 


3. Vertex: (—2, —2); axis of symmetry: x = —2; range: [—2, ) 


Nw RY 


5. Vertex: (—1, —3); axis of symmetry: x = —1; 
decreasing on (—%, —1); increasing on (—1, ©) 


6. (6, 0), (1, 0); zeros: x = 6,x = —1 
1 1 
7.x=14 gy tee mv 10 


1 V13 1 V3 ; 1 V7 
or 
6 6 2 2 


4 
10. x= 3 —1 11. No real solutions 


2° 2 2 2 
13. Real part: 4; imaginary part: -V2 


14. -1+27 15. -2+11i 16. 
17. x 14+71V2,-1—-ivV2 
1 1 1 1 5 
18. + —iV7, iV7 19. | —=, 
x m1 giv 4 rh ( 3 3) 


V2 V2 2V3 23 


20. -2<b<2 UW. x= I I 
4 
22.x=> 23.x=5 


24. 22 feet by 9 feet or 18 feet by 11 feet 
25. a. h(O) = 256 feet. It signifies the initial height of the ball. 
b. t= 4seconds c. 0OS1t=2 


Chapter 4 Exercises 


Exercise Set 4.1 (page 296) 

1. degree 3. zeros 5.9 7. x(x -—4)(x+1) 9. up 

11. Yes; no breaks, no corners, end behavior like a polynomial 
13. No;hasacorner 15. Yes; 3 

17. No. This function cannot be written as a sum of terms in 
which 1 is raised to a nonnegative integer power. 

19. Yes;O 21. Yes; 3 

23. f() ~ ®ast—>%®; fi) > —Mast—> —% 

25. f(x) ~ asx —%; f(x) > —Casx > 

27. H(x) > —~as x — ©; H(x) > —®asx—> —c 

29. g(x) > © asx > —&; g(x) > —%asx—> oO 

31. f(s) ~ ass —&; f(s) ~ —Mass— — 

33. 


37. 


47. g(x) = 1.5x° 


a | oe re oe Pei | 5) eg i i 


—5 =5 


49. a. g(x) = —2x? bz (0, 0), (2, 0), (—2, 0) 
c. (—%, —2) U (0,2) d. (—2, 0) U (2, ©) 


51. a. h(x) =x° bz. (3, 0), (—4, 0), (1, 0), (0, 12) 
ce. (-4,1) U G,~) d. (—%, —4) U (1, 3) 


53, a. g(x) = —5 xt bi (0,-2), (—2, 0)5 (2,0), (15 0), (=15 0) 


ce. (-2,-1) U1, 2) d. (—%, —2) U (-1, 1) U (2, ©) 


55. a. g(x) =x’ bz (0, 0), (, 0), (1, 0) 
c. (-1,0) U G,%) d. (—%, -1) U (0, 3) 


57. a. g(x) = —2x? b. (0, 0), [ — 


N|e 


> 0), (3; 0) 


Cc. (-~.-4) U (0, 3) d. (-4 0) U 3, 00) 


Answers to Odd-Numbered Exercises ® Chapter 4 A31 


59. a. g(x) = ae (0, —6), (—3, 0), (—1, 0), C1; 0), (2, 0) 
ce. (—3, -1) U(1,2) d. (-~, —3) U (-1, 1) U (2, ©) 
e. 


61. a. h(x) = 2x? b. (0, 0), (—3,0) ©. (—3, 0) U (0, %) 
d. (—®, -3) e. 


63. a. g(x) = 2x" b. (0, —3), (3, 0); (-4 0) 


c ee UGB,*) d eng e 
: ae 5 : - - 


65. a. (-1,0) b. (0,3) ec. Odd d. Positive 
67. a. (0,0),(—1, 0), (1,0) b. (0,0) ec. Odd d. Negative 
69. a. The graph appears parabolic in the standard window. 


10 


c. 2000000 


—3000 |! 7 : +) 2000 


—2000000 


A32 Answers to Odd-Numbered Exercises ™ Chapter 4 


71. a. (0, 3,073,000); the number of burglaries in 1985 e. Positive: (—2, 2) U (2, ©); negative: (—%, —2) 
b. 3,103,353; the number of burglaries in 1991 

c. 1,848,285 burglaries 

d. The end behavior of the function makes it inaccurate for 
large values of x. 

73. a. Vix) = x(10 — 2x)(15 — 2x) 

b. 0 < x < 5, to produce nonnegative values of measure 

75. a.h=20-—4s b. V= (20 — 45)s? 

c. 0 <s <5, so that the terms have positive values 

77. The y-intercept of all polynomial functions is (0, ay). No. 
For example, f(x) = x? + 1 has no x-intercept. 

79. The end behavior is determined by the leading coefficient, 
ax". Assuming n is odd, as x ~ ©, f(x) > © ifa > 0 and 

f(x) ~ - if a < 0. Also, as x > —®, f(x) > —“ ifa > 0 and 
f(x) > ifa<0. 


31. a. g(x) > © as x > % g(x) > © as x > —0% 

b. (0, —6) 

ce. x = —1, multiplicity 2; x = —3, multiplicity 1; x = 2, 
multiplicity 1 

d. No symmetry 

e. Positive: (—%, —3) U (2, %); negative: (—3, —1) U (1, 2) 


Exercise Set 4.2 (page 305) 

1. y-axis; even 3. Even 5. Odd 

7. x = 2 has multiplicity 2 and the graph touches the x-axis; 
x = —5 has multiplicity 5 and the graph passes through 

the x-axis. 

9. t= 0 has multiplicity 2 and the graph touches the t-axis; 

t = 1 has multiplicity 1 and the graph passes through the 
t-axis; t = —2 has multiplicity 1 and the graph passes through 


the r-axis. 33. a. g(x) > —% as x > % g(x) > —M asx —> —0O 
11. x = —1 has multiplicity 2 and the graph touches the b. (0, —18) 

x-axis. ce. x = —1, multiplicity 2; x = 3, multiplicity 2 

13. s = 0 has multiplicity 1 and the graph passes through the d. No symmetry 

s-axis; s = —1 has multiplicity 2 and the graph touches e. Negative: (—%, —1) U (—1, 3) U G, ™) 

the s-axis. 


15. Symmetric with respect to the y-axis; even 
17. No symmetry; neither 

19. Symmetric with respect to the origin; odd 
21. Symmetric with respect to the y-axis; even 


3 
23. x = —1, odd multiplicity; x = 0, odd multiplicity; x = 3 5 


odd multiplicity 

25. x = 0, even multiplicity; x = 4, even multiplicity 

27. a. f(x) > © as x > ©; f(x) > —00 as x > —00 35. a. f(x) > © as x > %; f(x) > —Masx—> —0 
b. (0, 0) b. (0, 0) 

c. x = 0, multiplicity 2; x = 1, multiplicity 1 c. x = 0, multiplicity 1; x = —2, multiplicity 2 

d. No symmetry d. No symmetry 

e. Positive: (1, ©); negative: (—%, 0) U (0,1) e. Positive: (0, %); negative: (—%, —2) U (—2, 0) 
29. a. f(x) > © as x > ©; f(x) > —% as x > —00 37. a. h(x) > —® as x > %; h(x) > —% as x > —20 
b. (0, 8) b. (0, 0) 

c. x = 2, multiplicity 2; x = —2, multiplicity 1 c. x = 0, multiplicity 2; x = 1 — V2, multiplicity 1; 
d. No symmetry x=14+V2, multiplicity 1 


d. No symmetry 


Answers to Odd-Numbered Exercises ™ Chapter 4 A33 


e. Positive: (1 — V2, 0) U (0,1 + V2); 55. a. 10 
negative: (—%®, 1 — V2) Ud+t V2, 0) a 


b. f() = 0.00089282? — 0.045562? + 0.27751 + 9.2971 


Cc. 19 d. 1.7096 million tons 


39. f(x) = (x + 2)(x — 5)(x — 6) 41. f(x) = (x — 29 (x — 4 
43. f(x) = (x — 2)(x + 3 

45. f(x) = (x + 2)(x + 1)(x — 5 

47. a. (—1.5321, 0), (—0.3473, 0), (1.8794, 0) 

b. Positive: (—%, —1.5321) U (—0.3473, 1.8794); 

negative: (—1.5321, —0.3473) U (1.8794, ©) 

ec. Local maximum: (1, 3); local minimum: (—1, —1) 

d. No symmetry 


e. No. Based on the actual data for 1996-2000, the rate at 
which the decrease occurs slows. 

f. Yes. The values decrease markedly after 1990. 

5 57. f(x) = x(@ — 1)(@ + 1). No. Any function of the form 
f(x) = ax'(x — 1¥(x + 1)*, a, i, 7, k ¥ 0, will satisfy these 
conditions. 

59. a. Possible answer: b. Answers may vary. 


49. a. (0.7167, 0), (—2.1069, 0) 
b. Positive: (—%, —2.1069) U (0.7167, ~); 
negative: (—2.1069, 0.7167) 
ec. Local minimum: (—1.5, —2.6875) 
d. No symmetry 

-5fo4+fo | oo 5 


Sl. a. V=h(h+ 3)? b. 


c. Possible answer: 


fx) = & + Y& — 3) 


61. a. Possible answer: 
c.h>0O 


b. Answers may vary. 
53. a. $5778, $9378, $4402 
b. 2002 is too far outside the range of the data used to model c. Possible answer: h(x) = (x — 3) (« ae V2) 
the equation. 


c. 1943 11000 d. : 


-5 5 
Maximum | 


0 |X =10.776919_Y = 10112.384,] 15 
0 


A34 Answers to Odd-Numbered Exercises = Chapter 4 
Exercise Set 4.3 (page 314) 
—28 
1. 2x +3 3. x7-4 5. x?-5x4+ 124 
eae 
4 x? 2x 2 52 
Le. Ax + + 
3° 9 27 273x- 1) 
2 
9.x —xt4+ x7 — x? +x + 
xe 
-1+2 3x" — 3x 2 
Wx + 2+—— 13. 2-2 +14+2-— 
aa oo eS 1 


15. x7 +x4+1 («+ 1)x+1 

17. 3x3 + 2x — 8 = (x — 4)(Gx? 4 

19. x° — 3x° + x* — 2x? — 5x+4+ 6 
+ 2)(x* — 3x? — x? + 6x) + (6 + 17x) 


12x + 50) + 192 


9 
—-4 27. — 


21. 11595 23. 21; —-108 25. 201; 16 


29. No. Bee) has a nonzero remainder. 


q(x) 
31. Yes, 2? 


q(x) 
Pp) | 
px. 


has no remainder. 


33. No. has a nonzero remainder. 


q(x) 
35. No. PO) has a nonzero remainder. 
q(x) 
37. Yes. po) has no remainder. 


q(x) 
39.x—1 41.8 43.0 45. 3 


Exercise Set 4.4 (page 323) 

1. integers 3. True 5.x=10 7. Neither 9. x = V3 
11. p(2) = (2)? — 5(2)? + 8(2) - 4 = 0; 

p@) = @=— 27 @= 1) 

13. p(1) (1)* — (1)? + 18(1)? + 16(1) — 32 = 0; 

p(x) (x — 1)(« — 4x + 4) + 2) 


6) (8) ) 8) 2-0 


p(x) = Bx — 2)(x? + 1) 
? 1/ 1 
wr-a(-3) =(-3) + (-3) +26(-3) +80 
p(x) = Bx + 1)(x? + 8) 


19. —2;x+2 21. (-4,0);3x+4 23. x =—1, —3,2 
23 


25. x= —3, 
ao 


1 
-1,0,4 27. s=-2,-5,5,2 29. x= -3,7 


a 
31. x= -2,-2,2 33. x= -4,3 35. x= —1 


1 
37. x= -1,3,4 39 x=-2,5,3 41. x=—1,1 


43. Positive zeros: 3 or 1; negative zeros: 1 
45. Positive zeros: 3 or 1; negative zeros: 0 
47. Positive zeros: 2 or 0; negative zeros: 2 or 0 
49. Positive zeros: 2 or 0; negative zeros: 3 or 1 
51. Positive zeros: 2 or 0; negative zeros: 2 or 0 


53. x =4 
10 
-10 110 
=20 
poe 5 10 
ne 5 3 
—5,r1 41 , hop a) 5 
=5 
57 = as 1,3 10 
7 Xx » b] 
—5 | 5 
=10 
59. x ~ —3.8265 20 


61. 2 inches X 12 inches X 7 inches 
63. Radius ~ 5.5047 inches; height ~ 10.5047 inches 
65. y= (e+ Dy = -(x + I? 4+ 1) 


Exercise Set 4.5 (page 329) 


1. complex 3. 2-31 5. —31 
7. x = 1, multiplicity 3; x = 4, multiplicity 5 
9. s = 7, multiplicity 10; s = —7, multiplicity 3 


11. x= 1, 33 0) (2x — 3)(« — 1) 
—iV'5, 0, 1V'53 p(x) = x(x — 1V5)(x + 1/5) 


13. x= 

15. x = 7, —73 p(x) = (x — m)(x + 7) 

17. x= -W3, V3; p(x) = (x — W3) (x + V3) 
19. x = 31, —313 p(x) = (« — 37)(x + 31) 

21. e= 4/3, = 3; 13, —1V3: 

p(x) = (x — V3)(« + V3) (x — 13) (x + 73) 


23. (x — 2)(x? + 1) 

25. (« — 5)(2x — 3)(x + 2) 

27. (« — 3)(« — 2)(x? + 1) 

29. (x + 5)(e — 1)( + 21) — 27) 


Answers to Odd-Numbered Exercises ™ Chapter 4 A35 


31. (x — 2)(x + 1)(x — 1) b. f(x) gets close to zero. 
33. (x — 5)(x + 2)(2x — 3) 


35. (x — 3)(x — 2D)aet ae : 


37. «+ 5) —- 1IM@ + 212) 
2)2 2 2 


39. p(x) =x? -—x-2 
c. f(x) gets close to zero. 


41. p(x) =x? — 2x7 +x 

43. p(x) = 9x* — 24x? + 22x? — 8x + 1 

45.1-7 

47. Each of these zeros would have to be of even multiplicity, 


and so the function would have to be at least a quartic 
2 
9 


49. 3; x = 1 is a zero of even multiplicity, x = —1 is a zero of 2 2 2 
odd multiplicity; p(x) = x? — x7 -—x+4+1 f(x) e558 a ec 


Exercise Set 4.6 (page 344) 29. a. f(x) — —% as x — 0 from the left; f(x) — —~ as x > 0 


1. polynomials from the right. 
= 1 
3. - 


i 
: 
+3 en] => [=a [ee [v9] 


7. (—®, —6) U (—6, ©); vertical asymptote: x = —6; 
horizontal asymptote: y = 0 

9. (—%, —2) U (—2, 2) U (2, ©); vertical asymptotes: x = +2; 
horizontal asymptote: y = 0 


11. ("2 ~2) U (-2, 2) U (2,23 vertical asymprotes: ue 
x = +2; horizontal asymptote: y = : 1.9996 | 1.9999 | 1.999999 


13. (—™, 2) U (2, ©); vertical asymptote: x = 2; horizontal 
asymptote: y = 0 


15. (~%, —1) U (1, ©); vertical asymptote: x = —1; 

horizontal asymptote: none —1000 
1 1 

17. (—%, —3) U ( 3, *) U (5 ~) verti asymptotes: 1.999999 | 1.9999 | 1.9996 


b. f(x) ~2asx—™, 


ce. f(x) ~2asx—> —-o, 


1 F 
x= —3, >? horizontal asymptote: y = 0 31. Vertical asymptote: x = 2; horizontal asymptote: y = 0; 
19. (—%, ©); vertical asymptote: none; horizontal asymptote: (0 = :) 
y=0 : 


21. (—, 2) U (2, ©); vertical asymptote: x = 2; horizontal 
asymptote: y = 3; x- and y-intercept: (0, 0) 

23. (—%, —2) U (—2, 1) U (1, ©); vertical asymptotes: 

x = 1, —2; horizontal asymptote: y = 0; x-intercept: (—3, 0); 


3 
‘y-intercept: (0 -2) 


25. (—®, —1) U (-1, 2) U (2, ©); vertical asymptotes: 


x = —1, 2; horizontal asymptote: y = 0; x-intercept: (4, 0); : : 
y-intercept: (0, 2) 33. Vertical asymptote: x = —6; horizontal asymptote: y = 0; 
27. a. f(x) ~ —®% as x > —1 from the left; f(x) — © as (0, —2) 


x — —1 from the right. 


Ce psn aos Pea[as 


A36 Answers to Odd-Numbered Exercises ™ Chapter 4 


35. Vertical asymptote: x = 3; horizontal asymptote: y = 0; 45. Vertical asymptotes: x = —1, 2; horizontal asymptote: 
(0, 4) y = 3; (0, 0) 


37. Vertical asymptote: x = —1; horizontal asymptote: y = 0; 1 
(0, 3) 47. Vertical asymptotes: x = — >? 3; horizontal asymptote: 


1 
a 05 d, 0); (0 1) 


39. Vertical asymptote: x = —4; horizontal asymptote: 


3 
y= -1; (0 2), (3; 0) 


49. Vertical asymptotes: x = +1; horizontal asymptote: y = 1; 
(0, 6), (-3, 0); (2, 0) 


41. Vertical asymptote: x = 1; horizontal asymptote: y = 1; 
(—4, 0); (0, —4) 51. Vertical asymptotes: none; horizontal asymptote: y = 0; 
(0, 1) 


BY 
8 
6 
4 
e) 


povto oo 


246 8% 


43. Vertical asymptotes: x = —4, 1; horizontal asymptote: 
y = 0; (0, 0) 53. y= x — 4; (0, 0) 


55. y= —3x — 15; (0, 0) 


-20 -10_p9 4, 
-40 
-60 
-80 


$7. yYrTX; (2, 0); (=2; 0) 


59. y=x + 2; (0, -1) 


63. y= x — 3; (-1, 0) 


65. Asymptotes: x = 3; y= 0; y-intercept: (0, —1); no x-intercept 


Answers to Odd-Numbered Exercises ™ Chapter 4 A37 


2 
67. Asymptotes: x = —3, y = 1; y-intercept: (0 2) 3 


x-intercept: (—2, 0) 


69. Asymptotes: none; y-intercept: (0, 5); 
x-intercept: (—5, 0) 


71. a. ~ 1.2308 milligrams per liter 
b. C(@ = 0; the concentration will near zero as time increases. 


15 
73. C(x) = a + 0.25; $0.55 


30 
75. a, C(x) = 0 <x = 250 


; = 2 
b. C(x) = 0.60(x a0) 


c. $0.40 
77. 1.75 ounces 


x = 250 


x 


79, a. Vix) = x(5 — 2x)(3 — 2x);0<x< z 


2 
b. S(x~) = GB — 2x)(5 — 2x) + 2x(3 — 2x) + 2x(5 — 2x) 
«(5 = 2x)(3 — 2x) 


(3 — 2x)(5 — 2x) + 2x(3 — 2x) + 2x(5 — 2x) 


c. r(x) 


d. 


e. The ratio increases as x increases and then decreases as x 
increases; 0.7 
f. x ~ 0.7170 05 


Maximum 
0 |X = 71695602 .Y = .30933972.| > 
0 
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—2x(x — 2) 
1. r(x) = — 
81. r(x) e21 
1 
83. r(x) = — 
x 


85. It doesn’t show the behavior of the graph near the vertical 
asymptote x = 10. 


Exercise Set 4.7 (page 352) 

1. [-2,2] 3. [-3,2] 5. (-%, -1]U E 0) 
7. [-5, 0] U [3, 0) 9. (—~, -4)U (0,4) 11. [4, ©) 

13. (—0%, —4) U(-1,0) 15. (—00,—2) 17. [—2, 0) 

19. (—00, —1.5175) U (1.5175, ©) 21. (—o, —2] U[-1, 2] 
23. (—%, —2] U[0,2] 25. (—-1,0) U G, %) 

27. [-2,1) 29. (—%, —2] U [2, 3) 

31. (-%, -1] U[0,%) 33. (—%, —2) U (1, 2) 


35. (—%, 0) U (3 1 37. (—%, 1) U E ~) 
39. (—%, —2) U[1,%) 41. (-* -1) 


43. (—%, —3) U (-1,3) 45. (—%, —4) U E 3) 


47. x =A4Ainches 49. (1, 3) 

51. Each term doesn’t necessarily have to be less than 2 for 
the product of the terms to be less than 2. The student should 
expand the product and bring the lone constant term to the 
left-hand side before attempting to factor to find the zeros. 
53. Example: p(x) = x(x — 1)(@ — 3) 


Chapter 4 Review Exercises (page 359) 


Section 4.1 (page 359) 

1. Yes; degree 3; —1, —6,5; -1 3. No 

5. f(x) > —% as x > ©; f(x) > © as x > —900 

7. H(s) > —-“ass—>%®; H(s) > —®ass—— 
9. h(s) >“ ass; h(s) > —Mass—>— 

11. a. f(x) > —% as x > %; f(x) > © as x—> — 
b. ad, 0); (-2, 0), (-4, 0); (0, 8) 

c. (—%, —4) U (—2, 1) 

d. (—4, —2) U (1, ©) 


13. a. fO > ast—>®; f(t) ~ —-Mast—> —-% 


b. (0, 0); (3 0), (-4,0) ©. (-4,0) U (3 ~) 


1 
d. (—%, —4) U (0 1) 


15. a. f(x) ~ asx %; f(x) > —% as x > —0 


b. (0, 0), (3 0), (-1, 0) 


ce. (-1,0) U (5 ~) 


d. (—%, -1) U (0 :) 


Section 4.2 (page 359) 


17. x = —2, multiplicity 3, crosses the x-axis; x = —7, 
multiplicity 2, touches the x-axis 
19. t= —1, multiplicity 1, crosses the t-axis; t = 0, 


multiplicity 2, touches the t-axis; t = 2, multiplicity 1, crosses 
the t-axis 

21. x = 0, multiplicity 1, crosses the x-axis; x = —1, 
multiplicity 2, touches the x-axis 


23. a. (0, 0); (-4 0) 


1 
b. x = 0, multiplicity 2; x = — > multiplicity 1 


c. f(x) > © as x — &; f(x) > —C asx > —- 


1 1 
d. Positive: (-4 0) U (0, %); negative: (-« -2) 
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1 Section 4.5 (page 360) 
Pee heh aoe Ce) 53. x = 05 £5; p(x) = x(x + 5)(e — 5) 
55. x = +1, 4335p) = (+ 3) - 3)ae+ 0H - 21) 
Section 4.6 (page 360) 
57. a. f(x) — © as x — —1 from the left and right. 


1 
b. x= me multiplicity 2; x = 4, multiplicity 1 


ce. f(x) ~ asx > % f(x) ~ —Casx—> —% 


1 1 
d. Positive: (4, ©); negative: (-« i) U (3 s) 


P= spa on [oo Pas 


b. f(x) — 0 asx 


27. a. (0, —2), (1, 0), (-2, 0) 0.008264 | 0.0003845 | 0.00009803 | 0.0000009980 


b. ¢ = 1, multiplicity 1; ¢ = —2, multiplicity 1 
ce. fQ) > ast—>%; f() > % ast— —0% c. f(x) > 0 asx —o 


d. Positive: (—, —2) U (1, ©); negative: (—2, 1) 
Pe [aime [ieee [ie 


f(x) | 0.000001002 | 0.0001020 | 0.0004165 | 0.01235 


59. Vertical asymptote: x = 1; horizontal asymptote: y = 0; 
(0, —2) 


29. a. (0, 0), (6, 0), (—3, 0) 

b. x = 0, multiplicity 2; x = —3, multiplicity 1; x = 6, 
multiplicity 1 

c. g(x) > © as x > &; g(x) > Masx—> — 

d. Positive: (—%, —3) U (6, ©); negative: (—3, 0) U (0, 6) 


61. Vertical asymptotes: x = +2; 


: 1 
horizontal asymptote: y = 0; (0 = 1) 


Section 4.3 (page 360) 

—67 6x — 11 
31. —4x — 15 +33. x — x — Bx + 4 + “QT 
35. 03; yes, no remainder 37. 0; yes, no remainder 


Section 4.4 (page 360) 63. Vertical asymptotes: x = —1, 3; 
39. p(2) = (2)? — 6(2)? + 3(2) + 10 = 0; 7 2 
p(x) = (x — 5)(x — 2)(x + 1) horizontal asymptote: y = 03; (2, 0), os 


41. p(3) (3)* + 3? + 4(3)? + 5(3) + 3 = 0; 
p(x) (x — 3)(e + I(x? +x 4+ 1) 


3 
43. my es 45.x=3 47. x= —5,—- 


49. x=1,2,4 
51. Positive zeros: 2 or 0; negative zeros: 2 or 0 
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65. Vertical asymptote: x = —2; horizontal asymptote: none; 


1 
slant asymptote: y = x — 2; (1, 0), (-1, 0), (0 -3) 


Section 4.7 (page 361) 

67. (—3, -1) U (0,3) 69. (—%, —3] U[-2, 1] 
1 

71. (—-%, -1) U(-1,1] 73. o i) 

Applications (page 361) 

75. a. Vix) = x(11 — 2x)(8 — 2x) b O<x<4 


ce. Approx. 1.5252 inches 45 


Maximum 
X =1.5251903_Y = 60.012563,| 5 
0 


o 


77. hth + 3)(h+ 4) =60;h=2 79. (5s — 1) = 48;s=4 


Chapter 4 Test (page 362) 
1. Degree: 5; coefficients: 3, 4, —1, 7; leading coefficient: 3 
2. Asx — —®, p(x) — —%; as x > %, p(x) > —%, 

3. 0, multiplicity 2; 3, —3, each with multiplicity 1; touches 
x-axis at (0, 0) and crosses it at (—3, 0) and (3, 0) 

4. a. x-intercepts: (0, 0), (2, 0), (—1, 0); y-intercept: (0, 0) 
b. 0, —1, and 2, each of multiplicity 1 

c. As x > —%, f(x) > ©; as x > %, f(x) — —2% 

d. Positive: (—%, —1), (0, 2); 
negative: (—1, 0), (2, ©) 


5. a. x-intercepts: (—1, 0), (2, 0); y-intercept: (0, 4) 
b. —1, multiplicity 1; 2, multiplicity 2 

c. As x > —%, f(x) > —%; as x > %, f(x) > 0% 

d. Positive: (—1, 2), (2, ©); 
negative: (—®, —1) 


y 
5 
4 


6. a. x-intercepts: (—1, 0), (0, 0); y-intercept: (0, 0) 
b. —1, multiplicity 2; 0, multiplicity 1 
c 
d 


. Asx —%, f(x) > ©; as x > %, f(x) > —2% 
. Positive: (-%, —1), (—1, 0); negative: (0, ©) 


1 
7. a. x-intercepts: (—2, 0), (-4 0), (0, 0); y-intercept: (0, 0) 


1 
b. 0, multiplicity 2; —2 and ~> each of multiplicity 1 


c. As x > —%, f(x) > ©; as x > %, f(x) > 


1 al 
d. Positive: (-—, —2), (-4 0); negative: (-2 -2), (0, ©) 


8. p(x) = (x? + DGx? — 9) + x48 

9. p(x) = (x — 1)(—2x4 — x? — x? — 5x — 5) — 2 

10. Remainder is 0. Yes, by the Factor Theorem, since 

p(2) = 0. 

11. p(x) = (@— Die - 3)? + x41) 12. 2, -V3, V3 
1 1 

* > 

16. Positive zeros: two or none; negative zeros: two or none 

17. Zeros: —2, 0, 2, —22, 225 

p(x) = x(x — 2)(« + 2)(x — 21)(« + 21) 

18. Zeros: —2, 3, 21, —22; p(x) = (x + 2)(x — 3)(« — 21) (x + 21) 

19. Asymptotes: x = —3, y = 03 

y-intercept: (0, —1) 


1,-2 15. 1,—-1,3 


20. Asymptotes: x = 2, y = —2; 
y-intercept: (0, 0); 
x-intercept: (0, 0) 


Answers to Odd-Numbered Exercises ™ Chapter5 A41 


1 = 
21. Asymptotes: x = "> 2 and y = 0; y-intercept: (0, —1) 39. f-@) = Vx + 6 


43. g(x) = V8 — x 
22. (-%, —3], [-2, 2] 23. (-2, =) U 6, i) 


11 
24. |--=,—>] 25. Height: 4 inches 
3° 3 
50 
26. a. C(x) = 0.25 + ae 
b. $0.45 per mile 


Chapter 5 Exercises 


Exercise Set 5.1 (page 373) 

leha 3. (fog =xt+3 5.x 7x 
9. f(g(x)) (-x — 3) —-3=x 
g(f(x)) (-x — 3) —-3 =x 


11. f(g(x)) = (2 :) =x 


6 


1 
BIG) = = (Ox) = % 


13. f(g(x)) 3( set :) +8=x-8+8=x 
af) = -5 (3248) + ax G+ sax 
15. f(g) = (Wx — 2)? +2=x-24+2=x% 


g(f(x)) =W4+2-2=VP=x 

17. f(g) = (Vx —- 3% +3=x-34+3=x 

e(f(x)) = Vx? +3 -3=Vx?7 =x 

19. The function is one-to-one because there are no values of 
a and 6 in the chart such that f(a) = f(b), where a ¥ 6. 

21. The function is not one-to-one because there are values of 
a and 0 in the chart such that f(a) = f(b), where a # b. Here, 
fO) = f(2) = 9. 

23. Not one-to-one 25. One-to-one 27. Not one-to-one 


29. One-to-one 31. Not one-to-one 33. One-to-one 
3 1 1 55. f \(x) =x? -3,x 20 


35. f 1) => ae 37. fh) = 7 wf a 


41. f 1x) = 2x +8 


Nu FD 


x 
Dee) 


57. f '@® = 


BD od 


-8-6-4-2, 2 4 6 8 
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59. Domain of f: [—3, 3] 
Range of /: [0, 4] 
Domain of f !: [0, 4] 
Range of f -': [—3, 3] 


61. Domain of f: [—3, 2] 
Range of f: [—5, 5] 
Domain of f~': [—5, 5] 
Range of f~': [—3, 2] 


63. —2 65. —1 67.0 69. —1.5 

71. f(x) = 4x, where x is the number of gallons and f(x) is the 
number of quarts in x gallons. The inverse, f~}(x) = at, 

gives the number of gallons, where x is the number of quarts. 

73. Solve the equation for g: g = 1000 — 10p. 

75. a. The range of fis even integers in the interval [32, 54]. 
b. f~1(s) = s — 30; f | gives American size when French size 
is input. 

77,a.x=-2 b. g(2)=1 ce. 


79. No. Linear functions that are horizontal lines are not one-to- 
one, so they do not have inverses. 

81. Quadrant IT 

83. The function f(x) = x? + x? — x is an odd function that is 
not one-to-one. 

85. One possible answer is x = 0. 


Exercise Set 5.2 (page 387) 


1 
1.125 3. a 5. 18 7. 1.2806 9. 9.1896 


11. 4.7288 13. 20.0855 15. 0.0821 


17. Y 19. y 
6 6 
5 =) 
4 4 
3 3 
2 
1 1 
3-2-1012 3% 32-1 0 12.3 4 
21. V4 23. y 
6 6 
5 3 
4 
3 
2 2 
1 
——_—_ 
3-2-10123* 3-2-1012 3% 


25. 27. y 


29. 31. vt 


4 8 12 16% 


_—i— 
-16-12-8 —4 4 x 
4 


33. 


37. 


a. (0, -1) 

b. The domain is all real numbers, and the range is 
(-®, 0). 

c. The horizontal asymptote is y = 0. 

d. As x ~ ©, f(x) approaches —°%. As x > —®, f(x) 

approaches 0. 


39. 


a. (0, 2) 

b. The domain is all real numbers, and the range is 
( —%, 3) . 

c. The horizontal asymptote is y = 3. 

d. As x — —®, f(x) approaches 3. As x — ©, f(x) 
approaches —, 
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41. y b. The domain is all real numbers, and the range is 
10 approximately (— ©, 0.3679]. 
8 c. The function intersects the axes at the origin, (0, 0). 
6 d. As x > %, f(x) — 0. As x > —%, f(x) > — 0, 


61. $2007.34 63. $2023.28 65. $1795.83 67. $1793.58 


69. 
een tee Annual Salary 


- (0, 7) 0 $10,000.00 

. The domain is all real numbers, and the range is (0, ©). 1 $10,500.00 

. The horizontal asymptote is y = 0. 

. As x > ©, f(x) approaches ©. As x > — ©, f(x) 2 $11,025.00 
approaches 0. 3 $11,576.25 
TP ag 4 $12,155.06 


S@® = 10,000(1.05)’ 


71. 
Years Since Purchase 


$20,000 


aacqe 


a. (0, —1) $18,000 
b. The domain is all real numbers, and the range is (—4, %). 

: : $16,200 
ce. The horizontal asymptote is y = —4. 
d. As x > —%, f(x) approaches ©. As x — ©, f(x) approaches $14,580 
—4. $13,122 


45. This graph does not represent an exponential function, as 
it does not include a horizontal asymptote. 

47. This graph does not represent an exponential function, as 
it includes a vertical asymptote. 


53. x ~ 1.46497 55. x ~ —3.32193 


: ‘i $12,600.00 
$8820.00 
$6174.00 

5 5 e F $4321.80 

xis (SUP Y=5 yea. aetac8 Y=10 pedaa-20 


57. x ~ 11.5525 


120 


V(t) = 18,000(0.70)' 


Intersection 
3 |X = 11.552453.4Y = 100.4] 15 


0 
02468 ¢ 


asf 1 — 5 75. $1348.35. If the bonds continued paying interest, their 
value would have no upper bound. Thus it would be financially 
onerous for the government to guarantee this rate over a long 
period of time. For instance, after 80 years, a bond purchased 
for $1000 would be worth nearly 11 times its purchase 

-5 price. 
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77. a. W(t) = 17.48(1.027)' 


b. 


Chapter 5 


ce. The predicted value is within 1% of the actual value. 


79. a. 625 feet 
b. 587.66 feet 
c. x ~ —243.06, 243.06 


Intersection 
—300 |X = 243.05545.Y = 300 300 
0 


81. a. 2 


b. You could observe the graph to determine whether the 


function is asymptotic to the line y = 2. 


0 
1 
2 
3 
4 
5 
6 
7 
8 


b. (—™, 1) U (2, ©) 

ce. (1, 2) 

d. When x increases by 1 unit, f(x) increases by 

2 units. 

e. When x increases by 1 unit, g(x) doubles. 

f. For values above x = 2, doubling produces a greater value 
than adding 2 units, so the value of g(x) increases much faster 
than the value of f(x). 


Exercise Set 5.3 (page 403) 
1. 3? 3. 103 5. True 7. True 9. 8.45 X 10° 


11. Logarithmic Exponential 
Statement Statement 


1 
log; 5 =-l 


log,x =ba>0 


13. 


log;81 = 4 


1 
logs V5 = 3 


1 
logs & =—-l 


log,u=v,a>0 


1 1 1 
15,4 VS 10. S. Bie. Bt, way 25%. 37S 
3 2 a 2 


29. -4 31. -2 33. x7+1 35. ~ 1.2041 

37. ~ 0.3466 39. ~ 3.1461 41. ~ —1.3979 

43. 0.2031 45. —0.4307 47. 3.5850 49. 2.5750 
Sl. x=8 53. x=V3 55. x=6 

57. The domain is (0, ©). The asymptote is x = 0. 
The x-intercept is (1, 0). 


59. The domain is (0, ©). The asymptote is x = 0. 
The x-intercept is (1, 0). 


123 45 * 


y 
8 
6 
4 
2 
0 
-2 
-4 
-6 
-8 


61. The domain is (0, ©). The asymptote is x = 0. 
The x-intercept is (1000, 0). 


00 1200 * 


63. The domain is (—1, ©). The asymptote is x = —1. 
The x-intercept is (0, 0). 


65. The domain is (—4, ©). The asymptote is x = —4. 
The x-intercept is (—3, 0). 


67. The domain is (1, ©). The asymptote is x = 1. 
The x-intercept is (2, 0). 
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69. The domain is (0, ©). The asymptote is ¢ = 0. 
The r-intercept is (1, 0). 


oN FAX 


n 
oo 
~ 


71. The domain is (-—%, 0) U (0, ©). The asymptote is x = 0. 
The x-intercepts are (1, 0) and (—1, 0). 


73. Approximately 0.85. The graph corresponds 
to f(x) = 10*, so log f(x) = x. Here, when 

f(x) = 7, x ~ 0.85. 

75. C 

77. b 

79. log (7) = thas the solution t = 0.8451. 


15 


Intersection 
X = .84509804 Y=7 
5 


81. log (5) = x has the solution x ~ 0.69897. 


Intersection 
_] |X = .69897__Y = 20__u|> 
0 


83. 4 

85. 63,095,734.45], 

87. Approximately 794.33:1 
89. 4 
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91. a. To sort 100 items, the bubble sort requires 
10,000 operations, while the heap sort requires 

200 operations. 

b. The corresponding increase would be 300 operations. 


Tomi 


100 
225 
400 


d. The heap sort is more efficient because n” grows faster 
than 7 log n. 
e. n* grows faster than n log n. 


93. Because 107 = 100 and 10? = 1000, the value of x 
for which 10* = 400 is between 2 and 3, as is the value of 
log 400. 

95. log 1000 = x where f(x) = 10* and f(x) = 1000, so 
x= 3. 

97. log 0.5 = x where f(x) = 10% and f(x) = 0.5, so 

x = —0.3010. 

99. f(x) = 3 logx 


101. The graphs of the two functions are identical. 


Exercise Set 5.4 (page 413) 
1. x? 3. x93 65. True 7. 1.5441 9. —0.3980 


11. 
17s 


21. 


25. 


29. 


35. 


43. 


53. 
65. 


67. 


69. 
71. 
73. 
75. 


0.1505 13. 2.097 15. logx + 3 logy 


1 1 1 

3 ee We 19. q lex + logy 
2 

2logx +5logy—1 23. go = 


1 3 5 
5 1ogalx” +y)-—3 27. 3log,x — 5 10a» =— log, z 


1 5 
3 108. + log, v 3 108 z 31. log2.1 33. log 3xVy 


3 


x 2 43 5 
log 37. log 80 39. Inye’ 41. log; 3y 
3: 
Wn43 
In(x +1) 45. ioe ==?) 47.b+1 49. 3b 51. 
x 


2 
V2 55. V3 57. 5x 59. 3x +1 61.3 63. 2 
f(x) = g(x) + 1 


=5 1 1 10 


5 


F(x) = g(x) + 2 


10,000 
7.2 
10734 
13.01 dB 


=D 
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77. a. 57. x ~ 3.186 59. x ~ 5.105, x ~ —3.105 


-5 . . 5 
—5—4-3-2-1 0 1 2 3% 
Intersection Intersection 
. : . X = 318636331 Y = 3.1 X=73.10U7U5 [ Y =1.2 
b. The domain of f(x) is (-%, ©) . The range of f(x) is (0, ©). —5 5 
c 
: 61. ¢~ 11.55 years 63. t~ 12.05 years 65. t ~ 9.24 years 
1 67. r~ 5.75% 69. r~=5.07% 71. r= 3.25% 
ef A234 56% 73. k ~ 0.0578; t = 24 hours; t = 36 hours 
-2 75. a. 2297.1 transistors 
= b. 2.09 years 
5 77. a. $43,173 b. 20% c. 3 years 
79. f(t) = 10e 9:0000785'; + = 56,472 years 
d. The domain of f~!(x) is (0, ©). The range of f~'(x) is 81. 10°! mole per liter 83. RP ~ 88 W 
(-%, 00), 85. a. A(t) = 5e@~ 9.0878 
79, b. Bit) = 5e 73" 


c. 5.87 days; 2.21 days 

d. The solution produced with water that has a pH of 6.0 
should be used because more malathion will remain after 
several days than will remain in the solution produced with 
water that has a pH of 7.0. 


e. 
6 
a. The domain of f(x) is (0, ©). The domain of g(x) is 
(-%, ©), 
b. For all real values of x > 0 
81. No, because there is no real value of y for which a” is -1 30 
equal to a negative number, in this case x = —3. aT 
: = 0.060. , — 

Exercise Set 5.5 (page 421) 87. A little under two years 89. V(t) = 5000e°"; r= 6% 


91. This equation has no solution because there is no value 
of x for which the left side of the equation will equal a 
nonpositive value. 

93. The step assumes that the logarithms of both sides of the 
equation have been taken, but this can be done only if the 
logarithms have the same base, which is not the case in this 
equation. 

95.x=10 97. x ~ 2.859; x ~ 0.141 


1. True 3. False 5.x =3 7. x=3 
9x=-2 11. x= 2.197 13. x = 2.322 

15. x= 1.947 17. x ~ 0.926 19. x ~ —0.380 
21. x ~ 17.329 23. x= 1.610 25. x ~ —7.640 
27. x ~ 40.781 29. x =~ +1.716 

31. x ~ 1.302 33. x ~ 0.524 


Exercise Set 5.6 (page 432) 


1. growth 3. © 5.0 7.10 9. t+ 0.6931 


1 
11. 4e ~ 10.8731 13. In2~ 0.6931 15. + 


Intersection Intersection 
X =1.3021979 LY = 3.26 X= .S2uy7gsil Y =2 


=5 5 17. 9.0944 19. -1 21. x =e? ~ 7.3891 
23. c 25. a 
27. a. A(t) = Age °°! b. About 9035 years 
35.2=1 3.25641 39.28 41, 4=5 29. Approximately 2900 years old 
43.x=V2 45.x=2 47. x=4 31. a. P(t) = 1667, 19.7 million 
49. No solutions 51. x =0,x =3 33. P(t) = 123,0000%4!5" 
53. x= =7 + V89 55.x=5 35. a. P(t) = 23,024e 0793 = bh, = $9532 


4 37. a. 20 deer b. About 32 deer 
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39. a. f(x) = 2.8265(1.1975)* 


22 


b. f(18) = $72.4784 billion 

ce. This is not a realistic model over the long term because as x 
increases, the function produces values for f(x) that represent a 
greater revenue than the global population can provide. 

41. a. A logistic function fits this data well because there is an 
upper limit to the speed that a land vehicle can attain under 
the constraints of the laws of physics. 


330 
b. f(x) 1 + 2.23¢~ 9.0232 


c. cis the limiting speed of the car. d. 240 mph 
43. a. P(t) = 16.76(1.079)' 


60 


b. About $61.04 per barrel 

45. a. The annual cost increases as the arsenic concentration 
is lowered. 

b. C(x) = 774.6092(0.8786)* 


700 


c. a must be less than 1 because the cost is decreasing as the 
concentration is increasing. 

d. $163.8993 million 

e. C(2) ~ 598. This means it would cost nearly $600 million 
a year to keep the arsenic concentration to 2 micrograms per 
liter. 


47. If the quantity of strontium-90 is half its original amount 
after the time deemed its “half-life” has passed, then after 
another half-life, the remaining quantity will be further 
reduced by half. So it will take two half-lives to reach the 


value “ Because the half-life is 29 years, it would take 
58 years for the initial amount A, to be reduced to oo 


49. The function f() = e“/?" cannot model exponential decay 
because as t — ©, f(t) increases. To model decay, as t — ©, the 
function f(2) must decrease. This would occur if e were raised 
to a negative exponent, as opposed to a fractional positive 
exponent. 


Chapter 5 Review Exercises (page 441) 


Section 5.1 (page 441) 


1. f(e(x)) (257) +7 27TH 


2. 

(2x+7)—-7 2x 

af) ; ; 
3 3 

3. f(g) (E ) =x 

3 
(fo) = YS = oy 

a 

5. g(x) = —4* 
7. g(x) —2—* 


9. gx) = Wx —8 
11. fs) =V8-xx=8 
13. ga) = -x-7 15. gx) = VW1—x 


Section 5.2 (page 441) 

17. The y-intercept is (0, —1). Other points include (1, —4) 
and (2, —16). As x > %, f(x) — —%. As x > —%, f(x) > 0. 
Domain: (—%, 0); range: (—%, 0) 


19. The y-intercept is (0, 1). Other points include (1, =) and 


(—1, 5). As x > %, (x) > 0. As x > —, g(x) > 9%, 


Domain: (—%, ©); range: (0, ©) 


—4-3-2-10123 4% 


21. The y-intercept is (0, 4). Other points include (1, 4e) and 
(—1, 5). As x > ©, f(x) > ©. As x > —0, fx) > 0. 


Domain: (—%, 9); range: (0, ©) 


-8§ 6-4-2 0 2% 


23. The y-intercept is (0, 3). Other points include (1, a + 1) 


and (—1, 2e + 1). As x ~ %, g(x) — 1. As x > —®, g(x) > ~. 


Domain: (—%, %); range: (1, ©) 


2 


202 46 8 * 


Section 5.3 (page 441) 


25. Logarithmic | Exponential 
Statement Statement 


1 1 
27.4 29.2 31. -— 33. — 
2 3 


Answers to Odd-Numbered Exercises ™ Chapter5 A49 


35. x+2 37. 1.2041 39. 1.0397 

41. 1.3277 43. —0.1606 

45. The domain of the function is (0, ©). The asymptote is 
x = 0.The x-intercept is (10°, 0). 


47. The domain of the function is (0, ©). The asymptote is 
x = 0. The x-intercept is (1, 0). 


Section 5.4 (page 442) 
49. 1.3222 51. 0.2219 


53 = te 
‘a og x 3 og x 


3 5 
55. 3 log, x — 7 O8ay _ 3 08.2 


1 5 
57. ger ny ne 59. Inx 


61. log Wx —1 63. log, x?7° 


Section 5.5 (page 442) 


65.x=4 67.x=-2 69. x= 251n4 
_In4-1 


1 
71. x 3 73. x 75. x=1 


5 
77. x=e! a 81.x=0,3 83. x=1 


Section 5.6 (page 442) 
85. 4; 0.0022 

87. 14.8629; 33.1888 
89. 20; 31.2965 


Applications (page 442) 
91. $2021.03 
93. $2065.69 


A50 Answers to Odd-Numbered Exercises ™ Chapter 5 


95. v(t) = 17,000(0.75)’ Chapter 5 Test (page 444) 
1. f(g(x)) = x and g(f(x)) = x, so the functions are inverses. 


Number of Years a1,.. .yxt1 
After Purchase si A 4 
3. f '@) =Vx+2 


$12,750.00 
$9562.50 


$7171.88 
$5378.91 
$4034.18 


4. Asx > —%, f(x) > 15 asx > %, f(x) > -&, 


16,000 
12,000 
8000 
4000 -6-5-4-3-2-1) 2* 
~2 
0 3 
t 
02468 = 
-5 
-6 
97. 1 
99. a. 45 trout 5. As x > —%, f(x) > ©; as x > %, f(x) > —3. 


b. About 409 trout 
c. As ¢ increases, N(t) increases, but at an increasingly slower 
rate. The function is asymptotic to N(t) = 450. 


450 


6. As x > —%, f(x) > ©; asx > &, f(x) — 0. 


d. Approximately 14.3 months 


450 


Intersection 


is wo, 1 
Oe 7.6% = >= 8. log, 32=5 9 —2 10.3.2 11. 0.8178 


101. a. f(x) = 0.4627(1.8887)" ia i i 9 


12 y-intercept: (0, In 2) 


2 4 
13. q bee ry ley 14.2+2Inx+Iny 


b. 39.668 million 
5 1 
c. 2006 15. In(@x(x + 2)) 16. log, x° 17. x= 5 18. x = 1.4139 


19. x = —0.6137 20. t= 6.9315 21.x=0 22. x =2 
23. $4042.05 24. $4934.71 25. f(D = 900(0.6)’ 

26. 10°7J,, or about (1.585 X 10°), 

27. a. 30 students b. Approximately 114 students 

28. P(t) = 28,0002" 


Chapter 6 Exercises 


Exercise Set 6.1 (page 456) 
1. 47 inches 3. 127inches 5. III 7. IV 


9. y 11. y 


135° 


=135° 


13. y 15. 


270° 


17. Va 19. va 


21. 500°, 860° 23. 305°, 665° 25. 420°, 780° 


27. 570°, 930° 29, 27,137 3,, 13m in 
3° 3 6° 6 
137 lla 
33, 500°, —220° 35. 295°, —425° 37, —=, -—= 
39. 33° 41. 42° 43. 75° 45. 75° 47. 91° 49. 50° 
Aq 51 37 37 137 
$1 Se Se Sh SO ae 


63. 540° 65. 1° 67. —72° 69. 25.754° 71. 16.413° 
73. 120.838° 75. 53°30’ 0" 77. 40° 15’ 0" 


7 3ar 
79. 53°17' 24” 81. 60.5 83. 270°, 85. 15° 


2 
87. 9.8inches 89. 433 miles 91. a feet per second 


93. 1120.45 degrees per second; 19.56 radians per second 
95. 12.6 feet per minute 97. 34.38° 


15 
99, on feet 101. 12.6 feet per second 
T 


103. a. 15 degrees per hour; rm radians per hour 


b. 26007 miles c. 3257 miles per hour 


Answers to Odd-Numbered Exercises ® Chapter6 A51 


105. 1 radian = 57.2958° 107. . 109. 111. —47 


Exercise Set 6.2 (page 468) 


1.65 3. V13 5. 3V3 


. 4 
7. sin @ 5) cos 0 


3 4 5 
n= ee se 


5 3 
sec 0 = —; cot 9 = — 
3 4 
12 35 12 37 
9. si 3 3 3 = Gar 
sin 0 37 cos 6 37 tan 0 35 csc 0 eC 
37 35 
sec P= cote a 
4V 41 V41 V41 
11. cos 0 = ssin @ = stan @ = 75 sec 0 = H 


0 = t 6 
csc 3 cot d= 
5 5 


AVI7_. 17 1 AG 
13. cos 0 7°? sin 0 17° tan 0 a sec 0 2° 
csc 0 = V17; cot 9 =4 
15. sin 0 = 0 = 0 2 d= 2 0= 
. sin 5 tan 33 csc a sec 33 cot A 
3V13 2V/13 V13 
17. sin 6 3 3 cos 0 B 3cscO = ; 


9 13. ae 
sec 3 3 CO 3 


19. cos 6 eed ry ae ey ee 
. 5° 4 3° 4 3 
3V 13 2V 13 2 V13 
21. cos 0 3 sin 0 3 tan 6 3 sec 0 ; 
13 13 3 
V13 
csc 0 = —— 
2 
1 3 3 
23. sin 0 3 cos 8 = aut eo 
2 2 3 
2V3 
Se ee 
AN/IT V17 1 V17 
25. cos 6 17 3 sin 0 17 3 tan 0 ge sec 8 4° 
csc 0 = V17 
3 2V3 2V3 
7, we 29. 3 31. V3 33. 23 35. 0.6157 


37. 2.1445 39. 0.1219 41. 1.0353 43. 0.4245 
45. cos 55° 47. cot 50° 49. csc 43° 51. tan 23° 
53. 2; 2V2 55. 3.6397; 10.6418 57. 3.1058; 11.5911 


1 
59. 30° 61. 45° 63. 45° 65. csca = x cos(90° — a) =a 


67. 10 feet 69. 548.7404 feet 71. 88.5849 feet 
73. 14.8349 feet 75. 11.2222 miles 77. 15.4548 feet 
79. 7.07 centimeters 81. 8660 feet 83. 55 feet 
85. 52° 87. 1 89. 10.5507 feet 91. 15.3909 feet 
93. a. 17.5142 feet b. 7.1237 feet c. 227.9584 square feet 
95. 34.64 square inches 97. 1.7321 inches 
1 1 


99. csc(90° — 8 6 
eat —OOt=o) wae 


A52 Answers to Odd-Numbered Exercises ® Chapter 6 


101. Because sin(90° — x) = cos x; cos(90° — x) = sin x; 23. 
0= x= 90: 


7. sin @ pn 36088 5 3 tan @ = 1; csc = V2; 


sec 90 = V2; cot 6 = 1 


V3 1 
2V3 V3 


2V5 5 
11. sin 6 N56, cos 0 5 5 tan 0 23 


V5 1 
esc = 5 sec @ = —V55 cot 8 = —> ( *) al =) ( z) ( ") ( ") ( *) 
cos sin an co sec csc 
. 4V 17 V17 i} 3 3 3 3 3 
13. sin 0 17 3 cos 0 = 17 5 tan 0d = 4; 
V17 1 1 INS | _N3 _ 23 
csc 9 = Fi pseeR = VT; cone = | 2 2 V3 3 2 3 


15. QuadrantIV 17. Quadrant III 19. Quadrant I 


7 7 
21. 60° 23. 60° 25. 75° 27. 40° 29. 7 31. = 


3 
1 V2 1 V3 V3 
. ° . 9. 1s 1 oo -2) -2) -2) -2) -2) -2) 
33 3 35 5 37 5 3 3 4 43 3 cos sn( cn( cr( se se 
ae ; 


45. ———— _ 47.0 49. V3 51. = 53. — 

55. —V2 57. Undefined 59. 1 61. == 63. 0 
65. -V3—1 67. SVB TNS 69. —2 71. —2 

73, vee 75. vee ae sin = ~5 


1 2 
79. sec 0 = = 81. tang=2V2 83. cos 9 = 2V6 


5 
85. sec 0 ra 87. 0.3907 89. 0.2521 91. —1.4281 


20V 3 
93. 1.4826 95. —1.4242 97. a) feet 99. 50 miles 
1 1 oe 
101. sec 270° = cos 270° = °° which is undefined. 
cos 
: 7 x . 
103. Using (x, y), cos 0 = Vea Using (kx, ky), k > 0; 
9 kx kx kx 
cos 9 = = = 
V(kx)? + (hy? VR? Ry? VR WV? Ey? 
kx ; x ; 35. 
= —=—-|,, since k > 0. So cos 0 = 5 as in 
RV x? + y? x? + y? 


previous answer. 


Exercise Set 6.4 (page 500) 


T T T 
1. Ye -N . Ill 5 9. 11. 13. 15. 

es 3 o 5 7. IV 6 6 3 mn 5 
17. 45° 19. 60° 21. 30° 


Answers to Odd-Numbered Exercises ™ Chapter6 A53 


13. 4 15. 
1 
0] 
a) ax 
-1 
17. v4 19. y 
2 
1 
1 
0 2 a: Y 20 x 
-1 
-1 
2 
39. —0.9900 41. —0.1411 43. 0.2588 45. —2.1850 
47. —3.0777 49. —0.5463 51. —1.0515 53. —1.0017 21. va 23. y 
55. 1.4281 57. —0.7813 59. 1.5557 
61 t 3 tan t v3 
‘ 3 tan 
cos 3 a 3 
2 V2 
63. sint 5 3 cost= 5 


3 
65. sin t = wee tant=—V3 67. cost = 0.8; tan t = —0.75 


69. sin t We a t a 71. sint 2V5 ge 
. sin 13° an 5 . sin 53 cos 
3 2 1 
73. v3 75. -2 77. -V3 79.0 81. v2 83. — 
2 2 2 
85. V2 87.1 89. ‘2 91. sin t = 0; cost = —1 
93. sin t a t 2 95. sint 2 t ud 
« SIME S5 — ae -« Sin 3 COS 
. ae 5 . ae 13 
7 2 3 
97. 99. 101.0 103. ~ 105. 1;1 107. pe 
4 3 3 2 
109. No. For example, for t = i 
sin(2 t n) 141 sin(2) + sin(7r). 
7 51 _ 
111. rue 113. cos(t + 7) = —cost 33. 


T 


115. By definition, sin 3 


7 ie 
_ 7 = cos t and cos(Z a i) = sin t. 


T . T . 
i) sin( A ‘)) (sin t, cos 2) 


2 


Thus the points (cos( 


. * we T 
are symmetric to (cos ¢, sin £) in [0, 2) and elsewhere. 


Exercise Set 6.5 (page 515) 
1. upward 3. tothe left 5. vertical 7. horizontal 


+ > 
—0.8-0.6-0.4—-0.2 0 0.2 0.4 0.6 0.8 * 


9 y 11. vy 35. 3 

4 2 

3 1 
0 

2 2a 4n\x 

=} 0 3.14 
—2 

0 


Chapter 6 


A54 Answers to Odd-Numbered Exercises 


VA 


No. 


39. 


x- 


55. c 57. a 


2 


—cos= 53. 4sin = 
C085 sin 


—2sin2x $1. 


49. 


2 


7 


a: units; 7 units 
63. $135,000; toy sales in April; 12 months 


59. f 61. 


69. 280 miles 


b. 18.4% 


71. a. 23 days 


2a 


Exercise Set 6.6 (page 526) 


35. y = cot(2x) 
37. y= tan(3) 


39. f(x) = tan(x) and f(x) = —tan(x) have the same period and 
asymptotes but are reflections of each other across the x-axis. 


2 
-1.57|" x mn )4.71 
=3 


41. f(x) = 2 sec(x) is a horizontal and vertical stretch of 


F(x) = sec(2x). 


4 


PUYU 
iaiuial 


-4 


12.57 


43. f(x) = cot(37r7x) is a horizontal compression of 


f@ = cot(x). 


° 
es 
iv 
co 


-4 
45. d(x) = 5 cot(x); 7.1407 feet 
47. h(x) = 8 tan(x + 7); 21.9798 feet 


nT 


49. D: R except for Zon is all integers; R: (©, 2] U [4, ©) 


51. at n is all integers 


Exercise Set 6.7 (page 538) 


iat Se 62 ee wee eZ 2 a= 
. . "3  T Fe a ae "3 


17. —0.2527 19. 0.7227 21. 1.3734 23. 1.4455 


7 


25. 2.8240 27. —1.3734 29. 5 31. 0.3 33. 4 


5 5 
35 B 37. B 
41. y 
3a 
2 
a = 


-10-0.5 0 0.5 1.0 * 


Answers to Odd-Numbered Exercises ™ Chapter6 A55 
45. The domain of arccos x is [—1, 1]. 
47. The domain of arcsin x is [—1, 1]. 

7 51 7 


49. 51. 53, 55. = 
4 . ‘ 3 


59. —0.2815 61. 0.3948 63. 2.8387 65. 75.2564° 
67. 48.5904°; minimum to stay within the necessary ratio 


57. 1.1593 


1 d 
69. 38.6598° 71. r= tsinr'(2) [-5, 5] 73. 30.2940° 
75. —0.20 77. —0.93 79.1.3 81. 1.4 


Chapter 6 Review Exercises (page 549) 


Section 6.1 (page 549) 


225° 120° 


4a 
7. 55°; 145° 9. a 11. —— 


13. 150° 15. 2° 17. 35.25° 
19. 14° 19' 12” 


Section 6.2 (page 549) 


2V6 5V6 
21. sin 9 = 2¥°, san 9 = 2V65 ese 0 = a 2 8ec 0 = 55 
Spee 
12 
2 5 
23. sin @ = 3. cos 0 = ssc 6 = Y, sec = V5i 
wee 
co 5 


25. 5.8737; 9.1379 
Section 6.3 (page 549) 


1 2 
27. —-—> 29. =1 31. 45,22 33. 60°; —2 


is cos “2 0; 
2 
tan 3 = undefined 


7 1 7 
5 COS 3 = pita =v 


V3 


Section 6.4 (page 549) 


7 7 : 
35. — 37. — 39. sin 
3 3 


7 
41. sin 7 _N3 
3 2 


1 
43. sint 3? tan t 


2 2 
sc0s = 2 47. —1 


45. sint 
sin 5 


A56 Answers to Odd-Numbered Exercises ™ Chapter 6 


Section 6.5 (page 550) 3. 4. va 
49. z $51. y 
2 
! x 
8x 
3 
51r V1 
$5. — —— 7. 10° 8. —6° 
12 4 
2 V21 
9 2 > = x 
cos 0 5 tan 0 2] cot 0 3 
V21 
sec 0 = > csc 0 = 
21 2 
3V 10 
1 3 ’ = FI 
0. sin 6 10 cos 0 10 cot 0 
V10 
sec 0 = V 10, Set 


V10 
11. a = —;5b=-— 12. cosé@ 3csc 0 = 
2 2 10 


3 
13. 60°; sin 240° = “3, sec 240°= -2 14, ; 1%; ; 


16. 


18. 


67. 7 69. 0.4 71. Es 
13 


7 


4 
75. —3 240° 77. About 294 feet 
3 20. 


79. About 3.4 miles 81. About 22,209 miles 83. 9.4623° 


7 
22. 
2 


Chapter 6 Test (page 551) 2 
1. y 2. y, 7 


450° 


—0.5 0 05 = * 


ce 26. 180 degrees per minute; 2007 ~ 628 feet per minute 


27. 19.5° 28. 14.1 inches X 14.1 inches 
29. a. 33 days b. 95.5% 


Answers to Odd-Numbered Exercises ® Chapter 7 A57 


59. cost x — sin* x = (cos* x — sin” x)(cos” x + sin? x) 
= cos’? x — sin? x 


Chapter 7 Exercises 


Exercise Set 7.1 (page 559) 


1 — 3x 61 tanr?x—1 tan?x—- 1 5 sin? x 
_ : = = cos’ x 
1. (2x + 3)(2x — 3) 3. 90% + 3)(x - 3) 5. ing 1 + tan? x sec? x cos? x 
2 = sin’ x — cos” x 
Tie 9. cos7m = -1 40.5 sin’ x — (1 — sin’ x) = 2 sin? x - 1 
bcd 5 1 1 cos” x + sin’ x 
f(a T ; 63. csc” x + sec” x =p a = 5 
11. sin 7) + 7 1A41=sin + sin(7r) sin" x = COS” x sin” x COS” x 
1 2 2 
cos x =. ~ ESC xX SCC” X 
13. sin{ 2 0#2=2sin 15. — ‘ re ce wae ‘ , 
2 2 sin* x 65. sec” x — tan* x = (sec* x — tan” x)(sec” x + tan” x) 
; : = 2 2 
sin x 1—cos?x  sin?x : sec” x + tan” x 
17. 7 - 3 or —> 21. sin x(1 + cos x) 1 1 1—cosx 1—cosx 
cos” x cos” x cos~ x 67. = — 5 
23. (1 + sinx)(1 — sinx) 25. (sinx + cos x)(sin x — cos x) 1+cosx 1+ cosx1—cosx 1 — cos’ x 
sinx 1 1 _ 1~ cos x 
27. tan x csc x ; sec x sin? x 
cosx sinx cosx 
; ; cosx sin? x + cos? x = 1. oss 
29. sin x + cos x cot x = sin x + cos x — : +2 2 
sin x sin x ee SSI 
1 = csc? x — cot x csc x 
=> = csc xX 2 
sin x 5 1 cos x (1 — cos x)? 
1 69. (csc x — cot x) : : i 3 
: sinx  sinx — cos” x 
31. sec? x(1 — sin? x) = —— (cos? x)=1 
cos? x (1 — cos x)(1 — cosx) 1-—cosx 
2 2 7 2 2 
33. sin“(—x) + cos*(—x) = (—sin x)“ + cos” x (1 + cosx)(1 — cosx) 1+ cosx 
= 2 2 . . 
sin’ x + cos*x = 1 cosx  sinx cos” x sin? x 
sin? x: cos? # 71. cotx + tan x : t - + — 
2 BS 2 es a sinx cosx sinxcosx _ sinxcosx 
35. (sec” x — 1)cot” x = (tan” x)cot” x = —5—-—>5— = 1 7 3 
cos” x sin” x cos’ x + sin“ x 1 
pile sin x cos x sin x cos x 
cotx sinx ; 
37. = =cosx 39. sin? x sec x Ne oes 
csc x , 1 
- = (1 — cos*x)sec x sin x COS” x 
sin x eee nae = sec?x—1 tan*x sinx  secx 
41. (cos x + sin x)? — 2 sin x cos x = cos* x + 2 sin x cos x tan x tanx cosx  cscx 
+ sin? x — 2 sin x cos x = cos? x + sin? x = 1 15 sin x _ sin x — sinx sin? x 
7 ne Ee 1 | sinx 1+ sinx csc x — cot x 1 cosx 1—cosx 1-—cosx 
. T T 
cosx  cosx cos x sinx  sinx sin x 
45. cos’ x = cos x(1 — sin® x) = cos x — cos x sin? x sin’ x(1 + cos x) 
1 . = 
47. sec x cos’ x cos? x = cos’ x = 1 — sin? x (1 — cos x)(1 + cos x) 
cos x (1 — cos? x)(1 + cos x) 
1 1 1—cosx+ 1+ cosx 
49. 5 1 — cos? x 
1+cosx 1-—cosx 1 — cos* x =1+cosx 
— 2 2 77. acsc? x(1 + cos x)(1 — cos x) = acsc? x(1 — cos? x 
5 2 csc" x an 
sin’ x =acsc’x sin’x =a 
sinx — sin(—-x) 2sinx 2 1 
51. Ponak = pe a EX 79. In |tanx| = In In 1 — In |cotx| = —In |cot x| 
cos” x sin-x  sinx cotx 
P, sin x 81. No 
5 9 ; sec” x — sec x 
53 sec” x sec’ x 1-—sinx cos x 6 2 
“ 1+sinx 1+sinx1-—sinx 1 — sin? x 
sec” x — sec x tan x 
cos? x 2m 2m 
55. cos’ x — sin? x = 1 — sin? x — sin? x = 1 — 2 sin? x 22 Qn 
sinx cosx sin? x cos? x 
57. tan x + cot x meee : t : =9 —2 
cosx sinx cosxsinx cosxsinx 
1 y=sinx+a7 y = sin(x + 77) 
= ——— = sec x csc x 


cos x sin x 


A58 Answers to Odd-Numbered Exercises ™ Chapter 7 
83. Yes 
4 
21 2a 
=4 
85. No 
4 4 
20 2a 27 2a 
=4 =4 
y=sinx y = sin(x — 77) 


87. sin x can take on negative values, whereas the right-hand 
expression cannot. 


7 
89. No; cos 3 = 0, so tan 5 is undefined. 


91. 4 


y=sinx 


Exercise Set 7.2 (page 572) 


1 V2 V3 V2 
i= 3: 5. 9 1, =] 43, 
2 2 a 4 0 ae 
1 = 
V6 ‘6 V2-V6 
4 a 4 
Sf. gp 1 VO V2 ti VO 
a eo ee g. 2 a, 
lin -V3+4+1 
an —— = , or V3 — 2 
12 1+ V3 


12 1+ V3 
5h sn V2 30 v2 30 ‘ 
. 4 9g 3808 pi tan, 


3 1 
31. sin 240° = 3 cos 240° = 3 tan 240° = V3 


2+ V6 —VvV2 
33. sin 75° = V2 + V6. cos 75° = V6 = V2. 
4 4 
V3 +3 
tan 75° = ————, or V3 + 2 
3-V3 
2+ - 
je: cade 2 ep ie OO 
4 4 
1+ V3 
tan 105° = ,or —2 — V3 
—~ V3 
V6 - V2 -V2- V6 
37. sin(—195°) 4 3 cos(— 195°) = “ 
1- V3 
tan(—195°) ,or V3 — 2 
1+ V3 
39 7 7 ae 
- cos| > — a cos 5 cosa + sin; sin a 
=0+sina=sina 
41. see(Z a 2) = ee 
2 7 
—-a 
con(5 ) 
1 1 
= =— =csca 
sin a 


7 fu TPs es 
cos — cosa + sin= sina 
2 2 


1 say 
He ae a ay: 2V2 2 
65 16 5 12 
32V2 — 9V/15 2V2 
51. : 53, = $5. f(x) = sin| x a 


57. f(x) = 5(sin(x — 0.9273)) 


59. f(x) = v3 (six + 22) 61. f(x) = 2fsin(» 4 22) 


63. —sinx 65. —sinx 67. —cotx 
69. cos(x + x) = cos x cos x — sin x sin x = cos” x — sin® x 


tan 7 — tan x 


71. tan(a — x) tan x 


1 + tan 7 tan x 


7 
tan x + ery 

7 
73. tan(s + z) = 


a 1—tanx 
1 “ee 


_ tanx + 1 


7 7 : . 7 
75. cos| x — —] =cosxcos— + sin x sin — 
2 2 2 


; 7 
sin x = cos x 
2 


sin x 


T ‘ 
= cos 2 cos x + sin 


BIA wly 


: T . 7 

77. sin x sin — cos x — cos 
3 3 

7 : 7 

= cos x sin — — sin x cos — 

3 3 


; 7 _ 0 
= —sin x cos — + cos x sin — 
3 3 


79. cos(x + y) + cos(x — y) 
= cos x cosy — sinxsiny + cosx cosy + sin x sin y 
= 2cosx cosy 

81. sin(x + y)sin(x — y) 
= (sin x cos y + cos x sin y) - (sin x cos y — cos x sin y) 
= sin? x cos” y — cos” x sin” y 


V3 3 5a 
83. — 85. —— 87.7 89.c=— 
5 me 8 89. 6 = = 
2 2 
91. A= ae B= 3007, C = a2 D = 3007 


cos 2x(cos 2h — 1) — sin 2x sin 2h 


93. 
h 


95. A= 10V2;e=7 97. 6 = 60°; c = 30° 


99. sin(2x) = sin(x + x) = sin x cos x + sin x cos x 
= 2 sin x cos x 
101. 2 cosasin b 
103. sin(a + (—b)) = sin acos(—b) + cos a sin(—b) 
= sin acos b — cos asin b = sin(a — b) 
sin(a— 6) sinacos6b—cosasinb 
cos(a — b) 


105. tan(a — b) 


cos acos b+ sina sin b 
il 


(sin a cos b — cosasinb) cosacosb tana — tanb 


(cos acos 6 + sin asin 6) 1 


cos acos b 


Exercise Set 7.3 (page 583) 


2V2 AV/2 4V2 9 
1. 3. 5. 7: 
3 9 7 7 


24 
7 


9. sin 2 = 2 i tan 2. 
. sin 2x = —; = 
S 25° cos 2x 5 an 2x 


3 1 
11. sin 2x = are cos 2x = > tan 2x = V3 
4V2 7 4V2 
13. sin 2x = 5 COS 2x 9 tan 2x 7 
; 5V 11 
15. sin 2x 18 3 COS 2x = is? tan 2x = 7 
7 cos x + cos x cos 2x sin x + sin x cos 2x 
° 2 
1 cos x — cos x cos 4x 1 — cos 2x V2+V3 
° 8 . 2 ° 2 
V2+V3 V2+ V2 V10 
27. -————— _ 29. -————__ 31. 1 _ 33. —— 
2 2 10 
1 2V5 1 
35. = 37.3 39. — 41. -2 43. -—— 
3 5 2 
1. : 1 
45. 3 (sin 7x + sinx) 47. ms (cos (4x) — cos 8x) 
1 x 


5 
49. es (cos(2x) — cos 4x) 51. —2 cos = sin 3 


: : . 1K. Sx 
53. 2sin4xsinx 55. —2 sin — sin ce 
1 | 2, 
57. sec? x = = ee = 
cos” x 1 + cos 2x 1 + cos 2x 


2 


1 + tan atan b 


Answers to Odd-Numbered Exercises ™ Chapter 7 A59 


1+ 2(2 
59. 2 cos” ax = 2 3 2) = 1+ cos 4x 
1 1 2, 
61. 29% = —— = = 
See et “Cos? Dix (1 + cos 4x) 1+ cos 4x 
2 


63. cos 6x = cos 2(3x) = 1 — 2 sin? (3x) = 1 — 2 sin’ 3x 
65. sin 6x = sin 2(3x) = 2 sin 3x cos 3x 
67. sin(2x + 7) = sin 2x cos 7 + cos 2x sin 
= —sin 2x = —2 sin x cos x 

69. cos 4x = 1 — 2 sin? 2x = 1 — 2(sin 2x)? 

= 1 — 2(2sin x cos x)? 

= 1 - 8 sin? x cos? x = 1 — 8 sin? x(1 — sin? x) 
1 — 8 sin? x + 8 sin* x 
71. sin 3x = sin(2x + x) = sin 2x cos x + cos 2x sinx 

= 2 sin x cos’ x + (2 cos? x — 1)sinx 

= sin x(4 cos” x — 1) 
73. cos 3x + cos x = cos(2x + x) + cos x 
cos 2x cos x — sin 2x sin x + cos x 
= cos 2x cos x — 2 sin? x cos x + cos x 
= cos 2x cos x + cos x(1 — 2 sin’ x) 
= 2 cos x cos 2x = 2 cos x(2 cos* x — 1) 
= 4 cos’? x — 2 cos x 


x x 1 — cos x 
75. tan tan : cot x — csc x 
2, 2 sin x 


7 V3 1 1 
we 9. 81. 83. 
10 3 


85. 93.4471 meters 


2 
a a 
87. a. b = 2s sin me b. h=seos($) 
2 2 


a 1 72 
.A A= —s* si a 
c s * in 2) coo(£) d as sin(a) e 5 


89. a. y() = Bega; 
&@ = (sin(at(f, + f,)) cos(at(f, 
b. 10(sin(1277t)) cos(672) 


; 1\  5V3 tg 1\ 5v3..... , 
“F\ 9 2°22) 9 25 a> MT M2 


91. -1 

93. cos(a + b) = cosacos b — sina sin b 
cos(a — 6) = cosacosb + sinasin b 
cos(a + b) + cos(a — 6) = 2 cos acos b 
cos(a + b) + cos(a — 6) 


— f,)); B= 2A 


b 
3 cos a cos 
Exercise Set 7.4 (page 594) 
1 
1. sin? x 3. tan?x 5.x=4,-1 7. a 
V0 lla : : 
9... 6 2nTr, + 2n7r, where n is an integer 
T : ‘ 
11. x= a nit, where 11 is an integer 
7 5 : : 
13. x= 7 + 2n77, e + 2n7, where n is an integer 
7 377 : : 
15. x 3 2n7, 3 + 2n7r, where n is an integer 


A60 Answers to Odd-Numbered Exercises 


17. 


19. 


21. 


23. 
25. 
27. 
29. 


31. 


37. 


45. 


51. 


55. 


59. 


65. 


67. 
69. 


73. 


77. 
79. 
81. 
83. 


87. 


89. 


Chapter 7 


7 
x= —+ nT; + ni, where n is an integer 
12 49 2 
T nT : : 
x= Z + >? where n is an integer 
30 nT 
x= a + 3? where 11 is an integer 
x ~ 2.4189 + 2n77, 3.8643 + 2n7, where n is an integer 


x ~ 1.2490 + nz, where n is an integer 


x ~ 3.7851 + 2n77, 5.6397 + 2n7, where n is an integer 
x = 0.7297 + ime + 2n7r, where n is an integer 
0, 0, ae Sw a 
x= 7 x= >? -X= DoS 

On 3%.2= 5,2 axat 3.2=7,2 
x=0,7 x= rw woe a 6 eo 
Tw 30 a 5a 
= 0, =~, 49. x= -, 
x aw AT. x 9 49. x 33 
w 30 Sa T17 
ee aes eee 
wT 30 wT 39 
sr aa 
Tw Oa Ww 51 7 51 
=0,>,— 61.x=-,— 63. x=, 7, 
aa Ga “2 4 eB 
8 i 
* "4? 4° 6 6 
x =~ 0.4636, 2.6779, 3.6052, 5.8195 
x =~ 3.4814, 5.9433 71. x ~ 0.8411, 7, 5.4421 
ee 3.3943, — on 56.0305 75. x ~ 0, 1.1071, 7, 4.2487 


x= one en 3.3943, 6.0305 

x ~ 0.9828, 2.6779, 4.1244, 5.8195 

x ~ 0.6155, 2.5261, 3.7571, 5.6677 

No value of x 85. x ~ 1.2744, 4.5611 
4 8 


Intersection 
X= 1.2743927 LY = 3.2743927 


x = 0.3927, 1.9635, 3.5343, 5.1051 
4 


Intersection 
X=.39269908 Y= .70710678 
—4 


x ~ 0.6662, 2.4754 2 


Intersection 
X=2.4753532 Y=.61803399 
-2 


91. 6 ~ 0.3218 or about 18.43° 93. Day 7687 
95. Approximately 9 A.M. to 1 P.M. 
b 1 
A=—bh 


97. a. sin@ = 5 
6 2 


h 
5 cos 0 = 
6 


1 
= (4)s6 sin 6 cos 6 = 18 sin 6 cos 0 


b. 6 = 31.3670° c. 6 = 45° 

99. a. x ~ 109; 250 b. x ~ 180 

101. No, there is no value of x for which sin x and cos x are 
both equal to 1. This is a misstatement of the rule that if 

ab = 0, ttena=0,b=0,0ora=b=0. 


103. x = 0.7391 105. _ + 2n7, n an integer 


Chapter 7 Review Exercises (page 600) 
Section 7.1 (page 600) 


1 25 
iF 3. sin” x 
cos x 
1 — cos x 
5. 1 + cosx = (1 + cos x) 
1 — cos x 
1 — cos? x sin? x 
1 — cos x 1 — cos x 


7. sin’ x = (sin? x)? = (1 — cos?x)? = 1 — 2 cos* x + cos* x 
9. cost x — sin* x = (cos” x — sin? x)(cos” x + sin? x) 


= (cos* x — sin’ x) = 1 — sin’ x — sin? x = 1 — 2 sin’? x 
11 1 + 2 cos x + cos? x (1 + cos x)? 
‘ 1 — cos? x (1 — cos x)(1 + cos x) 
_ 1+ cosx 
1 — cos x 
tan? x sec?>x—1 (secx—1)(secx+1) 
‘ sec x 
secx+1 sec x + 1 secx +1 
Section 7.2 (page 600) 
: 7 
15. sin 75° 17. Coss 
2 - V6 V2 - V6 
19. sin(—105°) 3 cos(— 105°) Fi 7 
-1- a. 
tan(—105°) aA? or V3 +2 


21. sn( =) VEN, co *) Va + Ve, 
12 4 ° 


7 1- V3 
tan| ——— Le a3 
( =) 1+ V3 
1 6 
23. ° 25. : 27. sad 


65 16 65 


Section 7.3 (page 601) 
4 24 1 — cos 4x 


29. i A 
5) - 25 os 8 = 2 2 


1, “Geet sad: ai Geel . 
. 2 sin Ox sin 2X . cos 2 cos 2 


Section 7.4 (page 601) 


7 570 ‘ : 
43. x 3 + Qarn, x 3 + 27m, where n is an integer 
Q7 4a ; : 
45. x 3 + 2am, x = 3 + 2am, where n is an integer 
47. x ~ 2.3005 + 2an, x ~ 3.9827 + 27n, where n is an 
integer 
49. x ~ 1.1593 + 2an, x ~ 5.1239 + 2an, where n is an 


integer 


55. x ~ 0.8861, x ~ 2.2555, x ~ 4.0277, x ~ 5.3971 
57. 4 


Zero 
X= -.4501836 LY = 0 
—4 


x =~ —0.4502 


Applications (page 601) 
11 
59. f(x) = sin (> + uz) 61. 6 ~ 0.4334 or about 24.83° 


63. a. 32.3884° b. 24.6243° ec. 25.3769° 


Chapter 7 Test (page 602) 


cot?x — csc’x—1  (cscx — 1)(cscx + 1) 
“cscx +1 cscx + 1 cscx + 1 
=cscx— 1 
5 cos x 1+sinx  cosx(1 + sin x) 
“1—-—sinx 1+ sinx 1 — sin? x 
cosx(1 + sinx) 1+sinx 
3 sec x + tan x 
cos~ x cos x 
3 1 ; 1 secx—1+secx+1 
“secx+1 ° secx—1 sec? x — 1 
_ 2secx 


= 2 cot? x sec x = 2 cot x csc x 


tan? x 


7 7 F 7 . 7 
4. sin ae = RASS COS Ss SOS e 


5 2 2 
5. sin—— 6. V2 BAVS) % V2), + V3) 
12 4 4 
63 33 16 24 
- +2 9. 10. 11. 12. 
8. V3 65 : 56 65 25 
V 10 24 1 . 
13. 10 14. 7 15. 40 cos 2x) sin 2x 


ih eee Te oer a 
. 2 sin 3X sin x . cos 2 C085 


Answers to Odd-Numbered Exercises ® Chapter8 A61 


7 57 . : 
18. ‘ + 2n7, rs + 2n7r, where n is an integer 
ee ee Sq, oe oe Oe 
“3 2 > Where n is an integer be ae ag 
Ww 45a 
21. 0, 3 3 22. 1.911,4.372 23. 2.214 24. —0.564 


25. a 26. Day 9 


Chapter 8 Exercises 


Exercise Set 8.1 (page 612) 
1. sin(180° — 6) = sin(180°) cos(@) — cos(180°) sin(@) 
= sin @ 
3. 30°; 150° 5. 53.13°; 126.87° 
7. B= 104°; a = 8.3913; b = 15.3648 
9. C = 25°; a ~ 17.7880; b = 13.3853 
11. C= 74°; a ~ 4.4669; c ~ 6.4170 
13. C= 50°; a = 18.4002; b = 6.6971 
15. C= 40°; b = 11.4320; c ~ 8.4851 
17. B= 60°; a ~ 53.6231; b = 47.1554 
19. B= 29.5°; b = 12.9516; c = 8.9957 
21. B=54.9°; b ~ 12.8330; c ~ 12.3771 
23. One solution: B = 24.1858°; C = 120.8142°; c ~ 10.4813 
25. One solution: B = 32.3884°; C = 107.6116°; c ~ 8.8968 
27. No solution 29. 1.0 31. 11.5 33. 23.2051 feet 
35. 10.7119 feet 37. 6.0882 miles 39. 10.9410 inches 
41. 9.1794 feet 43. w= 227 feet; d = 145 feet 
45. 11.8313 feet 47. 369 feet 49. 5.5° 51. 2.3031 feet 
and 3.0759 feet 53. AD ~ 14.7 yards; BC ~ 21.9 yards 
55. Counterclockwise from the left: approximately 5.1764 
inches, 6.0195 inches, and 3.6724 inches. 
57. Let C = 90°. 


. a 
sin A =— 
c 
snA 1 sin90° sinC 
a c Cc c 
. b 
sin B= - 


c 

sin B 1 sin C 
b ic ra 

snd sinB  sinC 


for a right triangle as well. 
a 


: b c 
59. a=5V3,a>5V3,a<5V3 


61. No. The Law of Cosines is used in that case. 


Exercise Set 8.2 (page 621) 

1. 11.1664 3. 10.0317 5. 7.9646 

7. a= 8.2885; B = 81.2265°; C = 43.7735° 

9. c= 10.9813; A = 56.2575°; B = 86.2425° 

11. A = 27.6604°; B = 40.5358°; C ~ 111.8037° 
13. A = 12.9294°; B = 17.0140°; C = 150.0562° 
15. A = 31.9475°; B = 108.9679°; C = 39.0846° 
17. A = 32.0388°; C = 47.9611°; b ~ 27.8460 
19. B = 47.0935°; C = 34.9065°; a = 43.2629 


A62 Answers to Odd-Numbered Exercises ™ Chapter 8 
21. B~5.5°3 C =~ 5.5°3 a = 30.2600 
23. 272.8236 25. 51.8733 27. 32.9047 29. 5.3327 
31. 63.0069 33. 6.64 feet 35. c ~ 16.3830 inches 
37. a. Use the Law of Cosines. b. 79.09 meters 
39. 70.2271° 41. ~ 9.0569, ~ 19.9239 square inches 
43. 371.3456 feet 45. 6.7804 centimeters; 94.2368° 
47. 28.5518 feet 49. 450 square inches 
$1. AE = 2.24 inches; BE = 1.41 inches; DE = 2.83 inches 
§3. 3.2370 inches; 6.4739 inches 
55. 2? =)? + a’ — 2abcosC 

C = 90°, cosC = 0 

C=h+a—-0 

7+RP=C 
57. A direct application of the Law of Cosines results in a 
single equation with an unknown side and an unknown angle, 
and cannot be solved uniquely. 
59. It does if the sum of the squares of the two smaller sides is 
equal to the square of the largest side. 
61. It does if the quotient of the side lengths is equal to the 
cosine of the angle. 
63. If C is a right angle, then the area formula is 


1 1 
—absin 90 = —ab. 
2 2 


Exercise Set 8.3 (page 634) 


1.03.01 5.56 7F 9% B 
11. 


15. 


3V2 3V2 


a, 


1 
34, = 
2 
2s. (0,2) 27. (2,7) 29. (2,27) 31. (1 
e 29 ° > 3 e > 6 ° 3 


ue) 23. (2V3, 2) 


7) 


83, @, =<; (2:0) 35)/( 4, — 2 


»\—4, 
1 7 1 1 
a7, (|, (|. Bs (0 | Se 
4 6 4” 6 7 7 


43. rcos?=2 


17 
2 


45. rcos@ + 2rsin0d=4 47. r=5 49. r= —2cos@ 
51. sind =rcos’@ 53. rsin?@ = 2rcos*6 + cos @ 
55.x° +? =9 ST. y=x 59.x=4 61. 2x+y=4 


63. («— 1? +3 =1 65. x?-y=4 67. (2, -*?) 


69. The coordinates (r, 0) and (r, 6 + 277) are equivalent in the 
polar coordinate system, since the terminal side of 6 + 277 is the 
same as the terminal side of 0. 

71. Two features of the polar coordinate system that are 
different from those of the rectangular coordinate system: 

(1) The coordinates of a point in the polar coordinate 

system are expressed in terms of real numbers and measures 
of angles, whereas in the rectangular coordinate system, the 
coordinates are expressed in terms of real numbers only. 

(2) The rectangular coordinates of a point are unique, whereas 
the polar coordinates of a point are not. 


Exercise Set 8.4 (page 647) 
7 T T 30 
2. 2 V4 


23. r=3cos@ 25. r= —4cos@ 


27. r= 2 29. r= 
sin 0 cos 6 


43. 


47, 4, 1 
-7fu 17 
-1.5 15 
—10 =I 
51. 4 53. 50 
—5fr1 43 ol —50;r44 Wy ++] 50) 
—4 —50 


55. 7m 57. 27 59. r=2+ 2sin0@ 
61. 3 3 


—4/o41. 4 1 | 4 =f pia rs} 4 


=3 =3 
The graph of 7, is obtained by rotating the graph of r, by 5 
units clockwise. 


Exercise Set 8.5 (page 658) 


Answers to Odd-Numbered Exercises ™ Chapter8 A63 


1, 3 
7. ~4i + 6j 9. -21- 1.55 IL. Gi + 73 


13. (—2, —1), (13, 2), (—4; 1) 
15, (—7, 12), (2, —9), (15, —22) 
5, 1.5), (1.5, 4.5), (—4.5, —6.5) 


( 
( 
tl 
(-3 aa 3) 
19. , >( a> @ )s (95 
3 35 5 
21. (-6, 4), (6, 1), (10, —10) 
23. (—5.1, 1.6), (6.9, 8.8), (7.3, —9.6) 25. V5, 116.57° 


2V 109 
27. V3.25, 56.31° 29. 5 5 16.70° 


31. V20, 333.43° 33. V7.25, 68.20° 
- (2 ‘\ 9 (Y a) 45 (= 2) 

~\S' 5 "27 2 , 5° 5 
41. (15.7517, 10.6247) 43. (—9.85, —1.74) 
45. (—4.6,0) 47. (—15.5563, 15.5563) 
49. (7.50, —12.99) 
51. a. (—17.32, -10) b. (—19.92, —11.50) 
53. a. 1.81 miles b. 3.71 miles 
ec. 4.13 miles d. S26°E 
55. 15.94 mph; 0 = 77.17° or N12.83°E 
57. a. 11.47 miles per hour E; 16.38 miles per hour S 
b. 30.61 miles per hour; $21.80°E 
c. 33.41 miles per hour; $20.07°E 
59. a. The normal force directed perpendicular to the surface 
of the incline is 24.2487 pounds, and the force along the x-axis 
(or along the negative x-axis, depending on the preliminary 
orientation) is 14 pounds. 
b. With a friction force of 4 pounds in the opposite direction 
from that of motion, the force along the x-axis (or along the 
negative x-axis, depending on the preliminary orientation) is 
10 pounds. 
61. |v = 0 > Vv, + v, = 0. Thus v7 + v; = 0. If either v,, 
v,, or both are nonzero, v; + v, > 0. Thus v, = v, = 0. 
63. k would have to satisfy Vkuz + ku; = kV u, + wu, or 
k= Vk, sok=0, 1. 


Exercise Set 8.6 (page 668) 


2 
1. -18 3. -14 5.0 7. "5 9. 108.4° 11. 90° 


13. 63.4° 15. 81.0° 17. v, =(—1, —3); v, = (3, -1) 
19. v= (6, 3); Vo (4, 8) 21. Vic (9, 3)5 v2 = (33 9) 
24 32 


124 93 
23. eae 25. No 27. N 
aM ( p93) Ye ( =) Pans anne 
29. No 31. Yes 33. (0,1) 35.3 37. (12, 12) 


12 6 
39. (3 s) 41. 1414 foot-pounds 43. —4.5 
45. 1.20 miles 47. 1879 foot-pounds 49. 23.6 horsepower 
51. a=6 


A64 Answers to Odd-Numbered Exercises ™ Chapter 8 


53 v t+ w=(v, + Wy vy + w,) u:‘v+u-w 
u-(v + w) = u,v, + w,) + u,(v, + wy) 
= U,V, + UW, + UV, + UW. 


Exercise Set 8.7 (page 676) 


V13 
1.-i 3. -1 5. -1+i7 7.V5 9. V5 a 
13. 2(cos2 +7 sin”) 15. 4(cos 7 + isin 77) 
5 5 7 7 
175 2( eos 22 + isin) 19. 42 con 7 + isin) 
ti, Al ee eg) O98 aon en 
. cos 6 7sin 6 . cos 12 7sin 12 
25 3. 10 Tt 
ai 2 COs 12 r 2sin 12 
7 


27. 2 + isin 
. 2 cos 12 r 2S$in 12 


29. —4 31. 8 33. 216 

35. 0.707 + 0.7077; —0.707 — 0.7077 

37. 1.225 + 0.7077; —1.225 — 0.7077 

39. —1; —0.309 — 0.9512; 0.809 — 0.588:; 
0.809 + 0.5887; —0.309 + 0.9517 

41. —2; 2; 21; —2: 

43. 1.554 — 0.6447; —1.554 + 0.6441; 

0.644 + 1.5547; —0.644 — 1.5547 

45. —1, 0.5000 + 0.86602, 0.5000 — 0.86607 
47. —0.866 — 0.5001; 0.866 — 0.50035 7 

49. Let z = r(cos @ + isin 8). By DeMoivre’s Theorem, 


(vs eos(2 a 22 isin(! 4: 22) |) 


= r(cos(@ + 2k7) + isin(@ + 2k7r)) 


r(cos 8 + isin @) = z because cosine and sine are periodic 


with period 2k77, k an integer. 
51. One 


Chapter 8 Review Exercises (page 683) 


Section 8.1 (page 683) 

1. B= 72°; b = 25.6437; c = 17.3317 

3. B= 54.9°; b = 12.8330; c = 12.3771 

5. B= 46.4727°; C = 68.5273°; c = 10.2679 
7. B= 41.4387°; C = 103.5613°; c = 22.0329 


Section 8.2 (page 683) 

9. B= 114.6819°; C = 30.3181°; a = 5.6812 
11. A = 44.9182°; B = 28.0818°; c = 40.6306 
13. A = 51.1832°; B = 33.8168°; c = 44.7496 
15. A = 28.9550°; B = 46.5675°; C = 104.4775° 
17. 69.28 


21. (2\/3, -2) 23. (0,2) 25. (2 2) 27. (. =) 


5 
29. r? — 2rcos@ = 7 


Section 8.4 (page 684) 
31. 


35. 


Section 8.5 (page 684) 


37. 3V5 ~ 6.71; 63.43° 39. V74 ~ 8.60; 125.54° 
41. (2, 0); (—4, 12); (—2, —8) 


43. (—5.5, 5.5); (3.5, 5.5); (10.5, —16.5) 45. (3 — 
47. 61 — 3j 
Section 8.6 (page 684) 
32 
49. —2;0=93.4° 51. 733 140.9° 


: 2 4 12 6 
53. proj,,V = Vv, 5 5p? 5? 5 


55. proj,.V = Vv, = (0; 0); vy = (-1, 5) 


Section 8.7 (page 684) 
30 .. 30 27 .. 20 
57. 6cos— + 6isin— 59. 2cos— + 21sin — 
2 2 ze} 3 


i dees 
. = 2 Ss1n — 
cos é S 6 


Answers to Odd-Numbered Exercises ™ Chapter9 A65 


1 i| 7 Se = 
63. 4.cos 2m + 4i sin 273 = cos © | i sins 35. ee 7 pasa a 
290r : . 297 
65. 2V2 COS 5. + 2iV2 sin 72° 37. x = —3.75, y = 2.875 
1 


3 3 7 vi F 
71. (cos + isin x), 1(cos 7 + isin i) egies vate 
Pe ere ee nee 
- cos 5 fain’ @ J cos ral 39. x = —0.75, y = 2.75 5 


Applications (page 685) 
75. 107.4465 feet 77. 2530 feet 79. 59.3474 feet 
81. 4698 foot-pounds 


Intersection 


Chapter 8 Test (page 686) X=775 Y=2.75 
1. C = 85°, b = 11.03, c = 21.98 7 

2. B= 24.50°, C = 95.50°, a = 10.44 game H 

3. A = 38.04°, B = 29.53°, C = 112.43° 41. we ies 

4. A = 110.64°, B = 24.36°, a = 15.88 


7 5V2 5V2 
5. 50 square inches 6. (s 2) 7. ( oe <2) 


8.r=2sind 9 axrty=6.25 b y= V3x 


12. Magnitude: 5; 0 = 323.1° 13. (—6.13, 5.14) 14. —2 
15. (-11,-1) 16. ||ul| = V/10; ||v|] = 2V5 


17. (-5 -3) 18. (con + isin) 49. xf di pas i 
7 bin TE “aa [1 3am 56 i a 
19. 2fcor% + 7sin =) 20. 11.84 feet 21. (—6.43, 7.66) 2h a Ste 
22. 906.31 foot-pounds Yi B : 
=Gil 4 


Chapter 9 Exercises 


4+ 5(-2) =—-6 
1. (-1,2) 3. (3,5) 5. (4,2) 7. 
(-1,2) 3. G,5) 5. (4,2) i a 
9 2(0) — 3(2) = -6 11 a- (a—-5)= 5 
“| -0+22)= 4 ° |-2a+ 2(a-5) 10 
13.x=lyv=3 15.x=-l1,y=2 17. No solution 
19. x =2,y=-3 21. Dependent system 


Exercise Set 9.1 (page 701) 
ta 


16 I 
23.x= —Ty=—-3 28. x=6y=—4 27. x= 3,9= 1 
29 2 434. ° ° 
~x=-2y=- . 7 eS Soy 
y —2x+ y=2 gr 9 


{ x + 4y=—-5 39 —16 


xt3y= 6 55 
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71. P=170 73. P= 180 


75. Tickets: $600 million; merchandise: $2.4 billion 

77. a. Running: 26 minutes; walking: 14 minutes 

b. Running: 38 minutes; walking: —18 minutes. No. Time 
must be nonnegative. 

79. $380: 53 tickets; $700: 27 tickets 

81. a.x+y=10 b. 0.10x + 0.25y = 1.5 


10 20 
Cc x= = gallons, y = Z% gallons; = gallons of 10% 


solution and = gallons of 25% solution are needed for a 


15% solution. 
d. No. The acidity of the less acidic of the two solutions used 
to make the mixture is greater than the acidity desired. 
x + y = 10,000 
x = 6000 
y = 4000 
y=0 


bh OD 0 ONO 


thousands 


83. a. 


> 


6 8 1042* 


85. a. 


6x + 8y = 960 


x= 0 (0, 5) 40 


& 


89. 1000 of Model 120; 0 of Model 140 91. 10 days 

93. 50 drivers, 30 putters 

95. 0 acres of cucumbers, 50 acres of peanuts 

97. 80 mini pizzas, 20 mini quiches 99. a=0.15,b = 10 
101. a. b. No 


c. No. There is no point of intersection. 
103. No. The resulting equations form a dependent system. 


Exercise Set 9.2 (page 715) 
3(1) — (0) = 3 
1. 42(1) + (—2) — 2(0) =0 
3(1) — 2(-2) + (0) =7 


5(0) — (1) + 3(-4) 13 
3. (0) — (1) + 2(-4) 9 

4(0) — (1) + (-4) 5 

(-9 — 1lz) + 2(5 + 7z) — 32 1 
* [2(-9 - 112) +36 + 72) +2 3 
7.x=4,yH=1z=-2 9 u=7T,0=4,w=3 
ll. x=2,y=O0,2=2 13. x 4,y=2,2 1 
15. x=0,y=0,2=-2 17. x 6, 9,z=11 

a | tL *5 1 3 


or y 21.6x=3,y ye 


4 
23. x=0,y ee 25.x=2,y 35-2 5 


27. u=4,v = 2, wh 
31. x 1—5z,y 
33. r=9 — 84s 
37. Inconsistent 
39. Mutual fund: 50%, high-yield bond: 20%, CD: 30% 
41. A: 20 ohms, B: 35 ohms, C: 45 ohms 

43. Level A: $45, Level B: $35, Level C: $30 

45. Florida: 23.3%, New York: 23.3%, California: 22.1% 
47. a. a+b+c=1;4a-2b+c¢ 8 

b. a= -1,b=2,c=0 c. f(x) = —x? + 2x 

49. f(x) = 5x? — 10x + 6 


29. r=3,s=11,t=8 
z 
4+ 4t 35. y=4,2 = —-15 — 3x 


_ 2 
3 
5 
4 


Exercise Set 9.3 (page 730) 


4A 1..=8 | & =o 4 [21 
itt hee] Si] tb £ =a] Ss 
% © <i.) 4 =F =i] &| 6 
=o. 4 
5 : i =a i 7 eed lk 
“1-3 2 1] 1 


13. 


21. 


2x + Oy = a Gyre 
Tp Oy 19. = 3 

Ri 

x 


x=2+5u,y 34+ 2u,2=5 —- 3u 
1 
23. x=-14,7=8 2a — A 
27.x=2,y=4 29. x=3,y=-1 
1 

31. y= ate 3% x is a real number 
33. Inconsistent system 35. x = —3,y=2,2=4 
37. x=1ly=1z2=0 39. x=2,y=—-2,2=5 
41. x = -y, z =y — 2, y is a real number 


43. Inconsistent system 45. x = 4y + 24,2 = 10 
47. r=10,s=2t—4 49. Inconsistent system 
51. x ly=3,2 6 


53. 6 : pounds of Colombian, 2 pounds of Java, 


1 pounds of Kona 


55. 5 cheese pizzas, 3 pepperoni pizzas 

57. 10 boxes of Brand A, 6 boxes of Brand B 

59. Mutual fund: 50%, bond: 12.5%, CD: 37.5% 

61. A = 40 ohms, B = 20 ohms, C = 80 ohms 

63. Infinitely many solutions: a = 0. One solution: a ¥ 0. If 
a = 0, this is a dependent system. If a ¥ 0, the solution is 
(—2; 5;.0). 


65. 


67. a. The first equation is the second equation multiplied 
by 3. The second equation is the first multiplied by :. 


b. Because the equations are multiples of each other, the 
values that satisfy one will satisfy the other. 

ce w=2ut+2vt+1 

d. ad, 1, 5), G1, 1, 1) 


Exercise Set 9.4 (page 745) 

1. -1 3.3xX4 S.a@7 

7. False. For addition, matrices must have the same 
dimensions so that corresponding entries can be added. 

9. True. The product of an m X n matrix and an v X p matrix 
is an m X p matrix. 
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4 5 12 5 20 —15 
11.;3 -1 13. 6° °=3 15. 3. =) 
0 1 2 -5 8 —27 


17. Not defined. The dimensions do not allow for addition. 


1 
-~ 4 
19. 3 
36 12 
21. Not defined. The number of columns of the first matrix 


does not match the number of rows of the second. 


544 


44 
ff 4),(2 
23. 25. 3 27. | 36 12 
5 0 -1 20 23 
2 758 
go 


—10 
29. a. | - 1 b. The dimensions do not allow for addition. 


c. The dimensions do not allow for multiplication in the given 
order. 


8 —4 9 —29 42. —37 
31. a. b. Cc. 
-4 35 18 —17 6 1 


—-6 —12 
33. a 13. -17 
13. —-13 


b. The dimensions do not allow for addition. 
c. The dimensions do not allow for multiplication in the given 


order. 
2 ts pe 
35. : 37. 2 3 39. i 2 
27 4 52 23: = 7 


—-18 —-4 
41. 20 3] 43. ag+ bj;ei + fl 45. eh + fk; ci + dl 


47. 


x 
i. 
Lemmey) 
lo] 
Ce) 
Cn > | 
c 


9 0 27 0 0 
51. —4 1j,}-16 3 2 
—12 1 -40 2 1 


53. a=—1,1 55.a=0;b=4 

57. a=2,1;b= —-2 

59. Regular: $28.80; high-octane: $31.80 
1854.86 834.687 129.8402 

61. a. | 1964.92 884.214 137.5444 
2016.44 907.398 141.1508 


b. It represents the breakdown of the contribution from each 
of these three sectors per year. 

c. Yes. It represents the total contribution of these three 
sectors over the given years. 

63. Sofa: $122; loveseat: $94; chair: $48.50 

65. Keith: $107.70; Sam; $102.75; Cody: $98.75 
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10 —9 34 
—19 —127 
67. ‘ 8 A 
=7 75 —68 
10 10 34 


0 0 
69. AB= | | No, as demonstrated by the given matrices. 


1. AI= 2 -1}/1 0} _ }2 -1 
1 O;}O 1 1 0 
2 3 3 

- AB= >;BA= 

rs ap-[{ jhaa—[) 


entries of the resulting matrices are computed using different 
rows and columns. 


4 
Al No. The corresponding 


Exercise Set 9.5 (page 757) 
1. Yes 3. Yes 5. Yes 


40 -5 a | 
13..||—18 1 24) | © oO 17 
30 4 3 4. O 
2 1 
0-5 5 = a 
ise 22-2) ae {2 4 
5 5 5 1 1 1 
1 2 = 
5 5 9 
7 oS =i 
a0 2 7 eee omiegeas 
“le a ag 4 See ee 
010 1 
3 1 1 
25. : ; .x=-3,y=- 
Sa Xe ried a ® 3 27. x 3,4 1 
9 5 
29. x po -s5 31.x=ly=-2 33. x=4,y=3 
35.x=-3,y=3 37. x= 36,y=9,2 5 


x 
39. x 47,y 35,2=17 41. x=4,y=2,2=—-3 
43. x 49,y 28,2 = 5.5 
45. x 3,y=0,2 5,w = 0 
1 1] } 1 3 
a7. |. 71). 3] a9.]4 “alfa 3 
oO Iy[o 1 0 1f|o -1 
70 olfs 0 o 
51./90 1 -4b/0 1 —6] 53. Adult: $12; child: $5 
0 0 1/]0 O 1 


55. Cheese: 200 calories; Meaty Delite: 270 calories; Veggie 
Delite: 150 calories 
57. Red: $72; white: $54; blue: $81 


15 -15 05 45 
a 7 By So: 1. : 
oA E 61, | 5 5 85 


5 0.5 -0.5 0 1.5 
0 I =05 <3 
16 1 19 19] [ 5 
63. | 9| PIR,|20| ATE,| 0] S 65. | 14], | 26 |; SNEEZY 
18 5 0 5} | 25 
- =) <i t i. =i 
67.]0 1 O|lfa=1,/0 1. OJ. 
0 0 1 0 0 1 
11 8 
69. (2) = (42 = 
4) (A) ie | 
218 47 
M1. (AY) = (4793 = 
(1 = (4) | | 


eee | RO | 1S Re 
a -|_3 Mice & | 


rsa [7 


b. The coordinates were transposed from (a, b) to (8, a). 


c. Multiply the product by A. 


Exercise Set 9.6 (page 768) 

1. -14 3. -9 5.35 7.11 9. 49;49 11. 10; —10 
13. —85 15. 62 17.0 19.0 21.6 23. x=2 

25. x=-4 27.x=-1 29. x =7,y = —-26 


5 17 
31. 5 33. x=0,y= -2 
x A y 5 x y 
35. x= -2,y= 37. x ~ —6.9286, y = 4.85 


1 1 1 
B98: LN Bk = 4. x=0,y=-2,2=1 
25 133 71 1 4 
43. ; , espe =a 
aaeicy ey Se a ld 


47. The entries of the second row are all zero, so the sum of 
the products of these entries and their cofactors will be zero. 


GQ) +22)= 5 1 2 #0 
49. §4(1) + (2)-(0) = 6 D=|] 4 1 -1/=0. 
2(1) — 4(2) 10 —2 -4 0 


Cramer’s Rule applies only for D # 0. 


Exercise Set 9.7 (page 777) 
Ax + B A B 


“x45 (x +5)? 


Ax+B.C 
"ye? 42° Qxt1 


x7—x—3 


4 A, B_,Cxt+D 9 A, B , Cc 
“y= 2" £42 ° +4 3x xt1° +1)? 
11. Irreducible 13. Irreducible 15. Reducible 
—1 1 =2 4 —2 3 
17. t 19. + 21. + 
xt+t4 x-4 x 256 = 1 wD HS 
33 ey 1 ee” 25 =2 | 4 
oy oo xtl  x—1 “x-1) (wD? 
54 2 —1 30 —1 = ae 2 
“x? x +2 “x-1 x+2° (x+ 2) 
—1 oe? 3 —3x 
1. F 
. xt2 x74+3 se xt2 x4+x41 
35 —1 1 ool 37 = 3 —2x 
“x t1ox—-1l) x41 242° (x? + 29? 
3 =3 x 
39. t= 
2x+1) 2x-1) x+1 
1 26=5 
41. + a 
3(¢+5) 3(t* — 5t+ 25) 
ee 
“5 +] 
1 A B Cc 
45. 5 + + 
x(x + 2x-3) x wxt+3 x-1 
1 
47. ———, 
gar 


Exercise Set 9.8 (page 783) 
1. (2, 3), (=3; = 2) 3. a, 2) (-1, —2) 


| 5 2 
5. (-4 -t), Gi. 7. (. -2), (-2, 0) 
9. (5,7); -3,5 11; (—2; =3) 13,5 —2), (3, 


15. 


wm 


(2v2, 1), (22, -1), (-2.598, 1.5), (2.598, 1.5) 

17. (~V2, 0), (V2, 0) 19. (-2, -1), 2s -1)s (55 6); (—5; 6) 
21. No solution 23. (4,2), (4, —2) 25. (0, —2) 

27. (4, 0), (-4, 0), (V7, 3), (-V7, 3) 


Jl 39 
29. (—2, 3), (4-3) 
31. (2, V10), (—2, V10), (2, -V10), (—2, -V/10) 


1 
33. (2 i) 35. (3, 3) 


I 


37. G3, -1), (7; =5) 


Answers to Odd-Numbered Exercises 


39. d, —3), 6, —3) 


41. (0.343, —1.646), (—0.834, 0.088) 


43. (0.789, 2.378), (—1.686, 0.157) 


Intersection 
X=.78856618L Y =2.3781634 


45. No solution 5 


-7.15 


47. (—1.123, —3.695), (—1.542, 1.895), (1.123, 
(1.542, 1.895) 


X =1.122975° TY =" 3.694638 
-1l 


49, 28 feet X 12 feet 
51. 8 inches, 5 inches 


53. r= = inches, h = 3 inches 


55. Radius = 3 inches, height = 12 inches 
57. 6 and 7 


Chapter9 A69 


—3.695), 


59. Property: 30 feet X 10 feet; pool: 15 feet X 5 feet; 


area of paved portion: 225 square feet 
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61. b< Section 9.6 (page 792) 
4 43.10 45. -42 47.x=-2,y=4 
63. If x,y # 0, then x”, y? # 0. If xy = 18, then 2xy = 36. 3 13 
Expanding the first equation, we get x” + 2xy + y? = 36. 49. x= 2,y a 4 
Because 2xy = 36, we can subtract these terms from both 
sides of the equation. Then x”? + y* = 0, which contradicts the Section 9.7 (page 792) 
assumption that x, y # 0. 14 17 
65.a.,h=+2r b. 0O<hA< 2ror-2r<h<0O eo aon 
ce h=0 d.h>2r,h< —2r ay 1 x—2 


. x+2 x45 
Chapter 9 Review Exercises (page 790) 


Section 9.8 (page 792) 

55. (1.56, 2.56), (—2.56, -1.56) 57. (0, 0), (1, 1) 
lex =4,y=3 3. y=5— x, xa real number 59. 100; 350 61. Soft taco: 190; tostada: 200; rice: 210 
63. 15 inches, 18 inches 


Section 9.1 (page 790) 


Chapter 9 Test (page 793) 
lx =-2,y=3 2.x=1ly=-2 


3. 


4. P= 62.5 at (3.5,1) 5. x 3, l,z=2 


4 1 2.9 eae 
ai aX 5 t 5 2 any real number 
3 3 Z5V 3 3 Bye ly rea. U: e: 
=o =2 46 -12 33 
Section 9.2 (page 791) Ts 11 —8] 8. |-20 -20 —-3 
13. x=1,y 1,2 1 15.x=1l1-24,y=3-2 —3 1 21 8 9 
Section 9.3 (page 791) 1 0 -2 
a <5 
4 111] 0 %] 75 3] 1} 2 1 -4 
17.]}0 -1 2 ]-1] 19. x=16,y=—-6 “42 9 
1 01 3 11. x= 13,y=—-4,2=1 12. 36 
21 1, 3, 2 ‘i 5 3 
ee . 13.x=0,y=2 14. x .y 7 
x—- 2z2= 4 4 4 
ae Fea ee es 2x-1, 3 
x=3+22,y7=5-2 “x t1 > @&t+)? x "xt 1 5 x 3 
Section 9.4 (page 791) 17. ( Ze : 8), ( af 2 i) 
oq. x 3 5 5 5 5 
25.0. 27344. 29, | 3 =4) Ste | SB 7 18. (2, 1), (~4 1) 


19. 600 CX100 models; 100 FX100 models; 


4 - -1 
2 2 maximum profit: $100,000 
33. | 17 ;| 20. 4 first class; 2 business class; 4 coach 
4 -3 
21. 
Section 9.5 (page 792) 
- —1 5 -1 1 x ; Customer 1 
10 3.2 


Customer 3 


41.x=-6,y=1 
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Chapter 10 Exercises 25. Vertex: (2,0); focus: (—1,0); directrix: x = 5 


Exercise Set 10.1 (page 806) 

1. True 3.10 5. f(x)=(x-1)? 7. True 
9.x7+6x+9 Il. c 13. b 

15. Vertex: (0,0); focus: (3,0); directrix: x = —3 


27. Vertex: (5, —1); focus: (5, —2); directrix: y = 0 


-~6-5-4-4-2-1 0 11x 


31. Vertex: (1,2); focus: (0, 2); directrix: x = 2 
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35. Vertex: (—3, —4); focus: (—3, —5); directrix: y = —3 


7 17 
37. Vertex: (4, —3); focus: (4 -2) directrix: y = a 


39. v2 =4x 41. x7 =12y 43. x7 =8y 45. y? = —-8x 
47. x? =1l6y 49. y?=—-20x 51. (x + 2)? = 12(y- 1) 
53. x7 = loy 55. y27=9x 57. (x — 4)? = -(y — 3) 
59. (x — 4)? =8(y- 1) 61. (x — 5)? = —3(y - 3) 

63. 5.0625 inches from the vertex 


65. a. 128 inches b. 12 inches from the ends 67. 3.2 feet 
2 


69. a y=44x rg oF 8)? = -16(y — 8) 


b. Different. Under conditions of weaker gravity, the object 
travels higher and farther. 
71.5 73.4 75. y2>=-8x 77. (2,—-2) 


Exercise Set 10.2 (page 820) 

1. True 3. 2V10 5.36 7.c 9d 

11. Center: (0,0); vertices: (5,0) and (—5, 0); 
foci: (3,0) and (—3, 0) 


13. Center: (0,0); vertices: (0,5) and (0, —5); 
foci: (0,3) and (0, —3) 


15. Center: (0,0); vertices: (3,0) and (—3,0); 
foci: (V5, 0) and (-v5, 0) 


me V1i7 
foci: (40) and (4 0) 


19. Center: (—3, —1); vertices: (—3, —5) and (—3, 3); 
foci: (-3, -1 + V7) and (-3,-1 - V7) 


21. Center: (1, —1); vertices: (11, —1) and (—9, —1); 
foci: (—7, —1) and (9, —-1) 


23. Center: (1, —2); vertices: (—3, —2) and (5, —2); 
foci: (1 — V7, —2} and (1 + V7, -2) 
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25. Center: (0,0); vertices: (—2,0) and (2,0); 35. 37. 5 


5 
foci: (—1,0) and (1,0) es aan 
5 i a 5 nd ee en a 5 


=5 -5 
39. 3 
—5frr 1 ——e 5 
27. Center: (0,0); vertices: (0, V5) and (0, -v5); 
foci: (0, V3) and (0, -v3) 
7 
x? yr x? yy Ax? 4y? 
41. +=-=1 43, +=-=1 45, —+— =1 
36 027 64 39 49 81 
aes @+2y . (y-4) 
.—+=1 49. 1 
” 4 81 4 16 7 
ral 2 = 1 2 
ge 
29. Center: (3,4); vertices: (3,6) and (3,2); 5 ‘ 
foci: (3,4 - V3) and (3,4 + V3) ag, SD OED a4 
Ne : “12 16 
=F, 2 Ae 2 
: oT ey, 
6 36 16 
Fs} 4 2 4 2. 4 2 4 2 
4 7 ee a 
‘ 81 25 25 81 
a 5 2 —4 2 —9 2 2 
2 "0-6-9 6-7, 
1 36 16 16 36 
"912345 6% 61. (29.75, 0), (—V29.75, 0] 
Hil, Wectees 02) Syepertiven (5. 3) and (4, 3): 63. Minimum distance: 226,335 miles; 
foei (4, —3) and(0, <3) maximum distance: 251,401 miles 
= ° 65. 4/34 feet 67. 4V/13 feet 69. 5inches 71. 13 
2 a 44 3 
hey Tee 
11 36 5°55 
Exercise Set 10.3 (page 834) 
1.d=V(c—w)?t+(d—-—v)? 3.3 5.x? + 22x + 121 
7. d. 9. 
11. Center: (0,0); vertices: (4,0) and (—4, 0); 
: 3 3 
33. Center: (4, —3); vertices: (4, —4.75) and (4, —1.25); foci: (—5,0) and (5,0); asymptotes: y = 4 xand y= x 


foci: (4, 4.05) and (4, 1.95) - 
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13. Center: (0,0); vertices: (0,3) and (0, —3); 21. Center: (—5, —1); vertices: (—10, —1) and (0, —1); 


foci: (0, —5) and (0,5); 


we | 


3 
asymptotes: y ri xandy= x 


15. Center: (0,0); vertices: (0,8) and (0, —8); 


foci: (0, —10) and (0, 10); 


QO] 


4 
asymptotes: y 3 xand y= x 


-12-8-47|\4 8 12* 
“At \ 
7 \ 


17. Center: (0,0); vertices: (3,0) and (—3, 0); 
foci: (—32, 0) and (3V2, 0); 


asymptotes: y = x and y = —x 


19. Center: (—3, —1); vertices: (—7, —1) and (1, —1); 
foci: (2, —1) and (—8, —1); 


3 e) 
asymptotes: y 4 x4 ri and y = A x ri 


foci: (-5 + V4, -1) and (-5 - V4i, -1); 


4 4 
asymptotes: y = 5* +3andy= =5% —5 


23. Center: (—4, 0); vertices: (—4, 1) and (—4, —1); 
foci: (-4, v2) and (-4, -V2); 


asymptotes: y= x + 4andy= —x — 4 


25. Center: (—1,3); vertices: (—1,0) and (—1, 6); 
foci: (-1,3 + V34) and (-1,3 — V34); 
18 3 12 


3 
asymptotes: y ge 5 and y 5% 5 


27. Center: (—2, 3); vertices: (10,3) and (—14, 3); 
foci: (—15, 3) and (11, 3); 


asymptotes: y x4 and y x4 
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5 5 49. ‘a 51. - 
29. Center: (0,0); vertices: 329 and — 520 3 7 
foci: soo 0} and or 0.1; ‘i | 10 10 _\ | th 10 
| . “3 aa | = oo | < 

3 3 
asymptotes: y = —x and y= —~x 

2 2 —10 -10 

\\ y/ 53. 


g 
7 
pro RAY 
N 

x 


- 


N 
S 
| 
& 
A 
7 


i 
lon 
| 
& 
Au? 
: 
7“ N 
& 
an 
ea 
ill. 
Nm 
zon 


/’ 6 BA 
i; \ =9 
31. Center: (—3,0); vertices: (—6,0) and (0,0); ee x2 4? i x? x? i 
foci: (—3 — 310, 0) and (—3 + 3V10, 0}; 36 576° 576-36 
totes: y = 3x + 9 and y = —3x —9 gg, US Dg, Oe 

asymptotes: y x and y x . 7 aD ‘ 5 40 

59. 20 feet apart 61. 4\/2 inches 

“3 x? x? 

* 25,000,000 144,000,000 
65. x=30rx=-—3 67. 2c 
he 2 _ 2 
ig SY _ 
9 16 

71. The hyperbola xy = 10 lies in the first and third 
33. Center: (2, —3); quadrants. The hyperbola xy = —10 lies in the second and 

fourth drants. 
vertices: (2 + 2V2, -3) and (2 a a2, ~3)s aia ae 
foek (2 =6v9, -3} ee (2 + 6V2, ~3)s Exercise Set 10.4 (page 846) 

V2 V2 
asymptotes: y = 2V2x — 4V/2 — 3 and 1. 3° 2 
y = —2V2x + 4V2 - 3 p, (LEN V2) 
° 2 =~ 2 


s. (-V3 - 2,-1 + 2V3) 7. (0, V2} 
9. Parabola 11. Ellipse 13. Hyperbola 15. Parabola 
17. (0,0) 19. (0,—2), (0,2) 21. (—3, 0), G3, 0) 
23. (—6, 0), (6, 0) 
2 42 


u 
25. a. bola b. —-—=1 
a. Hyperbola 3 8 


c. Vertices: (-2v2, 0), (2V2, 0) 


2 2 5x? 5y? 2 2 
aoe, Bg eee, i ee a 
9. 7 16 64 1 3 
2 3y? + 4) + 3)? 
42 et ey 
16. 4 2 2 
(x — 3)? (y + 2)? 

; 1 

aoe 25 
(x- 1)? (y+ 4)? | 


47. 1 


25 39 
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wo 37. 
27. a. Hyperbola b. — -—=1 

1 4 
c. Vertices: (—1, 0), (1, 0) 47 

39. 10 
—4{1 1 11] 4 
we : 
29. a. Elli b. —+—=1 
a ipse 9 i 

c. Vertices: (—3, 0), (3, 0) os 


41. (x = ucos6@ — vsin @)(—sin @) 
(y = usin 6 + v cos 6)(cos 6) 


—xsin@ + ycos 6 = u(sin?@ + cos?) 
xsin@ + ycos# =v 
Similarly, eliminate v to get u = x cos@ + ysin@. 


43. C= a 
. 4 
2 2 
31. a. Hyperbola_ b. 7 = 7 =1 
c. Vertices: (0, —1), (0, 1) Exercise Set 10.5 (page 852) 


1. True 3. Circle 5. Hyperbola 7. Parabola 
9. Parabola 11. Ellipse 
13. Parabola 


1 
r= 
1 — sind 
| 
33. a. Parabola b. v =e 
c. Vertex: (0, 0) 15. Hyperbola 
4 
r= 
1+ 2cos@ 


35 2A 17. Ellipse 


1 
pS. 
| 1 — 0.5 cos 0 


wai 


19. Ellipse 


_ 6 
6+ 3sin@ 


21. Hyperbola 
18 


6+ 12cos@ 


23. Hyperbola 


_ 6 
6 — 8sin@ 


25. Parabola 


ee 
3 —3cos0 


r= 


2h? 


1 
31. r 


33. 


4.7 


~ 1+ cosé 


~ 1 —4cos 


3; parabola 29. r= 


9 3 hyperbola 


3.1 


47 


=3.1 


35. It is rotated. 


31 


1- 
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37 a 39.r= 2 
eT =cse °° «1S Bane 


Exercise Set 10.6 (page 858) 


3. y 


3 ellipse 
sin 0 


Qe W]e 


47 


=3.1 
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x2 4? b. Graph and restrictions: 
1 Sh, SA SG 

9 16 
A (4,4) 
4 
3 
2 

(0, 0) 
oi23 42 


Os=x=4,05y7=4 
27. Common rectangular equation: y = x + 1 
a. Graph and restrictions: 


—2-1 0 1.2 3:4 


2-1 0 12% -l<=x<=2,0<y<3 
b. Graph and restrictions: 
21. Same graph for both intervals. Point moves from (1, 1) to 


(-1, 1) and back again. : (4, 5) 
4 
3.1 3 
2 
1¢(0, 1) 
-47 47 a 
1sx54,25y55 
3.1 29. a.x= (60V3}e and y = —1617 + 602 
b. Time = 1.88 seconds; maximum height = 56.3 feet 
23. No; -1 =cost=l,soy=0. c. 391 feet 
31. The maximum distance the ball will travel is 
10 approximately 272 feet. 


33. x= 10 cos(=2;) and y = 10 sin(=27), Osrsl15 
35. 101 feet per second 

0 20 
37. 


25. Common rectangular equation: y = x 
a. Graph and restrictions: 


x 39. No. There is no value of ¢ for which x(a) = y(t) = 0. 


(2, 2) y 

1.0 

0.8 

(0, 0) 0.6 
oO tt 2 3 * 0.4 
0.2 


0 
Os=x5=2,05y752 024 68 10% 
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41. Despite the two having the common rectangular equation 7 2 

= ee . 11. x°=-=y 
y =x + 1, the restrictions on x and y are different. For part 3 VA 
(a),0 =x =1,1=y < 2; for part (b), -1 =x <0, ! 
OsySl. 


Chapter 10 Review Exercises (page 865) 


Section 10.1 (page 865) 


1. Vertex: (0,0); focus: (0, 3); directrix: y = —3 
a”) Oe 7 13. x? = —20y 


3. Vertex: (0,0); focus: (1,0); directrix: x = —1 15. y? = 16(x — 2) 


Vv 


Section 10.2 (page 865) 
17. Vertices: (2,0) and (—2,0); foci: (-v3, 0) and (V3, 0] 


1 1 21. Vertices: (—2, 4) and (—2, —4); 
9. Vertex: (0,0); focus: (+ 0); directrix: x = = ek (-2, -v7) aiel (-2, v7) 


in 
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23. Vertices: (0, V7) and (0, -v7); 37. Center: (1, —2); vertices: (1, —4) and (1, 0); 
foci: (1, -2 — 2V2) and (1, -2 + 2V2); 
F V 42 V42 _ 
foci: a and | 0, ag asymptotes: y= x — 3andy= —-x— 1 


3 


39. Center: (0, —2); vertices: (—2, —2) and (2, —2); 
25. Vertices: (2 + 2V6, 0) and (2 = 2V6, 0) foci: (-v13, —2) and (V13, ~2); 
foci: (2 + 2V5,0) and (2 - 2V5,0) 


3 3 
asymptotes: y = 2* — 2andy= 5% =2 


27. Vertices: (-3,3 = v7) and (—3,3 + v7); 41. Center: (—2, 0); vertices: (—2, —1) and (—2, 1); 
foci: (-3,3 — V3) and (-3,3 + V3} foci: (-2, -V17) and (2, V17}s 
1 1 1 1 
asymptotes: y A er and y Th 3 
y 
6 
5 
4 
3 
2 
1 


-5-4-3-2-1 0 1% 


+ ae +2 
“16 25 “20 36 "25 16 43. Center: (0,0); vertices: (-2v2, 0) and (2V2, 0); 
foci: (-6v2, 0) and (6V2, 0); 
asymptotes: y = 2V/2x and y= ~2V/2x 
Section 10.3 (page 865) af 
35. Center: (0,0); vertices: (0, —6) and (0, 6); \ | / 


foci: (0, -v61] and (0, Vé61); asymptotes: y = on 


—10 


-10 


2 Pe 2 2 
y x (y + 4) (x — 3) 
.—-t=1 : 1 
a 4 32 a 9 16 
@tay  (y=2y 
: 16 20 


49 


1 
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Section 10.4 (page 866) 65. y= (2—-x7,05x=4 
51. (1, -V3) 53. (-2V3, -2} 
uw v 
.a.H la b. —-—=1 
55. a. Hyperbola b 2 Db 


c. (2V3, 0), ( -2/3, 0) 


57. a. Ellipse b. = fh 
c. (=2, 0), (2, 0) 


Applications (page 866) 


5V3 
69. NP 71. 20V15 AU 73. 2V 113 feet 


Chapter 10 Test (page 867) 
1. (y + 3)? = -12(x + 1) 
Vertex: (—1, —3) 
Focus: (—4, —3) 
Directrix: x = 2 


Section 10.5 (page 866) 
59. Parabola 


2. y* — 4y + 4x =0 
Vertex: (1, 2) 

Focus: (0, 2) 
Directrix: x = 2 


61. Parabola 


3. x7 =8(yt+ 2) 4. y? = 12x 
Ce ae Ce ae 
16 25 
Vertices: (—2, —2), (—2, 8) 
Foci: (—2, 0), (—2, 6) 


5 1 


Section 10.6 (page 866) 
63. y= —-2x + 1,x=0 


2 2 
eg 

9 4 
Vertices: (—3, —1), (3, —1) 
Foci: (-V5, —1), (V5, —1) 


1 
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; Gti . x? oy? 16. Ellipse 


9,2 —x2=1 
4 


Center: (0, 0) 

Vertices: (0, 2), (0, —2) 

Foci: (0, V5), (0, -V5) 
Asymptotes: y = 2x, y = —2x 


@+2)? 9? _ 
. 9 16 
Center: (—2, 0) 
Vertices: (—5, 0), (1, 0) 
Foci: (—7, 0), (3, 0) 


10 


= 0,-3) (4-3 
Asymptotes: y = 3% + 2), (0,-3) (4, -3) 


4 
Bier 


Te ee ee ee ee 
xy? yy? Ox? 9 1 
11. —-=>=1 12. —-—-=1 
1 8 1 1 , 
13. a. Parabola_ b. v* = 2u 15 


c. Vertex: (0, 0) 


1 
19. 16 feet from the center 20. 16 inch from the vertex 


21. a. x = 50V3r and y = —16r? + 50r + 3b. 276 feet 


we 
14. a. Ellipse b. 7 + - 


c. Vertices: (0, 3), (0, —3) 


= 1 


Chapter 11 Exercises 


Exercise Set 11.1 (page 878) 


1. True 3. $108.24 5. 4,10,16 7. —5, —2,1 

9. —4,-8,-12 11. 8,6,4 13. 7,28,112 15. 5,15, 45 
17. —2, -6,-18 19. —3,-15,—-75 21. a,=—3 + 6n 
23. g(n) = —-16+4n 25. b,=—20+ 3n 


1 
27. a,=10 + 5n 29, a,=21—2n 31. b,=10+5n 
1 n 
aps Elypennens 33. a, = 3(2)” 35. h(n) =2(4)" 37. b= (3) 
3 n 
39. a,=4(2)" 41. b= (3) 43. a, = 4(5)" 


45. 


57. Arithmetic 59. Geometric 61. Arithmetic 
63. Geometric 65. Arithmetic 67. Geometric 


69. a. . V= 2000 + 12 
a Total Value ($) | ° eae ine 


cam 


71. a. Arithmetic b. a, = 100+ 4(n— 1) c. 18 rows 
73. a. Geometric b. 440 Hz, 880 Hz c. a, = 55(2)" ! 
75. Geometric; $50,613 

77. a. 160,000 b. Geometric c. 7 hours 

79. a. Arithmetic; each term is increased by 4. 

b. Neither; it is a sequence of squared terms. 

81. a. f(m) = 550.1 + 28.11” b. $775 billion 

83. dos Ay, Ag... 


1 
85. a. a,=—-3+4n b. a, = 30)” 


c. a4 = 13, a5 = 17, ag = 21, az = 25, ag = 29 

d. a, = 27, as = 81, ag = 243, a, = 729, ag = 2187 

e. The sequence in part (b) because it is geometric 

87. (1+ x4, (1+ %3r= (14%) 

89. A geometric sequence; each term can be rewritten in the 
form a? = aj(r’)”. 


Exercise Set 11.2 (page 892) 


1. False 3. $1040.60 5. 315 7. 371 9. 483 11. 765 


61 39 n 
13. 11— 15. 98— 17.1 19. 520 21. — ae 
3 64 5 Oa 7. 1395 520 21 3 On 8) 
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23. 97,656 25. 2186 27. 3965 29. 3195 31. 4288 


15 
33. 2632 35. 42 37. 165 39. ie 41. 968 


19 60 
43. a. 2427 b. 420 45. a. Sia b. 1830a 


i=0 i=1 


10 40 1 — q 
47. a. > 2' b. 2046 49. a. Da’ b. o( ) 
i=1 j=1 l-a 
24 44 
51. a. > 2.57 b. 750 53. a. >) (0.5)' b. 2 
1=0 1=0 
55. 49, arithmetic,d= 2 57. 105, arithmetic, d = 0.5 


127 


F 63 : 
59. ae geometric,r=2 61. 64? geometric, r= 0.5 


63. 1.9375, geometric, r= 0.5 65. 108, arithmetic, d = 6 


27 15 
67. 12 69. 7 71. No 73. 4 75. — 


77. a. 10 b. The next two possible arrangements can be 
made with 66 and 78 boxes. ec. 1154 
79. $50,639.99 81. 36.25 feet 

4 


83. a. > 7 geometric b. 2801 


1=0 
f . 48 
85. 4) 44+ 45144 87.52 89. — 
i=0 31 
Exercise Set 11.3 (page 901) 


1. 6,2, —2, -6,-10 3. —4, 


3° 9? 27° 81 
123 45 
a: 4, 5385 1 52 e ’ ’ » | pI 9. o] om Bs fs 
3:20: Ts GG 19° aa? sy Re ee 
3. 9 . 33 


11. —, 1,—,1,— 13. 2, V6, V8, V10, V12 
2 10 26 ME 
15. 2, 3,6,11,18 17. 0,2, 16, 54, 128 

19. a, = —2 — 4n, n= 0,152,353... 


1 
21. a, =" = 051,23)... 23. a, = Vn, n = 1,2,3,... 


25. 2,= (0.4)5 n= 0,1,2;3).+: 


1, a 
27. a, = V3n, n = 1,2,3,... 29. 6,4,2,0 31. 4,1,— oT 


33. —1,0,2,5 
35. V3, VV3 + 3, VV V3 +3 + 3, VVVV3 434343 
37. —4, tA a see A 


3 3 1\' 
39. 6, 3; 36 ne 
3° 4? n (3). 0; 1525.35 


41. a. p, = 200, p, = 1.04(p,-1) b. p, = 200(1.04)” 

c. $224.97 d. 6 years e. 11 years 

43. a. P, = 2(36) + 2(18 + 0.5n) 

b. A, = (36)(18 + 0.57) 

c. 36 inches X 20.5 inches, 113 inches, 738 square inches 
d. $3330 

45. a. $0.06 b. $7.56 c. $9.66 

47. n=5 

49.4 Sl. a,<0 
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Exercise Set 11.4 (page 911) 


1. 24 3.60 5. 30 7. 24 9. 2520 11. 6720 13. 4 
15. 56 17. 28 19. 1 21. 100 

23. BCZ, BZC, CZB, CBZ, ZBC, ZCB 

25. John, Maria, Susan; Maria, Susan, Angelo; 

John, Susan, Angelo; John, Maria, Angelo 

27. 24 29.12 31. 220 33. 45 35. 4845 37. 336 
39. 38,760 41. 175,560 43. 1350 45. 2730 47. 35 
49. 17,576,000 51. 1,010,129,120 53. 635,013,559,600 
55. 240 (Gf the bride and groom can switch positions) 

57. 56,800,235,584; 37,029,625,920 

59. a. 6 b. 6 c. 36 d. 66 

61. (m—1)+ (m—2)4+°+--4+1 

63. 5; 20; 2(n — 3) + (n-— 4) + (n—5)4+-:-4+1 

65. 34,650 


Exercise Set 11.5 (page 922) 
1 
1. {HH,HT,TH,TT} 3. {TT} 5. {1,3,5} 7.3 


9. {2 of spades, 3 of spades, 4 of spades, 5 of spades, 

6 of spades, 7 of spades, 8 of spades, 9 of spades, 10 of spades, 

jack of spades, queen of spades, king of spades, ace of spades} 
il 1 

11. 52 13. {quarter, dime, nickel, penny} 15. 7 

17. False 19. True 21. True 


* | Number of Heads | Probability 


If nm = number of heads, P(n) = P(4 — n). No. 


1 1 3 1 
25 27 29 31 33 35. 10,000 
13 52 13 
37. 0.504 39 : 41 u 43 : 
. 0. “9 Te via 


45. This answer overcounts a card, since there is one spade 


4 
that is a king. — 
at isa 8-55 


36 
7. 
10,000 


49. Neither 


51. a. {YYYY, YYYN, YYNY, YNYY, NYYY, NNYY, 
YYNN, NYNY, YNYN, NYYN, YNNY, YNNN, NYNN, 
NNYN, NNNY, NNNN} 


Exercise Set 11.6 (page 930) 

1. a, a’b, a’b’, a*b’, ab’, b° 

3. x", x®y, xy, xty?, x2y4, x?y?, xy, y? 5.24 723 9. 15 
11. 21 13. 1 15. 1 17. x* + 8x? + 24x? + 32x + 16 
19. 8x? — 12x? + 6x -— 1 

21. 243 + 405y + 270y? + 90y? + 15y4 + y? 

23. x4 — 12x°2 + 54x22" — 108xz? + 8127 

25. x°© + 3x4 + 3x7 + 1 

27. y* — 8y*x + 24y2x? — 32yx? + 1ox* 29. 160 

31. 2916 33. 28 35. 240x* 37. 1024y? 39. 2160x? 
41. —10,240x? 


43 n\ n\ _ n\ _ n 
“\y (n-nirl (n-N!I\(n-(n-n)! n-r 
45. 1 


Exercise Set 11.7 (page 935) 


1. (k+1)(R+2)(R+3) 3. 


5. P: a) Leathe) 
Assume P,: 3 + 5 (2k + 1) = k(k + 2). 


Prove P,.1:3 + 5 (2k + 1) + (2(k + 1) +1) 
=(k + 1)(k + 3). 
Z+5¢--+(2R+1) + QRt+V)4+) 
kh(k + 2) + (20k +1) +1) 
kh? +2k+2k+2+1 
R27 + 4k +3 
= (k + 1)(k + 3) 
7... Peay = 2 wot 
Assume Pj: 1 + 4+ 7+ -+- + GR- 2) a 
Prove Pj.,: 1 + 44+ 7+ +--+ + (3k — 2) + (Rk + 1) - 2) 
(kR+1)B(R+1)-1) 
5 . 
1+44+7+4+-+:+4+ (3k — 2) + G3(R+1) -2) 
= AOE + Bk +1) = 2) 
IG D) ig xa 
_ 3H + 5k +2 
7 2 
(k + 1)(3k + 2) 
2 
(kR+1)(3(R +1) - 1) 
2 


9. P: 9 — 2(1) (1)? + 8(1) 
Assume P,: 7 + 5 +3 +++: + (9 — 2k) kh? + 8k. 
Prove P..4:7+5+3 (9 — 2k) + (9 — 2(k + 1)) 
= —(k+ 1)? + 8(R + 1). 
74+5+34 + (9 — 2k) + (9 — 2(k + 1)) 
hk? + 8k + (9 — 2(k + 1)) 
k? + 0k +7 
—(k? + 2k+1)+8k+8 
= —-(k + 1)? + 8(k + 1) 


11. B: 30) -1= 5G) +1) 


Assume P,: 2 + 5 + 8 (3k — 1) Ae Pill), 
Prove P,.;:2+5+8 (3k — 1) + 3(R + 1) - 1) 
<5 +1)3(kR+1) 41). 
2+5+84 + (3k — 1) + (3(k + 1) - 1) 
5 hCG + 1) + (3(k + 1) — 1) 
1 2 
3 OF k) + (3k + 2) 
: (3k? + k) : (6k + 4) 
2 2 
5H k+ 6k + 4) 
= 1 3p + 7k + 4) 
2 
= 5 3k + 4)(k + 1) 
x(k + 1)(3(k +1) 4+ 1) 
1’ 1)? 
13. P: G2 — ) 
Assume P,: 1? + 2? ke mae 2a 
Prove P,.;: 2 + 2? ke +(k+1) ee =, 
2 4 2 
13+ 23 4 tk? + (k+ 1)? Ss u (k + 1)? 
k?(k + 1)? + 4(k + 1)? 
4 
(k + 1)°(k? + 4(k + 1)) 
4 
(k + 1)7(k? + 4k + 4) 
4 
_ (R+ 1)°(R + 2)? 
4 
15. B: (21) - 0? 1(2(1) - yen +1) 
Assume P,: 1? + 3? (2k — 1)? ners we = a8 
Prove P,,,: 1? + 3? (2k — 1)? + (2(k + 1) - 1)? 
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A85 


@+HCG4+ )=D)OE4+D4H 


i) 
+37 +--+ (2k - 1)? + (2(k + 1) - 1)? 
R(2k — 1)(2k + 1 
¢ 2 ) (2(k + 1) — 1)? 
_ RAR? — 1) , 3(2k + 1)? 
3 3 
4k? —k + 3(4k? + 4k + 1) 
3 
4k? + 12k? + 11k +3 
3 
(k + 1)(2k + 1)(2k + 3) 
3 
_ (R+ 1)(2(k +: 1) — 12 + 1) + :21:) 
3 
10+1)(1+2 
17. P:1(1 + 1) ( x ) 
Assume Pi: 1-24+2°34+3:4+-+::+kRt+1) 
_— RR+ INR + 2) 
4 ; 
Prove P, 1: 
1-24+2-34+3-4 h(k +1) + (R+ 1)(R + 2) 
_ (R+1)(R + 2)(R + 3) 
5 . 
1°24+2-34+3-4+4+:+::+k(R+1) 4+ (Rt 1)(k + 2) 
k(k+ 1)\(R+2 
me 2 ) (k + 1)(k + 2) 
h(k + 1)(k + 2) + 3(R + 1)(R + 2) 
3 
(k + 1)(k + 2)(Rk + 3) 
3 
a) 2, Seed 
19. BR: 5) = Fi 
2 k-1 eer 
Assume P,: 1 +5 +5 5 7" 
5rt1 1 
Prove P,.;: 1 +5 + 5? 51 4 5h 5 
1454574 + 5-1 4 5k 4 5F 
4 
= 14465 
4 
P46) =1 
4 
islets 
4 


21. P: 3' — 1 is divisible by 2. 
Assume P,: 3* — 1 is divisible by 2. 
Prove P,,,,;: 3'*! — 1 is divisible by 2. 
3kt1 — 1 = 303") - 1 

373-1) -1+3 

= 373-1) +2 

Because 3* — 1 is divisible by 2, 3(3* — 1) is divisible by 2, 
and so 3(3* — 1) + 2 is divisible by 2. 
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23. P: 1? + 3(1) is divisible by 2. 

Assume P,: k* + 3k is divisible by 2. 

Prove P,,,: (k + 1)? + 3(k + 1) is divisible by 2. 

(kR+ 1)? + 3(kR+1) =k? + 2kR+14+ 3k4+3 

= (k* + 3k) + (2k +143) = (kh? + 3k) + WR + 2) 
Both (k? + 3k) and 2(k + 2) are divisible by 2, so 

(Rk? + 3k) + 2(k + 2) is divisible by 2. 

25. P:2'>1 

Assume P,: 2" > k. 

Prove P,,,:2°*!>k +1. 

att! = 2724) > 2(k) =k+kR=R+1 

27. a — & =(a— b)(a’? + ab + b*). This product is divisible 
bya— b. 

29. Forl1+4+474+---4+ 4" 1, a) =1,r= 4, and 


ge) (ee ees 
Np-+r 1-4 3° 


Chapter 11 Review Exercises (page 941) 


Section 11.1 (page 941) 

l.a,=7+2n 3.a,=1+4n 5. a,=5(2)” 
7. a, = 2(3)” 

Section 11.2 (page 941) 


24 


63 
9. 496 11. 1030 13. 508 15. 32 17. a. > 31 b. 900 


i=0 


7 
3 
19. a. 52) b. 255 21. 5 23. No sum 


i=0 


Section 11.3 (page 941) 


253: 9395.14 Hl 3) 276-3; 


29. 1,0, -3, -8, -15 31. 53 0? 1g oe 
11 1 1 1 
3°9° 27° 81° 243 
37. -1,1,5,11 39. 28 


33. 35. 4,7, 10, 13 


Section 11.4 (page 942) 


41. a. 12 b. 120 ec. 24 d. 120 43. 120 45. 144 
47. 120 


Section 11.5 (page 942) 
49. 3 heads; 2 heads, 1 tail; 1 head, 2 tails; 3 tails 
51. {HHH, HHT, HTH, THH, TTH, THT, HTT, TTT} 


2 
53. {TTT} 55. rn 


Section 11.6 (page 942) 


57. x* + 12x? + 54x? + 108x + 81 
59. 27x? + 27x7y + Oxy? + 7 


Section 11.7 (page 943) 


61. 15 63. 6x*y 
1 1 
65. Be Sigg eo 


— 
_ 
ry 


1 
A Bele t aaa 2 
ssume P, a A 


1 1 1 il 
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67. P: (1 + 1)? + 1 is odd. 
Assume P,: (k + 1)? + kis odd. 
Prove P,..,;: (k + 2)* + (k + 1) is odd. 
(kR+ 2)? + (kR+1) =k? +4k+4+ (Rk +1) 
Re + 5k+5 
RP+2k+1t+kt+2k+4 
[(k + 1)? + k] + 2(k + 2) 


The sum of an odd number and an even number is odd. 


69. Pi: 3(1) = >a +1) 


Assume P,: 3 + 6 + 9 


3 
k k(Rk + 1). 
3k = h(k + 1) 


Prove P4333 +6+9+ ++: + 3k + 3(k + 1) 


=F + 19(k + 2), 


546 $0 ot 43h 4 Sh + 1) = A(k + 1) + 3(k +1) 


=(k+ »(2 + 3) 


=F + 1)(k + 2) 
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1. $43, 14 75, —— 
71. $43,500 73 78. 30 77. ooo 


Chapter 11 Test (page 943) 


—y 


1\" 
-a,=8+3n 2.a,=7+5n 3. «= 15(2) 


9/2\" owe 

4. a, 2 3 5. 1853 6. 1680 7. > 5i= 225 
i=0 

8. a = 2, a; = 0, a 14, a; 52 

9 1 1 1 1 1 

+ A 9A 47% 16°” 64° %4 256 

10. a = 4, a; = 3, ag = 1, a; 2, aq 6 11. 26 

12. a. 60 b. 15 ec. 7 d. 360 13. 220 14. 720 
2 6 

15. 1728 16. {red, blue, white} 17. ir 18. al 


1 4 3 2 
19. 26 20. 81x" + 216x° + 216x* + 96x + 16 


21. P, is true: 2 = 2(1)’. Assume P, is true. Then 
Poi 2+64+10+---+4k-2+4(kR+1)-2 

2k? + 4(k +1) —- 2 = 2k? + 4k + 2 = 2(k + 1)’. 
Since P,,, is of the form 2(k + 1)?, the proposition holds true 
for all R. 
22. 24 23. 327,600 
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Abscissa, 81 
Absolute value, 6, 9, 57, 84, 193, 671 
definition, 6 
equations involving, 188-189, 206 
inequalities involving, 189-191, 207 
properties of, 6 
Acute angle, 447 
Addition principle for inequalities, 122, 136 
Additive identity, 3, 9 
Additive inverse, 3, 9 
Algebraic approach 
to finding points of intersection, 121, 128, 135 
to solving inequalities, 122-125, 128, 
258-260, 261, 263, 279 
to verifying identities, 556-558 
Algebraic expressions, 11-13 
Alternating sequence, 901, 938 
finding rule for, 896 
Amplitude, of sine and cosine, 504, 511, 514, 
545 
Angle of depression, 465-467 
Angle of elevation, 465-467 
Angles, 446-459, 541 
acute, 447 
complementary, 449 
coterminal, 448, 478-479, 481 
degree measure, 454 
initial side, 446 
measure, 447 
negative measure, 447 
obtuse, 447 
positive measure, 447 
quadrantal, 486, 475-476 
radian measure, 450, 456 
reference, 490, 476-478, 481, 543 
right, 447 
standard position, 446-447 
straight, 447 
supplementary, 449 
terminal side, 446 
using trigonometry to find, 529 
vertex, 446 
Angular speed, 453, 541 
conversion to linear speed, 453-454 
definition, 453, 456 
Arc length, 452, 456, 541 
Arccosecant function, 537-538, 548 
Arccosine function, 531, 532, 533, 537-538, 
548 
Arccotangent function, 537-538, 548 
Arcsecant function, 536-538, 548 


Arcsine function, 530, 531, 532, 533, 537-538, 
547 
Arctangent function, 532-533, 537-538, 548 
Area 
maximizing, 221 
surface area, 49, 51, 62 
of triangle, 619-621, 678 
two-dimensional figures, 48-49, 51, 62 
Arithmetic operations 
on functions, 151-154 
on two functions, 152-153 
Arithmetic sequence, 871-873, 878, 882-885, 
891 
application, 876-877, 890 
definition, 872, 936 
finding a rule for, 872-873 
sum of terms, 882-885, 891, 937 
Associative property, 2, 9, 57 
Asymptotes 
horizontal, 335-339, 343, 358 
of hyperbola, 825, 826, 827, 830, 834 
slant, 341-342, 343, 358 
vertical, 333-339, 342, 343, 358 
Augmented matrix, 718, 729, 787 
row-echelon form, 720, 729 
Average rate of change of a function, 182-184, 
185, 206 
Axes 
of a graph, 80 
rotation of, 837-846, 845, 863 
Axis of symmetry of parabola, 219-220, 224, 
276, 797, 798, 802, 806 


Back-substitution, 708, 729 
Base 
of exponential expression, 12, 58 
of exponential function, 377 
of logarithm, 391, 396, 403 
Binomial coefficients, 926-927, 929, 940 
definition, 926, 929 
Binomial expansion, 925-929 
finding a specific term, 928 
ith term, 928, 929 
raised to a power, 927-928 
Binomial Theorem, 925-929, 940 
and combinations, 928-929 
definition, 927, 929 
Binomials, 28 
multiplication of, 30 
special products of, 31 
Branch of a hyperbola, 796, 823, 826 


Calculator. See Graphing utility 
Cardioids, 643-644, 647 
Cartesian coordinate system, 81. See also 
Rectangular coordinate system 
Center 
of circle, 143 
of ellipse, 809, 812, 816, 819 
Chance of success, 914, 915 
Change-of-base formula, logarithms, 396-397, 
438 
Circle, 446 
as a conic section, 796 
equation of, 143-146, 147, 203 
formulas for, 48-49 
graphing, 639, 680 
in polar form, 646, 680 
unit, 450 
Circular motion, 446, 453 
Circular path, distance on, 452 
Closed interval, 4, 9, 57 
Coefficients, 28 
binomial, 926-927, 929, 940 
of polynomial function, 285, 295, 354, 357 
Cofactor 
calculation, 762 
definition, 761, 768, 789 
expansion, 763, 768 
Cofunction identities, 463, 468, 542, 566, 571, 
598 
Cofunctions, trigonometric, 463, 468 
Column matrix, 739-740 
Combinations, 908-911 
and the Binomial Theorem, 928-929 
definition, 909, 911, 939 
formula for, 909 
notation for, 909-910 
Common factors of rational function, 
342-343 
Common logarithms, 39-396, 403 
Commutative property, 3, 9, 57 
Complement of an event, 919-920, 922, 939 
Complementary angles, 449 
Completing the square, 218 
to find equation of circle, 145-146 
to find equation of ellipse, 818 
to find equation of hyperbola, 832 
to find equation of parabola, 804 
to solve quadratic equation, 234—235, 277 
Complex conjugate, 250-251, 253, 278, 326, 
329 
Complex fractions, 44—45, 61 
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Complex numbers, 246, 247-248, 278 
addition, 249, 253, 278 
definition, 247, 278 
division, 250-251, 23, 278, 672-673, 675, 
683 
factorization over, 326, 327, 357 
imaginary part, 248 
multiplication, 249-250, 23, 278, 672-673, 
675, 683 
polar form, 670-677 
powers, 673 
real part, 248 
roots, 674-675, 676, 683 
subtraction, 249, 253, 278 
trigonometric form, 670-677, 682, 683 
Complex zeros, 327, 329 
Components of a vector, 649, 651, 681 
Composite functions, 156-158, 159 
definition, 204 
domains, 157-158 
Composition of functions, 154-158 
Compound inequalities, 124-125 
Compounded interest, 383-386, 387 
Compression of graph of trigonometric 
function, 508, 510 
Conic sections, 837-846 
definition, 796 
general equation, 839-840, 845, 863 
polar equations of, 847-853, 864 
rotated, 840-845 
Conjugates of complex numbers, 250-251, 
253, 278, 326, 329 
Constant functions, 181-182, 185, 206, 285, 
295 
Constant of proportionality, 113, 114, 135 
Constant polynomial, 285, 295 
Constant term, 28 
Constraints, expressed as linear inequalities, 
698, 700 
Conversion, unit, 372 
Coordinate geometry, 142-147 
Coordinates, 81 
change of, 838-839, 845 
Corner point, 699 
Correspondence, functional, 70 
Cosecant 
definition, 461, 487 
graph, 523-526 
inverse. See Arccosecant 
properties, 524, 526, 547 
Cosine, 514 
amplitude, 504, 511 
definition, 461, 468 
definition by using unit circle, 485, 498 
graph, 502-518, 545 
inverse, 529, 531. See also Arcccosine 
properties, 504, 514, 545 
of quadrantal angle, 486 
repetitive behavior, 497-498, 499, 503, 
545 
shift of graph, 505-507, 509 
of special angles, 463-464, 488-493, 499 
transformation of graph, 514, 546 


Cotangent 
definition, 461, 468, 487 
graph, 521-522 
inverse. See Arccotangent 
properties, 522, 526, 546 
Coterminal angles, 448, 481 
Trigonometric functions of, 478-479 
Counting methods, 903-911 
Counting numbers, 2 
Cramer’s Rule, 763-768, 789 
applicability, 765 
limitations, 768 
for 3 X 3 system, 766-767 
for 2 X 2 system, 763-765 
Cryptography, 744-745, 755-756 
Cube root, 20 
Cubic factoring patterns, 38, 39, 60 
Cubic function, 284 
Curve-fitting 
guidelines, 110 
of linear models, 110-111 
models using, 428-430 


Decimal degrees, conversion to DMS notation, 
455 
Decimals, solving equations involving, 55 
Decreasing functions, 181-182, 185, 206 
Degenerate forms, 796 
Degree, 446 
conversion to radians, 451, 456, 486, 541 
of a polynomial, 28, 60, 285, 295, 354 
De Moivre’s Theorem, 673, 675, 683 
Dependent variable, 70 
Depreciation, graph, 109-110 
Descartes’ Rule of Signs, 321-322, 357 
Descending order of polynomials, 28, 285, 295 
Determinants, 761-768 
definition, 768 
of a square matrix, 761, 763, 789 
Diameter of a circle, 143 
Difference identity, 598 
for cosine, 569, 571 
Difference quotient, 158-159, 204 
Difference of squares, 557 
Difference of two functions, 153-154, 19, 203 
Dimensions of matrices, 735, 745, 788 
Direct variation, 112-113, 115, 135 
Direction, of a vector, 650-651, 658 
Direction angle, of a vector, 650, 681 
Directrix of parabola, 797, 798, 799, 802, 806 
Discriminant, 237-238, 277 
Distance 
absolute value, 192 
between two points, 7, 9, 142-143, 147, 203 
formula, 142 
Distributive property, 3, 9, 33-34, 57 
Division 
algorithm for polynomials, 309, 355 
of polynomials, 308-314 
synthetic, 312-313, 314, 356 
DMS (degrees, minutes, seconds) notation, 
455 
conversion to decimal degrees, 455 


Domain, 74—75, 133, 378 

definition, 74 

from graph, 82-84 

of a rational function, 332, 343, 358 
Dot product 

applications, 665-667 

orthogonal vectors, 663 

properties, 661 

of vectors, 661-669, 682 
Double-angle identities, 574-575, 581, 590, 

598 


Eccentricity, 847, 851, 864 
of ellipse, 823 
Elementary row operations, Gaussian 
elimination, 718-719, 729, 787 
Elimination method 
Gaussian, 708-711, 714, 718-722, 729, 787 
Gauss-Jordan, 724-726, 729, 730, 788 
to solve systems of linear equations, 
689-690, 700, 709, 714, 786 
Ellipse, 796, 809-820, 847, 851, 864 
applications, 819 
center, 809, 812, 816, 819 
centered at origin, 810-814, 815-817 
definition, 809 
eccentricity, 823 
equation, 810-812, 814, 816-817, 819, 862 
finding equation using completing the 
square, 818 
foci, 809, 812, 816, 819, 862 
horizontal major axis, 812, 815, 816, 819 
major axis, 809, 812, 816, 819, 862 
minor axis, 809-810, 812, 816, 819, 862 
orientation, 812, 816 
parametric representation of, 856 
vertical major axis, 812, 816, 820 
vertices, 809, 812, 816, 819, 862 
End behavior, 286-287, 290-291, 295 
leading term test, 288-289 
of rational functions, 335 
Endpoints, 4 
Entries in a matrix, 718 
Equations, 53-55, 63 
containing decimals, 55, 63 
containing fractions, 54, 55, 63 
containing radicals, 268-270, 271, 273 
containing rational expressions, 267—268, 
270, 273 
exponential, 415-418 
finding by using graph, 97, 115 
involving absolute value, 188-189, 206 
linear, 54, 55, 63, 94-95, 101 
logarithmic, 419-421 
polynomial, 266-273, 279, 319-320 
quadratic, 231-241, 246-253 
solving for one variable in terms of another, 
55, 63 
strategies for solving, 53-55, 63 
trigonometric, 586-597 
Even functions, 178, 179-180, 185, 206 
definition, 178 
polynomial, 301, 305, 355 


Events, 915-917, 921, 939 
complement of, 919-920, 939 
definition, 915 
mutually exclusive, 917, 939 

Exponential decay, 378, 387, 425-426, 431, 

437 
modeling, 426-427, 440 

Exponential equations, 415-418 
applications, 416-418 
one-to-one property, 415, 421, 440 
solving, 415-416, 421, 440 

Exponential functions, 376-387 
applications, 382-386 
base, 377, 378 
base e, 381-382 
definition, 377, 437 
domain, 378 
graphing, 377-378, 379-380 
horizontal asymptote, 378 
properties, 378, 425, 437 
range, 378 

Exponential growth, 378, 384, 387, 425-426, 

431, 437 
modeling, 426, 427-428, 440 
Exponential statements, equivalent logarithmic 
statements, 393 

Exponents, 12, 18, 58 
expressions containing, 13-14, 58 
fractional, 24, 25 
integer, 12-13, 18, 58 
properties, 13, 58 
rational, 24—25, 59 
zero, 13, 18 

Expressions 
algebraic, 11-13 
deriving, 214 
exponential, 12-14, 58 
for functions, 68-69 
logarithmic, 409-411 
radical, 23 
rational, 41-46, 61, 267-268, 270, 273 

Extrema, local, 301, 305, 355 


Factor, greatest common, 33-34, 36 
Factor Theorem, 314, 356 
Factorials, 926-927 
definition, 906, 911, 926, 938 
notation, 906, 911 
Factoring, 33-39, 557-558, 591 
by grouping, 34, 36-37, 39 
patterns, 37-38, 39, 60 
of trinomials, 35 
Factorization, over complex numbers, 326, 
327, 357 
Factorization Theorem, 326-327, 329, 357 
Factors, 33 
of quadratic functions, 233, 277 
relation to x-intercepts, 316-317, 356 
relation to zeros, 316-317, 356 
Feasible set, 699 
Fibonacci sequence, 898 
Filling slots, 904-908 
First coordinate. See Abscissa; x-coordinate 


Fitting data points to a line. See Curve-fitting 
Foci 
of ellipse, 809, 812, 816, 819 
of hyperbola, 823, 826, 830, 834 
of parabola, 797, 798, 799, 802, 806 
FOIL (First, Outer, Inner Last) Method, 30, 
35, 39, 60, 250, 253 
Fractional exponent, definition, 24 
Fractions 
complex, 44-45, 61 
rationalizing the denominator, 21, 25 
solving equations involving, 4 
Frequency of trigonometric functions, 510, 
514, 546 
Function and its inverse, 369-370, 372, 
436 
See also Inverse functions 
Functions, 68-75, 133-135 
arithmetic operations on, 151-154 
average rate change, 182-184, 185, 206 
composition, 154-158 
constant, 181-182, 185, 206 
correspondence, 70 
decreasing, 181-182, 185, 206 
definition, 70, 133 
evaluating, 71—72 
even, 178, 179-180, 185, 206 
exponential, 376-387 
expressions for, 68-69 
graphs, 73-74, 80-86, 133-134 
greatest integer, 198-199, 207 
increasing, 181-182, 185, 206 
inverse, 364-372 
linear, 91, 134 
logarithmic, 391-403 
logistic, 430-431 
odd, 178-181, 185, 206 
one-to-one, 367-369, 372 
piecewise-defined, 195-198, 199, 207 
rational, 331-343. See also Rational 
functions 
reciprocal, 473, 481 
symmetric, 178-179, 206 
tabular representation, 71, 73 
trigonometric. See Trigonometric functions 
vertical line test, 84—86, 133 
Fundamental Theorem of Algebra, 325-327, 
328, 357 
Fundamental Theorem of Linear 
Programming, 699-700, 786 


Gauss, Karl Friedrich, 325, 708 
Gaussian elimination, 708-711, 714, 718-722, 
729, 787 
Gauss-Jordan elimination, 724-726, 729, 730, 
788 
General form of equation of a circle, 144-145, 
147 
Geometric sequences, 873-876, 877-878 
definition, 875, 936 
finding a rule for, 875-876 
sum of terms, 887-888, 891, 937 
Geometric series, infinite, 889, 891, 937 
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Geometry, 48-51, 62 
using nonlinear system of equations, 782 
Graphical approach 
to finding points of intersection, 121, 128, 
136 
to solving inequalities, 123-125, 128, 
256-257, 261, 263, 279 
Graphing 
intervals, 4-5 
piecewise-defined functions, 196-197, 199 
Graphing calculators. See Graphing utility 
Graphing utility 
absolute value, 671 
approximating inverse trigonometric 
functions, 537 
area, 214, 221 
augmented matrix, 726, 729 
checking quadratic equation solutions, 231 
combinations, 910 
complex numbers, 249 
composite functions, 157 
conversion from decimal degrees to DMS 
notation, 455 
cotangent function, 522 
curve-fitting, 111-112, 223, 428 
decimal to fraction, 74 
determinant of a matrix, 763 
ellipse, 815 
end behavior, 290 
evaluating a function, 71 
exponential equations, 415, 417, 418 
exponential function, 377, 382 
exponents, 12 
finding cosine, 465 
finding intersection of graphs, 260 
finding sine, 465 
finding zeros of inequality, 259 
graph of a function, 82, 83 
graphing a circle, 146-147 
horizontal shifts, 165, 167 
hyperbola, 828-829 
identity matrix, 750 
inequalities, 124, 126 
inequalities involving absolute value, 191 
inverse functions, 370 
linear inequalities, 697 
local extrema, 302 
locating zeros, 319 
logarithmic equations, 419, 420 
logarithms, 396, 399 
matrices, 767 
minimum point of parabola, 220 
multiplying matrices, 742 
nonlinear system of equations, 780-781, 783 
parabola, 801 
parallel lines, 100 
parametric equations, 855 
permutations, 907 
perpendicular lines, 101 
piecewise-defined functions, 197 
points of intersection, 121, 350 
polar equations, 642 
powers of a complex number, 673 
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Graphing utility (continued) 
profit function, 262 
quadratic formula, 252 
rational functions, 334 
rational inequality, 350 
rotated conic, 844-845 
scatter plot, 304 
scientific notation, 14 
sequences, 873 
shift of trigonometric function, 505 
sine function, 513 
solving polynomial equations, 266, 273, 321 
solving quadratic equations, 235-236, 238 
solving radical equations, 268, 272 
solving rational equations, 268 
sum of terms of sequence, 885 
symmetric figures, 179 
transformations, 169 
trigonometric equations, 587, 589, 590, 591, 
592, 593-594 
trigonometric functions, 494-495, 480-481 
trigonometric identities, 554, 561, 567, 580 
trigonometric transformations, 511 
vertical shifts, 164, 167 
Graphs 
of basic functions, 163 
finding equation using, 97, 115 
of functions, 73-74, 80-86, 133-134 
horizontal scalings, 170-172 
horizontal shifts, 170-172 
of polynomial functions, 286, 291-293 
of quadratic function, 215-216, 276 
reflections, 168, 203 
of shifts a function, 163-166 
transformations, 168-170, 173 
vertical scalings, 167, 204 
vertical shifts, 203 
Greatest common factor, 33-34, 36 
Greatest integer function, 198-199, 207 


Half-angle identities, 577, 582, 592-593, 599 
Harmonic motion, simple, 514 
Heron’s Formula, 620-621 
Horizontal asymptotes of rational functions, 
335-337, 338, 343, 358 
Horizontal compression of graphs, 172, 174, 
205 
Horizontal line, equation of, 97-98, 101, 134 
Horizontal line test, 368-369 
Horizontal scalings of graphs, 170-172, 205 
Horizontal shift of graph of a function, 174, 
204. See also Translations 
Horizontal stretching of graphs, 172, 174, 205 
Hyperbolas, 796, 823-834, 847, 851, 863, 864 
applications, 833 
asymptotes, 825, 826, 827, 830, 834, 
861-862 
centered at origin, 824-828 
definition, 823 
equation, 824-826, 828, 830-831, 834, 
861-862 
finding equation by completing the square, 
832 


foci, 823, 826, 830, 834, 861-862 

horizontal transverse axis, 826, 830, 834 

orientation, 826, 830 

transverse axis, 824, 826, 830, 834, 861-862 

vertical transverse axis, 826, 830, 834 

vertices, 824, 826, 830, 834, 861-862 

with center not at origin, 830-831 
Hypotenuse, 50 


Identities, 3, 9 
as ratios, 597 
negative-angle, 497, 499, 504, 597 
reciprocal, 488, 597 
sum and difference, 561-574 
sum of sines and cosines, 567-571 
trigonometric, 554-586. See also 
Trigonometric identities 
Identity matrices, 749, 756 
Imaginary axis, 670 
Imaginary number (7), 246 
See also Pure imaginary numbers 
Inconsistent systems of linear equations, 
690-692 
Increasing functions, 181-182, 185, 206 
Independent variable, 70 
Index of a summation, 886, 887 
Induction, 931-935, 940 
Induction hypothesis, 932 
Inequalities, 4—5, 9, 57 
compound, 124-125 
involving absolute value, 189-191, 207 
linear, 120-128 
polynomial, 348-349, 352, 358 
properties, 122-123, 136 
rational, 349-351, 352, 359 
solving, 122 
Infinite geometric series, 889 
Infinity, 4 
Initial point, of a vector, 649 
Initial side, of an angle, 446 
Input values. See Domain 
Input variable, 68, 70, 71, 80, 110, 115, 135 
Integers, 2 
Intersection of lines, 120-121, 127-128, 
135-136 
Intersection, point of, 120-121, 128 
Intervals, 4-6, 57 
Inverse, 3, 9 
of cosine, 529, 531. See also Arccosine function 
of a matrix, 749-752, 756, 789 
of sine, 529-530. See also Arcsine function 
of tangent, 529. See also Arctangent function 
Inverse functions, 364—372, 436 
definition, 365, 366, 436 
finding, 366-367, 370-371 
finding by restricting domain, 371-372, 437 
notation, 365, 372 
verifying, 366, 372 
Inverse trigonometric functions, 529-540, 
547-548 
applications, 535-536 
properties, 538 
Inverse variation, 114, 115, 135 


Irrational numbers, 2, 9, 57 
Irreducible quadratic factors, 326, 329, 357, 
773-776 


LARGE-small principle, 333, 335, 336 
Law of Cosines, 616-625, 678 
Law of Sines, 604-616, 677 
applications, 609-611 
Leading coefficient of polynomial, 28, 285, 
295, 354 
Leading 1, row-echelon form, 720 
Leading term of polynomial, 285, 288-289, 
295, 354 
Leading Term Test for End Behavior, 288-290, 
295, 354 
Least common denominator (LCD), 43-44, 
46, 61 
Legs of a right triangle, 50 
Lemniscates, 640, 643, 646 
Like terms, 28, 53 
Limacons, 643, 645, 647 
Linear Factorization Theorem, 327 
Linear factors, 326, 329 
Linear functions, 90-101 
definition, 91, 134 
determining, 91 
given two points, 108, 115 
rate of change, 184. See also Slope 
Linear inequalities, 120-128 
definition, 695 
to express constraints, 698, 700 
solution, 123-124, 696-698, 700, 786 
Linear models, 106-116, 135 
using curve-fitting, 110-111 
Linear objective function, 699 
Linear programming, 698, 699 
fundamental theorem of, 699-700, 701, 786 
Linear regression. See Curve-fitting 
Linear speed, 453, 541 
conversion to angular speed, 453-454 
definition, 453, 456 
in terms of angular speed, 453 
Lines, 796 
intersection, 120-121, 135-136 
parallel, 100, 101 
perpendicular, 100-101 
in polar form, 646, 680 
slope, 91-96, 101 
symmetry with respect to, 638, 639, 641, 
643, 644, 680 
Lines, equations of 
horizontal line, 97-98, 101 
parallel lines, 100 
perpendicular lines, 101 
point-slope form, 94-95, 101 
slope-intercept form, 94—95, 101 
vertical line, 97-99, 101 
Local extrema of polynomial functions, 301, 
305, 355 
Logarithm 
base, 391, 396, 403, 438 
definition, 391-392, 438 
natural, 420 


Logarithmic equations, 419-421 
applications of, 420-421 
solving, 394, 419-420, 421, 440 
Logarithmic expressions, 409-411 
Logarithmic functions, 391-403, 429-430, 431 
applications, 400-402, 440 
graphing, 397-398, 399-400, 439 
properties, 398-399 
relation to exponential function, 391-393, 
403 
vertical asymptote, 398 
Logarithmic scale, 402 
Logarithmic statements, equivalent to 
exponential statements, 392 
Logarithms 
applications, 411-412 
common, 395-396, 403, 438 
evaluating, 394 
natural, 395-396, 403, 438 
power property, 408, 412, 439 
product property, 407-408, 412, 439 
properties, 407-412, 439 
quotient property, 409, 412, 439 
Logistic function, 430-431, 440 
Long division of polynomials, 308-312 


Magnitude, 6 
of a vector, 650-651, 657, 681 
Major axis of ellipse, 809, 812, 816, 819 
Mathematical induction, 931-935, 940 
principle of, 932, 935, 940 
Matrices 
addition, 735-736, 745, 788 
augmented, 718, 729, 787 
definition, 718, 735, 745, 788 
dimensions, 735, 745 
equality, 735-736 
Gaussian elimination method, 718-722, 787 
identity, 749, 756 
inverse, 749-752, 756, 789 
multiplication, 737-743, 745, 788 
operations on, 734-745 
scalar product, 736-737, 745, 788 
solution of m X n, 735 
square, 749-754, 756 
subtraction, 735-736, 745, 788 
used to solve systems equations, 718-729 
Maxima, local, 301, 305, 355 
Maximum point of parabola, 216, 224 
Midpoint of line segment, 142-143, 147, 203 
Minima, local, 301, 305, 355 
Minimum point of parabola, 216, 224 
Minor 
calculation, 762, 768 
definition, 761, 789 
Minor axis of ellipse, 809-810, 812, 816, 819 
Minutes, definition, 455, 456, 541 
Modeling 
with linear functions, 106-116, 135 
with polynomial functions, 303 
Models 
annual bonus, 106-107 
annuity, 890-891 


average cost, 331 

bacterial growth, 376, 391, 418 
budget decisions, 125-126 
business, 127-128 

car mileage, 223-224 

college attendance, 294-295 


compounded interest, 383-386, 416-417, 


437, 438 
computer disk storage, 417-418 
cost and revenue, 127-128 
cumulative revenue, 420-421 
depreciation, 108-110, 382-383 
distance, 192 
distance and rate, 271-272 
DNA fragments, 877-878 
drawing a card, 917, 918 
drug dose, 900 
firing angle of a projectile, 535-536 
geometry, 782 
growth of national debt, 428-429 
Halley’s Comet, 819 
headlight design, 805 
health data, 222 
height of baseball in flight, 239-240 
height of tree, 610 
HMO enrollment, 304 
investments, 706-707, 712 
loads in a structure, 429-430 
manufacturing, 727-729, 743 
navigation, 467, 611, 618-619 
net force, 656-657 
nonreinvested interest, 870-871 
pH of a solution, 411-412 
physical fitness, 688-689, 698-699 
planetary distances, 402 
population density, 16 
population growth, 427-428, 431 
population mobility, 240 
postal rates, 73 
predictive, 111-112 
price-demand, 114 
projectile motion, 857-858 
quadratic, 239-240 
radioactive decay, 426-427 
reinvested interest, 873-874 
Richter Scale, 400-401 
rolling dice, 915, 918-919 
salary plus commission, 90-91 
sales tax, 737 
sculpture, 833 
seating capacity, 889-890 
simple harmonic motion, 514 
slope of a ramp, 535 
street numbers, 192 
surveying, 466 
telephone rate plan, 197-198 
temperature-volume, 113 
tossing coin, 915, 916 
traffic monitoring, 466 
train fares, 195-196 
unemployment data, 734—735 
vehicular motion, 853 
vibrating string, 876-877 
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video game design, 667 
volume function, 284-285, 293-294, 349 
weather prediction, 126-127 
wind velocity, 655-656 
winning prize, 914, 916 
work done by a force, 666, 667 
Modulus, 671 
Monomials, 28 
multiplication, 29-30 
Multiple-angle identities, 574-586, 598-599 
Multiplication 
associative property of, 2 
commutative property of, 3 
Multiplication principle, 903-905, 911 
for inequalities, 122, 128, 136 
Multiplicative identity, 3, 9 
Multiplicative inverse, 3, 9 
Multiplicities 
even, 300, 305 
odd, 300, 305 
of zeros, 299-300, 305, 325-326, 328, 355, 
357 
Mutually exclusive events, 917, 939 


n factorial, 906, 911, 926, 938 
Nappes, 796 
Natural exponential function (e), 380-381 
Natural logarithms, 395-396, 403 
definition, 395 
evaluating, 395 
solving equation involving, 420 
Natural numbers, 2 
Negative-angle identities, 497, 499, 504, 545, 
554, 597 
Negative exponents, 12-13, 18, 58 
Negative infinity, 4 
Negative integer exponents, definition, 12 
Negative numbers, 4 
Negative zeros of a polynomial equation, 322, 
357 
Nonlinear equations, systems of, 778-783 
Nonreal solutions of quadratic equation, 239, 
253 
nth partial sum of a sequence, 899, 938 
nth roots, 20-21, 23, 25, 59 
Number line, 4 
Numbers 
complex, 246, 247-248 
imaginary, 246 
sum from 1 to n, 884-885 


Oblique triangles, 604-605, 617-618 
solving, 606-609, 611-612, 677-678 

Obtuse angle, 447 

Odd functions, 178-181, 185, 206 

Odd polynomial functions, 301, 305, 355 

One-to-one functions, 367-369, 372, 436 

One-to-one property, exponential equations, 
415, 421, 440 

Open interval, 9, 57 

Order of magnitude, 14 

Order of operations, 7-9, 58 

Ordered pair, 80-81 
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Ordered triple, 707 
Ordering, real numbers, 4 
Ordinate, 81 
Origin, 4 
of a graph, 80 
symmetry with respect to, 178-179, 185, 
206 
Orthogonal vectors, 663 
Outcomes, 915, 916, 921, 939 
Output variable, 69, 70, 71, 80, 110, 115, 135 


Parabolas, 216, 224, 276, 796-806, 847, 851, 
864 
applications, 805 
axis of symmetry, 219-220, 224, 797, 798, 
802, 806, 861 
definition, 797 
directrix, 797, 798, 799, 802, 806, 861 
equation, 804, 806, 861 
equation using completing the square, 804 
finding equation, 800-801, 802-803 
focus, 797, 798, 799, 802, 806, 861 
horizontal axis of symmetry, 798, 806, 861 
vertex, 195, 797-802, 806, 861 
vertical axis of symmetry, 798, 806, 861 
Parallel lines, 100, 101, 134 
Parallel vectors, 663 
Parallelogram, formulas for, 48 
Parameters, 853, 854, 858, 864 
eliminating, 855, 858 
Parametric equations, 853-860, 864 
applications, 857-858 
converting to rectangular form, 854-856 
graph of a set, 854 
Parametric representation, 853 
Partial fraction decomposition, 771-776, 790 
Partial sum of a sequence, 899, 901 
Perimeters of two-dimensional figures, 48, 51, 
62 
Period of trigonometric function, 504, 511, 
514, 546 
Periodic functions, 504 
Permutations, 905-908 
definition, 907, 911, 938 
Perpendicular lines, 100-101, 134 
Perpendicular vectors, 663 
Petals on a rose graph, 642, 646 
Phase shift of trigonometric function, 511 
Piecewise-defined functions, 195-198, 199, 
207 
Plane curves, 854 
Point of intersection, 120-121, 128 
Point-line definition of conic section, 847 
Point-slope form of an equation, 96, 101, 108, 
134 
Points, 28, 796 
finding mirror image, 638 
Polar axis, 625, 633 
symmetry with respect to, 638, 639, 641, 
643, 644, 680 
Polar coordinates, 625-635, 679 
conversion from rectangular coordinates, 
631-633, 634, 679-680 


conversion to rectangular coordinates, 
629-630, 633, 634, 679-680 
lines and circles, 637 
multiple representations, 628-629 
non-uniqueness, 628-629 
symmetries, 637, 638 
Polar equations 
of conic sections, 847-853, 864 
graphing conics, 848-851 
graphs, 636-648, 680 
identifying, 848-851 
Polar grid, plotting points on, 626-628 
Pole, 625, 633 
symmetry with respect to, 638, 639, 641, 
643, 644, 680 
Polynomial equations 
solution by reducing to quadratic form, 
266-273, 279 
solution using substitution, 266-267 
solution using zeros, 319-320, 357 
Polynomial f(x) = x”, 286-288 
Polynomial functions 
coefficients, 285, 295, 354 
definition, 284, 285, 295, 354 
degree, 285, 295, 354 
graph, 291-293, 295 
graphing, 284-295, 301-302, 354 
local extrema, 301, 305, 355 
modeling with, 303 
real zeros, 303 
symmetry, 301 
zeros, 303, 305 
Polynomial inequalities, 348-349, 352, 358 
Polynomials, 27-31, 60 
addition and subtraction, 28-29, 60 
degree, 28, 60, 354 
descending order, 285 
factoring by using a known zero, 316 
factorization, 326-327 
long division, 308-312 
multiplication, 29-31, 60 
in one variable, 27, 31, 60 
special products, 31 
terms, 28 
using zeros to find, 328 
Positive exponents, 12-13, 18, 58 
Positive infinity, 4 
Positive integer exponents, definition, 12 
Positive numbers, 4 
Positive zeros of a polynomial equation, 322, 
357 
Power property of logarithms, 408, 412, 439 
Power-reducing identities, 575-576, 582, 599 
Principle of mathematical induction, 932, 935, 
940 
Principle of square roots, 234, 277 
Probabilities, 914-922 
converting percentages to, 920-921 
definition, 916, 939 
of an event, 916-917, 922 
of mutually exclusive events, 917-918, 922 
Product property of logarithms, 407—408, 412, 
439 


Product rule for radicals, 20, 25 
Product-to-sum identities, 579-581, 582, 599 
Product of two functions, 153-154, 159, 203 
Projectile motion, 857-858, 864 
Properties of real numbers, 2, 3, 57 
Pure imaginary numbers, 246-247, 278 
Pythagorean identities, 495-496, 499, 544, 
554, 592, 597 

trigonometric functions using, 496 

Pythagorean Theorem, 50-51, 63, 142 


Quadrantal angles, 486, 475-476 
Quadrants of a graph, 80-81, 448 
in radians, 451 
with relation to trigonometric functions, 
474-475 
Quadratic equations, 231-241, 246-253 
complex solutions, 252-253 
definition, 231 
imaginary solutions, 246 
solutions by completing the square, 
234-235, 277 
solutions, 236, 240-241 
solving by factoring, 231, 277 
standard form, 231, 276 
Quadratic factoring patterns, 37-38, 39, 60 
Quadratic factors, irreducible, 326, 329, 357, 
773-776 
Quadratic formula, 235-240, 277 
Quadratic functions 
complex zeros, 252 
definition, 215, 224, 276 
factors, 233 
features, 215-216 
graphing, 215-217, 220, 276 
to maximize area, 221 
in vertex form, 216 
zeros, 232-233, 247 
Quadratic inequalities, 256-263, 278-279 
application, 262-263 
definition, 256 
with no real solution, 262 
not readily factorable, 260-261 
Quotient of two functions, 153-154, 159, 203 
Quotient polynomial, 310, 311-312, 314 
Quotient property of logarithms, 409, 412, 439 
Quotient rule for radicals, 20, 25, 59 


Radians, 450, 456 
conversion to degrees, 451, 456, 486, 541 
definition, 450 
Radical equations, 268-270, 279 
Radical expressions, 23 
Radicals, 20 
rules for, 20, 25, 59 
simplifying, 21-23 
Radius of a circle, 143 
Range, 74, 75, 133, 378 
definition, 74 
from graph, 82-84 
Rate of change of a function, 182-184, 185, 
206 
Rational equations, 267—268, 279 


Rational exponents, 24—25, 59 
Rational expressions, 41—46 
adding and subtracting, 43-44, 46, 61 
dividing, 42-43, 61 
multiplying, 42, 46, 61 
simplifying, 41 
Rational functions, 331-343 
asymptotes, 333-337, 338 
with common factors, 342-343 
definition, 332, 343, 358 
domain, 332, 343 
graphing, 337-341 
intercepts, 338, 339 
slant asymptotes, 341-342, 343 
Rational inequalities, 349-351, 352, 359 
Rational numbers, 2, 9, 57 
Rational zero test, 317 
Rational Zero Theorem, 318-319, 322, 356 
Rationalizing the denominator, 21, 22, 25 
Real axis, 670 
Real numbers, 2, 9, 57 
distance between, 7 
graphing, 5 
ordering, 4, 57 
properties, 2-3, 57 
Real solutions of quadratic equation, 237 
Real zeros 
definition, 232, 277 
of polynomial function, 303, 305, 354 
See also Zeros 
Reciprocal functions, 473, 481 
Reciprocal identities, 488, 554, 597 
Rectangle, formulas for, 48, 62 
Rectangular coordinate system, 81 
conversion from polar coordinates, 629-630, 
633, 634, 679-680 
conversion to polar coordinates, 631-633, 
634, 679-680 
Rectangular solid formulas, 49, 62 
Recursively defined sequences, 897-898, 901, 
938 
Reduced matrix, solving, 726-727 
Reduced row-echelon form, 724-725, 727, 
730 
Reference angle, 490, 476-478, 481, 543 
Reflections of graphs, 168, 172, 174, 205 
Regression. See Curve-fitting 
Relation, 69 
Remainder polynomial, 310, 311-312, 314 
Remainder Theorem, 313, 314, 356 
Right angle, 447 
Right circular cone formulas, 49-50, 62 
Right circular cylinder formulas, 49, 62 
Right triangle, 50-51, 63 
Roots, 20 
nth, 20-21, 23, 25, 59 
of polynomial equations, 325 
See also Zeros 
Roses, 640-642, 646 
Row-echelon form 
augmented matrix, 720, 729 
reduced, 724-725, 727, 729 
Row matrix, 739-740 


Sample space, 915, 922, 939 
Scalar multiple, of a vector, 681 
Scalar multiplication, of a vector, 652-653, 
658, 681 
Scientific notation, 14-15, 18, 59 
Secant 
definition, 461, 487 
graph, 523-525 
inverse. See Arcsecant 
properties, 524, 526, 547 
Second coordinate, 81 
Seconds, definition, 455, 456, 541 
Selecting objects 
order irrelevant, 908, 911 
two different sets, 910-911 
Sequences, 870-878 
alternating, 896, 901, 938 
applications, 900 
arithmetic, 871-873, 878, 936 
definition, 871, 936 
finding a general rule for, 897, 901, 938 
generating from a rule, 895-896 
geometric, 873-876, 877-878, 936 
graphing terms, 897 
partial sum, 899, 938 
recursively defined, 897-898, 901, 938 
terms, 871, 878, 936 
Set of numbers, 2 
Shift of graph of trigonometric function, 508, 
510, 514, 546 
Significant figures, 16-17, 18, 59 
Similar triangles, 460 
Simple harmonic motion, 514 
Sine, 514 
amplitude, 504, 511 
applications, 513-514 
definition, 461, 468 
definition by using unit circle, 485, 498 
graph, 502-518, 545 
inverse, 529-530 
properties, 504, 514, 545 
of quadrantal angle, 486 
repetitive behavior, 497-498, 499, 503, 545 
shift of graph, 505-507, 509 
of special angles, 463-464, 488-493, 499 
transformation graph, 514, 546 
Slant asymptotes, 341-342, 343, 358 
Slope, 91-96, 101, 184 
definition, 92, 134 
finding, 93 
Slope-intercept form of an equation, 94-95, 
96-97, 101, 134 
Solution set, 123, 188 


system of linear inequalities, 695, 697, 701, 786 


Solutions to inequalities, 256, 786 
Sphere, formulas for, 49, 62 
Square, formulas for, 48-49, 62 
Square matrices, 749-754, 756 
Square roots, 20, 59 
principle of, 234, 277 
Standard form of equation of a circle, 
143-144, 147 
Standard form of quadratic equation, 231, 276 
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Standard position 
of a vector, 649 
of an angle, 446-447, 485 
Standard unit vectors, 654 
Steady state, 900 
Straight angle, 447 
Stretch of graph of trigonometric function, 
508, 510, 512 
Sum 
expanded, 886-887 
of terms of arithmetic sequence, 882-885, 
891, 937 
of terms of geometric sequence, 887-888, 
891, 937 
of two functions, 13-14, 159, 203 
Sum identities, 598 
for cosine, 570 
for sine, 570-571 
Sum-to-product identities, 579-581, 582, 599 
Summation notation, 886-887, 891, 937 
Supplementary angles, 449 
Surface area of three-dimensional figures, 49, 
51, 62 
Symmetric function, 178-179 
Symmetry 
of polynomial functions, 301 
with respect to origin, 178-179, 185 
with respect to y-axis, 178, 185 
tests for, 638, 639, 641, 643, 644, 680 
Synthetic division, 312-313, 314, 356 
Systems of equations. See Systems of linear 
equations; Systems of nonlinear equations 
Systems of linear inequalities, 695-700 
graphing, 697-698 
solution set, 695, 697, 701 
Systems of linear equations 
applications, 727-729 
elimination method of solution, 689-690, 
700, 709, 714, 786 
inconsistent systems, 690-692 
with infinite solutions, 692-693, 700, 713, 
714, 722-723 
with no solution, 690-691, 700, 714, 724 
solution, 689, 693-695, 707-712, 787 
solved by using matrices, 718-729 
solved by using matrix inverses, 754—755, 789 
substitution method of solution, 689 
three variables, 706-714 
two variables, 688-695 
Systems of nonlinear equations, 778-783, 790 
applications, 781—782 
solution by elimination, 779-780, 783, 790 
solution by substitution, 778-779, 783, 790 


Tables related to functions, 71, 73 
Tangent 
definition, 461, 468, 487 
graph, 519-521 
inverse. See Arctangent 
properties, 520-521, 526, 546 
repetitive behavior, 497-498, 499, 545 
shift, 521 
of special angles, 464—465 
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Terminal point, of a vector, 649 
Terminal side, of an angle, 446 
Terms 
like, 28, 53 
of polynomial, 28 
of sequence, 871, 878, 936 
sum of arithmetic sequence, 882-885, 891 
Three-dimensional figures, 49-50, 51, 62 
Transformations 
of graphs, 168-170, 173, 174 
of graphs of trigonometric functions, 
505-513, 514 
used to graph quadratic functions, 
216-217 
Translations, 163-166 
Transverse axis of hyperbola, 824, 826, 830, 
834 
Trend, determined from graph, 80 
Triangles 
area, 619-621, 678 
formulas, 48, 62 
oblique, 604—606, 617-618 
similar, 460 
Trigonometric equations, 586-597, 600 
Trigonometric form, of complex numbers, 
670-677, 682 
Trigonometric functions 
of any angle, 460-472, 473, 481, 543 
composition, 533-534 
compression graph, 508, 510 
definitions, 461 
definitions using right triangles, 460-742 
even, 496-497 
graphs, 519-528 
inverse. See Inverse trigonometric functions 
odd, 496-497 
shift of graph, 505-507 
of special angles, 476-478 
stretch of graph, 508, 510 
using right triangles, 473-484, 543 
using unit circle, 485-502, 544-545 
Trigonometric identities 
cofunction, 566, 571 
double-angle, 574-575, 581, 590 
half-angle, 577-579, 582, 592-593, 599 
multiple-angle, 574-586 
power-reducing, 575-576, 582, 599 
product-to-sum, 579-581, 582, 599 
as ratios, 554 
reciprocal, 554 
sum and difference, 561-574 
sum-to-product, 579-581, 582, 599 
verifying, 554-560, 566, 597 
Trigonometry applications, 465-467 
Trinomials, 28 
factoring, 3 


Turning points of polynomial functions, 301, 
305, 355 
Two-dimensional figures, 48-49, 51, 62 


Uniform circular motion, 453 

Unit circle, 450 
definition of cosine using, 485, 498 
definition of sine using, 485, 498 
trigonometric functions using, 485-502 

Unit conversion, 372 

Unit vectors, 654-655, 658, 681 


Variables, 11 
dependent, 70 
independent, 70 
input, 68, 70, 71, 80 
output, 68, 70, 71, 80 
Variation 
direct, 112-113, 115, 135 
inverse, 114, 115, 135 
Variation constant, 113, 114, 135 
Vectors, 649-660 
addition, 651-652, 653, 658, 681 
angle between, 661, 662-663, 682 
applications, 655-657 
component form, 649, 681 
decomposition, 665, 682 
direction, 650-651, 658 
direction angle, 650, 681 
dot product, 661-669, 682 
initial point, 649 
magnitude, 650-651, 657, 681 
operations, 651 
projection, 663-665, 667, 682 
representation, 655 
scalar multiplication, 652-653, 658, 681 
standard position, 649 
subtraction, 651-652, 653, 658, 681 
terminal point, 649 
unit, 654-655, 658, 681 
zero, 649, 653, 681 
Vertex of an angle, 446 
Vertex form of quadratic function, 216, 
218-219, 224, 276 
Vertical asymptotes of rational functions, 
333-335, 338, 343, 358 
Vertical compression of graphs, 167, 174, 
205 
Vertical line, equation of, 97-99, 101, 134 
Vertical line test, for function, 84—86, 133 
Vertical scalings of graphs, 167, 205 


Vertical shift of graph of a function, 174, 204. 


See also Translations 
Vertical stretching of graphs, 167, 174, 205 
Vertices 
of ellipses, 809, 812, 816, 819 


of hyperbolas, 824, 826, 830, 834 
of parabolas, 216, 218-219, 224, 276, 796, 
797, 798, 799, 802, 806 
Volume 
as example of polynomial function, 
284-285, 293-294 
of three-dimensional figure, 49-50, 51 


Weight, 656 
Whole numbers, 2 
Work done by a force, 666, 667, 682 


x-axis, 80 
reflection across, 168, 174, 205 
x-coordinate, 81 
x-intercept, 86, 134 
definition, 94 
finding by factoring, 291 
of a function, 232-233, 240, 277 
rational functions, 338, 339, 342, 343 
relation to factors, 303, 316-317, 356 
relation to zeros, 232-233, 240, 316-317, 
354, 356 
xy-coordinate system, 81 


y-axis, 80 
reflection across, 172-173, 174, 205 
symmetry with respect to, 178, 185, 206 
y-coordinate, 81 
y-intercept, 86, 134 
definition, 94 
rational functions, 338, 339, 342, 343 


Zero denominator, 41 
Zero product rule, 231, 276 
Zero vector, 649, 653, 681 
Zeros, 2, 4 
as an exponent, 13, 18 
finding by factoring, 291 
of a function, 86, 134 
multiplicities, 299-300, 305, 325-326, 328, 
355,357 
negative, 322 
of polynomial functions, 303, 305 
positive, 322 
of quadratic function, 232-233, 236, 240, 
247, 257, 277, 278 
real, 232, 305, 354 
relation to factors, 316-317 
relation to x-intercepts, 232-233, 240, 
316-317, 354, 356 
of sine and cosine, 504 
using to factor polynomials, 316 
using to find polynomials, 328 
using to solve polynomial equation, 
319-320, 357 
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Art 
orator monument, 808 
painting frame length, 56 
sculpture crate height, 56 


Astronomy 
comet orbit, 837 
moon orbit, 19, 822 
NASA budget, 88-89 
parabolic mirror characteristics, 809 
Pluto orbit, 866 
Saturn diameter, 19 
star brightness, 406 


Biology and Health 
amoeba length, 19 
bacterial growth, 423 
biorhythm function, 518, 596 
body-mass index, 346-347 
cell division, 881 
cockroach growth, 389 


drug concentration in bloodstream, 346, 


353 
drug concentration models, 390 
fat intake, 703, 759 
flu infection model, 433 
infant growth function, 211 
kidney stone breakup, 822 
SARS infection model, 434 
smoking during pregnancy, 435 


Business and Commerce 
airline food expenditures, 281 
airline ticket pricing, 703 
airplane routes, 913 
annual revenue comparisons, 162 
book publishing, 912 
book sales, 162 
booklet production costs, 211, 346, 

353 
bottled water sales, 117 
bus company ticket pricing, 228 
car pricing, 105 
class ring demand, 119 
clothing fabric, 716, 793 
coffee blends, 705, 732 
coffee sales, 177 
computer chip demand, 116 
computer depreciation, 187 
computer sales, 104 
cost-revenue break-even point, 130 
crop profit maximization, 705 
dairy product sales, 793 
depreciation deductions, 748 
depreciation rate, 117 


depreciation tax rules, 116 
diaper sales, 732 
eBay auctions, 79, 202 


electronics firm profit maximization, 704 


food purchases, 33 

gift-boxed pen sales, 139 

golf club profit maximization, 705 
grocery store carrot inventory, 704 
handbag sales, 104 

hat sales demand function, 116 
hotel room rate, 245 

IBM gross profits, 211 

laptop computer sales tax, 131 
lawyer’s hours billed, 162 

lipstick profit maximization, 705 
long-distance calling costs, 131 
long-distance carrier revenue, 245 
mobile phone inventory, 704 

oil price model, 435 

payphone revenue trend, 282 
plasma TV profits, 56 

printer depreciation, 139 

printing costs, 201 

printing startup costs, 177 
product demand function, 187 
production costs, 139, 265 

profit growth function, 211 
pyramid store display, 893 

rental car rates, 131 

restaurant sales, 433 

security firm monitoring fees, 228 


shirt color and size combinations, 943 


shoe sizes, 11 
‘Tshirt inventory, 913 
telephone chains, 894 


telephone model profit maximization, 


704 
television piracy costs, 894 
tourism market share, 717 
tourism revenue, 434 
unit sales revenue, 187 
video camera sales, 732 
wallet sales revenue, 139 
washing machine cost, 105 
wine supply, 298 
wireless phone pricing schemes, 346 


Chemistry 


acid mixture, 703 

arsenic solution, 65 

carbon-14 decay model, 432, 433 
gold alloy, 347 

PH solution, 405, 414, 423 
plutonium decay model, 432—433 
radioactive element half-life, 423 


Computer Science 
animation figure, 669 
computer sort algorithms, 406 
network message capacity, 793 
password combinations, 913 


transistor per chip growth model, 423 
video game character motion, 668, 860 


Construction 
circular walkway, 149 
corral fenced area, 244 
courtyard length, 56 
cylindrical containers, 298 
cylindrical vent pipes, 823 
fence enclosed area, 227, 228 
fence length, 56 
garden plot, 613 
house costs by area, 89 
paint requirements, 32 
play yard fenced enclosed area, 281 
river-bordered fenced area, 243 
roof rise, 116 
sandbox enclosed area, 243 
window, 229, 243, 244 
wood length, 19 


Consumer Issues 
airline complaints, 361 
car options, 913 
car ownership costs, 131 
car rental rates, 717 
cargo van rental costs, 138-139 
cellular telephone rates, 211 
commuter travel costs, 202 
commuting costs, 705 
dress size conversion, 375 
electronically filed tax returns, 230 
eyeglass frames, 117 
Ford F150 depreciation, 433 
Ford Focus depreciation, 443 
gas prices, 747 
gasoline costs, 117 
housing price growth, 433 
Jaguar depreciation, 423 
long-distance telephone rates, 202 
Mercury Sable depreciation, 389 
minivan rental costs, 274 
new car depreciation, 389, 424 
party food costs, 705 
pizza purchase, 732 
postage stamp cost, 202 
sidewalk sale, 748 
taxi cab charges, 747 
Toyota Camry depreciation, 389 
Toyota Corolla depreciation, 423 


transportation costs, 705 
truck rental costs, 346, 361 
U-Haul truck rental costs, 116 
UPC code price function, 374 


Demographics 
aging population trend, 118 
five-year-olds, 79 
Florida growth, 433 
United States growth, 433 
United States per square mile, 19 


Ecology and Conservation 
coastal area erosion, 89 
deer population model, 433 
pesticide decay rates , 424 
puffin egg hatching, 228 
rainfall pH, 406 
rainforest area, 389 
tree species, 27 
trout population model, 443 


Economics 
coir exports, 307 
collective purchasing power, 443 
dollar exchange rate, 163 
gross domestic product, 19, 747 
imports, 281 
inflation model, 433 
national debt, 19 
price demand function, 375 
product demand, 139 
widgets supply function, 705 


Education 
computer availability to students, 132 
exam scores, 131 
higher education trends, 118 
learning theory, 27 
review session attendance, 162 
tuition charges, 747 


Employment 
appliance salesperson earnings, 104 
bonuses, 902 
computer salesperson earnings, 104 
construction worker wage increases, 389 
metal box worker pay, 759 
production worker earnings, 118 
real estate salesperson commission, 162 
salary increase sequence, 880-881, 943 
salary increases, 389 
salary ranges, 11 
salary structure, 881 
salary taxes, 177 
salesperson commissions, 77, 138 
salesperson earnings, 131 
work rate, 116 


Engineering 
beam supports, 77 
earthquake energy, 423 
earthquake intensity, 405, 443 


Eiffel Tower, 470 

electrical waveforms, 574 
Howe Truss, 150 

Laplace transform, 777 

load factors, 229 

loudness of sounds, 423 
microphone receiver focus, 808 
noise levels, 414 

ramp design, 624 

road paving, 808 

roof truss, 150 

satellite receiver focus, 808 
surveying, 615 

suspension bridge cabling, 245 
thermostat range, 194-195 
tower height, 613 

Tower of Pisa, 615 


Entertainment and Leisure 


amusement park admission prices, 105, 
201 

billiard ball angles and distances, 614, 623 

book and magazine expenditures, 243, 265 

Broadway show attendance, 228, 243, 265 

card games, 912, 923, 924, 943 

carousel, 859 

Christmas tree watering, 902 

circular flower border, 210 

circular garden, 149 

collectibles, 912 

concert seating, 149 

concert ticket prices, 130-131 

dance choreography, 913 

dart game probability, 924 

dice probability, 923 

Ferris wheel, 459, 518, 596 

film industry break-even points, 130 

film revenue sources, 703 

game price increases, 902 

garden borders, 867 

garden fertilizer mixture, 733 

garden plot dimensions, 227 

garden plot enclosed area, 243, 265 

gift baskets, 912 

hot dog eating contests, 119 

lecture ticket sales, 704 

M&M’s® color probability, 923 

Mastermind game, 913 

miniature golf hole, 822 

movie cumulative revenue, 423 

movie theater seating probability, 923 

moviegoer rate, 104 

MP3 player sales, 443 

music CD sales, 139 

music frequencies, 880 

planter, 866 

play ticket price matrix, 759 

quilting, 624 

recreation expenditures, 881 

roulette wheel probability, 924 

sailing, 528, 660 

slot machine probability, 924 


special event costs, 131 

sprinkler system parabolic arc, 808 
stamp collecting, 187 

surfboard, 471 

swimming pool dimensions, 785 
Terminator 3 movie sales, 78 
trick-or-treaters, 903 

tug-of-war rope length, 614 


Environmental Science 
arsenic removal costs, 346, 435 
coral harvested, 78 
greenhouse gas car emissions, 79 
lake pollution, 777 
sulfur dioxide emissions, 307 
SUV greenhouse gas emissions, 89 
wildlife conservation, 298 


Finance 
compound interest, 388-389, 442, 443 
interest rates, 422-423 
investment doubling time, 422 
investment growth rate, 424 
investment interest, 33, 66 
investment interest rate, 880 
investment risks, 733 
matching contributions, 902-903 
portfolio risks, 716 
portfolio stocks, 912 
retirement savings, 894 
savings bond interest, 389 
Social Security payments, 881 
stock prices, 65 
tuition ESA savings, 894 
tuition savings interest rate, 443, 704 
tuition savings investment yield, 704 
wedding cost investments, 704 


Fitness and Nutrition 
corn syrup consumption, 78 
fast food calorie content, 703 
lunch menu calories, 793 
pizza calories, 759 
pizza ingredients, 717 
treadmills, 131 


General Subjects 
campaign spending growth model, 435 
central air conditioning, 703 
coin toss probability, 923 
combination lock, 913 
Great Pyramid, 471 
license plates, 913 
liquid measures conversion, 374 


phone number probability, 923-924, 943 


photography, 913, 943 

Powerball lottery, 913 

ruler measurement precision, 195 
secret code probability, 943 

sum of squares of integers, 785 
summation of positive integers, 265 
Washington Monument, 471 


Geography 
elevation ranges, 11 
Grand Canyon, 470 
points from location, 194, 211 
United States land area, 19 


Geometry 

area of circle, 33, 89 

area of fence enclosure, 52 

area of rectangle, 78, 324 

area of room, 19 

area of square, 177 

area of triangle, 78, 471, 596 

circumference of hoop, 56 

diagonal of square, 26 

diameter of beach ball, 52 

diameter of carpet, 894 

height of cylinder drum, 52 

height of rectangular solid, 361 

hypotenuse of right triangle, 77 

length of cross-section, 52 

perimeter of equilateral triangle, 52 

perimeter of fence, 52 

perimeter of right triangle, 56 

perimeter of square, 33, 163 

radius and height of right circular cone, 
785 

radius and height of right circular 
cylinder, 784, 785 

reflective property of ellipse, 822 

square board sequence, 881 

sum of areas of squares, 793 

surface area of sphere, 138, 163 

volume of box, 306-307, 324 

volume of ice cream cone, 53 

volume of rectangular solid, 306, 353 

volume of refrigerator, 53 

volume of right circular cylinder, 324 

volume of sphere, 66, 77, 89 

volume of wood piece, 53 

water flow parabola, 866 


Manufacturing and Design 
airplanes, 132 
arched bridge, 822 
book printing costs, 48 
booklet printing costs, 116 
box costs, 130 
box dimensions, 298, 347, 361 
box wrapping costs, 66 
communications equipment costs, 117 
computer parts, 717 
drum height, 56 
elliptical logo, 822 
fish tank height, 56 
furniture fabric, 748 
Gateway Arch height, 390 
hospital bed angles, 623 
kite dimension, 623 
knitting patterns, 880 
mobiles, 732-733 


paperweight, 836 

pencil holder design, 361 

quilt patterns, 759 

rain gutters, 228, 242-243, 265 
rectangular box dimensions, 353 
rectangular container dimensions, 298 
service counter, 836 

watch costs, 78, 105 

window dimensions, 902 


Motion and Distance 
automobile mileage, 79 
bird migration, 458 
boats traveling apart, 210 
car distance traveled, 104 
cars, 77, 89 
cars traveling apart, 149, 685 
distance between exits, 11 
driving speed average, 48 
hot air balloons, 89 
Little Red Riding Hood travel strategies, 

275 

Mississippi River, 685 
people walking apart, 149 
row boat speed, 89 
salvage boat distances, 623 
Susquehanna River, 615 
travel time and distance, 116 
treasure hunt, 150 
vehicle traffic flow, 118 


Physics 

alternating current waveforms, 573 

ball dropped, 242 

ball kicked in parabolic arc, 229 

ball thrown upward, 177, 227, 229, 265, 
659 

bouncing ball, 894 

cannonball fired at angle, 228 

charged particle paths, 836 

dropped balls, 78 

dropped objects, 26-27, 65 

Earth rotation, 458, 459 

engine horsepower, 669 

force components, 471, 660 

force on inclined plane, 660 

fountain parabolic arc, 229 

Gateway Arch parabolic arc, 244-245 

harmonic motion, 517, 573 

heat loss model, 434-435 

laser focus, 822 

light waves, 518, 601 

object dropped, 375 

object thrown upward at angle, 574, 
808 

pizza temperature change, 433 

radio waves, 518, 573 

resistors in parallel, 48, 275 

resistors in series, 717, 733 

robotics, 860 

voltage, 518, 573 


volume of gas, 116 
waveforms, 518, 540, 573 


Sociology 
burglary trends, 298 
car thefts and burglaries, 703 
election voters, 138 
median income, 119 
population mobility, 118 
preschool child care, 230 


Sports 
archer shooting angles, 614, 624 
baseball team infield positions, 912 
basketball attendance, 201 
basketball elimination tournaments, 943 
basketball game ticket sales, 704 
car racing speed, 434 
discus competition, 623 
Evil Knievel, Jr. Snake Canyon River 

Jump, 685 

fishing tackle, 912 
football team revenue, 162 
golf, 659, 860 
hockey team revenues, 118 
horse racing, 913 
horse racing track, 822 
little league tournament play, 913 
soccer ball motion, 859 
spring sports equipment orders, 732 
swimming, 943 
tennis elimination tournaments, 880 
tennis rackets, 866 
yacht racing, 27 


Technology 
CD player sales, 201 
CD sales, 187 
computer chip demand, 116 
DVD player sales, 77 
DVD profits, 56 
PDA costs, 105 
video game, 836 
website traffic, 117 


Utilities 
heating fuel type, 733 
long-distance costs, 116 


Weather 
Beaufort scale for wind velocity, 659 
dew point, 130 
temperature averages, 194 
temperature conversion, 163, 177, 375 
temperature ranges, 11 
temperature scales, 116 


Work Rate 
painters, 274-275 
pool pumps, 48 
water pumps, 275 


Library of Functions 


Linear Function Constant Function Absolute Value Function Greatest Integer Function 
f(x) = mx + b, where m f(x) =k f(x) = |x| f(x) = [x] (the largest integer 
and b are constants ” ‘a greater than or equal to x) 
6+ 
aT 5st fx) = |x} i 
47 4+ eo 
34 
37 eo 
24 
1 2+ [ om ®) 
x ener poe ee 1+ eo 
¥ ce Ke ne ore se 
=i e—o2 
S(x) = mx + b, 3 
m<0 Adee eo 44 
—5+ 
Square Root Function Quadratic Function Cubic Function A Simple Rational Function 
f(x) = Vx f(x) = ax? + bx +c, where a, f(x) = x? 1 
vy b, and c are real numbers and IQ) = x—b 
67 a#0 
s+ vt 
4+ VA 
3p fave 
ak f(x) = ax? +bx+e 
ly =a(x-hP +k ; 
33 [ Tas ae cs : = 
bg 
24 
| 
Minimum 
point (h, k) 
Exponential Function Logarithmic Function 
f(x) = Ca*, where a and C are constants such thata>0, (f(x) =log,x,a>1 f(x) = log,x,0<a<1 
a#0,andC #0. ss a 
. S(x) = log, x,a>1 
a feace, 7 
0<a<1,C>0 


Sx) = Ca", 
a>1,C>0 


f(x) = logy x,0<a<1 


Cc yt 


BY 


continued 


Graphs of the Trigonometric Functions 


f(x) = cos x 


f(x) = sin x 


Graph of cos x 


yt 


Graph of sin x 


f(x) = cot x 


f(x) = csc x 


Properties 


Properties of Exponents Properties of Logarithms 
1. a” + a =a 2. (a”)"” = a™ l.y=log,x ifandonlyif x= a2. 
3. (ab)" = ab" 4. ay" = 2. pee 2.y = log x aaee ony if x= 10’. 
b b 3.y=Inx ifandonlyif x =e’. 
5. a = as ax 0 6. a =a 4. log, (xy) = log, x a log, y. 
a 5. log, x* = k log, x. 
1 
7.@8=1,440 8.a°=—,a¥0 6, log, — = lense — toeey. 
y 
A ‘ 7. log,a=1 
Properties of Radicals sa 
Wy 8. log, 1 = 0 
1.Va- Wb = WVab 2. a= 12640 


3. al" = Wa" = (Wa)” 


4. If n is odd, then Va" = aaz#O0 
If n is even, then Va" = |a|, a #0 


Formulas 


Geometric Formulas 


Length: / Width: w Length: s Width: s Radius: r Base: b Height: h Base: b Height: h Side: s 
i [ , 3 AD 
] - = b b 
Perimeter P= 2] + 2w Perimeter P = 4s Circumference C= 2m7r Perimeter P=a+6+c Perimeter P= 2b + 2s 
Area A = lw Area A = 3? Area A = tr? Area A = 5bh Area A = bh 
Length:/ Width: w MHeight:h  Radius:r Height: h Radius: r Radius: r Height: h 


Surface Area S = 2(wh + lw + lh) Surface Area S = 2arh + 2mr? Surface Area S = 4zrr? Surface Area S = mr(r? + h?)'/? + arr? 


Volume V = lwh Volume V = mr’h Volume V = sae Volume V = smh 


continued 


Algebraic Formulas 


Definition of a Slope 
The slope of a line containing the points (x,, y,) and 
(X25 V2) Is given by 


wo Si 
= —_ 3 
X2 ~ X1 


where x, # Xp. 


Average Rate of Change 


The average rate of change of a function f on an in- 
terval [x,, x] is given by 


fe) ~ fer), 


Average rate of change = 
A | 


Distance Formula 


The distance d between the points (x,, y,) and (x2; y,) is 
given by 


d= V(x, — x)? + (% — »)*. 


Theorems 


The Pythagorean Theorem 


C= +h 
Hypotenuse 
c b 
Leg 
90° 
a 
Leg 


The Remainder Theorem 
When a polynomial p(x) is divided by x — c, the 
remainder is equal to the value of p(c). 


The Factor Theorem 


The term x — cis a factor of a polynomial p(x) if and 
only if p(c) = 0. 


Slope-Intercept Form of the Equation of a Line 
The slope-intercept form of the equation of a line 
with slope m and y-intercept (0, 6) is given by 


y=mx + b, 


Equation of a Line in Point-Slope Form 
The equation of a line with slope m and containing the 
point (x,, y,) is given by 
Y-— IN = mx — %) 
or, equivalently, 


y= mx — x) + yy. 


The Quadratic Formula 


The solutions of ax? + bx + c = 0, with a # 0, are given 
by the quadratic formula 


—b+ Vb’? — 4ac 
2a : 


x= 


The Fundamental Theorem of Algebra 


Every nonconstant polynomial function with real or 
complex coefficients has at least one complex zero. 


Binomial Theorem 


Let 7 be a positive integer. Then 


Conic Sections 


Parabola Ellipse 
= Apy 


Foci: F| and F, 


Transverse 
axis 


v=—P 


Directrix 


Vertices 


Trigonometric Functions 


Definitions of trigonometric functions using right Definitions of trigonometric functions using the 
triangles unit circle 
Va Sine: cos t = x 
Hypotenuse Opposite (x, y) = (cos ¢, sin f) Cosine: sin ¢ = y 
sin t 
Tangent: tan t = 
ial [| cos t 
Adjacent ke cos ¢t 
x Cotangent: cot t = — 
sin t 
(e) 1 
Sine: sin 6 = =r Cosecant: csc 6 = ae Secant: sec t = 
hyp opp cos t 
1 
; Cosecant: csc t = — 
: _ adj _ hyp sin t 
Cosine: cos 9 = —— Secant: sec 9 = —— 
hyp adj 
opp adj 
Tangent: tan 6 = —— Cotangent: cot 0 = —— 
adj opp 


Trigonometric Laws and Identities 


Law of Sines Sum and Difference Identities 


b j Cc sin(a + 6) = sinacosb+ cosasinb 
a 


sin A sinB sinC 


sin(a — 6) = sinacos 6 — cosasin b 


b . cos(a + 6) = cosacos b — sina sin b 
cos(a — 6) = cosacosb + sina sin b 
A c B 
tana +tanb 
tan(a + 6) = = b 
Law of Cosines te tan 
=F 4 = the cos A mG == tan a — tan b 


1 + tan atan b 
b =a +c? — 2accosB 


=a’ +b? — 2abcosC 


